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We investigate a mechanism of nonlinear phenomena in laser-plasma interaction, a laser wakefield
excited by intense laser pulses, and the possibility of generating an intense bright electron source by
an intense laser pulse. We need to understand and further employ some of these phenomena for our
purposes. We measure self-focusing, filamentation, and the anomalous blueshift of the laser pulse.
The ionization of gas with the self-focusing causes a broad continuous spectrum with blueshift. The
normal blueshift depends o the laser intensity and the plasma density. We, however, have found
different phenomenon. The laser spectrum shifts to fixed wavelength independent of the laser power
and gas pressure above some critical power. We call the phenomenon "anomalous blueshift". The
results are explained by the formation of filaments.

An intense laser pulse can excite a laser wakefield in plasma. The coherent wakefield excited by
2 TW, 50 fs laser pulses in a gas-jet plasma around 1018 CM-3 is measured with a time-resolved
frequency domain interferometer (FDI). The density distribution of the helium gas is measured
with a time-resolved Mach-Zehnder interferometer to search for the optimum laser focus position
and timing in the gas-jet. The results show an accelerating wakefield excitation of 20 GeV/m with
good coherency, which is useful for ultrahigh gradient particle acceleration in a compact system.
This is the first time-resolved measurement of laser wakefield excitation in a gas-jet plasma. The
experimental results are compared with a Particle-in-Cell (PIC) simulation.

The pump-probe interferometer system of FDI and the anomalous blueshift will be modified
to the optical injection system as a relativistic electron beam injector. In 1D PIC simulation we
obtain the results of high quality intense electron beam acceleration. These results illuminate the
possibility of a high energy and a high quality electron beam acceleration.

Keywords Laser-plasma Interaction, Wakefield, Anomalous Blueshift, Gas-jet,

Requency Domain Interferometer, Electron Beam Injector
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1. Introduction

Ultrashort intense laser pulses[l]-[4] have opened a new frontier of science so called high field physics.
In particular, interactions of intense laser pulses with plasma manifest a large number of nonlinear
optical phenomena; optical field ionization (OFI) [5] 61, spectral frequency shifts [71- 141, self-focusing
effect[15], higher harmonies generation[161[171, generation of ultrafast X-ray radiation[18]-[201, X-ray
lasers[21)-[24], excitation of large amplitude plasma waves[25]-[34] that associate with large electric
fields called "laser wakefields", and generation of high energy particles[35]-[38].

Recently laser-driven plasma accelerators using laser wakefields have been conceived to be the
next-generation particle accelerators, promising ultrahigh field particle acceleration and compact size
compared with conventional accelerators[25]. For this purpose, it is first important to investigate the
mechanism of the nonlinear optical phenomena in laser-plasma interactions; OFI, self-channeling,
ionization induced spectral shift, and excitation of laser wakefield. These phenomena are deeply
related to laser wakefield acceleration of particles. We investigate the laser wakefield excitation and
acceleration of bright electron beams due to laser-plasma interactions to clarify the feasibility of a
laser wakefield accelerator WFA). We present the study of ultra-high gradient wakefield excitation
by intense ultrashort laser pulses in plasma according to a diagram as shown in Fig. .1.

In chapter 2 the excitation mechanism of wakefields are described. As an intense laser pulse
propagates through an underdense plasma, the ponderomotive force expels electrons from the region
of the laser pulse. This effect excites wakefields in plasma. The wakefield excitation is described by
solving the Maxwell equation and the equation of motion of electrons based on the linear cold fluid
model.

In chapter 3 generation of intense laser pulses and measurements of the nonlinear optical phe-
nomena induced laser-plasma interactions are presented. Thanks to the advance of intense ultrashort
pulse lasers with a chirped pulse amplification (CPA) technique, in recent years a large number of
experiments have been devoted to the studies of the intense laser-matter interactions. OFI and
self-focusing are observed in the measurement. Measurements of side and forward scattered radia-
tions indicate self-channeling that causes filamentation and a long propagation of the intense laser
pulse. The gradient of a refractive index in an ionization front causes a spectral frequency shift
of the short pulse laser[151-[101. The spectral blueshift has been observed experimentally in the
propagation of intense ultrashort laser pulses through a gas mediumfllj-[141. This generic blueshift
strongly depends on the laser intensity and the gas density. In our experiments, a different type of
blueshift has been discovered. In this blueshift a whole spectrum of the laser pulse shifts to a fixed
value without regard to the laser intensity and the gas density. We call this effect an "anomalous
blueshift". We present a physical interpretation of this puzzling effect.

In chapter 4 the gas density measurements of the neutral gas and the laser wakefield measure-
ment are presented. The gas-jet has been used for many applications to supply a plasma source in
the vacuum chamber[39]-[421. Since a gas adiabatically expands through a nozzle at a sound speed,
the density distribution changes in space and time at the same rate as the sound velocity of the
gas. Therefore it is necessary to measure the time-dependent spatial distribution of gas density for
controlling the plasma precisely. For this purpose, we have made a time-resolved measurement of
the gas density distribution produced by the gas-jet. These results visualize dynamics of a neutral
gas ejected from the gas-jet nozzle.

Following the gas density measurements, a direct measurement of the plasma density oscillation
can be performed by means of the ultrafast time-resolved frequency domain interferometry (FDI) 43].
The FDI measurement is based on the pump-probe technique consisting of an intense ultrafast pump
pulse and two ultrafast probe laser pulses. In FDI, the plasma electron density oscillations excited

I 
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by the pump pulse can be detected as a phase shift of the frequency domain interferograin in the
spectrum produced by two probe pulses. The measurement of the phase shift as a function of time
gives direct information of the amplitude and phase of the wakefields. Several measurements have
been made with FDI to demonstrate wakefield excitation by ultrashort laser pulses in an nderdense
plasma[33] 34] [441- 46]. These measurements have been done for a relatively low density plasma in a
gas filled chamber using laser pulse durations around 100 fs and pump peak powers less than TW.
In these measurements the probe pulse width limits the highest measurable density to - 4 x 10 17
cm -3, and the pump pulses were tightly focused to enhance the plasma wave excitation due to D
effects. In the 2D dominant regime, where the pulse width is longer than the spot size, the radial
wakefield is higher than the longitudinal one. Therefore a shorter pulse is preferable to generate
a more D coherent planar wakefield at the higher resonant plasma density. The measurement of
laser wakefields has been made in less 2D dominant regime[47]. The measured wakefield is compared
with ID Particle-in-Cell (PIC) simulation results.

In chapter 5, we present the application of the laser wakefield excitation to electron beam ac-
celeration with a small emittance and a small energy spread. We make a numerical simulation of
electron beam acceleration for parameters based on our experimental results i.e. the anomalous
blueshift effect and the laser wakefield measurements.

The WFA has been experimentally demonstrated and has great potential to produce ultrahigh
field gradients of the order of - 100 GeV/m[26]-[34]. The maximum energy gain has exceeded 100
MeV with an energy spread of - 100% due to dephasing and wave-breaking effects in the self-
modulated WFA regime, where thermal plasma electrons are accelerated[32]. The highest energy
gain acceleration which exceeded 200 MeV was observed with the injection of an electron beam at
an energy matched to the wakefield phase velocity in a fairly underdense plasma[33][34].

Hence, from the point of view of applications for particle accelerators, it is crucial that an
ultrashort particle bunch with an energy higher than the trapping threshold should be injected
with respect to the correct acceleration phase of the wakefield to produce a high quality beam with
small momentum spread and good pulse-to-pulse energy stability. The trapped phase space of the
wakefield accelerations are typically less than 100 fs temporally and 10 pin spatially, respectively.
Therefore it is essential to inject a very short pulse and a low emittance electron beam into the
wakefield. Electron beam injection triggered by an intense ultrashort laser is proposed to an injector
of ultrashort electron beams as "optical injection" [35]- 38]. We present the numerical simulation an
optical injection scheme based on the FDI system and the anomalous blueshift.

In conclusion we have investigated the extraordinary nonlinear phenomena manifested via in-
teractions of intense ultrashort laser pulses with gas and plasma; optical field ionization, ionization
induced self-focusing and filamentation, an anomalous spectral shift and a large amplitude wakefield
excitation. On the basis of direct observations of ultrafast phenomena from different aspects, this
thesis reveals that these phenomena occur in a consecutive strong field process through mutually
correlated mechanism generated above a certain threshold intensity and that they can be controlled
with ferntosecond optical pulse technique in order to generate a relativistic bright electron beam
with high quality in a laboratory table-top scale. A consecutive process of nonlinear phenomena is
initiated by direct optical field ionization of gaseous matter due to interaction between an atomic
bound Coulomb field and a strong laser field in a non-perturbed quantum regime as well as the self-
focusing effect caused by a generic nonlinear optical property of medium. This ultrafast ionization
through the OFI mechanism creates plasma in the duration of laser pulse, which has completely
deferent optical and dynamic properties compared with a neutral gas state. The ultrafast refractive
index change strongly affects propagation of laser pulses to cause a complex filamentation and a
spectral blueshift of coherent radiation. The fast electro dynamic motion of plasma electrons excites
large amplitude coherent wakefields in plasma due to ponderomotive force of intense laser pulses.

In this thesis we present particular observations of nonlinear optical phenomena related to ion-
ization induced self-focusing with filamentation and anomalous spectral blueshift. The anomalous

- 2 -
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blueshift is a puzzling phenomenon that shows a coherent frequency upshift of the whole laser pulse
to a fixed frequency independent of the plasma density and the laser power. We clarify that this
phenomenon results from a complex mechanism of the ultrafast optical field ionization and fila-
mentation to cause acceleration of the whole laser photons due to a steep gradient of the refractive
index change from neutral gas to pasma. The thesis is focused on akefield excitation driven by
a ponderomotive force of intense ultrashort pulse lasers, of which tremendous recent progress has
demonstrated generation and acceleration of relativistic particle beams. Reported is the first di-
rect measurement of coherent excitation of ultrahigh gradient wakefields of 20 GeV/m in a gas jet
plasma, made by using the pump-probe ferntosecond time-resolved diagnostic on plasma density as
well as precise measurements of gas density distribution. In the numerical simulations based on
the results of these measurements, we confirm generation of a relativistic electron beam accelerated
by laser wakefields to be optically controlled with two colliding injection pulses of which one pulse
can utilize a frequency up-shifted pulse due to the anomalous blueshift effect. We propose a de-
sign of all-laser-based particle accelerator capable of producing a high quality relativistic electron
beam with a small ernittance and a narrow energy spread. This synthetic study on laser wakefield
excitation illuminates physical mechanisms of complex ultrafast nonlinear phenomena generated by
interaction of ultraintense laser pulses with plasma and gives prospects for the development of next
generation particle accelerators based on laser wakefield acceleration concept.

- 3 -
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Figure 1.1 A configuration of the dissertation research.
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2. Laser Wakefield Excitation by an Intense Laser Pulse

2.1 Laser Strength Parameter

The laser fields are expressed in term of the vector potential A, which in turn is expressed in the
dimensionless form ao = eA/mc2, and we assume the condition -A = ; where is the speed of
light, m is the rest mass of the electron and e is the electron charge. When A is a plane wave for
the function of exp(iwot), the laser strength parameter ao is

eEL (2.1)
M'c 2kol

where wo and ko are the frequency and the wave number of the laser, and EL is electric field of the
laser. For the resistance 00 in vacuum of 377 and the relation of potential EL = v/2-QOI in a
linear polarization, the equation 2.1) is rewritten by

ao = eAoV/ffo- = .5 x 10-'OAo[jLm] VI[W/CM2], (2.2)
,/27rm'o

where AO is the wavelength of the laser and I is the laser intensity. The laser electric field EL is
given by

Mec 2EL [TV/m = eko ao = 27 x 10-9VI[W/CM21. (2.3)

2.2 Ponderomotive Force in Pasma

The equation of motion of an electron in the electric field of the laser is

Me dv = e(E v x B), (2.4)
dt

where is the magnetic field of the laser. We assume the electric field E is

E = E cos(wot). (2.5)

The position vector r is expanded as r = ro Jr, + Jr2 + where Jrl and Jr2 are due to first
and second order perturbations, respectively. The velocity and the electric field are

= dr = d6r, -+ dJr2 =VO +VIL +V2 +' (2-6)
dt dt dt

E = Ej,=,� + (6r, V)E�,=,� - El E2 + (2.7)

To first order, v x is in Eq. 2.4).

dvi
Me eEl,=,. = eE, cos(wot), (2-8)

dt

From the integral of Eq. 28), vl and Jr, are given by

e
V., = - E., sirl(wot), (2.9)

Mewo

- -
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Jr, e E,, cos(wot). (2.10)
MW 20

No longitudinal wave is generated to first order for the side wave of the laser pulse. The equation
of motion to second order we have

dV2 e[(5r - VEl,=,, + v x 131]. (2.11)
dt

B, can be calculated from the Maxwell equation V x E = -dBldt.

Bi. 1 V x EJ,=,,, sin(wot). (2.12)
WO

The equation of motion is given by

dv2 e 2 2

dt = mw 2 cos2 (wot (E., V)E, sin (wot)E. x (V x E)]. (2.13)
0

For the average of time sin 2pot) = �COS2(Wot)) = 12, the equation of motion is

(dV2) 2 2 2
rn. 2 [(E.. )E + E. x (V xE, = e 2V(E.,)_ (2.14)

dt 2mwo 2mwo

The right side of the equation of motion to second order shows the ponderomotive potential. For
E' = �E 2), the ponderomotive force fp..d is

e2 2).
fp..d = - V(E (2.15)

2
Mewo

We introduce the relation Of fpond = -eVOpand. For the electric field in Eq. 215) of the averaged
one, the ponderomotive potential is given by

M��C2 2

Op.d a (2.16)
2e

2.3 Laser Wakefield Excited by an Intense Laser Pulse

Plasma provides some advantages as an accelerating medium in laser-driven accelerators. Plasma
can sustain ultrahigh electric fields as well as optically guide the laser beam and the particle beam
under appropriate conditions. For a nonrelativistic plasma wave, the acceleration gradients are
limited to the order of the wave-breaking field Eo given by

Eo[eV/cm = mcwp -_ 0.96n' /2[CM-3], (2.17)
e

where wp = 47rne 2/M,)1/2 is the electron plasma frequency and n, is the ambient electron plasma
density. It means that a plasma density of ne = 10" cm-' can sustain an acceleration gradient of
100 eV/m.

As an intense laser pulse propagates through an underdense plasma, the ponderomotive force
expels electrons from the region of the laser pulse. This effect excites a large amplitude plasma
wave (wakefield) with a phase velocity approximately equal to the group velocity of laser pulse,
given by vp = c(l - w 2/W2)-1/2, where wo is the laser frequency. Figure 21 presents an overviewP 0
of the laser wakefield excitation. An intense laser pulse creating plasma and subsequently exciting
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a longitudinal plasma oscillation. The electron motion in plasma is calculated by solving the cold
fluid equation, the equation of continuity and Poisson's equation.

dv
me-=e(E + v x B), (2.18)

dt

an, + 0, (2.19)at
V2�p 47ren, (2.20)

where v is the electron velocity, 4D is the potential and E is the dielectric constant in vacuum. The
perturbative expansions of v, n, 4) are performed for I ao I < 1. The first order motion is just the
quiver motion of the electrons. The perturbative solution of Es. 2.18)-(2.20), to second order we
have

rn. d5v = e(JO + 0.nd), (2.21)
dt

aJn, + 6 = 0 (2.22)at

V2jo = 47reJne, (2.23)

where 6v is the electron velocity of second order, 6n, is the electron density of second order, 0
is the potential of second order and Opond is the ponderomotive potential(Eq. 2.16)). The second
order equations for 6ne 6 and Jv are

,92 + W2Jne W2 V2 Op.nd, (2.24)
�it2 P 47re

a2 2 60= _W2
2�t2+WP) POPond, (2.25)

02 2) =

WP M at��t2 + e a VOp�nd- (2.26)

The general solution to these linearized from a convolution, nonrelativistic 2D fluid equations has
been given by

JO(r, kp sin[kp( - Op.nd(r, ()d(', (2.27)

where, z - vpt is the longitudinal speed-of-light-frame coordinate, kp = wp1c is the wave number
of the plasma. The electron density perturbation is rewritten by

1 92 9 a
Jn, A45 = -1 -j�z-2 - - r (2.28)

4ire 47re rar

and

6n, a2 (,r, kp
+ sin[kp( - ')]a 2 (,r, d('

00
sin [kp 1 a r a a2 (,r, (2.29)

kp r ar ar 2

We make an assumption that the laser pulse is a Gaussian beam in the radial direction and f (C in
the longitudinal direction as

r2
a (r, ao f �) exp - (2.30)

h o, 2r

7
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where o, is the rms-width of the laser pulse in the radial direction. The electron density perturbation
is given by

Jn, a2 (,r,

n, 2
a2 r2 r2

+kP exp
2 Or2 k2 0,2 012r r

00

x g((') sinjkp( - '))d(', (2.31)

where 9( = 2 The laser pulse a(r, () and g(C become for the localization of the laser pulse
when -oo.

00
f 00 g((') sin[kp(C - (')Id( = A sin(kp( + J), (2.32)

00
f g((') cos[kp(C - (')Id(' = A sin(kp( - J), (2.33)

00

2 2 2

A = IFCIO g((') cos(kp(')d(' I + V 00 g((') sin(kp(')d(' I (2.34)

tan J [fill g((') cos(kp(')dC/ I / V 00 g((')sin(kp(')d(,] - (2.35)

is rewritten by a Fourier transform Y

A2 (2.36)

It should be noted that A can be uniquely obtained in the laboratory from the 2nd order background
free autocorrelation of the laser pulse. The electron density perturbation is given by

6n, kpa2 2 ) r2 )]
0 exp r- [1 + 4 1- - A sin(wpt + J). (2-37)

W2 k20r2 W2n, 2 r

The longitudinal and radial electric fields can also be obtained from Eq. 2.27)

E = -VJO, (2.38)

eE. (r, ea60 M,�C2 k2 a 2 exp r2 ) A cos(wpt - (2.39)
W25-z- 2 (- r

eE, (r, ea mc2kpao2r exp r2 )A sin(wpt + 5). (2.40)
0,,2 T2

Here, we make an assumption that the laser pulse is also a Gaussian beam in the longitudinal

direction as exp(-(2/20r2), where or, is the rms-widths of the laser pulse in the longitudinalZ
direction. The electron density perturbation, the longitudinal electric field and the radial electric

field in the linear regime are rewritten from Eqs. 2.37), 2.39) and 2.40)

A = N/riolz exp 4 (2.41)
Ofi I

2 2 r2 k2a�2
Jn, V'7rkporzao 1 + 4- (1 r -)] exp - sin(kp(, (2.42)

j2 0,2 2n, 2 4

-
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Figure 21: An intense laser pulse creating plasma and subsequently exciting a longitudinal plasma
oscillation. The horizontal axis, denoted t in the figure, is in a frame oving with the laser pulse
and the ionization front/wakefield. The arrow denotes the direction of propagation.

2 2 2 U�2r r7r' k o,ao k
eE. (r, - exp - - cos(kp(), (2.43)

2 012 4
(- r

2 2 20-�2
eE,(r, V17rm,, ka.a,2r exp r- kP sin(kp(. (2.44)

a2 92 4
(- 

The normalized electric fields are shown in Fig. 22. The figure indicates that the electron beam
is accelerated in the phase of 7r/2 to 3/2, and the electron beam is focused in the phase of i to
27r. In order to accelerate the electron beam, the electron beam has to be injected in the phase of
7r to 37r/2. Figure 23 shows the electric fields excited by a 0 fs laser pulse. The laser strength

parameter ao is 07.

The maximum accelerating gradient is achieved on the propagation axis of the laser pulse at the
plasma wavelength = 7ro,, i.e. (eE,)Ma, = 2fire-im'c 2a2/0-�

0 . The amplitude of the longitudinal
wakefield at r = is given in terms of the amplitude of the plasma density oscillation as

( eE-- ) = = ne, [1 + 4 . (2.45)

Mec11P ne k2012r

This means that measurements of the plasma density oscillation provide a direct mapping of the

wakefields excited by laser pulses as long as the wake is coherent in the linear regime.
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Figure 22: The longitudinal electric field and the radial electric field in the linear regime.

- 10 



JAERI-Research 2002-031

N -100,Lyle0
ice100
so
0

-50

-100

-to

- 0

ISO

(b)

Figure 23: (a) The longitudinal electric field ad (b) the radial electric field in the linear regime
for the laser pulse width of 50 fs and the laser strength parameter ao of 07.
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3. High Field Optical Phenomena

3.1 Generation of Intense Ultrashort Laser Pulses

The combination of chirped pulse amplification (CPA)[1) and ultra-broadband solid-state laser
medium has made it possible to produce multi-terawatt ferntosecond pulses. Figure 31 shows a
schematic of CPA system for an intense ultrashort laser pulse. An ultrashort pulse generated by a
mode-locked oscillator is temporally stretched from the femtosecond to the nanosecond regime with
an antiparallel diffraction grating pair pulse stretcher to decrease the peak power (see Fig. 3.2(a)).
The low-energy and long duration chirped pulse is then amplified to a high energy commensurate
with the saturation fluence of the laser amplifiers. For the Thsapphire laser, the medium of the laser
amplifier is excited by a second harmonics of a Nd:YAG laser at the repetition rate of 10 Hz. The
amplified pulse is then compressed to an initial ultrashort pulse of high peak power with a parallel
grating pair compressor(see Fig. 3.2(b)). In the experiments of nonlinear optical phenomena, the
compressed pulse duration is 90 s and the maximum pulse energy is 300 mJ at the repetition rate
of 10 Hz.

3.2 Ionization of Atoms

At intensities greater than loll W/CM2, the field of the laser is much larger than Coulomb field
binding the ground state electron in the hydrogen atom, Et = 5 x 10' V/cm. At loll W/CM2, the
laser electric field is close to 10" V/cm, 20 times Et.

The sum of the photon energy over the ionization potential causes multi-photon ionization.
When the absorbed photon number is N, the frequency of the light is and Nhwol27 > Ui;
An+ + Nhu)ol27r -* A('+')+ e. When the ionization cross section is ai [W-N CM2N s-1], the
ionization rate is

= iI N (3.1)

Agostini et al. 481 discovered that the ejected electron could absorb photons in excess of the minimum
required for ionization to occur. The study of this excess-photon ionization, known as "above
threshold ionization" (ATI), has been one of the central themes of multiphoton physics. Figure 33
shows the schematic diagram of energy levels for multiphoton ionization at threshold and above,
together with the energy spectrum of the emitted electrons. As the intensity , peaks at higher
energies appear, whose intensity dependence does not follow the lowest order perturbation theory
prediction according to which the ionization rate for an N-photon process is proportional to IN.

Photoionization of materials is determines by the Keldysh tunneling parameter r[5].

2 m�U� FU
-1 = (3.2)

where Ui is the ionization potential, wo is the laser frequency, E is the electric field of the laser and
Op is the ponderomotive potential.

2Op = e2EO = 933 x 10-141[W/CM2 ]A 2 m]. (3.3)
4mw2 0

Multi-photon ionization dominates for r > .
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Figure 31: A schematic of chirped pulse amplification system used for the blueshift measurement.

Optical field ionization (OFI) causes the electric field of laser for < A schematic of OFI
is shown in Fig. 3. Figure 3.4(a) shows the tunneling ionization and Figure 3.4(b) shows the
barrier suppression ionization. The red lines correspond to the Coulomb potential. The blue lines
correspond to the contribution to the potential energy due to the instantaneous laser electric field.
The green lines correspond to the total effective potential energy. The characteristic time scale for
the electron velocity to change in the atom by the electric field, T, has to be shorter than the inverse
frequency of the laser for direct ionization by the electric field of the laser.

VTM-;-U, i� < -. (3.4)
eE0 WO

In addition, the electron passes through the potential wall when the Coulomb potential decreases
due to the strong electric field of the laser. The Coulomb potential in the electric field is

Ze 2
V(x = - - eEox. (3.5)

x

The tunneling ionization starts when the potential is same as the ionization potential, the minimum
electric field of the tunneling ionization is

Eo = Ui2 (3.6)
4e3Z'

and the threshold of the laser intensity for tunneling ionization is

2 cUj4 2.2 x 1015 4
Ith [W/CM 6Z2 Z2 27.21 (3.7)

1287re MM

In order to ionize helium gas perfectly, the threshold of the laser intensity is 39 x 1016 W/CM2 for
the ionization potential of 78.9 eV.

- 13 -
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(a)

3110

(b)

Figure 32: Te matched stretcher and compressor. The stretcher (a) is composed of a telescope of
magnification two antiparallel diffraction gratings. The compressor (b) is composed of a pair of
parallel gratings in which the optical length for the blue is shorter than that for the red.
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Figure 33: A schematic diagram of energy levels for multiphoton ionization at threshold and above,
together with the energy spectrum of the emitted electrons.

In our calculations we choose the tunneling formula of Ammosov et al.[61 to calculate the OFI
rate. The Arnmosov et al. formula is in better agreement with the experimental data[49]. The
ionization rate W is given by

V Z3 Ea. 2 Z3 E'
WIS-1 = 1.61Wau- 10.87 exp, -- - (3.8)

n4.5 n4 3
eff I eff EL 3 nef f EL

where Wau of 41 X 1016 S-1 is the atomic unit of frequency, Ea,, of 0.51 TV/m is the atomic field
strength, EL is the laser electric field, the effective quantum number nff = ZIVFUlUH, Z is the
charge of the ion, and UH of 13.6 eV is the hydrogen ionization potential. To obtain estimation
for the ionization threshold of gases the barrier suppression ionization model is conveniently used,
where the strong external electric field of the laser is superimposed to the Coulomb potential of the
atom or ion.
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Figure 34: A schematic diagram showing (a) tnneling ionization and (b) barrier suppression
ionization. The red lines corresponds to the Coulomb potential. The blue lines corresponds to the

contribution to the potential energy due to the instantaneous laser electric field. The green lines

corresponds to the total effective potential energy.
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3.3 Self-focusing of an Intense Laser Pulse

3.3.1 Principle of Self-focusing

Self-focusing occurs due to the nonlinear index of refraction when an intense laser pulse propagates
in materials. The refractive index N is

Ng No N2I, (3.9)

where No is the usual index of refraction, N2 is the nonlinear index of refraction in units of cm2/w,
and I is the intensity of the laser in units of W/cm 2. For helium gas, the usual refractive index
NH, is

NH, = 35 X 10-6 X p (3.10)

where p is the gas pressure in units of atm. Using the experimentally determined value for the
nonlinear susceptibility X(3 = 23 x 10-39 [esul [501 for helium gas and the formula for the nonlinear
index of refraction from the nonlinear susceptibility[51)

N2(CM2/W = �107X(3)[eSUI,

Noe

where ng is the gas density in cm-'. The refractive index N varies with the laser intensity 1 We
make an assumption that the laser pulse is a Gaussian beam of which central intensity is stronger
than the outerward intensity. The self-focusing results from the light bent toward the part with the
high refractive index.

The refractive index of plasma N, is given by

N� 1 n., (3.12)

1

rA2where n,[cm- 3) = 269 x 1019 x p is the plasma density, n = r/ . is the critical density, and r,
is the classical electron radius.

It is known that when a laser pulse with sufficient power propagates in a gas, it can self-focus
due to the effects of the nonlinear index of refraction of the gas. Figure 35 shows a schematic of
the self-focusing with filamentation of the intense laser pulse in a gas. The self-focused laser pulse
produces plasma. The laser pulse is defocused and makes filaments due to the small refractive index
in plasma. Each filament is propagating with intensity near the threshold intensity for the ionization
of the gas.

3.3.2 Measurement of Self-focusing and Filamentation

Figure 36 shows a schematic of the experimental setup for the measurement of nonlinear laser-
plasma phenomena. The maximum pulse power was 24 TW with a repetition rate of 10 Hz. The
100 fs laser pulse with an initial spot size of 45 mm was focused using an f/10 off-axis parabolic
mirror (OAP) in a gas chamber to a spot size in vacuum of 13 pm with the focal length of 44.3 cm.

Figure 37 shows the plasma recombination fluorescence measured by a charge-coupled-device
(CCD) camera (see the bottom of Fig. 36) using a blue-pass filter with a bandwidth between 410
and 532 nm full width at half maximum (FWHM) for a single laser shot with energy of 165 mJ
at helium gas pressures of (a) Torr, (b) 20 Torr, (c) 400 Torr and (d) 760 Torr. The figures on
the right side in Fig. 37 are lineouts of the corresponding CCD image integrated across the pulse
propagation direction. These images are interpreted as approximately representing the plasma
density. The exposure time is 100 ms. At Torr the intensity of the scattered radiation increases
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Figure 35: A schematic of self-focusing and filamentation of an intense laser pulse in gas.

as the pulse focuses. There is a dip in the intensity at the focus point. This is due to geometric
effects since we are observing a line integration of the intensity. At the fcus the ionized plasma
is narrower. This agrees with the propagation of a Gaussian pulse. Over 20 Torr the dip is not
apparent indicating non-Gaussian pulse propagation. Also, the peak intensity is shifted towards
the laser injection direction indicating that the focus point of the pulse has moved backwards with
increasing the gas pressure.

Figure 38 shows the Thomson scattering measured by a CCD camera shown at the bottom of
Fig. 36 using an interferential filter centered at the laser wavelength of 793 nm with a width of 0
nm FWHM for a single laser shot with energy of 165 rnJ for helium gas pressures of 1, 20, 400, and
760 Torr. These images represent the laser intensity multiplied by the plasma density. The figures
on the right side in Fig. 38 are lineouts of the corresponding CCD image integrated across the pulse
propagation direction. The exposure time is 100 ms which corresponds to the time between injected
laser pulses. In all the figures the laser propagates from the right to the left. A cear transition can
be seen between Fig. 3.8(a) at the pressure of Torr emission and Fig. 3.8(b) at the pressure of
20 Torr emission. In the low pressure case the intensity profile of the scattered radiation smoothly
varies from the right to the left at the intensity peak near the focus point. In the higher pressure
case spikes in the intensity can be seen. At 20 Torr both spikes and a smoothly varying portion in
the light intensity can be seen whereas at 400 and 760 Torr only spikes are observed. I the case of
20 Torr this seems to indicate that some portion of the pulse is self-focused while other parts of the
pulse are not.

Figure 39 also shows the Thomson scattering measured by a CCD camera using an interferential
filter centered at the laser wavelength of 793 nm with a width of 10 nm FWHM for the helium gas
pressure of 20 Torr for a single laser shot with energies of 22, 66, and 165 mJ. The intensity of
Thomson scattering increases with the laser energy.

Figure 310 shows the forward scattered radiation image for the laser energy of 230 mJ at a helium
gas pressure of (a) 23 Torr and (b) 760 Torr measured by a CCD camera focused approximately
at the vacuum focus point. At the gas pressure of 760 Torr more filaments appear than those at
the pressure of 23 Torr. This is a result of the difference of the nonlinear refractive index between
23 Torr and 760 Torr. The number of spikes in Fig. 38 and the number of filaments in Fig. 310
are correlated. It has been known that filamentation of the laser pulse in the gas can occur[52] for

> P,, and that the each filament has a power comparable to P,. The critical power 'P' at
which self-focusing occurs is given by[53J

'PI = 7r(0.6A0)2 (3.13)

8NoN2

where AO is the laser wavelength. The number of filaments is roughly given by N -_ 'PI'P,,. The
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Figure 36: The experimental setup for the measurement of nonlinear laser-plasma phenomena.

critical power decreases with increasing the gas density, and the number of filaments is inversely
proportional to the gas density form Es. 3.11) and 3.13). The critical power is 46 GW for 760
Torr. With a laser power of 24 TW there should be approximately 50 filaments for 760 Torr A
large number of filaments appears to occur in the experiment, although the exact filament number
is difficult to determine.

The saturation intensity of the individual filament is the ionization threshold intensity of gas,
the diameter d of the filament can be calculated by[54]

d = AO No 12 (3.14)

4Eo N2

where E is the breakdown or ionization threshold field of the gas. We can obtain an estimate of the
size of the filaments by using the threshold intensity for singly ionizing helium of 147 x loll W/CM2

in Eq. 314) and the corresponding values for the nonlinear index of refraction. For 760 Torr the
filament size is 36 Mm. If we look at the scale size of the bright spots which can be distinguished,
they range between 10 and 50 m in size. This is in rough agreement with the theoretical prediction.
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Figure 37: Side scattered radiation observed through a blue pass filter with a bandwidth between

410 and 532 nrn FWHM at (a) I Torr, (b) 20 Torr, (c) 400 Torr, and (d) 760 Torr for a laser energy

of 165 rn.J.
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Figure 38: Side scattered radiation observed through an interferential filter centered at 793 nrn

with a width of 10 nrn FWHM at (a) I Torr, (b) 20 Torr, (c) 400 Torr, and (d) 760 Torr for a laser

energy of 165 mJ.
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Figure 3.10: Forward scattered radiation image at the focus point for a laser energy of 230 mJ, and
helium gas pressure of (a) 23 Torr, and (b) 760 Torr.
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3.4 Blueshift of an Intense Laser Pulse

3.4.1 Principle of Blueshift

Since each filament is propagating with intensity near the threshold intensity for ionization of the gas,
each filament is copropagating with density gradient. Normal blueshifted ferntosecond laser pulses
have been observed experimentally and a shift has been attributed to ionization[111-[13]. It has
been shown theoretically and numerically that a laser pulse which is propagating in copropagating
ionization front will up-shift in frequency[7].

A phase shift AO can be expressed as the gradient of a refractive index along the propagation
direction,

WO
AO AN-dz, (3.15)

C

where AN is the deference of the refractive index and wo is the frequency of the laser pulse. The
frequency shift Aw is given by

AW = aA = wo le'r aAN(z, t)dz, (3.16)
at C 0 at

where CT is the interaction length. The refractive index in an underdense plasma, i.e. n, < nc is
given by

ne) 1/2 n,
N, nc - 2 nc7 (3.17)

where n, is the plasma electron density, nc = 7r/rA 2is the critical density, r, = el/M'�C2

0 is the
classical electron radius, and AO is the wavelength of the laser pulse. The gradient of the refractive
indexis

OAN(z, t) ( - n,(z)/2nc) n,(z) 
(3.18)

at L(z)lc 2nr L(z)'

where L(z) is the length of the ionization front. The frequency shift is given by

ALL = WO (Z) 'Z' (3-19)
2nc T (- -Z) U

where CT is the laser-ionization-front propagating distance. Assuming a linear density gradient this
shift is given by

CT n, CT 2

A = )O- - = u)O- - (3.20)2Lo n, 2LOw2'0

where Lo is the length of the ionization front for the linear density gradient and wp is the plasma
frequency.

Here, we consider a laser pulse in the ionization front. The dispersion relation is

W 2 W 2 C2 k2, (3.21)
0 P

where k is the wave number of light. The phase velocity of the pulse is vp = wolk. If the frequency
shift remains small compared to wo, the local phase velocity of the pulse is

WP -1/2

2 (3.22)
0
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For wo > wp the local phase velocity of the pulse is approximately

VP + wp2o wp2 + p2o n. (3.23)
c 2w2 W20 2w no0 0

where wpo and no are the plasma frequency and the plasma density after ionization, respectively.
Assuming a linear density gradient a frequency shift is given as photon acceleration by

Aw= dvpr, (3.24)
WO d(

where z - ct. The phase velocity gradient is given by

dvp W 2 2PO c dn, wpo C (3.25)
d( 2W2 no d( K Lo0

The frequency shift is rewritten in the form

Aw C-r W2- = - PO (3.26)
WO 2LO 2

The equation of the frequency shift calculated from photon acceleration is the same as the equation
of the frequency shift calculated from gradient of the refractive index. In other word, blueshift is
photon acceleration.

Here, we rewrite the plasma frequency wpo to p. We obtain the same equation as Eq. 3.20).
The shifted laser frequency w is

60 = + cr w2 (3.27)
2Low2

0)

For cr < Low 21W2 we can rewrite the equation to0 P

Cr W 12

W. = Wo 1 + __ (3.28)
Low 2

0 )

3.4.2 Measurement of Anomalous Blueshift

In Fig. 36 the CCD camera replaced to a spectrometer to measure the forward scattered radiation
spectrum.

Figure 311 shows the forward scattered radiation spectrum for various pulse energies after the
laser pulse has traveled through the gas chamber filled with helium gas at (a) Torr, (b) 20 Torr, (c)
400 Torr, and (d) 760 Torn In Fig. 3.11(a) the spectrum at Torr remains centered near the initial
laser wavelength of 793 nm with shoulders at the laser wavelength of 787 nm. independent of the
energy of the laser pulse. At 20 Torr in Fig. 3.11(b a blue-shifted peak in the spectrum can be seen
above about 50 mJ (0.5 TW) of laser peak power. The peak in the blue-shifted component of the
radiation remains centered around 746 nm independent of the laser peak power. At higher power the
whole spectrum shifts to this value. The amount of blueshift remains fixed above specific pressures
and laser powers. We call the phenomenon "anomalous blueshift". The anomalous blueshift of the
laser pulse is observed to be about A\/Ao ;z 59% at the higher pressure than 20 Torr.

We compare Fig. 38 and Fig. 311. At Torr we can observe no filamentation and no anomalous
blueshift. At 760 Torr a whole laser pulses are blue-shifted and self-focused with filaments. At 20
Torr these are between the Torr case and 760 Torr case in both figures. The fact implies that the
anomalous blueshift occurs due to the filarnentation.
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When different gases are used in the chamber, the same blueshift phenomenon occurs. In the case
of argon gas at 26 Torr and laser energy of 38 mJ 0.4 TW) a complete blueshift of the laser pulse
appears at 749nm (see Fig. 3.12(a)). This is at lower pressure and power than in the case of helium.
Figure 3.12(b) shows the spectra for the case of nitrogen gas. It can be seen that the complete
blueshift to 742 nm is observed even at 10 Torr for a laser energy of 206 mJ 2 TW). The anomalous
blueshift of the laser pulse for argon and nitrogen are observed to be about AA/Ao --Z� 56% and
AA/AO z 64%, respectively. For these gases the amount of blueshift is also independent of the laser
power and the density of gas.

3.4.3 Analysis of Anomalous Blueshift

Fo r P > 'Pe, the gradient scale length becomes constant. Assuming a linear density gradient this
shift is given by[71

CT 2,r wp + cr n., (3.29)W�' WO VF++ P
c'r-

WO

Lo 2 WO
0

where is the propagation time, Lo is the gradient scale length, wp is the plasma frequency, and o
is the initial laser frequency.

Figure 313 shows a schematic of the laser propagation due to balancing the plasma refraction
and natural diffraction against the self-focusing. Figure 3.13(a) shows a profile of a laser with self-
focusing. Figure 3.13(b) shows a lineout of Thomson scattering. Figure 3.13(c) shows the Thomson
scattered radiation at 20 Torr for a laser energy of 165 mJ. The propagation of the laser pulses is
based on the refraction and the self-focusing with filamentation. We can estimate the propagation
time to be the depletion time of the filament. Here we assume that the main depletion mechanism
is due to refraction of light. The depletion distance is approximately equal to the refraction distance.
So, the propagation distance cr is roughly equal to the refraction distance. This is based on recent
simulations of the propagation of high intensity lasers in air where the main arrest mechanism was
attributed to the refraction of the light in the plasma[551. The refraction distance 1D is roughly
given by[56]

1D = AO n, (3.30)
2 nel

where n, is the plasma density, n, is the critical plasma density, and A is the laser wavelength. The
refraction and the self-focusing cause the spike in Fig. 3.13(b). This refraction distance is roughly
equal to the spike distance. The distance is measured from the Thomson side scattered images in
Figs. 38 and 39. The distances of the spikes ranged between 0.5 and .5 mm at 20 Torr. The
calculated refraction distance is about mm. The spike distance decreases with increasing pressure
of the gas. Substituting Eq. 3.30) into Eq. 3.29), then we obtain

1+ AO (3.31)
U), � LJO AO2Lo'Vl- + ao

which indicates that the frequency shift is independent of the plasma density, type of gas, and
laser intensity. The amount of shift just depends on AO and Lo. Lo is roughly constant due to the
filarnentation that fixes the maximum intensity at the ionization threshold of the gas.

For P > P the intensity is given by

i = P., (3.32)
7r(d/2)2'

where d is the diameter of the filament. The intensity ca be rewritten by Es. 313)(3.11) and
(3.14). We can obtain

Ji (3.33)
N 2c
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Figure 31 1: Forward scattered radiation spectrum after the lser pulse has through the chamber in
helium gas at (a) Torr, (b) 20 Torr, (c) 400 Torr, ad (d) 760 Torr for various laser energies.

- 37 -



This is a blank page.



JAERI-Research 2002-031

lo'
26 Torr

206 mJ

4
=i 10
Cd I Torr

206 mJ

10 3

38 mJ

10 2
730 740 750 760 770 780 790 800 810

Wavelength [nm]

(a)

1.2 . .. . . . .. . . . .. . .. . . . .. .
1 Torr
1OTorr 206 mJ

1.0 - ......... 400 Torr
760 Torr

0.80 

Cd
0.60

C6
2 0.40

0.20

0.0 ------- -

-0.2 . . . . .

730 740 750--!i� 7 780 790 800 810

Wavelength [nm]

(b)

Figure 312: Forward scattered radiation spectrum after the laser pulse has through the chamber in
(a) argon gas and (b) nitrogen gas at various pressures and laser energies.
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Table 31: The amount of blueshift for various gases.
Gas Experimental results [%] Theoretical value
He+ 5.9 6.0
N3+ 6.4 6.6
Ar3+ 5.6 5.4

The usual refractive index of gas is nearly equal to (see Eq. 310)). The laser intensity is
independent of the gas density and the laser power. In other words, the laser intensity is nearly
equal to the intensity of the ionization threshold, since each filament is propagating with intensity
near the threshold intensity for ionization of the gas. The minimum threshold of the laser intensity
is 147 x 1015 W/CMI for the ionization potential of 24.6 eV (see Eq. 37)). The laser intensity
become higher than the ionization threshold intensity like a Fig. 3.13(a). Approximately, we make
an assumption that the laser intensity l is slightly higher than the ionization threshold intensity
Ith, i.e.

Ii = 1.0004Ith- (3.34)

For helium gas Lo is 32 pm 10.7 fs) from Eqs. 23) and 38). We obtain the frequency shift
AA/Ao = 60% from Eq. 331). In addition, the ionization thresholds for nitrogen and argon are
lower than the ionization thresholds for helium. We make an assumption that the nitrogen and argon
are ionized to N+ and Ar'+ for the pre-focusing with the OAR Table 31 shows the experimental
results and the theoretical amount of blueshift for various gases. The experimental results are in
good agreement with the theoretical predictions.

In the anomalous blueshift, the whole spectrum shifts to a fixed wavelength. This mechanism
is illustrated in Fig. 314. The leading front of the laser pulse ionizes gas with blueshift, and the
retarding part behind the ionization front of the laser pulse propagates in plasma without blueshift
as shown in Fig. 3.14(a). Since the phase velocity of a laser pulse in the ionization front is slower
than that in plasma due to the difference of refractive indexes between gas and plasma, the leading
part with blueshift moves behind the retarding part as shown in Fig. 3.14(b). Eventually, the whole
spectrum shifts to the fixed wavelength by repeating ionization with blueshift and filamentation in
a distance of spikes as shown in Fig. 313.
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Figure 313: A scheme for the self-focusing and side scattering. (a) shows a profile of a laser with
self-focusing, (b) shows a ineout of laser intensities, and (c) shows spike distance measured by side
scattered radiation using an interferential filter centered at 793 nm with a width of 10 nrn FWHM
at 20 Torr for a laser energy of 165 rnJ. The spike distance is a separation of the self-focusing.

- 41 -



This is a blank page.



JAERI-Research 2002-031

Plasma ionizationfront

(a)

A

$�j 

(C)

-77 77-7

(d)

.'AA

(e)

Figure 314: A schematic of the mechanism for te aomalos blueshift. The solid line shows
evolution of the pasma density n,. Te red lines show the original lser pulse and the blue lines
show te blue-shifted lser puNe. The blueshift proceed from (a) to (e).
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4. Observation of Laser Wakefield

4.1 Measurement of Gas Density Distribution

4.1.1 Principle of Gas Density Measurement

We measure the gas density distribution shown in Fig. 41. In the Mach-Zehnder interferometer a
change of the optical path length due to the difference of the speed of light in the material produces
a fringe phase shift due to the variation of the refractivity for the two optical paths. The phase shift
AO is given by

AO (N - N) dL, (4.1)
f C

where N is the refractive index in vacuum, i.e. N = N2 is the refractive index of the gas, is
the frequency of the probe laser, c is the speed of light in vacuum, and L is the interaction distance
of the probe beam with the gas. Assuming adiabatic expansion of the gas for the pressure p atm]
at the temperature T [K), the refractive index difference is given by

AN = - N, = (Ng - )p 273 (4.2)
T

where Ng is the refractive index at C and atm. The phase shift is obtained as

AO = 3.74 x 10- 14(Ng _ ) d L (4.3)
27r 7

where L is the interaction length in mm, A is the wavelength of the probe laser in nm, and d is the
gas density in cm-3 . Table 41 shows the refractive index of various gases.

For helium gas (Ng = .000 035) at 24 C, the gas density is given by

d = 765 x 1017 A AO (4.4)
L 27r

The gas density can be calculated by Eq. 4.4) for a gas target with uniform thickness. For a
gas target with an arbitrary shape, we must correct the interaction distance along the path of each
ray of the probe beam. Assuming that the gas density distribution with respect to radial position
r from the nozzle center has axial symmetry as d = f (r), the phase shift is

AO
- = C f f (r)dy, (4.5)
27r

where C is a constant. The gas density distribution can be calculated from the Abel inversion
technique as follows. Let us consider a cylindrically sliced gas target with thickness Ar shown in
Fig. 42. The phase shift along the line k can be calculated as

AO k
(k) = C. Ed(i) Lk (i), (4.6)

i=1

Here
Lk(i)i=1,k-1 = rr �-(i 1)Ar)2 �-X2(k - V �-iA-r)2- X2�(k), (4.7)
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Table 41: The refractive index of various gases
Gas (Ng - ) x 101
He 35
Ne 67
Ar 283
Xe 707
H2 140

_N2 298

Lk k = r -�(k 1) �Ar) 2 �x2 0, (4.8)

x(k = r + Ar - kAr, (4.9)
2

where d(k) is the density at the kth sliced cylinder, Lk(i) is the ith length of line k and the x(k is
the distance of the line k from the nozzle axis. The gas densities d(i) can be obtained from a set of
simultaneous linear equations 4.6).

4.1.2 Time-resolved Gas Density Measurements

The gas density was measured with the Mach-Zehnder interferometer consisting of a He-Ne laser
(A = 632.8 nm), two mirrors, and two beam splatters, shown in Fig. 4 1. The laser beam expanded to
1 cm in diameter is split into two beams which travel along separate paths. The gas-jet nozzle with
an orifice diameter of 0.8 mm is placed inside a vacuum chamber evacuated to 10' Torr. One of
the two beams travels through the gas-jet in the vacuum chamber. The two laser beams are merged
to make an interferograrn on a screen as shown in Fig. 43. The interferogram is captured with
a charge-coupled-device (CCD) camera with an image intensifier. The time-resolved measurement
can be made by gating the CCD camera triggered with some delay between the CCD camera and
the gas-jet. The room temperature was controlled at 24 'C within 03 'C during this measurement.
The opening duration of the gas-jet valve was 2 ms and the gate time of the CCD camera was ps.
The distribution of the gas density can be calculated from the phase shift and Eq. 4.4).

Figures 4.4(a)-(f) show contour plots of the gas density distribution of N2 gas at a backing
pressure of 25 atm with a delay time of (a) 1.0, (b) 12, (c) 14, (d) 16, (e) 1.8 and (f) 20 rns.
Figures 4.5(a)-(f) show contour plots of the gas density distribution of N2 gas with a delay time of
1.6 ms at a backing pressure of (a) 5, (b) 10, (c) 15, (d) 20, (e) 25, and (f) 30 atm. The gas flows
from bottom to the top starting at y = . The position x = is the center of the gas-jet nozzle.
The gas expands to up and sides like a cone and the gas density becomes stable at the distance 1.5
mm from the nozzle.

Figure 46 shows a contour plot of the He gas density distribution at a backing pressure of 30 atm
with a 16 ms delay. Figure 4.7(a) shows the radial distribution 07 mm below the end of the gas-jet
nozzle and (b) shows the axial distribution along the nozzle axis. The tirne-resolved measurements
show that the gas density builds up quickly to a constant value in 0.8 ms as shown in Fig. 48. Rom
measurements of nitrogen gas, it is found that the gas density distribution is uniform at the point
of 1.5 mm away from the gas-jet nozzle. From these measurements, we find the optimum laser focus
position at 1.5 mm off the gas-jet and a delay of 16 ms to provide an appropriate gas density for
wakefield excitation. Since the gas density is inversely proportional to the square of the distance
from the nozzle and linearly proportional to the backing pressure, the neutral gas density of He gas
is ;zz 36 x 1017 CM-3 at the pump laser focus with a backing pressure of 10 atm.
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Figure 41: A schematic of the Mach-Zehnder interferometer for measurement of the gas density
distribution of the gas-jet.
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Figure 42: An illustration of the reconstruction of the gas density distribution of the gas-jet with
axial symmetry by the Abet inversion technique.
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Figure 43: The interferogram of nitrogen gas ejected from the gas-jet at a backing pressure 25 atm.
(a) shows a typical image taken by the CCD camera and (b) its 2D projection of the fringe phase
shifts at the transverse distance x and the axial distance z from the center of the gas-jet nozzle.
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Figure 44: Contour maps of the gas density distribution of N gs at a backing pressure of 25 atni
wit a elay time of (a) 1.0 ms, (b) 12 ms, (c) 14 rrLs. (d 16 ms, (e) 1.8 ms and (f) 20 ms.
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Figure 45: Contour maps of the gas density distribution of N2 gas at a backing pressure of (a)
5 atm, (b) 10 atm, () 15 atm, (d) 20 atm, (e) 25 atm and (f) 30 atm with a delay time ofl.6 ms.
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Figure 46: A contour map of the gas density distribution of He gas at a backing pressure of 30 atm
with a delay time of 16 ms.
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Figure 47: The gas density distribution measured for He gas at a backing pressure of 30 atm with
a delay time of 16 ms: (a) is the radial distribution 07 mm below the end of the gas-jet nozzle and
(b) the axial distribution along the nozzle axis.
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Figure 48: The gas density distribution of He gas 07 mm below the end of the gas-jet for the
backing pressure of 30 atm as a function of the delay time between the gas-jet opening time and
the CCD camera gating time.
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4.2 Measurement of Wakefields

4.2.1 Frequency Domain Interferometry

Let us consider two probe pulses displaced temporally by a time T with a phase shift AO induced
by a change in the medium between the two pulses, where the electric fields are given by

El (t = E(t) exp(iu;ot), (4.10)

E2(t = E(t - T) exp(iwo(t - T) + AO), (4.11)

and wo is the laser frequency. The power spectrum I(w) measured by the spectrometer is obtained
from the Fourier transform of the sum of the two fields:

I(w = 7[El(t) + E2(t)]I' = 2E(w _ WO)12(1 + cos(wT + AO)). (4.12)

Thus we have frequency-domain fringes separated by 27r/T with a phase shift AO in the spectrum.
The phase difference of the two pulses traveling through different refractive index materials is

AO (N2- Nwp-dL, (4.13)
c

where N is the refractive index of the first probe pulse, N2 is the refractive index of the second
probe pulse, wp, is the frequency of the probe pulses, c is the speed of light, and L is the interaction
length. The refractive index in an underdense plasma, i.e. n, < n, is given by

ne) 1/2 n.

nc 2 n,'

where n. is the plasma electron density, n, =r/rA 2Pr is the critical density, r = e2 /M'C 2 is the
classical electron radius, and AP. is the wavelength of the probe laser. Assuming that the interaction
length is approximately a plasma length Lp produced in the gas-jet, the phase difference is calculated
as

-7r LP Jn (4.15)
Aprn,

where Jn = n(t + T - n(t) is the density difference between the time t and t + T at the focus point.
Since the density perturbation oscillates as

wpT +r
sin[w,(t+T)]-sin(wpt)=2sin(wpT)sin WPt+ - (4.16)

2 2),

the measured phase difference is maximized in the case where the time separation of the two probe
pulses is T = nTp/2, n = 1 3 ---, where Tp = 27rlwp is the period of the electron plasma wave.
Thus the amplitude sensitivity factor[44][45] due to the mismatch of the time separation is

St = 2 sin(wpT = 2 sin (27rT/Tp). (4.17)

The finite temporal and spatial widths of the probe pulses cause averaging of the phase shift reducing
the amplitude. Estimates of the sensitivity factors due to averaging effects can be obtained for a
Gaussian intensity profile of the probe pulse with a temporal rms width 0,plc and a radial rms
width cp,. The temporal sensitivity factor is

cos(wpt) exp(-c't'/2a'P,)dt
S ., _C2t2 /2o,�2P,)dt exp 2 (4.18)exp(
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and the spatial sensitivity is

f(l _ 2 )exp(- 2)exp(- 2- )dr + 0,'P'/0,'_)2
_T __7 2

SI eXp( r2 (4.19)
f _ -- 7--)dr (1 + 2(ap,/0'r)2)3/2'

2-rp,

whereO'r is the rms radius of the pump pulse. Thus the measured phase difference is given by

(AO),,� = -'7rSS.Sr 'P (4.20)
Aprnc'

4.2.2 Measurement of the Plasma Electron Oscillation and the Phase of
the Plasma Wave

The experimental setup of the FDI is shown in Fig. 49. The 26 TW 10 Hz Thsapphire laser pulse
at a wavelength of 800 nm with a maximum energy of 135 mJ and a duration of 52 fis (FWHM)
is split into two beams. The reflected beam (80%) is used as the pump pulse and the transmitted
beam as the probe beam, which is frequency doubled with a 13130 crystal and transported into a
Michelson-interferometer to make two collinear pulses with an adjustable time delay. The time delay
between the pump and the probe pulses is adjusted with a delay line. The probe beam is combined
collinearly with the pump beam by transmission through a dichroic beam splitter reflecting the
pump beam. The pump and probe pulses are focused by an off-axis parabolic mirror with a focal
length of 15 cm. The focal spot images taken with a CCD camera show that the pump focused
intensity profile is approximately a Gaussian distribution with a rms radius (at 1/e) ar = 89 tim,
while the probe beam radius is o,pr = 3 m and centered on the pump beam. The peak pump
intensity is 84 x 10" W/cm' (ao �_- 06), producing fully ionized He gas in the focal region. The
probe beam is separated from the pump beam with a dichroic beam splitter after passing through
the plasma and guided through an optical fiber into the spectrometer to analyze the interferograms.
A part of the probe beam is sent directly to the spectrometer to make the reference fringes. The
spectrometer is a Czerny-Turner type with a focal length of 133 m and a grating of 1800 gr/Mm.
The spectral resolution is 006 A.

The phase shift AO is obtained from the difference of the peak position between the interfero-
grams of the probe and the reference, shown in Fig. 410. The phase shift is calculated from the
peak of the correlation function between the probe and reference spectrum using a spectral analysis
technique[57]. The correlation function C(YI, Y2) between two spectra Y f (W) and Y2 = g(w is
defined as

CM, Y2)(U") f co f (w + w')g(w)&o. (4.21)

The function C(Y, Y2) becomes a maximum for the frequency = IT. The correlation function
is calculated using the Fourier transform:

C (Y1, Y2) (-") =.F-1[.77[f]F[gJ]' (4.22)

where denotes the Fourier-transform. Figure 411 shows the correlation function for the two
spectra of the probe and the reference interferograrns. We obtain the phase difference from
the peak frequency w of the correlation function.

Pk

In this experiment, the time separation was adjusted to 720 fs (- 5.5Tp), which was obtained from
the fringe period of the frequency-domain interferogram shown in Fig. 410. The time separation T
is given by T = l,&AA), where Ap = 400 nm is the wavelength of the probe laser and AA = 074P
nm is the fringe period of the reference interferogram in the spectrum. The time delay between the
pump and the probe pulses was varied from -1.5 ps to 31 ps with a time step of 67 fs to scan the
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density oscillation of the wake excited by the pump pulse. The phase shift at each position was
obtained by averaging 50 shots of the phase shift data to reduce pulse-to-pulse fluctuations. The
gas-jet was operated at a backing pressure of 10 atm for He gas. The pump pulse was focused 1.5
mm below the end of the nozzle where a fully ionized plasma was expected with an electron density
of 72 x 10" cm-' from the neutral gas density measurements.

In Fig. 412 (a), no phase shift was observed for the region where the two probe pulses were
located before the pump pulse. This means that no wakefield is excited before the pump pulse
passes through the gas-jet. In the region where the probe pulse was delayed after the pump pulse,
a large amplitude density perturbation excited by the pump pulse was detected as indicated by the
phase shifts shown in Fig. 412 (b) to (g). In the measurement shown in Fig. 412 (b) and (c), the
first probe pulse traveled before the pump pulse and the second one after it. For this measurement,
the sensitivity factor St is a half of that for the measurements shown in (d) to (g) in the region
where both probe pulses travel after the pump pulse. Rom these phase shift data, the period and
the amplitude of the electron density oscillation and the amplitude of the longitudinal wakefield are
obtained as a function of time delay between the pump and probe pulses

Figure 413 shows the plasma density that is calculated from the oscillation periods of the plasma
waves. The oscillation period of the electron plasma wave is 130 34 fs behind the pump. This
plasma wave period corresponds to the electron density of 7 x 1017 ± 8.5 x 101 C -3 in linear
wakefield theory, which is in good agreement with the electron density for the fully ionized He gas
expected from the neutral gas density measurements.

The wakefield can be calculated from the sensitivity factor and the plasma density oscillation.
The sensitivity factor St S., - S, is 046 for the measurements shown in Fig. 412 (b), (c), and
0.92 for those in Fig. 412 (d - (g), with kpa = kpap = 106, k,o, = 144, and kpap =
0.48. Figure 414 shows the amplitude of the electron density oscillation and the amplitude of the
longitudinal wakefield as a function of a time between the pump and probe pulses. The amplitudes
of the density perturbation and the longitudinal wakefield quickly damp in a time of 1.7Tp just after
the pump pulse. Afterward their amplitudes attenuate slowly with a damping time of 8T, The fast
damping of the wakefields may be caused by the trapping and loading of electrons from the plasma.
The slow damping may be induced by the non-uniformity of the plasma density distribution in the
gas-jet. The measured density perturbation before damping is Jn/n,),n 074 with the plasma
length L = I mm. The maximum longitudinal wakefield of 20 GV/m is deduced by Eq. 245).
These estimates are in good agreement with the density perturbation (Jn/n,)th = 075 and the
longitudinal wakefield of 21 GV/m calculated by linear wakefield theory. Figure 415 shows the
electric field of Fig. 4.12(b).

We compare the experimental and 1D Particle-in-Cell (PIC) [58] simulation results. The result
of PIC simulation is obtained by solving the Maxwell equation, the equation of motion, the plasma
fluid equation and the integral of difference equations (see appendix A). Figure 4.16(a) shows the
simulation result on the longitudinal wakefield as a function of time for a=1, the laser pulse width
of 50 fs, the laser wavelength of 800 nm, and the plasma density distribution of Fig. 4.16(b).
The wakefield decreases with time in Fig. 4.16(a). The damping time of 11 Tp corresponds the
experimental result. It is shown that the damping of wakefields results from the non-uniformity of
the plasma density distribution.
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Figure 49: Experimental setup of the frequency domain interferometry. The delay line I adjusts
the time delay between two collinear probe pulses and the delay line 2 the time delay between the
pump and probe pulses.
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Figure 410: The interferograms obtained from (a) the probe pulses and (b) the reference pulses.
The fringe separation is given by A = AI(cT), where T is the time separation between the two
probe pulses. The phase difference between the probe and the reference interferograms is calculated
by AO = 27rJA/AA.
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Figure 411: The correlation function calculated from the two spectra of the probe and the reference
interferograms. The correlation function peaks at the frequency corresponding to the phase shift
between the two spectra.
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Figure 412: The relative phase shift as a function of the time delay for the measurement of the
plasma density oscillation in the gas-jet operated at a backing pressure of 10 atm. (a) is measured
in the case of the two probe pulses before the pump, (b) and (c) in the case of the first probe pulse
before the pump and the second after the pump, and (d) to (g) in the the case of the two probe
pulses after the pump.
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Figure 413: The period of the electron density oscillation and the plasma density as a function
of time between the pump and probe pulses. The solid and dotted line show the expected plasma
period and density from the gas density measurement, respectively.
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Figure 414: The amplitude of the electron density oscillation and the amplitude of the longitudi-

nal wakefield as a function of the time between the pump and probe pulses. The solid lines are

exponential fits to the data with a damping time of 1.7T, and 8T,.
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Figure 415: The amplitude of the longitudinal wakefield obtained from the plasma electron density
oscillation and the sensitivity factor. A 20 V/m wakefield has been observed.
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Figure 416: (a)The simulated result of the longitudinal wakefield as a function of time by the PIC
code for the laser strength parameter ao of 1. (b) The plasma density distribution.
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5. Acceleration of Electron Beams in Laser-produced-plasma

We present the numerical simulation of high quality electron beam acceleration based on the anoma-
lous blueshift effect and FDI technique. The trapped phase space of the wakefield, where the accel-
erating and focusing forces are exerted on particles, extends a quarter of the plasma wavelength in
longitudinal space and half of the laser spot size in transverse space, which are typically less than
100 fs temporally and 10,am radially, respectively.

Presently there are three major schemes: nonlinear wave-breaking ijection[35], transverse op-
tical ijection[36], and colliding pulse optical injection[37][381. No proof-of-principle experiment for
these schemes has been yet performed because of experimental difficulties. Nonlinear wave-breaking
injection uses one pump laser pulse. Figure 5.1 (a) shows a schematic of transverse optical injection.
Transverse optical injection uses two laser pulses; one pump pulse and one injection pulse. The two
pulses cross at a focal point. Figure 5.1(b) shows a schematic of colliding pulse optical injection.
Three laser pulses consisting of a pump pulse for wakefield excitation and two injection pulses for
trapping the electrons in plasma make up a colliding optical injector.

For colliding pulse optical injection into a wakefield excited by the pump pulse, a frequency dif-
ference between the two injection pulses is needed. We can produce the frequency shifted pulse using
the anomalous blueshift effect. The three pulses propagate through plasma collinearly. We demon-
strate the optical injection scheme using 1D Particle-in-Cell (PIC) simulations[581 (see appendix
A).

5.1 Motion of Electrons in a Plasma Wave

The motion of electrons in a plasma wave can be represented by a phase-space diagram as shown in
Fig. 5.2(a). The horizontal axis shows the longitudinal speed-of-light-frame = z - vpt. Electrons
inside the bounded region, known as separatrix, are "trapped" by the plasma wave and carried
along at the same wavelength as the plasma wave. Electrons above and below this bounded region
are "untrapped". Electrons in plasma are below the separatrix due to the low energy. When an
electron is below the separatrix initially, it gains and loses energy quickly due to the slow electron
velocity, the electron moves in the opposite direction of the plasma wave, and never has an energy
higher than that corresponding to the phase velocity of the plasma wave. On the other hand, when
an electron is inside the separatrix, it can move to the top of the separatrix and gain significant
energy. This is the process of electron acceleration in a plasma wave. As a result, the bottom and
top of the separatrix determine the minimum trapping threshold and the maximum electron
energy -y,,,,,, attainable, respectively, for a given plasma wave amplitude. They are given by[59]

_Y.,. = _(I ,YPAO) _ _)3p[(l ,YPAO)2 _ jl,2, (5.1)

,Y.. = YP( + YPAO +Ypop[(' + YpAo)2 _ 11/2 (5.2)

where
A- = 20p[(l + E2 /2)2 _ 11/2, (5.3)

= E..,IEo is given by the plasma-wave amplitude, and E is the non-relativistic cold wave-
breaking limit in Eq. 2.17). The normalized energy -y is defined

Fltotal 1

__ = 1 (5.4)'Y -;;le C2
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Figure 5.1: (a) A schematic of transverse optical injection. A radial wakefield due to the injection
pulse injects electrons into a longitudinal wakefield due to the pump pulse. (b) A schematic of
colliding pulse optical injection. The laser pulse of injection is an anomalous blue-shifted pulse.
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where Ett,,, is the total energy of an electron and is the normalized velocity of an electron. The
normalized velocity is given by

(5.5)
c

where v, is the electron velocity. -yp is the normalized energy of the plasma-wave phase velocity, and
,3p = vp1c is the normalized phase velocity. The actual trapping threshold for each electron depends
on its position (phase) in the plasma wave at injection. The maximum electron energy attainable
in a plasma wave increases with the plasma-wave amplitude limited by wave breaking. The wave-
breaking limit is defined by the point at which the plasma wave traps the bulk of electrons that
constitute the plasma wave itself and thus self-destructs. In a cold plasma, the maximum plasma-
wave amplitude is given by[601

E,.. = E. VT�p-- -1), (5.6)

and the maximum electron energy is

'Ymax = 4 3 - 3yp. (5.7)'Y�

For a higher plasma temperature, the wave-breaking limit is lowered, due to trapping of hot bulk
electrons at a lower plasma-wave amplitude. For a plasma wave with an amplitude below the wave-
breaking limit, it can trap hot electrons that are at the tail of a Maxwellian distribution of a thermal
plasma, or that are preheated to exceed the trapping threshold by other mechanisms, or that are
injected externally. In this case, these trapped electrons are accelerated and thus take energy away
from the plasma wave, resulting in damping of the plasma wave. This is referred to as electron
beam loading or nonlinear Landau damping. In fact, untrapped electrons can also gain energy (as
seen in Fig. 5.2(a)) and damp the wave.

5.2 Principle of Colliding Pulse Optical Injection

In Fig. 5.1 (b), an intense pump pulse denoted by subscript 0 a forward going injection pulse denoted
by subscript 1, and a backward going injection pulse denoted by subscript 2 The frequency,
wave number, and normalized intensity are denoted by wi, ki, and a (i = 0, 1 2, respectively.
Furthermore, w = WO + ALU (AW >), W2 � wo, and wo > Aw > p are assumed such that k �- ko
and k = -ko. The pump pulse generates a fast wakefield. When the injection pulses collide, they
generate a slow ponderomotive beat wave with a phase velocity v. The phase velocity vp is given
by

W1 - W2 AWVP = � = - (5.8)
ki - k2 2ko'

During the time in which the two injection pulses overlap, a two-stage acceleration process can
occur; i.e., the slow beat wave injects plasma electrons into the fast wakefield in Fig. 5.2(b).

The problems for the experiment of the optical injection are the timing between the pump
pulse and the injection pulses, and the frequency difference of the injection pulses. The wakefield
excited in the gas-jet has an ultra-high gradient with good coherency and can be used for particle
accelerators (see chapter 4 In the optical injection schemes, provided that the probe pulses are
replaced with the injection pulses, the FDI system to measure the wakefield will be modified into
the optical injection system for the laser wakefield. In order to make a frequency difference W
between two injection pulses, the anomalous blue-shifted pulse is used as a forward going injection
pulse (see chapter 3.
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Figure 52: Phase-space trajectories for electrons in a plasma wave excited by (a)

single laser pulse and (b a pump pulse with two injection pulses. The horizontal

axis shows the longitudinal speed-of-light-frame ( = z - vpt in unit of the plasma

wavelength AP' Electrons above and below the separatrix are untapped while elec-

trons within the separatrix are trapped by the wave. The motion of the electrons

relative to the wave is indicated by the arrows.
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Figure 53: Plasma density distribution assumes for simulation of the optical injection.

5.3 Simulation Results of Optical Injection by an Intense
Laser Pulse

5.3.1 Simulation Results of the Wave-breaking Optical Injection Scheme

We make a numerical simulation of the optical injection scheme for the plasma density distribution
shown in Fig. 53 using a PIC code[58]. Figure 54 sows the results of the optical injection simulation
for n = 7 x loll CM-3 as a function of ao. In order to generate the electrons by the single pulse
optical injection, the pump intensity ao should be larger than 1.5. The energy spread AE/E,,, of
accelerated electrons results in 100%, where E .. ax is the maximum energy of electrons. This scheme
has disadvantage for generating a high quality electron beam with narrow energy spread.

5.3.2 Simulation Results of the Colliding Pulse Optical Injection Scheme

We performed a simulation of the colliding pulse optical injection scheme for ao = 1. We assume
that the frequency upshift of the forward going injection pulse Awlwo is set to be 6 from the
anomalous blueshift experimental data in chapter 3 Figure 5.5 shows the results of the simulation
at n = 7 x loll CM-3 for ao = 1.0 as a function of a, a2. These results indicate that electrons
can be inject into the wakefield at the strength parameter larger than 03.

The accelerated energy and the energy spread are shown in Fig. 56 as a function of the plasma
density. The accelerated energy increases with the plasma density. Nevertheless, the energy spread
is the smallest at n = 7 x 1017 CM-3.

The electron distribution in a phase space and the energy spectrum for ao = .0 and a, = 2

0.3 at n = 7 loll CM-3 are shown in Figs. 5.7(a) and (b), respectively. A part of electrons in
plasma is trapped and accelerated in the wakefield excited by the pump pulse. The pulse shape and
the energy spectrum of the accelerated electron beam are shown in Figs. 5.8(a) and (b), respectively.
The accelerated electron beam has the pulse width of 77 fs (rms), the peak energy of 75 MeV with
the energy spread of 3% (rms) from these figures. Assuming the electron beam radius of 15'Um, the
accelerated electron charge becomes 26 pC corresponding to the peak current of the electron beam
of 13 kA. It could be difficult to generate such an ultrashort intense electron beam by means of the
conventional RF accelerators.

Figure 59 shows the distribution of the transverse normalized velocities Ot of the accelerated
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Figure 54: Results of the wave-breaking optical injection simulation for n, 7 x 1017 CM-3. The
horizontal axis shows the pump strength parameter ao. The open circles and dotted line show the
maximum energy E,a.,, and the closed circles and the solid line show the energy spread AEIE .. a.,
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Figure 5.5: Results of the colliding pulse optical injection simulation for ao = 1.0 at n, 7 
1017 M-3 . The horizontal axis shows a, = a2. The open circles and the dotted line show the
maximum energy E .. ax, and the closed circles and the solid line show the energy spread AE/E .. a., 

electrons. We can obtain an emittance of the electron beam from Ot = 00064. The un-normalized
emittance e of the electron beam is approximately equal to

E. = rrbOt, (5.9)

where rb is the electron beam radius. The normalized emittance is

Enx = 06x, (5.10)

where is the longitudinal normalized velocity. For the electron energy of 75 MeV and are
approximately equal to 14.7 and 1, respectively. Assuming the electron beam radius, rb = 15 pm,
the normalized emittance of the accelerated electrons becomes I r mm rnrad (rms). This emittance
is comparable to that of best quality beam produced by the conventional RF accelerator technology
such as a photocathode R-guri[34][611.
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Figure 56: Results of the colliding pulse optical injection depends on n,. The horizontal axis shows
n, in unit of cm-3. The open circles and the dotted line show the peak energy Ep, and the closed
circles and the solid line show the energy spread AElEp.
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Figure 57: (a) The electron energy in phase space and (b) the energy spetrum of the colliding pulse
optical injection simulation for ao = .0 and a, = = 03 at n = 7 x1017 CM-3.
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Figure 5.8: (a) The pulse shape and (b) the energy spectrum of the accelerated electrons for ao
1.0 and a, = a = 03 at n = 7 x1017 CM-3.
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6. Conclusions

We have investigated the extraordinary nonlinear phenomena manifested via interactions of ultra-
short laser pulses with gas and plasma; optical field ionization, ionization induced self-focusing and
filarnentation, an anomalous spectral shift and a large amplitude wakefield excitation. This study
reveals that these phenomena occur in a consecutive strong field process through mutually corre-
lated mechanism generated above a certain threshold intensity and that they can be controlled with
ferntosecond optical pulse technique in order to generate a relativistic bright electron beam with
high quality in a laboratory table-top scale.

As a result of particular observations of nonlinear optical phenomena in strong field, we found
the anomalous blueshift that shows a coherent frequency upshift of the whole laser pulse to a fixed
frequency independent of the plasma density and the laser power. We clarify that this phenomenon
results from a complex mechanism of the ultrafast optical field ionization and filarnentation to cause
acceleration of the whole laser photons due to a steep gradient of the refractive index change from
neutral gas to plasma.

In the wakefield measurement, we have made the first direct observation of 20 GeV/m of coherent
ultrahigh gradient wakefields excited by an intense ultrashort lase r pulse in a gas-jet plasma. The
experimental results agree with the 1D PIC simulation results and the linear theory. In the numerical
simulations based on the results of these measurements, we verify generation of a relativistic electron
beam accelerated by laser wakefields to be optically controlled with two colliding injection pulses of
which one pulse can utilize a frequency up-shifted pulse due to the anomalous blueshift effect.

This synthetic study on laser wakefield excitation illuminates physical mechanisms of complex
ultrafast nonlinear phenomena generated by interaction of ultraintense laser pulses with plasma and
gives prospects of next generation particle accelerators for applications to a wide range of sciences;
such as material science, nuclear science, high energy physics, chemical science, biological science,
and medical science.
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Appendix A Thomson Scattering

If a plane wave E(x, t) is incident on a free particle of charge e and mass m, the particle will be
accelerated. The acceleration is provided by the incident plane wave. If its propagation vector ko,
and its olarization vector co, the electric field can be written

E(x, t = coEo exp(ikox - iwt). (A. )

Then, from the force equation for nonrelativistic motion, we have the aceleration,
E e
:0 - Eo exp (ikox - iLot). (A.2)

M

The differential scattering cross section isl

du e 2 2
-- 6 60 12,;�C2) I (A.3)

where is a polarization state. The scattering geometry with a choice of polarization vectors for
the outgoing wave is shown in Fig. A.I. The polarization vector El is in the plane containing n and
ko; E2 is perpendicular to it. In terms of unit vectors parallel to the coordinate axes, El and c2 are

El = cos (e., cos 0 + ey sin 0 - e. sin 0, (A.4)

62 = -e., sin 0 + ey Cos 0. (A.5)

For a linearly polarized wave with polarization parallel to the x axis incident, the angular distribution
summed over final polarization is (cos 2 CS2 O+sin 20), and the scattering cross section is rewritten

I d J'Ojjx = ( e 2 2S2 0 Cos 20 + sin 2 ). (A.6)
dQ MC2

When the direction n is parallel to the x axis, the scattering cross section becomes zero. For
polarization parallel to the y axis it is

� do, = ( e 2 2COS2 0 sin 2 + CS2 ). (A.7)
TQ ;�C2

For unpolarized incident radiation we can obtain the scattering cross section by integrating Eqs. (A.6)
or (A.7) as a function of 5

du e2 2 1+COS20 (A.8)
TQ ;�C2 2

The total scattering cross section, Thomson cross section, is

UT = 87r e2 2 (A.9)

3 mc2

The Thomson cross section is equal to 0665 x 10-24 CM2 for electrons. The uit of length, e 2/MC2

2.82 X 1-13 cm, is called the classical electron radius, since a classical distribution of charge totaling
the electron charge must have a radius of this order if its electrostatic self-energy is to equal the
electron mass.

'J. D. Jackson, ClassicialEtectrodynamics (John Wiley Sons, Inc., New York, 1962).
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Figure A.1: The scattering geometry. The polarization vector oE, is in the plane containing n and
ko, and C2 is perpendicular to it.
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Appendix Particle-in-Cell Simulation

B.1 Basic Equation

We solve Maxwell's equations for the electric field E = (E.,, EY, E,,) and the magnetic field 
(B., By, B.)

V x B = pJ I OE (B. )
+ ��F W,

V x E aB (13.2)
-ii I

where J =- (J., Jy, J.), c and po are the current density, the speed of light and the magnetic
permeability, respectively. We assume a one-dimensional system taken along the x-axis. The electric
field Ex should satisfy the initial condition given by Poisson's equation

OEx p (B.3)
5x = o,

where p and co are the charge density and the electric permittivity, respectively. It is noted that
Poisson's equation is solved only for the initial condition. It is satisfied automatically, if Eq. (13.1)
is solved correctly in time based on the current density J satisfying the continuity equation of the
charge density p. The magnetic field Bx should satisfy the initial condition given by

OB.,
-jX- = 0. (13.4)

This condition means that Bx is constant in space and time, because there is no term for Bx in
Eqs. (B.1) and (B.2).

The current density J and the charge density p are computed from the motion of a large number
of particles. The equations of motion for particles with a charge q and a mass m is

dv q
- = (E + v x B), (B.5)
dt m

dx = VX, (13.6)
dt

The basic equations described above are written in the form of the MKS unit system. In a
simulation, however, values of the permittivity o and permeability po can be defined arbitrarily as
far as they satisfy the relation

EOPO �2' (B.7)

For simplicity, we adopt the following definition

60 (B.8)

(B.9)/10 T2-

The E, B and J are defined at the spatial grid points, while particles can take abitrary positions.
The E and B in Eq. (B.5) are interpolated from those at the adjacent grid points.
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Figure B. : Grid assignment.

B.2 Grid Assignment
We define full-integer grids at iAx (i = 1 2 3 .. , Nx) and half-integer grids at (i 12) Ax. The
Ey, By, J. and p are defined at the full-integer grids, and E,, E, B,, J, J, at the half-integer
grids as shown in Fig. B.1. This assignment of the electric and magnetic fields E and B realizes
centered difference forms for the spatial derivatives in Maxwell's equations. The components J., Jy.
J, of the current density must be assigned to the same grids of E,,, E, E, respectively, because J
contributes directly to the time integration of E as in Eq. (B.1).

B.3 Time Step Chart
The quantities of the field and particles are advanced in time based on the sequence shown in
Fig. B.2. We define a full-integer time nAt and a half-integer time (n + 1/2)At with a time step At.
Basically, the electric field E at the full-integer time and the magnetic field B at the half-integer
time are integrated in time by the leapfrog method. However, the magnetic field B is advanced
twice by a half time step At/2 to obtain intermediate values for the particle pushing fields at the
full-integer time. The particle positions x at the full-integer time and velocities v at the half-integer
time axe also advanced by the leapfrog method. The positions are advanced twice with a half time
step At/2 to obtain intermediate values for computation of the current density J at the half-integer
time. The current density J is computed from the positions and velocities of particles.

B.4 Courant Condition
In solving Maxwell's equations by the centered difference scheme in space and by the leap-frog
method in time, the grid spacing Ax and the time step At should satisfy the following inequality,
which is called the Courant condition,

Ax > CAL (B.10)

The condition easily derived from the numerical dispersion relation of the light more. Let us see
the numerical effect in solving a differential equation by a centered-difference equation. We assume
a quantity A(x, t) has a wave structure with a wavenumber k and a frequency as

A(x, t = Ao exp(ikx - iwt). (B. 1 1)
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Figure B.2: Time step chart.

We compute the derivative by a centered-difference equation as

JA A(xo + Ax/2, t - A(xo - Ax/2, t)
TX Ax

exp(ikAx/2 - exp(-ikAx/2) A(xo, t)
Ax

.sin(kAx/2)
z Ax/2 A(xO' O. (B. 12)

Comparing the AAlAx withe the spatial derivative OAli9x, we find that the wavenumber k is
replaced by K represented by

K = sin(kAx/2) (B.13)
Ax/2

in converting the differential equations to the difference equation. In the same manner, we find that
the frequency is replaced by defined as

Q = sin(wAt12) (B. 14)
At/2

The dispersion relation of the light mode is obtained by neglecting the current density J and
assuming the electromagnetic wave with a frequency and the wavenumber k as

2 2W = A . (13.15)

Replacing k and w with Kand (, we have the numerical dispersion relation for the light wave

Q2 = 2K 2. (B.16)

For the maximum wavenumber k,,, = r/Ax, we have

sin ( Ax . (B.17)

If cAt/Ax > , the becomes complex, given rise to a numerical instability. If At/Ax > 1,then
the system is marginally stable. Therefore, we have the Courant condition.
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