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A systematics of fission product mass yields is proposed. The systematics is based on Moriyamna-

Ohnishi systematics developed about 30 years ago. The parameter set of the systematics is newly deter-

mined by examining measured data taken after Moriyama-Ohnishi systematics was released. The sys-

tematics using the newly determined parameter set is employed to calculate mass distributions of various

kinds of fission and compare them with measured data. The comparison shows rather good agreement

between them from spontaneous fission to high energy particle induced fission.
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1 Introduction

It is an important problem for nuclear technology to reduce the nuclear waste produced in nuclear

reactors. Several concepts for transmutation of nuclear waste 1) have been proposed, using classical

thermal or fast fission reactors as incinerators or using accelerator driven systems, These concepts are

being extensively studied with regard to their feasibility, neutron economics, environmental safety, and

so on.

For these studies, nuclear data including fission yields are required. For the requirement, Nuclear

Data Section, International Atomic Energy Agency, organized a coordinated research program (CRP)

titled "Fission Product Yield Data Required for Transmutation of Minor Actinide Nuclear Waste". In the

task of the CRP, it is recognized that it is necessary to develop fission yield systematics to estimate the

yields over a wide range of fissioning nuclides and the energy range from thermal to 150 MeV.

There are some evaluated fission yields data which are compiled as Evaluated Nuclear Data File

such as JENDL 2), ENDF ), JEF 4) and so on. As these evaluated data, however, are for traditional

nuclear reactors, the evaluated yields are categorized for thermal neutron fission, fast neutron (neutron

emitted by fission) fission and high energy (14 MeV) neutron fission. Although these evaluated yields

data are applicable to the traditional reactor technology covering the above energy range, they are not

able to apply to the higher energy region required for the CRP. The reliable evaluated fission yields data

by such high energy neutrons has not been compiled yet. Even measured data have been limited to those

for some fissioning nuclides. Then the systematics of the fission yields data of so-called minor actinides

is needed to predict the fission yields data by such high energy neutron fission.

There are several systematics of fission yields. Of such systematics, Wahl's systematics -5 is widely

recognized and shows good agreement with existent yields data by low energy neutrons. It is, however,

uncertain that the systematics can be extended to the energy region more than 100 MeV and how is the

uncertainty of the systematics in such a high energy region. Therefore it will be worthwhile to make

another systematics.

In Japan Moriyama-Ohnishi (hereafter MO) proposed a systematics about 30 years ago 6). The sys-

tematics succeeded to reproduce the mass distributions of the fission products experimentally available

at that time. The systematics, however. fails to reproduce the recently measured mass distributions by

high energy neutron and proton induced fission. Then new systematics is needed to get the mass yields

by higher energy neutron or proton fission. We examined the parameters in the MO systematics based on

newly measured data and obtained a new set of the parameters which are applicable to the higher energy

fission than 100 MeV.

First the outline of the MO systematics and the problem using the MO systematics are given in

Chapter 2. In Chapter 3 the parameter search for new systematics is given. The calculations using the

newly determined parameters and comparisons with measured data are described in Chapter 4. Summary

is given in Chapter 5.
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2 Moriyama-Ohnishi Systematics

2.1 Outline of the Moriyama-Ohnishi Systematics

In the MO systematics, the mass distribution iO(A, E*) of fission products just after prompt neu-

tron emission is described as sum of symmetric component 0 (A, E*) and asymmetric component

V.'a(A, E*). In these expression A is a mass of fission fragment and E* is an excitation energy of

of the fissioning nuclide. The asymmetric component is then divided into heavy fragment component

V)h (A, E*) and light fragment component )1(A, E*). And each of these components is formed of two
curves (curve I and 2). Then the mass distribution 7P(A, E*) is expressed as follows:

O(AE*)= N)(A,E*)±NaiOb(A,E*)

= N8,/) 8,(A, E*) +Na [2Phl(A, E*) + ,(A, E*) +F {4h2(A, E*) ±0412(A, E*)}],

(2.1)

where N8, Na, and F are normalization factors and determined by systematics.

The five components in the above equation are assumed to be Gaussian distribution:

V), (A, E*) - -exp { -(A - A, )2 /20, (2.2)

Vhl (A, E) - 1 exp {-(A - Ah )2 /2o,21 , (2.3)

OU (, E - - ex{-(A -Ah2) 2 /2oh2 }, (2.4)

and the other two functions 7p11 (A, E*) and 4'12 (A, E*) for the light fragment are given by reflecting

OVhl (A, E*) and OU h(A, E*) about the symmetric axis A, = (Af - C/)/2. Here A8, Ah,1 and Ah,2 are the

mass numbers corresponding to the peak positions of the Gaussian distribution curves, and U2 01h and
2
U2are the dispersions of these distributions. Af denotes the mass number of the fissioning nuclide. The

quantity F1 is the average number of prompt neutrons emitted per fission, and is given by

f0. 107Af - 23.37 + 0.085E*, E* < 7.967 MeV,(25

0.107Af - 23.968 + 0.16E*, E* > 7.967 MeV.

The quantities N8, Na, A8, oa, Ahl, Ah2, ahl and crh2 are obtained by least-squares method and

are given by

N8 = 200/(l + 2R), (2.6)

N = 200R/{J(1 +F)(1 +2R)}, (2.7)

US= 0. 1759Af - 41.71 + 0.2056E *02 5 (S + 31.908), (2.8)

Ahl = 0.5190(Af - i2) + 0.02840Af (40.2 - f /Af)', (2.9)

Ah2 = 0.5673(Af - P) ± 0.0215lAf (40.2 - fZlAf)', (2.10)

Ul= 0.07327Af - 14.50 + 0.01783E *0.2 5 (S + 31.908), (2.11)

ah2 = 0.08089Af - 15.87 + 0.006847E *0 2 5 (S + 31.908). (2.12)

- 2-
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The quantities R and F are given by

R = exp {2.262S + 0.0682Af - 11.542 + a ± exp(f3)}, (2.13)

F = O'h2/0hl exp(-0.0834 9Af + 19.43), (2.14)

where
-1/2 fo eenZf- even Nf,

{, 7.75(Af Y 1/2, for odd Zf -odd Nf , (2.15)

0, ~~~for odd Af,

and f 2.531 - 0.10546E*, for even Af, (2.16)

~2.118 - 0.07990E', for odd Af.

These a and fi represent the pairing effect of the fissioning nuclide (Zf,Af ). The S factor appearing in the

above equations represents the nuclear shell effect of both fissioning nuclide, and fission fragments. The

latter is included because of the importance of the shells of the fission fragments which is comparable to

that of the fissioning nuclide. Moriyamna and Ohnishi employ the shell energy formula S(Nf, Zj) given

by Meyers and Swiatecki 7) for the S factor adopting the magic number of N = 126, 164 and 184 for

neutrons and Z = 82, 100 and 114 for protons. The numbers N = 164 and Z 100 are introduced to

take into account the shell effect of fission fragment. The S factor is represented as follows by Meyers

and Swiatecki:

S(N, Z) = 5.8s(N, Z), (2.17)

S(N, Z) F()+F()-0.26A3. (2.18)

35 
F (N) = qi(N - Mi- 1 ) - (N3 - i AI for M,. < N < M, (2.19)

5
5 5

qj=3 Mj3 _I(220

qj= Ml - (2.20

where Mi is the magic number mentioned above.

-3-
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2.2 Problems of the Moriyama-Ohnishi Systematics

The calculated mass yields curves using the MO systematics were compared with the measured

data of mass distributions for various kinds of fission available at that time. They showed rather good

agreement with the measured data. The measured data available at the time, however, were restricted to

a limited number. When we make comparison with recently measured distribution, some discrepancies

between the calculated distribution and the measured one are seen. An example of the discrepancy is

shown in Fig. 2. 1, where mass distributions of 24 8 CM fission by 20 MeV protons are compared between

the calculated results using MO systematics and the measured data 8) The measured mass yields show

obvious asymmetric components even though each data point shows scattering behavior, but the MO

systematics shows only symmetrical distribution and fails to reproduce the asymmetric behavior the

measured data show. This failure seems to imply that the way taking the shell effect into the ratio of the

symmetric component to the asymmetric one in the MO systematics is not suitable and should be revised

for the application to such kind of fission as 248 cm.

24 8CM(p,f) E = 20 MeV
1 01 _ _ _ _p

O in et a. (1999
1 -2 - Moriyama-Ohnihi

50 100 150
Mass Number

Fig. 2.1 Mass Yield Curve of 248CM + 20.0 MeV protons

Another example is shown in Fig. 2.2, where mass distributions of 238 U fission by 160 MeV neu-

trons are compared between the calculation using the MO systematics and the measurement 9). This

figure shows that the MO systematics shifts the distribution to lower mass side than the measured data.

And the width of the tail seems to be too wide. Asymmetric property is still seen in the MO systematics,

although it is not apparently seen in the measured distribution. These failures of the MO systematics at

high energy region seems to indicate that the energy dependence of the parameters such as width of the

symmetric part, the number of emitted neutrons and the ratio of the symmetric part to the asymmetric

part in the MO systematics is not suitable for this kind of fission.

As seen in those figures, the MO systematics fails to reproduce the recently measured particle

-4 -
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23OU(n,f) E=160 MeV

1 00

1 ~~2 - Moriyarna-Ohnishi
Z611er (1995)

1 0-3 . . .I. . .I.... ...1...-

50 100 150 200
Mass

Fig. 2.2 Mass Yield Curve of 238U + 160 MeV neutrons

induced fission with high incident energy. Then new parameter set is needed to get the systematics

which is applicable to these kinds of high energy fission.

-5-
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3 Parameter Search for New Systematics

The basis of the MO systematics is 5 Gaussian functions as mentioned in the previous chapter.

Recently multimodal fission analysis suggests that there is the mode named standard III lO). In this case

7 Gaussian functions are needed to reproduce the measured mass distribution. But in most of the fissions,

5 Gaussian functions seem to be enough to reproduce the mass distribution. Then 5 Gaussian functions

are kept in our search of new parameter set for the systematics.

There are several measured mass distributions available. The measured mass distributions were

decomposed into 5 Gaussian functions by least squares fit. From the fitted Gaussian functions, the

parameters of the systematics were calculated and examined for various kinds of fission. After the ex-

amination, the 8 parameters in 5 Gaussian distributions were determined. As for i0 value, the expression

by Wahl I ) was used:

F,= 1.404 + 0.1067(AF - 236) + [14.986 - 0.1067(AF - 236)] [1.0 - exp(-.0.00858E*)] , (3. 1)

where E* is the excitation energy, that is, the sum of the incident energy (E) and the binding energy

(BN) of the incident particle. The other 7 parameters were determined as follows:

R = 1 120 + 1.24sin 3.67S)]1.0 1.0 32
R [12.0+ 4.24 in(.67S)]BNO.331 ± 0.2067 E0 -9 93 + 0.0951' (32

F =10.4 -1.44S, (3.3)

o,=12.6, (3.4)

Uhl (-25.27 + 0.0345Af + 0.216Zf)(0.438 ± E + 0.333BN 0 3 3 3 )0 .08 6 4, (3.5)

Uh2 (-30.73 + 0.0 39 4Af + 0.285Zf)(0.438 + E + 0.333BN 0 33 3 )0 0 86 4 , (3.6)

Ahl 0.5393(Af - ) + 0.01542Af (40.2 - Z2 /Af) 1/2 , (3.7)

Ah2 0.5612(Af - i0) + 0.0191OAf (40.2 - Z2 /Af) 1/ 2. (3.8)

where S is the shell factor defined in Eq. (2.17) but the magic numbers, N=164 and Z=I00 introduced

by Moriyama and Ohnishi to consider the shell effect of fission fragment are removed here.

The energy dependence of the R parameter was examined from the Zoller's measured data )

The measurement were performned using 238U(n,f) reaction by incident neutron energy from I MeV

to 500 MeV. Such wide energy region is suitable to get energy dependence in the same A and Z values.

The Zoller's data were fitted with 5 Gaussian functions and the obtained parameters in the 5 Gaussian

functions were used to derive the R values. According to the Eqs. (2.1), (2.6) and (2.7), the R value is

defined as:

fragment yield given by two asymmetric components
R - fragment yield given by the symmetric component

Yhl±+Yh2 +Y11±Y12

ys
2 (Yhl + Yh2) (3.9)

ys

-6-
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where Yhl, YU2, Y 1 and YT2 are the yields of the asymmetric components and Y, the yield of the sym-

metric component. Using the above equation, the R values of each incident energy were obtained and

the energy dependence was determnined. The obtained energy dependence is shown in Fig. 3. 1.

10o2

R parameter

* Derived from measured data
1 01 - Fitted result

0.0 100.0 200.0 300.0 400.0 500.0
Incident Energy (MeV)

Fig. 3.1 Energy dependence of R parameter

The A, Z and S dependence of the R parameter were also examined using the measured mass

distributions of various kinds of fissioning nuclides. In this case the mass distribution of nearly same

incident energy of the same particle is suitable. For this purpose the data by Dickens 12) were used,

because he gave the parameters of 5 Gaussian functions of mass distributions by fast neutron fission for

various kinds of fissioning nuclides from 232Th to 248CM. From the examination the S dependence of the

R value was seemed to show a sinuous behavior. Then a sine curve was assumed for the S dependence.

Figure 3.2 shows the S dependence of the R parameter with the fitted sine curve. Combining the energy

dependence and the S dependence of the R parameter, Eq. (3.2) was determnined.

- 7-
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1 03r~r~~ 

R parameter

a: 1 02 41

* Derived rom measured data
- Fitted Results

1 01 11 1 1 .... J.I I 1 11 Ii ii.J ., .- 

4.0 4.5 5.0 5.5 6.0 6.5 7.0
Shell Factor

Fig. 3.2 Shell energy dependence of R parameter

The Dickens' data were also used to examine the A, Z and S dependences of the F parameters.

After several trial, it was found to be reasonable to assume that the F parameter linearly depends on only

the S parameter and Eq. (3.3) was obtained. Figure 3.3 shows the S dependence of the F parameter with

.the fitted line.

4.00~

3.50 F parameter
3.00

2.50

2.00L

1.50

1.00
0.50 0* Derived from measured data

0.0- Fitted line
0.00 1 I I I i i i I I I I I L.

4.5 5.0 5.5 6.0 6.5 7.0
Shell Factor

Fig. 3.3 Shell energy dependence of F parameter

As for parameters AhI and Ah2 the original form of the A and Z dependences were kept as the same

as the MO systematics but the coefficients were newly obtained by re-fitting measured data including

- 8-
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newer data than those Moriyama and Ohnishi used. Then Eqs. (3.7) and (3.8) were obtained.

The width of the symmetric part, o, seemed to have no apparent energy dependence when the

Zoler's measured data were examined. Both Wahl 5) and Dickens 12) give a constant width for the

symmetric part even though their values are different from each other. The cr8 values derived from this

work based on the Mtier's measured data are seemed to be consistent with constant width and the value

is nearly same as that of Dickens. Then we adopted Dickens' value of 12.6.

The parameters Of 0ah1 and O0 h2 seemed to have no clear energy dependence but slightly increase

tendency with energy when these values derived from the Zoller's measured mass distribution were

examined. They seemed to have no clear A, Z and S dependence too. Then it was simply assumed that

they have a linear dependence on A and Z and slight energy dependence. From these examinations the

equations seen in Eqs. (3.5) and (3.6) were derived.

- 9-
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4 Calculation Using New Parameters Set

Using the new parameter set, mass distributions of various kinds of fission were calculated and

compared with measured data and those of the MO systematics. The comparisons of 248 CM fission by

20 MeV proton and 238 U fission by 160 MeV neutron, which are indicated in Section 2.2 as problem

of the MO systematics, are shown in Figs. 4.1 and 4.2. As seen in these figures the present calculations

overcome the problems of the MO systematics. For 24 8CM fission by 20 MeV proton, the present calcu-

lation can reproduce the valley of the mass distribution although the MO systematics fails to make the

asymmetric distribution. In the case of 238 U fission by 160 MeV neutron, the present calculation can

reproduce the measured distribution rather well comparing with the MO systematics.

248CM(p,f) E =20 MeV

101

~~' - Present
---- Moriyamra-Ohnishi

to a- S Qin (1 999)

60 80 100 120 140 160 180
Mass

Fig. 4.1 Comparison of 248CM fission by 20 MeV protons

The comparisons of other results are summarized in Figs. 4.3 through 4.5. In these figures, the mass

distributions in log scale (lefthand side) and linear scale (righthand side) are shown.

In Figs. 4.3 and 4.4, the comparisons of neutron induced fission are shown. The neutron energy cov-

ers from thermal to 160 MeV. For thermal neutron induced fission, the mass distributionsof 3 U, 2 U

and 245CM fission are shown. These comparisons of thermal neutron fission show that the present calcu-

lations reproduce the measured data 13. 14, 15, 16, 17) rather well than the MO systematics do. For medium

energy neutron fission, 235U fission by 8.1 MeV neutron , 239pU fission by 7.9 MeV neutron and 237Np

fission by 5 MeV neutron are shown in these figures. The agreement with the measurements 18, 19, 20)

seems to be good although slight deviation is seen at the valley part of the 235U fission by 8.1 MeV

neutron and at the high mass wing of the 237Np fission by 5 MeV neutron. As examples of higher energy

fission, mass distributions of 242pU fission by 15.1 MeV neutron and 238U fission by 160 MeV neutron

are shown together with the measured data 2,)*In these comparisons the improvement of the present

-10 -
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238U(n,f) E =160 MeV

1 0-1

>~1 0-- Present
…----Moriyarna-Ohnishi

e Z6I1er ( 995)

50 100 150
Mass

Fig. 4.2 Comparison of 238U fission by 160 MeV neutrons

calculations is easily seen. For 24 2pU fission, the valley part is well reproduced by the present calcu-

lation but Mofiyama-Ohnishi systematics fails to reproduce the valley part. For 238U fission, the mass

distribution of the MO systematics shifts to light mass region too much and the valley to peak ratio is not

suitable comparing with the measured data. The present calculation, however, improves the discrepancy

and reproduce the measured data rather well, although the slight discrepancy is still seen at the peak mass

region.

In Fig. 4.5, the mass distributions of proton induced fission are shown. This figure shows the mass

distributions of 24 Am , 243Am , 248Cm and 238U fission by protons whose energy values are 16 MeV, 15.6

MeV, 20 MeV and 340 MeV respectively. From all of these comparisons it is easily seen that the present

calculations improve the agreement with the measured data 22. 8, 23) comparing with the MO systematics.

As stated in the previous chapter, the present calculation can reproduce the asymmetric mass distribution

Of 248CM fission rather well. In the case of 238U fission by 340 MeV protons, the present calculation

shows symmetric distribution and is in good agreement with the measured data. The present systematics,

then, seems to be applicable to the fission by such high energy protons as 340 MeV.

The proposed systematics can make calculation of mass distribution for even spontaneous fission.

The calculated mass distributions of spontaneous fission are shown in Figs. 4.6 and 4.7 comparing with

the evaluated data of ENDF/B -VI file 24) These figures also show that the present calculations are better

than Moriyama-Ohni shi systematics.
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Fig. 4.3 Comparison of neutron induced fission ()
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Fig. 4.4 Comparison of neutron induced fission (II)
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Fig. 4.5 Comparison of proton induced fission
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5 Summary

Parameters of 5 Gaussian-type fission yields systematics were proposed. The calculations using the

systematics were performed for various kinds of fission. The results of the calculations were compared

with the measured data. The comparisons showed rather good agreement for the mass yields of fission

by proton and neutron of energy from thermal to higher than 100 MeV. The systematics seems to be

applicable to even spontaneous fission.

In the framework of the IAEA CRP, several systematicses and theoretical models were proposed

and inter comparisons among them were performed. The present systematics gives a useful tool to such

comparisons. The results of the comparisons will be published in a CRP report. In the report, present

status of fission yields prediction will be given.
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