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Abstract

This note deals with a method of single photoelectron analysis suggested for the compact metal dynode
photomultipliers. The spectra taken by Hamamatsu R5600 and R5900 photomultipliers have been analysed
by the presented method. The detailed analysis shows that the method appropriately describes the process of
charge multiplication in these photomultipliers and can be used for finding the basic internal parameters of these
photomultipliers.
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1 Introduction

Photomultipliers (PMTs) are presently widely used and will be used as light detection components of different
types of scintillation detectors (counters, calorimeters, etc.). Some intrinsic spread in characteristic parameters of
PMTs and their time dependence are among the most serious drawbacks of this type of light detection. Therefore
a calibration and monitoring of PMT-based spectrometric channels are an inevitable and important part of the
experimental setups. Especially important is the absolute calibration, i.e. the measurement of the energy deposited
in scintillators in terms of photoelectrons created from the PMT photocathode and captured by the PMT first
dynode. The reason is that the basic properties of the scintillating detectors (efficiency, energy resolution, etc.)
depend on the amount of photoelectrons registered by a detector per unit of deposited energy. In our previous work
[1] we presented a method of PMT calibration and monitoring based on deconvolution of pulse height spectra from a
pulsed light source. A key point of such a method is the choice of the PMT response function. In the work mentioned
above we had employed a response function suggested for high resolution PMTs with traditional structure [4] (like
the PMTs with the linear focusing dynodes, box dynodes, venetian-blind dynodes) and satisfactory results had been
achieved.

In this work we present the deconvolution method based on the same principles as in our method mentioned
above [1], but in this case the response function is suggested for the new types of ultra compact PMTs with the
metal channel dynode system [5]. The compactness of these phototubes makes them attractive for applications in
high energy physics experiments where experimental setup compactness is of prime importance. The metal channel
PMTs, especially the R5900, are being extensively investigated by the ATLAS collaboration for needs of the hadron
calorimeter R&D program [2, 3].

2 Photomultiplier Response

The basic idea of the single photoelectron analysis consists of a deconvolution of the PMT pulse height spectrum
and subsequent use of some of the extracted parameters for calibration and other purposes. Hence, a realistic PMT
response function is a crucial point of this method. The constructed response function must take care of all substantial
PMT processes. From this point of view the PMT is treated as an instrument consisting of three independent parts:

• The photodetector represented by the photocathode, where the input photon flux is converted into electrons,

• The electro-optical input system which accelerates and focuses the photoelectron flux onto the first dynode,

• The electron multiplier consisting of a series of secondary emission electrodes (dynodes), which amplifies the
initial charge emitted by the photocathode.

The PMT response function must take into account peculiarities of the PMT structure, and in our case, we will
concentrate on the class of metal channel dynode PMTs [5]. The global view of such a PMT is shown in Fig. 1,
where the structure of a Hamamatsu R5600 PMT is depicted.

To comply with the PMT structure, a functional realization of the PMT can be divided into two independent
stages. The first stage includes the photoconversion and electron collection and the second one includes the charge
amplification through the dynode system.

2.1 Photoconversion and Electron Collection

A pulsed flux of photons incident on the PMT photocathode produces photoelectrons via the photoelectric effect.
In many cases the number of photons on the photocathode is a Poisson distributed variable. In addition to this,
the conversion of photons into electrons and their subsequent collection by the dynode system is a random binary
process. As a result the distribution of the photoelectrons can be expressed as a convolution of Poisson and binary
processes. This gives again a Poisson distribution:

P (n, µpc) =
µn

pc · e−µpc

n!
(1)

with µpc defined as
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µpc = nph · q (2)

where µpc is the mean number of photoelectrons collected by the dynode system,
P(n, µpc) - the probability that n photoelectrons will be collected provided that their mean is µpc, nph is the

mean number of photons hitting photocathode, and q is the quantum efficiency (including collection efficiency).
Note that µpc is a parameter characterizing not only the light source intensity but also the photocathode quantum

efficiency and the PMT dynode collection efficiency, which depends on the voltage applied between the photocathode
and the first dynode.

2.2 Electron Multiplication

A single photoelectron from the PMT photocathode having been focused and accelerated by the electric field,
strikes the first dynode and causes a production of the secondary emission electrons. Subsequently, each of them
accelerated by inter-dynode potential creates the secondary emission electrons on the second dynode, etc. For clarity
the charge multiplication process in the dynode system for the R5600 PMT is shown in Fig. 2.

An electron avalanche is finally created at the anode resulting in the PMT output charge. Among the most
important features of the electron avalanche is

• The emission of secondary electrons is governed by a Poisson distribution;

• The number of secondaries (nS) depends on the energy (E) of the incident electron as ns = const ·Eα, where
α is less than 1 (usually α ≈ 0.4− 0.8) [4]);

• The energy of secondary electrons is low compared to the energy acquired from the electric field.

All these peculiarities must be considered for the response function construction. The PMT response can be easily
found in the case when the number of secondary electrons on the first dynode is high (≥ 7 ). In this case, and in the
absence of background processes, the charge distribution for the amplification process initiated by one photoelectron
can be approximated by a Gaussian distribution. The distribution for the n photoelectron case is a convolution of
n one-photoelectron distributions and a full PMT response. This idealized case is obtained by summing those with
different starting numbers of photoelectrons, weighted by their occurrence probability [1]:

Sideal(x) =
∞∑

n=0

µn
pce

−µpc

n!
1

σ1

√
2πn

exp
(
− (x− nQ1)2

2nσ2
1

)
(3)

where Q1 is the average charge in the one-photoelectron case and σ1 is the standard deviation of the one-
photoelectron distribution (in n = 0 case the limit (n → 0) delta function δ(x) should be taken instead of Gaussian).

2.3 Realistic PMT Response Function

The basic drawbacks of the function (3) are the following:

• No background processes are taken into account;

• The one-photoelectron function is assumed Gaussian ( not true for low values of the secondary emission coef-
ficient on the first dynode);

• No additional processes connected with semi-transparency of the photocathode (like photoelectric effect on the
first dynode, focusing and acceleration electrodes) are assumed.

All these issues must be resolved in the case of a realistic response function.
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2.3.1 Background Processes

In a real PMT various background processes will always occur which will ultimately generate some additional
charge (noise). Such noise signal in the anode circuit could be generated even in absence of the light signal. An
additional noise component is generated in the presence of light. The possible sources of noise are: leakage current,
thermoemission from the photocathode and dynodes, optical and ion feedback, external and internal radioactivity,
etc. Undesired signals of low amplitude at the PMT output can also arise due to the incident light flux. The possible
sources of these signals are: the photoemission from the focusing and accelerating electrodes and from the dynodes,
photoelectrons missing the first dynode and its subsequent absorption by the second dynode, etc.

The background processes generate some additional charge and modify the ideal output charge spectrum (3). We
shall split the background processes into two groups:

1. The low charge processes present in each event (e.g. leakage current in the PMT anode circuit, etc.) which
are responsible for a non-zero width of the pedestal ( the output charge distribution in the case when no
photoelectrons were created);

2. The discrete processes, which can, with non-zero probability, accompany the real signal.

Note that by the real signal we mean the one corresponding to non-zero number of photoelectrons created from the
photocathode and collected by the first dynode.

2.3.2 Response Function for the Metal Package PMT

To create a realistic PMT response function a few natural assumptions will be made.

1. The low charge background processes are presented, which will lead to the finite width of pedestal:

Sped(x) =
1√

2πσ0

exp

(
− (x−Q0)

2

2σ2
0

)
(4)

with Q0 - the pedestal position and σ0- it’s standard deviation.

2. The incident light can create photoelectrons from the PMT photocathode, as well as from the first dynode with
the occurrence probability for n photoelectrons created from the photocathode and k photoelectrons created
from the first dynode given by (1) and the mean number of photoelectrons: µpc- from the photocathode and
µ1- from the first dynode.

3. If one or two photoelectrons are collected by the first dynode, then the PMT response is expressed as a sum of
responses of secondary electrons created on the first dynode, and for zero and greater than two photoelectrons
collected, it is a Gaussian:

S(1)
n (x) =



∑∞
m=0

Km
1 ·e−K1

m! · S(2)
m (x) n = 1∑∞

m=0 Km
1 e−2K1 · S(2)

m (x) ·∑n
l=0

1
(m−l)!l! n = 2

G
(
x, Q0 + nQ1, σ2

0 + nσ2
1

)
n = 0, n ≥ 3

(5)

Where,

• Q0, σ0 are the pedestal and its width;

• Q1, σ1 - the multiplication process parameters gain, one photoelectron response standard deviation;

• µpc - the light source intensity expressed in number of photoelectrons captured by the PMT dynode system;

• µ1 - the number of photoelectrons created on the first dynode and captured by the PMT dynode system;
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• K1 - the secondary emission coefficient of the first dynode;

• S
(2)
m (x) is the PMT response for the multiplication process started by an electron from the first dynode;

• G
(
x, Q, σ2

)
is a Gaussian distribution with the mean value of Q and dispersion σ2:

For the response S
(2)
m (x) the expression analogous to (5) can be written:

S
(2)
k (x) =


δ(x) k = 0

∑∞
m=0

Km
2 e−K2

m! G
(
x, Q0 + mQ3, σ2

0 + σ2
3

)
k = 1

G
(
x, Q0 + kQ2, σ2

0 + σ2
2

)
k ≥ 2

(6)

where K2 is the secondary emission coefficient of the second dynode, Q2 = Q1/K1 is the mean charge at the anode
initiated by one electron from the first dynode and σ2 is corresponding standard deviation, Q3 = Q2/K2 is the mean
charge at the anode initiated by one electron from the second dynode and σ3 is its standard deviation.

All other processes can be neglected for the moment. The output charge spectrum for the case when n photo-
electrons have been created on the photocathode and k ones on the first dynode can be expressed as the following
convolution:

Sreal(x) =
∞∑

n,k=0

µn
pc e−µpc

n!
· µk

1 e−µ1

k!
·
∫

dx, S(1)
n (x,) · S(2)

k (x− x,) (7)

The formula shown above presumes that in the case when two or less photoelectrons have been collected by the
first dynode the PMT response is not a Gaussian. In this case the response is expressed as a sum of the responses
corresponding to different numbers of electrons collected by the second dynode and weighted by the corresponding
Poisson factors - the number of secondaries created on the dynode by one electron is governed by Poisson statistics.
The convolution

S̃nk(x) =
∫

dx, S(1)
n (x,) · S(2)

k (x− x,) (8)

can be expressed as follows:

S̃nk(x) =



∑∞
m=0

Km
1 e−K1

m! G
(
x, Q0 + (m + k) ·Q2, σ2

0 + (m + k) · σ2
2

)
n = 1∑∞

m=0 Km
1 e−K1

∑m
l=0

1
(m−l)! l! G

(
x, Q0 + (m + k) ·Q2, σ2

0 + (m + k) · σ2
2

)
n = 2

G
(
x, Q0 + nQ1 + kQ2, σ2

0 + nσ2
1 + kσ2

2

)
n = 0, n ≥ 3

(9)

The response function Sreal(x) can be further generalized if the effect of ”fly through” photoelectrons are taken
into account. These are photoelectrons from the photocathode and collected on the second dynode instead of the
first one. In this case the PMT response function reads:

Sreal(x) =
∞∑

n,k=0

µn
pc e−µpc

n!
· µk

1 e−µ1

k!
·

n∑
i=0

(
n
i

)
wi

2(1 − w2)n−i

∫
dx, S̃n−i,k(x,) · S̃i

(2)
(x− x,) (10)

where

• w2 is the probability that a photoelectron created on the photocathode will be captured by the second dynode
(and not by the first one);

• S̃
(2)
i is a response corresponding to i photoelectrons originating from the photocathode and collected on the

second dynode.
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2.3.3 The Limit Spectrum

For many applications it is important to consider the limit of the real spectrum (7) for high intensity light sources
(µpc → ∞ ). At large values of µpc and µ1 the Poisson distributions present in (7) become Gaussian:

µn
pc exp(−µpc)

n!
−−−−−−→µpc → ∞

exp
(
− (n−µpc)

2

2µpc

)
√

2πµpc

(11)

µk
1 exp(−µ1)

k!
−−−−−−→µ1 → ∞

exp
(
− (k−µ1)

2

2µ1

)
√

2πµ1
(12)

and the PMT response from n photoelectrons from the photocathode and k photoelectrons from the first dynode
can be represented by a Gaussian:

S̃nk(x) −−−−−−→µpc → ∞ G
(
x, Q0 + nQ1 + kQ2, µpcσ

2
1 + µ1σ

2
2

)
(13)

As in the summation present in (7) will effectively contribute only n from
(
µpc −√µpc, µpc +√µpc

)
and k from(

µ1 −√µ1, µ1 +
√

µ1

)
. Replacing in (7) the summation over n and k by integration, the PMT response function

goes to the limit spectrum:

Sreal(x) −−−−−−→µpc → ∞ S∞(x) =
1√

2πσ∞
exp

(
(x−Q0 −Q∞)2

2σ2∞

)
(14)

where

Q∞ = µpcQ1 + µ1Q2 = µpcQ1

(
1 +

ε

K1

)
(15)

σ∞ =
√

σ2
0 + µpc (σ2

1 + Q2
1) + µ1 (σ2

2 + Q2
2)

−−−−→
ε < 0.1

√
µpc (σ2

1 + Q2
1) (16)

(17)

where ε = µ1
µpc

and K1 ≡ secondary emission coefficient on the first dynode.

It is useful to find a relation between the limit spectrum parameters (Q∞, σ∞) and the mean number of photo-
electrons (µpc, µ1). From (15) and (17) it follows:

µpc = fpmt · Q2
∞

σ2∞
(18)

fpmt =
σ2

1 + εσ2
2 + Q2

1

(
1 + ε

K2
1

)
Q2

1

(
1 + ε

K1

)2 −→ 1 +
σ2

1

Q2
1

(19)

The last relation is justified if the effect on the fisrt dynode is small (ε < 0.1). The factor fpmt depends on
the single photoelectron parameters (one photoelectron resolution) of the PMT in question, and its value is different
from one. Typical values of fpmt are expected to vary between 1.15 and 1.50 .

2.3.4 Relation Between Amplification Process Parameters

A realistic PMT function like the one given by (7) or (10) is always expressed through several parameters
characterizing the PMT: Q0, σ0, Q1, σ1, Q2, σ2, µpc and µ1 (in the case of (10) the additional parameter w2 is
present). Some of the parameters are clearly independent, as Q0 and σ0 ( defining pedestal position and width,
µpc and µ1 - characterizing the light source intensity in combination with photon to electron conversion at the
photocathode and first dynode. The other parameters Q1, σ1, Q2, σ2 , characterizing the charge multiplication
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process in the dynode system, are not fully independent. It is important to know what the relationships between
them are.

Starting with the assumption that the PMT has an N stage dynode system and that one electron hitting the ith

dynode will create an average ki of secondary electrons. If we denote as Q1 the mean anode charge initiated by one
electron captured by the first dynode, then it is easy to express Q1 via dynode coefficients ki :

Q1 = e · k1 · k2 · · · kN = e ·
N∏

i=1

ki (20)

The variance σ2
1 of the anode charge initiated by one electron can be expressed as [6]:

σ2
1 = Q2

1

((
δ1

k1

)2

+
1
k1

(
δ2

k2

)2

+ . . . +
1

k1k2 · · · kN

(
δN

kN

)2
)

(21)

Where δi (i = 1, . . . , N) is the standard deviation of the number of secondary electrons created from the ith

dynode by one electron.
The formulae (20) and (21) can be straightforwardly generalized for the case when the charge multiplication

starts from the jthdynode:

Qj = e · kj · kj+1 · · ·kN = e ·
N∏

i=j

ki (22)

and

σ2
j = Q2

j

((
δj

kj

)2

+
1
kj

(
δj+1

kj+1

)2

+ . . . +
1

kjkj+1 · · ·kN

(
δN

kN

)2
)

(23)

where Qj and σj are mean charge and corresponding standard deviation for the case when the charge multipli-
cation starts from jth dynode.

The validity of the relation (21) is shown for the case N = 2 in Appendix 1 and can be easily generalized for the
general case of N dynodes.

Simplification of the formulae (21) and (23) can be achieved if we assume that the standard deviations δi are
governed by a Poisson law:

δi =
√

ki (24)

Assuming (24) the relation between σj and Qj reads

σ2
j = Q2

j

(
1
kj

+
1

kjkj+1
. . . +

1
kj · · · kN

)
(25)

At a fixed voltage the factor in brackets is a PMT constant which can be determined as the PMT base repartition.
If the repartition is 1 : 1 : . . . : 1 , then for all dynodes ki = k and the formula (25) becomes

σ2
j = Q2

j

(
1
k

+
1
k2

. . . +
1

kN

)
(26)

where j = 1, 2, ..., N − 1.
Now instead of 4 parameters Q1, σ1, Q2, σ2 we have only 2 independent parameters (Q1, k). Moreover, the

dynode multiplication coefficient can be found independently from the average gain G using relation:

G = kN (27)

It should be stressed that the relations like (25) and (26) are valid only for an ideal case. In a real case in-
homogeneities of various kinds (like the dynode surface inhomogeneity, collection inefficiency, etc.) will make the
value of standard deviation broader than in the ideal case. In our analysis we usually use three of the parameters:
Q1, σ1, k1 (= Q1/Q2) finding the fourth of them on the basis of (25). On the other hand a possibility to free all four
parameters has been conserved as well as a possibility to fix all possible parameters.
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2.3.5 Secondary Emission Coefficients

The secondary emission coefficient of a dynode can be expressed [7] as

n = a ·Eα

Where E is the incident particle energy, α is a material dependent coefficient and a is a coefficient determining
the absolute gain of the PMT. The energy of the electron is essentially determined by inter-dynode voltage as the
secondary electron is created with low energy (as compared to the energy acquired in the inter-dynode electric field).
Therefore the secondary emission coefficient of the ith dynode is

ni = γUα
i = γ

(
U∑N+1

j=1 rj

)α

rα
i (28)

Where Ui is the inter-dynode voltage (between dynode i−1 and i, U is the overall voltage between photocathode
and anode, α is as before and γ is a coefficient analogous to a, ri (i = 1, . . .N + 1) is the voltage repartition and N
is the number of dynodes. Using (28) the PMT gain reads

G =
N∏

i=1

ni =

γN ·∏N
i=1 rα

i(∑N+1
i=1 ri

)α

 · UαN (29)

If the repartition is fixed, then the gain G is an exponent function of the voltage U and the formula (29) can be
used to find the exponent α.

3 Results of Analysis

To verify the response function we took and analyzed a series of single photoelectron spectra under different
conditions. These spectra were analyzed by means of the response function (7), for two types of Hamamatsu
photomultipliers: the eight dynode R5600 PMT and a ten dynode R5900 . The results of the analysis are summarized
below.

3.1 Experimental Setup

Our analytical method based on deconvolution of the LED spectra by means of the response function (7) was
tested on the experimental LED spectra. The block diagram of the experimental setup is shown in Fig. 3. An LED
was used as a pulsed light source. The LED was driven by a pulse generator (GEN) with a short pulse width(
≈ 10 n sec ). An optical fiber was used to tramsmit light from the LED to the PMT. The photon flux incident on
the photocathode was tuned by changing the amplitude of the supply voltage to the LED. The analog signal from
the PMT was amplified by a preamplifier based on the chip TL NE592D and measured by an ADC (LeCroy 2249A).
The width of the LED signal was 80 ns. The output information from the ADC was read by means of PC computer.

3.2 Dependence of the Output Spectrum Parameters on the PMT Voltage.

To find the dependence of the basic PMT parameters on the voltage applied to the PMT, we had taken a series
of spectra with the same pulsed light source intensity but at different high voltages. The results for the R5600 are
shown in Tables 1 and 2 and in Figs. 4 and 5. In Table 1 the deconvoluted parameters of the spectra taken at
different PMT voltages are shown for the case when the first dynode secondary emission coefficient K1 is calculated
from Q1. Table 2 presents the results of analysis of the same spectra but for the case when K1 is independent of Q1

using the relation (22). In Fig. 4 the deconvoluted spectrum taken at 1000V is shown . In Fig. 5a-d the essential
part of the deconvoluted spectra taken at 800 V, 850 V, 900 V and 950 V are shown in linear scale. We can clearly
see from these figures the presence of the first dynode effect (the first peak after pedestal). As will be shown below,
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this effect can be interpreted as caused by the photoelectric effect on the first dynode. As can be seen from Tables
1,2 and Figs. 4, 5, the parameter Q1 (essentially gain expressed in the ADC channels) increases with the voltage
as expected. The first dynode secondary emission coefficient K1 also shows the same behavior. The small increase
in the mean number of photoelectrons (µpc) with voltage is seen and can be explained by the increasing collection
efficiency with increasing high voltage. This effect can be especially visible for the R5600 PMT, which has a small
effective photocathode, and thereby a large photocathode edge effect. From these tables we also see that the ratio
µ1/µpc is essentially stable. The fluctuations of this ratio could stem from the systematic error in defining of the first
dynode peak area. This systematic error found from the µ1/µpc fluctuation is about 5-7%. From the dependence
of parameter Q1 on the high voltage, we have found the secondary emission exponent α. We have fit the Q1 data
from Table 2 with formula (29) and have obtained α = 0.874± 0.007. The result of this fit is shown in Fig. 6. The
coefficient is important in the case when a non-uniform voltage repartition is applied to PMT.

Analogous dependence for the 10 dynode R5900 is shown in Table 3 and Figs. 7 and 8. Dependence of the single
photoelectron parameters on voltage in the case of the R5900 was measured in two different series of measurements.
The same input light intensity was used in case of the spectra taken at 780 V , 790V and 820V . In the second series
of the measurements (the spectra taken at 800 V and 850 V ) a different light intensity was applied. We see from
Table 3 that in both cases the input light intensity, expressed in photoelectrons (µpc), is recovered by our analysis
very well. In Fig. 7 an example of the deconvoluted spectrum taken at 820 V is shown and in Fig. 8 the dependence
of the PMT gain Q1 on voltage is shown. Latter dependences have been fit with an exponential function (29) and
an exponent value of α = 0.785± 0.012 has been obtained.

3.3 Output Spectrum Parameters vs. First Dynode Voltage.

To understand the nature of the first dynode effect we have taken spectra with different voltages between the first
dynode and photocathode (U1). The voltage U1 is a sensitive parameter that enables us to distinguish between the
photoelectric effect and the ”fly through” process. In the latter effect the photoelectron created from photocathode
is captured by the second dynode instead of the first one. If the first dynode effect is caused by ”fly through”
electrons, then the position of the first dynode peak (Q2) will move with the voltage U1 as (Q2 ∼ (U1 + U2)

α, while
if it is caused by the photoelectric effect on the first dynode, then this peak will not move, as in this case Q2 =∼ Uα

2

and U2 does not change. To exclude possible systematic uncertainties (determining of the first dynode peak area,
etc.) we fixed the secondary emission coefficient on the first dynode peak K1 via formula (28) : K1 = 0.088 · U0.87

1 .
The results of analysis are presented in Fig. 9 and Table 4 from where we see that the position of the first dynode
peak (Q2) does not move with the voltage U1. In the case of a ”fly by” effect, more than 50 % increase of Q2 is
expected when U1 is increased form 139 V to 228 V. Therefore we are justified to conclude that the first dynode
peak is caused by the photoelectric effect on the first dynode. From the results we also see that the fit χ2 increases
with increasing voltage U1(increasing repartition non-uniformity). Fig. 9 neatly shows that the discrepancy is in the
region of small amplitudes (left side of the one photoelectron distribution), where an excess is of the real events over
the expected ones is observed. The discrepancy at high first dynode voltage can be caused by an edge effect: The
increasing first dynode voltage can increase the collection efficiency by capturing the photoelectrons created at the
edge of photocathode. Those photoelectrons may produce less secondary electrons from the first dynode and that
would lead to the enhanced left tail of the one-photoelectron distribution.

4 Conclusions

The presented results show that the deconvolution method suggested for analysis of single photoelectron spectra
of metal channel photomultiplier works well at least for the class of the above mentioned PMTs. The PMT response
function employed in this method in an adequate way describes processes in the metal channel photomultiplier.

Our method enables one to find some very important PMT parameters like the position of the charge distribution
initiated by 1 photoelectron ( PMT gain ), its standard deviation, etc.(c.f. part 2.3.4). On the basis of these
parameters we can calculate the PMT correction factors needed for finding the correct relation between the mean
numbers of photoelectrons and the anode spectrum ( 18,19 ), and enables us to calculate the energy-to-signal
conversion factor (number of photoelectrons per GeV ) for PMT based calorimeters.
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The method can be used as a calibration and monitoring tool for studying the time stability of a photomultiplier
using the gain (parameter Q1) as a calibration parameter.
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Appendix. Fluctuations in a Two Dynode System

In the case of a two-dynode system the anode charge can be expressed as

q =
q1∑

i=1

q
(i)
2 (30)

Where q1 is the number of electrons created from the first dynode and qi
2 is the number of electrons created from

the second dynode by ith electron from the first dynode. The mean value of charge q is easy to find:

q̄ = E

(
q1∑

i=1

q
(i)
2

)
=

∞∑
m=0

P (1)
m

m∑
i=1

E
(
q
(i)2
2

)
=

∞∑
m=0

P (1)
m mk2 = k1k2 (31)

Where E is the expected value, P
(1)
m is the probability to have m electrons created from the 1st dynode. We used

the fact that each of the 1st dynode electrons creates from the 2nd dynode the same average number of electrons k2.
The dispersion σ2

q can be expressed as

σ2
q = E

(
q2
)− k2

1 k̇2
2 (32)

Where

E
(
q2
)

= E

 q1∑
i,j=1

q
(i)
2 q

(j)
2

 =
∞∑

m=0

P (1)
m

m∑
i=1

E
(
q
(i)2
2 q

(j)2
2

)

=
∞∑

m=0

P (1)
m

(
mq̄2

2 + m(m− 1)k2
2

)
= k1q̄2

2 + k2
2 q̄

2
1 − k1k

2
2 = k1σ

2
2 + k2q̄2

1 (33)

Combining (32) and (33) we have

σ2
q = (k1k2)

2

[(
σ1

k1

)2

+
1
k1

(
σ2

k2

)2
]

(34)

Generalization of (34) to the general case of N dynodes is straightforward and leads to the relation (21).
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6 Tables

Table 1: Dependence of the R5600 PMT output spectrum parameters on the voltage applied to the PMT. The
fitting function (7) has been applied with the ratio σ3/Q3 = σ2/Q2 and K1 calculated from Q1.

U 800 V 850 V 900 V 950 V 1 kV
Q0 13.53± 0.022 13.59 ±0.017 13.59±0.015 13.45±0.018 13.54 ±0.015
σ0 0.47±0.017 0.47 ±0.015 0.49 ±0.015 0.67 ±0.02 0.53±0.017
Q1 15.20 ±0.04 23.32 ±0.09 35.24 ±0.26 50.52 ±0.37 72.76 ±0.63
σ1 7.80 ±0.16 11.32 ±0.23 16.92 ±0.31 24.73 ±0.47 32.04 ±0.60
K1 5.74 5.97 6.23 6.58 7.06
σ2 1.60 ±0.06 2.40 ±0.09 3.07 ±0.08 5.55 ±0.26 6.10 ±0.13
µpc 1.446 ±0.009 1.459 ±0.010 1.466 ±0.015 1.520 ±0.014 1.519 ±0.017
µ1 0.832 ±0.035 0.867 ±0.03 0.892 ±0.025 0.883 ±0.024 0.949 ±0.023
χ2 77.9 / 126 134.8 / 181 260.0 / 287 413.7/ 388 533.0 / 493

µ1/µpc 57.5 % 59.4 % 60.8 % 58.1 % 62.5 %

Table 2: Dependence of the R5600 PMT output spectrum parameters on the voltage U applied to the PMT. The
fitting function (7) has been applied with the ratio σ3/Q3 = σ2/Q2 and K1 independent of Q1.

U 800 V 850 V 900 V 950 V 1 kV
Q0 13.55± 0.021 13.59 ±0.017 13.59±0.015 13.45±0.018 13.54 ±0.015
σ0 0.47±0.017 0.47 ±0.014 0.49 ±0.015 0.67 ±0.02 0.53±0.017
Q1 15.13 ±0.17 23.18 ±0.22 35.17 ±0.26 50.48 ±0.38 72.63 ±0.61
σ1 7.87 ±0.16 11.46 ±0.24 17.00 ±0.30 24.75 ±0.48 32.19 ±0.61
K1 5.53 ±0.14 5.97 ±0.11 6.23 ±0.09 6.58 ±0.09 7.06 ±0.08
σ2 1.62 ±0.07 2.46 ±0.10 3.10 ±0.08 5.92 ±0.25 6.16 ±0.13
µpc 1.450 ±0.023 1.464 ±0.019 1.468 ±0.015 1.521 ±0.015 1.520 ±0.012
µ1 0.804 ±0.037 0.841 ±0.03 0.879 ±0.025 0.880 ±0.025 0.936 ±0.023
χ2 73.9 / 125 125.1 / 180 258.2 / 286 413.3/ 387 530.6 / 492

µ1/µpc 55.4 % 57.4 % 59.9 % 57.9 % 61.6 %
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Table 3: Dependence of the R5900 PMT output spectrum parameters on the voltage U applied to the PMT. We
assume that σ3/Q3 = σ2/Q2 and K1 is calculated on the basis of Q1.

U 780 V 790 V 800 V 820 V 850 V
Q0 20.97 ± 0.020 20.98 ±0.020 14.97 ±0.020 20.94 ±0.02 14.97 ±0.013
σ0 0.83 ±0.012 0.84 ±0.012 0.86 ±0.026 0.86 ±0.011 0.83 ±0.007
Q1 31.82 ±0.08 35.71 ±0.19 41.15 ±0.10 50.13 ±0.52 73.04 ±0.54
σ1 22.86 ±0.26 24.67 ±0.3 28.16 ±0.41 32.48 ±0.40 42.13 ±0.66
K1 4.42 4.47 4.53 4.62 4.80
σ2 6.76 ±0.17 7.43 ±0.20 8.89 ±0.18 10.15 ±0.33 12.86 ±0.36
µpc 1.25 ±0.01 1.24 ±0.009 0.88 ±0.005 1.25 ±0.015 0.86 ±0.008
µ1 0.140 ±0.008 0.149 ±0.008 0.103 ±0.005 0.142 ±0.008 0.106 ±0.008
χ2 262.4 / 276 257.9 / 292 524.0 / 291 341.0 / 428 999.0 / 500

Table 4: Dependence of the R5600 PMT parameters vs. the voltage between photocathode and 1st dynode is
U1 (changed from 139 V to 228 V ). The voltage between the 1st dynode and anode was fixed at 861 V . K1 is fixed
using formula (28) with secondary emission exponent α = 0.87 and voltage repartition: U1 : . . . 115 : 115 : 55; the
last voltage in this ratio is th voltage between the last dynode and anode.

U1 139 V 185 V 205 V 228 V
Q0 11.57 ± 0.020 11.65 ±0.019 11.66 ±0.018 11.59 ±0.013
σ0 0.66 ±0.014 0.65 ±0.014 0.66 ±0.013 0.48 ±0.014
Q1 82.02 ±0.46 102.94 ±0.56 112.17 ±0.61 123.09 ±0.69
σ1 39.81 ±0.75 47.53 ±0.93 52.98 ±1.00 56.97 ±1.17
K1 6.49 8.32 9.10 9.98
σ2 8.25 ±0.15 10.72 ±0.17 12.06 ±0.17 12.07 ±0.14
µ 1.254 ±0.01 1.294 ±0.010 1.276 ±0.010 1.269 ±0.010
µ1 0.601 ±0.013 0.584 ±0.013 0.555 ±0.013 0.551 ±0.014
χ2 751.6 / 549 730.0 / 670 908.9 / 681 1468.6 / 732
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Figure 1: The overall view of a Hamamatsu R5600 photomultilier.
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Figure 2: Charge multiplication process in the metal channel dynode photomultiplier.
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Figure 3: Block scheme of the experimental setup for the measurement of single photoelectron spectra.
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Figure 4: The deconvoluted LED spectrum taken at 1000 V by a Hamamatsu R5600 photomultilier. The first dynode
secondary emission coefficient K1 is treated as an independent parameter.
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Figure 5: The deconvoluted LED spectra taken at 800 V, 850 V,900 V, and 950 V by a Hamamatsu R5600 photo-
multiplier. The same conditions are valid as in the case of the spectrum in Fig. 3.
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Figure 6: Dependencies of the gain (parameter Q1) for the R5600 photomultiplier.
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Figure 7: Deconvoluted LED spectrum taken at 820 V by a Hamamatsu R5900 photomultilier.
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Figure 9: Deconvoluted LED spectra taken at different first dynode voltages (139 V, 185 V, 205 V, and 228V) by a
Hamamatsu R5600. The voltage between the first dynode and anode was fixed at 861 V.
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