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An_interesting property of the beam-beam interaction transverse kick.

M. Bassetti, M. Gygi-Hanney

1. Introduct?oq

Let us consider the head-on beam-beam interaction of two bunches
and the phase space perturbation experienced by each particle in a
single bunch.

We assume that the bunch length sy 1is short, that x'g(<<aoy
and that y’cs<<gy, thus we can simplify the calculations by adopting
the longitudinal thin lens approximation,

.)2

We would Tike to look at the average values <(ax")*> and_((Ay’)2>

of the kicks Ax” and Ay’

2. Is (Ax')2> equal to <Ay‘)2>?

Let us further assume that the transverse density distribution of
each bunch is gaussian with a given ratio "r" between the axes ay,
gy, where r=cy/cx<1. For small values of x and y we have the well
known formulae,

As the distribution function of particles is:

p(x,y) = —t exp |- 1
‘ chxdy 2
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it is easy to deduce the relation:

ax %> = <ay?

> (1.3)

Let us now assume that we add all the higher order terms to
equation (1.1). One would expect that equation (1.3) could no longer be
verified, Surprisingly it remains true even when considering the exact
kick.

The interesting property of equation (1.3) has already been
mentioned, see [2]. The proof of the equation, which will be
demonstrated in the next paragraph, goes back to the calculations made
in [1] but repeats them in rather more detail.

Unfortunately, this rather formal proof, does not suggest any
intuitive interpretation of this elegant property.

3. The proof of equation {1.3)

The proof was nidden in [1] where the integral of the total
beam-beam synchrotran radiation
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I2bb = / g;; = SAX 7> + LAy T (1.4)
P
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was computed.

The formula A4.4 of [1] for I,y can be written:

2.1
ZrEZN ZrezN ( )
I = 1+1=_._7_. (1 -1 )+ (1 -1 )
2bb Vmy o'xcyo's X y Yy %9y X3 X1 Y1 ¥2
Each term_of the Tast square bracket is of the form:
1 1
2
. =f [(Au + B)/(Cu + D)] i (2.2)
(re2-3)u? + [10-3(r2+ r-2)]u + (ri23)

r



with the following definitions:

Ayl i Cxl = -l
B = D = -
Y X1 (2-r )
= = "'2..
CYL AXl {r 2)
D = B =1
yi X1
A = = - 2
X3 Cy2 (2-3r<)
- = 2
sz Dyz r
Cxp = Ay, = -1
D, =B = (3-2r%)
X2 Y2 |

Every integral (2.2) can be greatly simplified by making the

following substitutions:

Au + B _ t2
Cu +D

for IYl and Ix2 and:
Cu+ D _ +2
Au + B

for le and Iyz

B - 0t® . 2(AD - BO)t dt

U = —_ =
ct? - A (ct? - a)2

, =D - Bt? dy = 2(BC - AD)t dt
At? - ¢ (At? - ¢)?

(2.5)
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After many algebraic manipulations we get:
1

t2 dt
I = I = =2 f —_ 5 (2-7)
Y1 X3 t" + bto+l
r
1
dt
I =1 =22 ~/F - 5 (2.8)
X1 Y2 t7 + bt +1
r
where b = 3(r? + r=2) . g, (2.9)

[t follows from (2.1), (2.7) and (2.8) that;

(1-t2)
I=1 -1 =1 =1 -1 =2 —— dt (2.10)
X Xz X1 ¥ ¥y1 Y2 tiHbt o+l
r
hence
220 .2
<ax "> = <ay "> (1.3)

Finally we note, for convenience, the result obtained for Iopy in [2]

8r” N r YD
I =1+ 1 =_.._T__..__ — arctan —
2bb x  y Yy 939y /T Q (2.11)
where
D= 3r* - 10r2 + 3 (2.12)

Q=3r? + 8 + 3 (2.13)
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