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Abstract

Using a general formalism of a g-deformation of an arbitrary Lie algebra, new kinds of ¢-
deformed centerless Virasoro and U(1) Kac-Moody algebras are found. This ¢-deformation is
associated to an R-matrix of unit square satisfying the quantum Yang-Baxter equation and

allows a nontrivial Hopf structure. The central extension is also incorporated in this formalism.
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1 Introduction

In recent years, a lot of attention has been paid to the study of quantum deformation of Lie alge-
bras and groups [1]-[4]. This is due to its close connection to the Yang-Baxter equation, which is
central in various physically interesting models and theories, such as two dimensional conformal
field theories, integrable models and so on [5]-[7]. These quantum deformations are mathe-
matically characterized by the existence of the R-matrix satisfying the Yang-Baxter equation,
and nontrivial Hopf algebra structure (nonco-commutative or noncommutative or both) and the
dependence upon some parameter “¢” (one or more). The latter is crucial in the deformation
theory and permits the connection with the classical counterpart, which is recovered in the limit
g = 1. Although this is the general mathematical framework of the quantum deformation, there
are other attempts based only on the deformation parameters. The latter deformations are
nothing more than analogies. This is the case of many ¢-deformation versions of the Virasoro
algebra and some other infinite algebras. The first version of ¢-deformed centerless Virasoro
algebra was introduced by Curtright and Zachos [8], its central extension was later furnished in
[9]. However the existence of a Hopf structure for this algebra is still an open question. Another
type of g-deformation is proposed in [10] but with a trivial Hopf structure. The Hopf structure
has been investigated in [11] by introducing an additional set of generators indices.

In this paper we will follow a general way of deformation of Lie algebras to give a new type of
g-deformation of the Virasoro and U(1) Kac-Moody algebras to which we associate an R-matrix
satisfying the quantum Yang-Baxter equation and unit square condition. This ¢-deformation
allows a nontrivial Hopf structure. In sect. 2, we describe the general formalism for an arbitrary
Lie algebra. We generalize the antisymmetry and Jacobi identity principles in the sense of
g-deformation by introducing an R-matrix of unit square and satisfying the quantum Yang-
Baxter equation. Then, we construct the associated ¢-deformed universal enveloping algebra. To
provide the latter with a nontrivial Hopf structure, we introduce additional generators which are
degenerate with the unit in the undeformed case. Finally, we incorporate the central extension
in this general formalism. In sects. 3 and 4 we apply the above formalism to give a new ¢-
deformation of Virasoro and U(1) Kac-Moody algebras, respectively. Finally, sect. 5 contains

some concluding remarks.

2 Quantum Lie algebra

Let us first recall the definition of the classical Lie algebra. Let A be a vector space over the

field K (K = R or (') with an additional linear operation
L]:A®A— A
A is called a Lie algebra if the following properties hold

[]=—-[,]oc (antisymmetry) (1)



L1id@ [ ) (id+ o'20® + 0%a'?) =0 (Jacobi identity) (2)

where o(a @b) =b® a, a,b € A, cl2=0®1 and 62 =1 ® 0. When A is a finite dimensional
Lie algebra with the basis X;, ¢ = 1,...,n, the linear operation defining this Lie structure is

determined by
(X, X;]=C*Xe  d,j,k=1,..n (3)

(with the summation over repeated indices) where n = dim.A, and the coefficients ij are the
structure constants of A (with respect to the basis X;). The relations (3) may also hold for the
infinite dimensional algebras but with n = n(X;, X;) € N. In terms of these structure constants,
the conditions (1) and (2) become

Cii* = =Cji (4)

Cip" Clim' + Cij " Cr' + Cri™ Ci = 0. (5)

Now, it is natural to think about more general operators .S than the permutation operator o.

In this case, it is easy to check that the generalized analogues of the conditions (1) and (2)
Llg=-L]408 (¢ — antisymmetry) (6)
[1,(id @ [,],) (id + S125%° + §2351%) = 0 (¢ — Jacobi identity) (7)
are satisfied if the operator S satisfies the quantum Yang-Baxter equation:
512523512 — 523512523 (8)

and

5% =1. (9)

We suppose that the operator .S depends on some arbitrary complex parameter ¢ such that in
the limit ¢ = 1 we recover the classical Lie structure given by (1) and (2) (this is the meaning of
the index ¢ appearing in (6) and (7)). In this sense this generalization may be called a quantum
deformation or a ¢-deformation. The corresponding ¢-deformed Lie algebra is denoted by A,.
In what follows we will simply refer to (6) and (7) as ¢-A and ¢-JI, respectively. Introducing a

basis (X;) of A, on which we suppose that the operator S acts linearly, namely
S(X; @ X;) =S, X, @ X, (10)
the g-deformed Lie structure may be of the following form:
(X0, Xl = Cii* (9) X5 (11)
Then, using (10), the conditions ¢-A, ¢-J1, (8), and (9) become
Cii" (q) = =S Cr™ (9), (12)

Cit () Cia™(q) + Sip™SaP™ Crn®(q)Cos™ (@) 4 Si;™Suk? Cror (0)C1s™ ()

0, (13)



Sis™ St Sk = S M Gk S, (14)
SiHS = s T 15
L7 Kkl P ( )

To the g¢-deformed Lie algebra .4, we associate the g-deformed universal enveloping algebra

(QUEA) U, (A,) defined by
[XZ',X]‘]q = XZ'®X]‘ — Sijlek®Xl = CZ((])XIW (16)

where the first equality defines the so-called ¢-deformed commutator or ¢-deformed commutation
relation. Note that an analogue deformation to (16) was derived in [12], but from a different for-
malism and with other conditions than (12)-(15). Using the following ¢-deformed commutation

relations

[XZ',X]‘(EQXk]q = XZ'®X]‘®Xk — SQSSlz(Xi(@X]‘@Xk), (17)

it follows that the g-deformed commutator (16) satisfies the ¢-A and ¢-J1 properties when (8)
and (9) hold. In what follows we will omit the symbol “®” in (16).
The Hopf structure of ¢, (A,) is defined by :

A(XZ) = X;®1 + M/@X]‘, (18)
(X)) = 0, (19)
Y(Xy) = —v(MY)X; (20)

where M;7 are additional elements of U, (A,) which reduce to 55 in the limit ¢ = 1, and from

the consistency with the basic axioms of the Hopf algebra [13], their costructure should be

A(MZ]) = Mﬁ@Mkj, (21)
s(MJ) = &, (22)
y(MA) = (MY (23)

Further, the consistency of this Hopf structure with (16) implies the following ¢-deformed com-

mutation relations:
Smnkleers = MmanlSklrsv
M, "M, 'Ci(q) = CEL(g) My, (24)
M, "X, = Sy X M.

Up to now we have neglected the central extension of .A,. However, it is straightforward to

incorporate it into our theory. The extended version of (16) may be written as
[Xi, Xjly = XX, = Sy XX = Cy* (@) X+ 04(6,9)8, (25)

(X5, d, =X, - A7 ¢X; =0 (26)



where A;7 are arbitrary functions depending on the parameter ¢ and reduce to 55 in the limit

g = 1. Using ¢-A and ¢-J1, it follows that the g-deformed two-cocycle ¢, (i, j) in (25) satisfies :
g (i, 5) = = Si; g (k. 1) (27)

Cie ()0 (i,1) + S ™ S Coan (0) g (r, 1) + St ™ S Cor ¥ (@) (1, p) = 0. (28)

The Hopf structure on U, (A,) defined by (25), and (26) may be deduced in the same way as for
the centerless case. The costructure of the generators X; and “M;?” is analogous to that given

in (18) - (23). For the central charge we set

Ale)=¢®1 + H®e,
£€(8)=0, (@ =-—y(H)e

where H is an additional element which reduces to 1 in the limit ¢ = 1. From the consistency

(29)

with the basic axioms of the Hopf algebra, its costructure should be

A(H)=H® H,
1 (30)

e(H) y(H)=H".

From the consistency of this Hopf structure with (25) and (26) we find, in addition to ¢-deformed

commutation relations analogous to (24), the following ones

X;H = AJHX;,
MIHAF = A7 HMF,
AJeM;R = MiFe,
MFM; g (k1) = ¢4 (i, ) H.

(31)

Further, if we multiply both sides of (25) from the right by H and pull it to the left, using
the first equation of (31) and supposing that ¢H = H¢, we find the following conditions on the

functions A;7:
AZmA]TLSmnT’S — ‘\S’Z’j77’14774141777‘7"14177‘57
AACr L (g) = CE(g) Ay, (32)
A" A" dg(my ) = ¢g(i, ).

3 Quantum deformed Virasoro algebra

We will now apply the above formalism to derive a new quantum deformation of the classical
Virasoro algebra with nontrivial Hopf structure. We will also investigate its g-deformed central
extension. Before doing this, let us recall the classical version of this algebra for convenience
and comparison. The classical Virasoro algebra without central extension is generated by the

set {L,, m € Z} with the following Lie operation :
[Lm, Ln] = (m - n)Lm-I-n' (33)
Note that if we restrict the generators to Lo, L1, L_1, we get the SU(2) algebra :

[Lo, L1] = =L, (Lo, L_1] = L_1, (L1, L_1] = 2Ly, (34)



which appears as a subalgebra of the Virasoro algebra. The Hopf structure on this algebra is

trivial. Its central extension is usually given by

(m® —m)

Lm7Ln: - Lmn
[ Ll = (= )L+

C(,Sm_|_n707 (35)

[Lm,c]=0. (36)

Now, let us take a solution of the operator S satisfying (14) and (15) as
Sl = gl sk (37)

Consequently, we associate the following ¢-deformation of the Virasoro algebra, and its corre-

sponding QUEA :

where the g-deformed commutator is the same as the one introduced by Curtright and Zachos
[8], and the ¢-deformed structure constants C,,,(¢) are to be determined from the following
explicit ¢-A and the ¢-JI :

Con(@) = """ i (q) (39)

CTS(‘])CWJ’-I-S((]) + QZ(S_T)‘]Z(S_M)CTM(q)CSJH-I-r ((1) + q2(5_m)(]2(r_m)csm ((])Cr,m+s((]) =0 (40)
from which we get
Counlq) = ¢ (m —n). (41)

Then the g-deformed Virasoro algebra and its QUEA are given by
Ly Lol = LinLy — 2™ L Ly = ¢ (m —n) Lty (42)

where the ¢g-deformed structure constants are different from the ones given in [8]. The Hopf
structure may be deduced using (18)-(23). In this case the ¢-deformed commutation relations
between M,," and L,, are given by
M, "L, = qz(n_m)Lanrv
M,"M,,* = q2(m—n+r—s) ]\47)15]\4717’7 (43)
SUM TIML P (= 20) = ¢P(m— n) Moy,

We suppose that for each row m there are finite nonzero elements of the infinite matrix M,,",
so we may simply choose

M," = K., . (44)
Then, the ¢-deformed commutation relations (43) reduce to a simple form as follows

K.,L, = q2(n_m)LnI(m7

KnKn = KoKy = Kppn, (45)



and the Hopf structure is given by

A(Ly) = Lp,®1 + K, @ Ly, AKy) = K@ Ky,
e(Lm) = 0, e(Kn,) = 1, (46)
Y(Ly) = —K 1L, ~(Ky) =
If we restrict the generators to the Lo, L_1, and L, we find a new type of quantum deformation

U, (SU,(2)), namely

[L07L1]q = Lol — q2L1L0 = —f]th
[Lo,L_1]y = LoL_y — ¢72L_1Lo = ¢ *L_y, (47)
(Li,L_1]y = LilL_y — ¢ *L_Ly = 2¢7%Ly.

Note that, to construct the Hopf structure in [11] the author also introduced additional gener-
ators of the same costructure and the same ¢-deformed commutation relations as we find here
though our g-deformation is different.

We will now introduce the central extension of (42). It may be written as :
Ly Loy = LinLo — ¢ LyLy = ¢ (m = 1) Ly + @04(m, n)e, (48)

and

(L, &y =Lmé — fnél, =0, (49)

where the A,," introduced in (26) is replaced by f,,07, which is compatible with (32). The

g-deformed two-cocycle ¢, (m, n) in (48) should satisfy the following conditions:

S‘Qq (m7 n) = _q2(n—m)@q(n7 m)7 (50)

¢* (n = )y (m, n+5) + "™ (m = n)py (5,4 m) + 42T (s —m) gy (n, s+ m) = 0, (51)

deduced from the ¢-A and ¢-JI, respectively. A solution of the equations (50) and (51) should
be consistent with the classical limit given by ¢ = 1. At this limit the classical counterpart may
be the central extended Virasoro algebra (35) and (36) as well as the centerless one (33). In the

first case we have

, (m? —m

= 5, imo. (52)

Pq(m,n) =q"
In the second case, we have

(m* — m)

:A n—m
pglm,m) = A

Sm4n.0 (53)

1 which vanishes in the classical limit. This central extension is due only to

where A = ¢ — ¢~
the quantum deformation fluctuations.

A solution of f,,, compatible with (32), (53) and (52) is given by

fm = g7 (54)



Then, the ¢-deformed commutation relations (31) are now

LoH=q¢*™HL,,
K,H=HK,,
K, = ¢*"K,,¢,

K, K_, =H.

(55)

Comparing the last relation in (55) with the second one in (45) we deduce that H = Ky, which
is consistent with all other g-deformed commutation relations. The coproduct, the counit, and
the antipode actions on the generators L,, and the corresponding additional generators K,, are
similar to that in (46). Their ¢-deformed commutation relations are analogues to (45). Finally,
the costructure on the central charge is given by

Ale)=¢1 + Ko® ¢,

g(¢) =0, v(é) = —Kjte. (56)

4 Quantum deformed U(1)-Kac-Moody algebra

This algebra is an important one in physics, it may be related, for example, to the oscillator
algebra. Its classical form without central extension is generated by the basis {.J,,,, m € Z} with
the following commutation relations

[, Jn] = 0. (57)

The case with central charge is given by :
[Jm7 Jn] — m5m—|—n,007 (58)
[Jm,c] = 0. (59)

To deform it we will follow the same procedure as we have done for the Virasoro algebra. We
take the same R-matrix as in (37) to derive the g-deformed analogues of (57), (58) and (59),
respectively. The ¢-deformed centerless U(1) Kac-Moody algebra and its QUEA are given by:

[Jm7Jn]q = JmJn - qz(n_m)JnJm = 07 (60)

where the two constraints ¢-A and ¢-JI are trivially satisfied. The Hopf structure may be deduced
using (18)-(23). In this case, the g-deformed commutation relations between M,," and J,, are

as follows
MmrJn — (]2(71—m)Jn]\4m7’7
M,"M,,* = q2(m—n+r—s) M, *M,".

Here, we also suppose that for each row m there are finite nonzero elements of the infinite matrix

(61)

M., ", and we take the following simple diagonal matrix
M," = Tpo". (62)
So, the ¢g-deformed commutation relations (61) reduce to the following

TmJn — q2(n_m)JnTm7 (63)

TnT, = Ty ,

oo



and the Hopf structure is given by

e(Tn) = 0, e(ly) = 1, (64)
Y Jw) = =T 0w, (L) = TN
Now let us look at the g-deformed central extension. We set
[y Jnlg = Imdn — qz(n_m)JnJm = Yg(m, )¢, (65)
and
[y &y = Jmé — ¢ *™&), =0, (66)

where A,," = ¢=27§" for the same reasons as in the Virasoro algebra case. The ¢-JI is trivially

satisfied, however the g-A gives

¢q (m7 n) = _q2(n—m)¢q(n7 m) (67)

from which we get two solutions. The first one is
tg(m,n) = /\q(n_m)[m = 1] Omtn,0 (68)

([z], = [¢"—q "1/(qg—q™ ")) which vanishes in the limit ¢ = 1. This central extension is allowed

by the quantum deformation. The second solution is given by

¢q (m7 n) = qn_mm(sm-l—n,Oy (69)

which reduces to the classical central term in (58) in the limit ¢ = 1. Note that the solution of
A" in (66) is compatible with (68) and (69). These central extensions may be endowed with
the Hopf structure by applying the formalism of the first section. The coproduct, the counit,
and the antipode actions on the generators J,, and the corresponding additional generators T},
are similar to that in (64) and we have analogous ¢-deformed commutation relations to (63).

For the central charge we have the following costructure

Ale)=¢®1 + H®e,

(&) =0, (@) =—H e (70)
The g-deformed commutation relations (31) are now
JnH = ¢ *"HJ,,
r,1_,=H

5 Concluding remarks

We have presented a new type of g-deformed centerless Virasoro and U(1) Kac-Moody algebras

based on a general g-deformation formalism of arbitrary Lie algebra. We have associated to these



g-deformed algebras an R-matrix, which is of unit square and satisfies the quantum Yang-Baxter
equation. We have also investigated the possibility of extending these g-deformed algebras to
have a g-deformed central charge. It appeared that one can find two solutions, one of them is
purely a quantum deformation fluctuation in the sense that it disappears in the classical limit
g = 1. The other is the g-deformed analogue of the usual classical one. The main advantage
of this construction is that it allows a nontrivial Hopf structure on the corresponding QUEA’s
by introducing additional elements, which degenerate with the unit element in the undeformed
case. Of course, this is an essential ingredient for application to integrable systems. The super-
extension of this work will be discussed elsewhere [14]. It will also be interesting to look for the

realization of these g-deformed algebras.
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