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1  INTRODUCTION

The determination of the contribution of the pion-pion interaction
to the pion-nucleon scattering has been considered by several authors

in these past years. L first estimate hes been given by Bowcock,

1)

Cottingham and Iurié °. These authors, by using the Cini and Pubini one-
)
of the pion-pion interaction as an additional contribution to the amplitudes

3)

obtained by Chew, Goldberger, Low and Nambu “’. They also introduce the following

dimensional approximation 2 to the Mandelstam representation, express the effect

approximations 3

a) they use, as CGLN, the non-relativistic approximation, i.e., they
consider only the first term of a series of powers of 1/M for the

*)

expressions that occur 7'
b) .they describe the pion-pion resonance in the state T=J=1 by a Dirac

.é\ function.

Denoting by xg') and xé') the contributions of the pion-pion inter-

(=) (=)

scattering, we have, in the Cini and Fubini approximation :

action to the usual invariant amplitudes A and B of the pion-nucleon

(= _ ;o
X;),: g-3 Vb § (-t) (1.1a)

4//!./
Qo’ ,
) 1 0“7’ T t‘) e
XB = 5 JAML ?’g—*’ + C/B (T.Tb)

Another work on the contribution of the 7TT - 77 interaction to the
low—energy 77 -N “scattering in the non-relativistic approximation has
been done recently by Isaev and Meshcheriakov (Dubna preprint 1962) by
following the approach developed by Efremov, Meshcheriakov and Shirkov.
The 77— 9y interaction is shown to be important in order to fit the
experimental data on S and small P waves. ‘We thank Professor Isaev
for sending us this preprint.
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where ¢

) = 3# M JAN T ‘;"‘*1‘7;\ o a
§ (f>“7(ﬁlm%(b) mﬁ.(f/) o

cOE) = 2 T D)

D ‘(1.2b)

(-)

Here CB is a constant (which plays the r8le of a correction to the
Cini-Fubini approximation) to be determined by the experiment, fl are the

amplitudes for the process T — NN in the state J=1 introduced by Jacob
and Wick, p is the c,m. momentum of the nucleon in this process, M and /&b

are the nucleon and pion masses, s and 1t have the usual meaning.

In the approximation b) above, we have 3
SV 2 (b
e = gt S (bmt) (1.32)

O = *12/7‘-1((5’4'2 MC,) o (k) (1.3b)

where tr is the value of + at the resonance.

BCL assumed tr = 22.4 on the basis of the fits made at that time for
the form factors 4>.



3. -

The parameters C1 and 02 are related to the nucleon vector form

factors. Representing the last ones with formulae of the Clementel-Villi type :
Y, m, b
F= 2 <fL+ lt ) (1.4)
1 2/ t"a’{:
v e/ Vs L’ .
F::L — % (i_;_ Z:Z ) (1-5)
2 M Q;t
we have :
_ ,?,Ci _ Hm C;_ (1.6)
"l y It, 2™ T g YTE,

where 'X is related to the half-width r- of the pion-pion resonance by the
relation : ' '

3
[ Yﬂj—“ | (1.7)
Z\jt%

Here a4, means the c.m. momentum of the pion in the 't channel at the resonance.

From the fits on the form factors 4)’5), it follows that :

/Yli::\_’ 'YLQ, (1.8)
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and so C1 and 02 are related by -

C,= 28 ¢ - 023, (1.9)

where and g

i are the gyromagnetic ratios of the proton and neutron.

€p

B8CL, by fitting the experimental data on Re f(—); obtain 01 = =-1.0

0]
and determine also a range of possible values for the correction constant Cé-).
They find, moreover, that this set of parameters is consistent with the data

(=)

on Re f1_ . In spite of the low value used for tr and of the non-relativistic

is in good

1 6)

agreement with the values recently observed for the half-width of the g meson .

approximation (quite crude for the S—wave) the value found for C

The purpose of this note is to examine how much the relativistic
corrections, that imply a contribution of the pion-pion interaction somewhat
smaller than the estimate of BCL 7),8),9)

C

, will modify the value of the parameter

4 and then to discuss how these results are consistent with the data obtained
from the form factors and the half-width of the 9 meson.

2. DETERMINATION OF THE PARAMETERS OF THu PION-PION INTBRACTIUN
7)

amplitudes for the pion-nucleon scattering given by CGLN., As our results are

In a previous work , we calculated the relativistic corrections to the
very sensitive to the tail of the function describing the 3/2, 3/2 resonance,
we expressed the theoretical uncertainty as the difference between the results
obtained by describing the resonance first by means of a fit with the experimental

10)

for the resonance. In order to reduce this theoretical uncertainty, we give the

data , and then by means of an approximate solution of the integral equation

results for the S-wave in a subtracted form as follows :
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A |
Fre jo = 4, +a, (2.1)

Here g1 contains the subtraction consfant, but for the rest it does not depend

on the pion-pion interaction, while - on the other hand - g. depends only on

2
the pion~pion interaction and does not contain the subtraction constant. This
has been determined by the threshold value 3Re féﬁ) = (aT—aB) = 0.255. On
é_> depends very weakly on the tail of the

and so we have assumed for this quantity the expression

’
33 10)

obtained by Hohler +» Moreover, the subtraction gives further support to the

account of the subtraction, Re T

function Im f

restriction, under the dispersion integral, only to the resonant amplitude
T=J-= 3/2. The D-wave resonance at 600 MeV changes the function g1 by a

few percent in the range from q =0 to q = 2, while it becomes more important
at q =3 where it lowers the function g, by about 12 % (see Appendix).

For this reason, and because we have considered only the experimental points at
energies less than 270 MeV, we have neglected the contribution of the D

resonance,

7)

The expliclt expression for g, is given in Ref. LEQ. (5.1127, the

one for g, is as follows

— T e

)‘ro v‘ (W+M)\y '—J“M =1 (w-1)

+O.2¥[r2+v/; ((" Eu)J«q /C" -+ ﬁzc\bjf% (W- .M) M (bo>

_ E;\?/,(@ Ew +ql) d);*r.q?‘ff)z + 2 (WM d)iﬂ

(2.2)
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where

¢o( = J Mg(i{i( . (2.3)

[

i
q is the c.m. momentum, = = (1v12+q3)2, W = (/M2+q2) , W o= B+ w.

It is important to observe that, on account of the subtraction,

(=)

depends only on the parameter CT’ while the parameter CB

&2
cancels out.
S0, unlike BCL, the data for the S-wave are fitted by only one parameter. The
contribution of the pion-pion interaction has been again described by the
equations (1.1), (1.2) and (1.3). For the mass of the ? meson, we have

assumed tr = 30 and we have always put /by = 1.

By comparing the dotted curves of Fig. 1 and Fig. 2, we see that the

relativistic correction to the function g, 1s very important. Roughly

1 v
speaking, about 2/3 of the discrepancy between the non-relativistic function

g, and the experimental points is due to the relativistic effects, and so

one can expect that the pion-pion contribution will be reduced by the relativistic

calculation to about 1/3 of its non-relativistic value.

Lis for the best fit, we have included only the experimental points at

11),12) (

low energy by low energy we mean values of the pion laboratory kinetic

energy less than ~v 270 MeV). At higher energies up to now the phase shift
analyses 11)-18) are strongly ambiguous because ¢ the very high number of the
parameters involved, and sometimes they are in disagreement, so we think they
have, for the moment, a rather preliminary role. For example, a very recent

8)

while the value consistent with the sets of Pontecorvo

gives at 310 MeV for ckq a negative value,
1) 17)

be of about 250. lloreover, it should be remarked that the results obtained by

measurement by Rugge and Vik L
and Walker would
using the Cini and Fubini approximation may become rather unreliable for energies

above 300 eV,
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*
~the D resonance at 600 MeV ‘.

Ta

In this way we obtain :

C,=-095+02 (2.0)

and the behaviour of 3Re fé—) is shown in Fig. 1. Ve remark also that |01¢
increases with tr (almost linearly if we consider only values of q2 less than
tr/4). Moreover, the value of C1 here obtained is not very sensitive to the
tail of the function describing the 3/2, 3/2 resonance. If we use, for

7)

example, the function (4.12) of Ref. '/, the change of C, remains within the

error. A change of the same order of magnitude is obtained by cbnsidering also

)

Our resulf (2.4)‘18, at first sight, rather surpriéing because it is
very near the non-relativistic value, while, on the other hand, we have shown
that the rélativistic correctioné are important. But the Qloséness of our value
to the non-relativistic one is only apparent. Thé low value for fC1‘

obtained by BCL is essentially due to two reasons :

&) these authors fit also the experimental values up to 600 MeV by
assuming the phase shifts of Pontecorvo and Walker; These phase

shifts strongly decrease the value of |C14 H
b) they assume t,= 22,4 instead of £ = 30.

If a best fit is made with the non-relativistic formulae, and including

only low energy experimental points (T £ 270 MeV), we find C, = -3.0, and so

1
this is the real non-relativistic value to be compared with the relativistic

one of -=0,95. °

*)

An improvement recently attained by Woolcock in the determination of
the S-wave scattering lengths with respect to the values given in Ref.
(p. 101), would increase our value of l011 of about 10 % (again
within our error)., We thank Professor J. Hamilton for having communicated
to us Woolcock's results.

11)



On the other hand, if we make the best fit including also the higher
energy points (and assuming always tr = 30) we find C1 = -0.23, 1in complete
disagreement with the width of the (¢ .meson, The corresponding non-relativistic
value turns out to be C1 = -1.7 k(sgmewhat larger in absolute value than the
BCL result, owing to the higher value of tr)a

An evaluatlon of the contrlbutlon of the plon—plon 1nteract10n to low
energy plon—nucleon scatterlng has been recently done by Hamllton et a1,$8>, by
analyz1ng the 31ngular1t1es of the S— and P-waves in the complex W-—planeo |
These authors find for C,I a value between -0.9 and e1y05 ;p agreemept with

our results.

Another calculation on the same subject has been récently done by Dietz E

u81ng a method prop05ed by Mandelstam and Frazer 19). We remurk that the

(=)

in the range of q from zero to 2. This

behav1our obtalned by Dietz for Re f is very similar to that obtained by

us, w;th the value (2.4) for 01,

shows a posterieri the agreement between the treatments of the‘prbblem by the
Cini and Fubini method and the Mandelstam and Frazer approach. o
Finally, we shall discuss briefly the situation for the P—wave Re fg—)c
The term which is independent from the pion-pion interaction has a theoretical
7)

uncerfainty for the P-wave which is less than for the S-wave . Therefore we

have started from the unsubtracted eXpression and have used the Héhler formula

(-)

for Im f33 under the dispersion integral. The expression for Re f1 is as
follows :
Q =) i
e f S A . o - (he
= he | (2:5)
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where h1 is independent from the pion-pion interaction and is given in Ref.

is the*fsllbﬁing $

[Fas. (2.11) ana (2.14)/. The explicit expression for h,

CL _E+M M _BE-M M
T { T (WoME = ST (A,

+027[E H ((Q,EL«) Lq2)¢+q_¢ ZW~M)M(1>) | (2.6)

((2Fw+q )ib +c1(1>4_ +9(W+M) Mmﬁ E-H Wil (O

QW 2W 41 B

(=)

Therefore the pion-pion part contains now also the constant C « We show in

Fig. 3 the behaviour of 3Re fg—) for c( -) =0, cé") = -1 and c](3'> = 2.
The experimental situation up to now seems not to allow an unambiguous determin-

ation of this parameter.
Let us now sum up briefly our conclusions.

From the analysis made here it follows that the values C1 = -0.95 £ 0,2
and =2 é:Cé—)éi 0 seem to be consistent with the present experimental situation
of the low energy S and P pion-nucleon phase shifts and with the width of the
9 meson. At higher energics the experimental situation for the pion-nucleon
gcattering is rather ambiguous and also a satisfactory theoretical description is
lacking up to now. It has to be remarked, however, that in the low-energy region
the experimental results available up to now for the best fits are not very
numerous and so our parameters can be in some degree sensitive to a new experimental

result, as well as to a further improvement of the knowledge of the low-energy

parameters of pion-nucleon scattering.
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APPENDIX

THE CONTRIBUTION OF THE D-WAVE RESONANCE

The D resonance at 600 MeV contributes to Re fé—) with the term :

Q/@)
_ A (K ww!) ~" %522 A (a.1)
7r/%470 , fi
where
,*y;“}_j_ EtM 12 E-M L E+M
KDCW)W)“‘ w L3 wiw el ML W+\X/ B-M )}
W EMIT )t v/
+7 i[ﬁ;r(w MMD]FD-W-*W»Q“* }
__v_v_~— Hi (wm)g] -\)(/~2M mp}
W (a.2)
_ L WM w WM W‘ M 2 -
b=-(Em eI RS 4 (bt 2

,ZEhe quantities Ei are defined in Ref. ?27 as obtained by using the relations

(2.1); (2.2) of Ref. 7) and including also the D Tesonance in the development

of the amplitudes Im A<_) and Im B(-) in partial waves.



12.

When the subtraction for the S-wave is performed, the expression (5.10) of

Ref. 7) for Re fé~) is modified as follows :
Ril - ; . CQ} B -
4 = q ) . .3
KO 05-+ gi - éQ/
o 1) (D) _ :
where g1 and g2 are the same as in Ref. and g1 has the expression -

7)

obtained in the same way as in Ref. , Section 5 - 1

%i ) ~ (W\ . 1\ ﬂ//) ﬂfl(w\q (Lod)

(%, 0

The function f£(W) is defined in Ref. 7>, and

o |
~ N |
Dy (W) = ”iﬁ‘ J Ky (W)-W) m @1« AW/ (£.5)

/W ) K” /W W) (A.6)

where Kﬁ and Kg are the parts of KD of order zero and of higher order

respectively in 1/W'.
For Im f we have used a <§‘ fﬁnction norma_ized to the area enclosed

(%)
20)

by the curve given bj Layson :
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(p)

where a = 0.2, Wr = 10.86 and a4, = 53425, In this way the quantity g,

becomes :

)

= & K (W) ! — K (W v I (2.8)
e

This quantity has been evaluated numerically with an IBM 1620 computer and we

have obtained the results chown in the table :

TABLE A.1

(D)

Values of the function gy -
The last column is the percent

correction to the function g,

D .

q gg ) [\ %
0,50 -0.24 % 1072 - 0.27
1.00 -0.12 x 10"2 - 1.16
2.00 -0.6% x 1077 - 5.00
3,00 -1.71 % 1072 -12.3
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Fige 3

FPIGURE CAPTIONS

(=) sin2 o{1 - sin2 0{3

3Re fo = — S in the relativistic case for the wvalues
q

C1 = -0,95 and C1 = ~=0.23. The dotted curve represents the same

amplitude without the contribution of the pion-pion interaction

(function g, in the text). Experimental points

I from a fit by Hamilton and Woolcock Zgée Ref. 1) p. 10i7;

¢ from Ref. 17);
% from Ref. H);
O from Ref. 18);

% from Ref. 12>,

(-)
0
and CJI = -1,7, The dotted curve represents the same amplitude

3Re T in the non-relativistic case for the values 01 = =3,0

without the contribution of the pion-pion interaction (non—relativistic

limit of the function g, ). Experimental points as in Fig. 1.

3Re f§*> in the relativistic case for C1 = -0.95, Cé_> = 0,
(-)

CB = =1, CB— = -2, The dotted curve represents the same

amplitude without the contribution of the pion-pion interaction

(function h., in the text), and the =—.—e—c=—e=.=.— cCurve

1
represents its non-relativistic limit. Experimental points as

in Fig. 1.
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