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1 Introduction

Fibre-reinforced laminates are composite materials used in structural applications. Laminates
are obtained by stacking a number of thin layers (calledply, or lamina) of fibres and matrix
and consolidating them into the desired thickness. Fibre orientation in each layer as well as the
stacking sequence of various layers can be controlled to generate a wide range of physical and
mechanical properties for the composite laminate [1].

While the high ratio of mechanical strength to specific weight of some fibre-reinforced
composites makes them suitable for aerospace applications, for example, their high ratio of
mechanical strength to thermal conductivity makes them very interesting for cryogenic appli-
cations in accelerators. In the case of the Large Hadron Collider (LHC) [2], the support posts
of the superconducting magnets are made of carbon and glass fibre composites supporting a
high compressive strength with a minimum of heat leakage [3].

Another application in the LHC, which is the subject of this report, is the tuning structure
of the superconducting 400 MHz cavities. They are tuned to the required resonant frequency
by changing their axial length [4]. This is accomplished by an actuator mounted outside the
cryostat at room temperature. The actuator is connected to the cold (4.2 K) niobium-coated
copper cavity by a rigid tuning structure which has to withstand relatively high tensile tuning
forces and which provides the necessary thermal insulation. These conflicting requirements are,
for our geometry, best met by a carbon-fibre-reinforced epoxy tube (an epoxy is a thermoset
polymer).

The particularity of our application is the large temperature difference on the carbon-fibre
tube which leads to high local temperature gradients. This varying temperature in combination
with time-dependent tensile load due to the tuning mechanism and exposure to ionizing radia-
tion caused by beam losses is likely to reduce the life expectancy of the tuning structure.

Data on fatigue tests of carbon-fibre-reinforced composites have been reported in the lit-
erature [5]–[8]. There, the samples have been at cryogenic temperatures without a temperature
gradient across the samples, which differs from our application. Also, the number of cycles is
of the order of5� 106 which is not enough for reliable operation for the lifetime of the LHC.

In the work presented here we investigate a carbon-fibre tube for the cavity tuning struc-
ture, and in particular, we study its fatigue behaviour in the presence of a large temperature
gradient for a very high number of load cycles. This combination represents the originality of
our investigation.

Section 2 starts with a description of the cavity and its tuning requirements which leads
to the specification of the the carbon-fibre tube. After considering other materials, we discuss
the choice of carbon fibre, and finally the construction of the tube is presented. In Section 3,
a model of the tube is analyzed with respect to stresses and strains, and the temperature dis-
tribution over the tube is estimated. We also attempt a failure analysis. Section 4 describes
the test apparatus, the test methods and the promising results of the long duration fatigue tests.
Concluding remarks are made in Section 5.
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2 Tuning and the Carbon-Fibre Tube

2.1 Cavity Tuning

The superconducting 400 MHz cavity of the LHC is fabricated from 2.5 mm thick high-purity
copper sheet metal, coated inside with a thin (1�m) film of niobium. After cold forming the
cavity half-shells (� 690 mm) and the large diameter beam tubes (� 300 mm) are joined by
electron-beam welding.

Fabrication of several cavities has shown that the resonant frequency just after welding
is correct within 0.5% at least. Tuning to the correct frequency is done by plastic deformation
in the axial direction. Depending on the manufacturing tolerances, this can be a compression
or an elongation of the cavity. This first tuning is done at room temperature with atmospheric
pressure inside the cavity. Therefore, the change of resonant frequency due to cool down and
vacuum pressure has to be taken into account.

Further tuning is done in the elastic range of the axial length variation (2 mm). The tuning
displacements originate in the tuning mechanism (Fig. 2.1). The tuning forces are transmitted

Figure 2.1: LHC RF cavity tuning system

to the cavity with a rigid structure consisting of sturdy flanges, stainless-steel tubes, and carbon-
fibre tubes. Three tubes are foreseen to return the forces (the tuning system is at present (1997)
under revision).

Pumping a vacuum in the cavity results in an axial compression of about 0.5 mm [9]. In
order to make use of the total elastic range of 2 mm the cavity has to be elongated by the tuner.
This determines the directions of stress. The cavity and the connected flanges are under tensile
stress, and the parts returning the forces under compressive stress. Clearly, the cavity body is
always under tensile stress.

The axial spring constant of the cavity is about 20 kN/mm. Thus, the maximum force
to cover the elastic range is 40 kN. Taking a safety factor of 2, we specify 80 kN, resulting in
about 27 kN for each tube.

The tuning sensitivity is 240 kHz/mm. The total dynamic tuning range is 480 kHz which
is 0.12% of the fundamental resonant frequency.
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During operation of the LHC, fine tuning is required to compensate for the varying beam
current and various microphonic perturbations. The corresponding length variation of the cav-
ity is estimated to be 0.1 mm. These variations have to be relatively fast, of the order of up to
100 Hz (microphonics of about 90 Hz have been observed in the LEP superconducting cavi-
ties). This permanent tuning motion puts an oscillatory load on all components of the tuning
system and may lead to failures caused by fatigue.

The subject of this report is the 290 mm carbon-fibre tube which spans from cryogenic to
room temperatures. The choice of its cross-section is a compromise between the requirements
of high mechanical stiffness and good thermal insulation.

In addition to the external mechanical loads, it is stressed internally by temperature gra-
dients. The tube has to be resistant to ionizing radiation which is estimated to be 180 Gy after
20 years [10].

The specification of the tube is summarized in Table 2.1.

Table 2.1: Specification of the tube

Static tensile load 27 kN
Dynamic load at 100 Hz 1 kN
Number of dynamic load cycles 5� 109

Axial spring constant � 70 kN/mm
Maximum dose of ionizing radiation 180 Gy
Heat flow rate [11] � 1.5 W

2.2 Comparison of Materials

It is interesting to compare the chosen material (high-strength carbon fibre) to other material
which could be considered for this application (see Table 2.2); the fatigue strength of steel is

Table 2.2: Comparison of unidirectional laminates and steel [5, 12]
(room temperature values)

Properties) Fatigue strength Therm. cond. Young’s modulus�fat/�ult
+ Material+ �fat [MPa] � [W/(m�K)] E11 [GPa] [%]

Steel (50CrV4) 720 21 210 60
Carbon (HM) 800–1000 30 240–330 50–70
Carbon (HS) 1300–1400 5 120–180 70–80

S-glass 250–280 0.7 55–65 15–30
Aramid (Kevlar 49) 800–1000 20 75–85 60–70

given for a survival probability of ninety per cent [12]. For the fibre-reinforced laminates a
great variety of different strength values can be found in the literature, because of different
fibre matrix combinations and the strong dependence of the material properties on the produc-
tion process. All data on fibre-reinforced composites are taken from Ref. [5] which gives an
excellent overview of fatigue tests at cryogenic and room temperatures.
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Carbon-fibre-reinforced laminates and Kevlar have extremely highfatigue strengthwhe-
reas S-glass has the lowest. In particular, high-strength carbon-fibre (HS) material has an out-
standing ratio of fatigue strength over ultimate strength. This is very important since the number
of load cycles in our application is extremely high and it seems risky to use S-glass because this
material loses at least 70% of its strength after only106 load cycles. No data on longer fatigue
tests has been found.

Thermal conductivity varies by more than one order of magnitude. S-glass has the
lowest thermal conductivity at room temperature. But at temperatures below about 40 K, high-
strength carbon fibres have even lower thermal conductivity than S-glass. The difference in
thermal conductivity between high-modulus and high-strength carbon-fibre-reinforced materi-
als is due to the heat treatment of the fibres. For ultra-high modulus fibres the thermal conduc-
tivity can increase by two orders of magnitude during the treatment at about 3000�C. Therefore
high- and ultra-high modulus carbon-fibre composites are less interesting for us, although they
have the highest stiffness. Another disadvantage of high-modulus carbon-fibre (HM) material
which is not listed in Table 2.2 is the extremely low strain-to-failure of the fibre (less than 0.5
per cent). This can cause rupture of fibres if high stress concentrations occur in the tube’s
wedged end section, for example.

TheYoung’s moduli of Kevlar and S-glass are low compared to those of steel and carbon
fibres. Therefore larger cross-sections would be necessary to fulfil the stiffness requirements.

When looking for a material with good fatigue properties in combination with a relatively
low thermal conductivity and a relatively high stiffness, high-strength carbon-fibre-reinforced
material is the best choice. One needs to check, however, whether this material possesses
sufficiently high radiation resistance. In particular the matrix has to be chosen with care. Some
of the polymeric matrix materials become brittle as a result of chain-cracking when exposed to
radiation. This can weaken their properties considerably.

A carbon-fibre-reinforced epoxy was tested at CERN in 1995 [13]. It withstood a dose of
60 MGy which is more than five orders of magnitude more than the estimated dose for the LHC.
However, this test did not consider prestressed material, and it was found in the literature that
prestressed laminates are much less radiation resistant. Burnay [14] investigated the effect of
prestressing on the behaviour of carbon-fibre-reinforced plastics under gamma irradiation. He
found considerable losses in inter-laminar shear strength at a dose as low as 2 MGy. Although
Burnay did not examine the same epoxy, his unstressed samples were three to four times more
radiation resistant than his prestressed samples. Therefore the value found at CERN should
be used with care whenever the material is subjected to stresses. The critical dose found by
Burnay is higher by more than four orders of magnitude than the dose in the LHC (Table 2.1).
Radiation damage is therefore considered to be no problem in our case.

2.3 Tube Construction

High-strength carbon-fibre-reinforced laminates have anisotropic properties. The stiffness of a
single ply in the fibre direction and in the transverse direction varies by more than one order of
magnitude. The same is true for the coefficient of thermal expansion. As a result of high tem-
perature differences between the stress-free state of the laminate at curing temperature (about
110�C) and the temperature at the cold end of the tube (about 15 K), considerable thermal
strains and stresses occur.

Because high stiffness is required in the direction of the tuning forces, most of the fibres
should be aligned with a small angle to the load axis. The end sections of the structure need
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to be designed in such a way as to avoid stress concentrations; no holes should be drilled
and no abrupt changes in cross-section should occur, since these geometries promote failure
propagation under fatigue loading. Often, wedged end sections are used to provide a smooth
force transition.

Since some bending load might occur, a cross-section with relatively high bending resis-
tance should be chosen; a hollow cylinder is preferred to a rod. A cylinder can be manufactured

Figure 2.2: Geometry of the prototype tube

by thefilament-windingtechnique [1] with fibre angles between near 0� and 90� relative to the
axis of the cylinder. Several layers with different materials can be combined.

In co-operation withStesalit AG, Zullwil, Switzerland, a carbon-fibre-reinforced tube
was designed and manufactured (see Fig. 2.2). The tube consists of four cross-layers, with
winding angles of�18� relative to the axis. The fibre is a high-strength carbon fibre (HS),
with an elastic modulus of 235 GPa (elastic modulus of the fibre itself) and a strain-to-failure
of 2.1% (ToraycaT700 SC12K). The epoxy matrix (Ciba-GeigyLY 556, HY 917, DY 070)
was chosen because of its radiation resistance as tested at CERN [13]. The elastic modulus of
a single ply in fibre direction is 143.5 GPa. Each ply contains a volume of 65% of fibres and
35% of matrix.

A long curing time (for the polymerization reaction of the epoxy) of 12 hours at a tem-
perature of 100–110�C was chosen to reduce the thermal stresses due to cool down. The elastic
properties of the ply, the thermal expansion coefficients, and the ply-strength values, all pro-
vided by the manufacturer and all valid at room temperature, are listed in Table 2.3. At CERN
we have measured the contraction of the tube when immersed into liquid nitrogen at 77 K. The
tube (length 290 mm) shortens by 0.02 mm which results in a mean axial thermal expansion
coefficient for the temperature range from 290 K to 77 K of�� = 3:2� 10�7. A steel tube with
the same geometry would shorten by 0.7 mm when cooled down from 290 K to 77 K. This is
35 times more than for the carbon-fibre tube.

At both extremities of the tube three layers of quasi-isotropic glass fleece are merged
between the four cross-layers of carbon-fibre-reinforced epoxy to obtain wedged end sections
(see Fig. 2.3). Stress concentrations are minimized by the low-modulus glass fleece between
the relatively stiff carbon-fibre-reinforced plies. This is very important for components un-
der fatigue loading, since damage occurs first at areas of high stress and then propagates (for
example a hole in a plate).

The tube is connected to the stainless steel flanges withwedge fittings. See Figure 2.3.
The cone-shaped extremities of the tube are clamped between a conical prestressing ring and
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an outer ring. This results in radial compression of the tube which reduces considerably the
axial shearing forces at the critical interface of the glass fleece and the carbon-fibre cone.

Table 2.3: Ply properties measured at room temperature [15]. The thermal expan-
sion coefficients of the ply were calculated from the measured values of
the fibre and the matrix.

Young’s modulus in fibre direction E11 143.5 GPa
Young’s modulus in transverse direction E22 9.5 GPa
Ply-shearing modulus G12 6.15 GPa
Major Poisson ratio �12 0.32
Minor Poisson ratio �21 0.0021
Thermal expansion coefficient in fibre direction �1 �8:0� 10�7 1/K
Thermal expansion coefficient in transverse direction�2 3:7� 10�5 1/K
Mean axial thermal expansion coefficient of the tube
(winding angle18�) for cooldown from 290 K to 77 K ��x 3:2� 10�7 1/K
Tensile strength in fibre direction SL 2550 MPa
Tensile strength in transverse direction ST 68 MPa
Compressive strength in fibre direction SL;c �1100 MPa
Compressive strength in transverse direction ST;c �170 MPa
In-plane shear strength SSS 80 MPa

Figure 2.3: Wedged end section of the tube (Stesalit AG, Switzerland, 1995)
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3 Model

In the literature a variety of articles on stress analysis of orthotropic tubes under different me-
chanical and thermal loading conditions can be found [16]– [22]. However, only radial temper-
ature gradients, for example due to a hot liquid passing through a tube, are treated in the cited
articles. In our particular problem temperature varies with the axial coordinate.

We want to estimate stresses and strains in our tube that are caused by the mechanical and
the axially varying thermal loads with a simple model of the tube (see Fig. 3.1). We neglect
the wedged end sections and consider here only an effective tube length ofL = 250 mm.
Mechanical strains are caused by the applied tensile tuning forces (F ) and by the thermal load.

F F

ϑ1 = 15 Κ ϑ2 = 290 Κ

L

x

z
θ

Figure 3.1: Cylindrical tube with tensile tuning force (F ) and axially varying tem-
perature (#1; #2). The difference between the polymerization tempera-
ture (100–110�C) and the working temperature (#1; #2) leads to addi-
tional mechanical stresses in the laminate.

The thermal load appears due to restrictions imposed by various layers against their free thermal
expansion [1]. Since the curing temperature is considerably higher than the working tempera-
ture of the laminate, these restrictions can cause relatively high mechanical stresses in the tube.

3.1 Stress Analysis

The temperature distribution over the tube length is calculated in order to determine the
strains, caused by the thermal load. According to Smith et al. [23], ”...stress analysis procedures
for composite materials can be rather complex ... Because composite materials are fabricated
by the lamination of highly anisotropic plies, a nearly infinite variety of directional moduli and
strengths can be achieved.”

We consider an orthotropic tube, with cylindrical cross-sectionAs and lengthL, under
thermal load. The differential equation of conduction of heat in an orthotropic solid can be
written after Carslaw [24]
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= 0 ; (3.1)

where�1; �2; �3 are the temperature-dependent thermal conductivities in radial (z), angular
(�) and axial (x) directions, respectively. The temperature# can be a function of all three
coordinates,t is the time,� is the average density, andc the specific heat of the material.
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Heat flow takes place in thex-direction only. There is no heat flow in the radial direction,
since the tube is surrounded by a vacuum and therefore convection is negligible. Owing to
the low temperatures of the tube, radiation (Stefan–Boltzmann law) is negligible. There is no
over-all heat flow in the circumferential direction because the laminate is balanced (the same
amount of fibres is aligned with+� and�� angles towards thex-axis).

The temperatures at both ends of the tube are assumed to be constant.
With these assumptions Eq. (3.1) becomes

d
dx

 
�3(#)

d#
dx

!
= 0 ; (3.2)

where the temperature dependence of the thermal conductivity is given as a fourth order poly-
nomial, resulting from a fit to experimental data (see Appendix A).

The boundary conditions are

#(0) = #1 ; #(L) = #2 : (3.3)

The cold end of the tube is joint to a steel flange which we estimate to be at about 15 K
(see Fig. 2.1). Solving Eq. (3.2) with#1 = 15 K, #2 = 290 K, andL = 250 mm yields
the temperature distribution as a function ofx (Fig. 3.2). See Appendix A for the detailed
calculations.

The dotted line in Fig. 3.2 represents the solution of the differential equation of conduc-
tion of heat, whereas the continuous line is a fit to the solution, using a least-square method.
This fit is used to determine the stresses and strains. Because of the low thermal conductivity
at low temperatures (see Fig. A.1), the temperature gradient of the solution is high for small
values ofx.

With As = 546.6 mm2 the heat flow rate can be calculated from Eq. (A.6). This results in
_Qx = �1:5 W, where the minus sign indicates that heat flows in the negativex-direction.

The elastic properties of the laminate are determined by the elastic properties of the plies,
their orientation, and their stacking sequence. The deformations of the laminate under thermal
and mechanical loading are calculated using the assumptions of the classical theory of thin
shells and plates:

� small deformations compared to material dimensions,

� linear–elastic material behaviour,

� plane sections remain plane,

� constant thickness and

� normals remain normals

and the assumptions of laminate theory:

� thin layers with homogeneous and orthotropic material behaviour,

� constant thickness of each layer and

� no displacement between adjacent layers [25].
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Figure 3.2: Temperature# as a function ofx. Solution of the differential equation
of conduction of heat (dotted line) and fit to the solution (continuous
line). Cold end atx = 0, warm end atx = L = 250 mm

As a result of these assumptions, displacements are linearly dependent on thickness. Out-of-
plane sheer deformations are zero.

The deformation of the orthotropic laminate is calculated first and is used to determine the
real strain of each single ply. The residual strains of each ply are calculated by subtracting the
free thermal expansion strains from the real strains. Afterwards, the ply stresses are calculated
from the residual strains, using the ply-stiffness matrices.

For the cylindrical orthotropic tube under the mechanical and thermal loading conditions
as shown in Fig. 3.1, the following boundary conditions must hold:

Nx(L) = F ; u(0; �) = 0 ;
Mx(0) = 0 ; N�(0) = 0 ;
Mx(L) = 0 ; N�(L) = 0 ;

(3.4)

whereNi andMi are defined in Eq. (B.1) andu is the displacement in the axial direction. The
elastic properties, as well as the coefficients of thermal expansion of the laminate are assumed
to be independent of temperature. The laminate itself is balanced and antisymmetric (four plies
of equal thickness, stacking sequence+�/��/+�/��). Therefore, the elementsA16 andA26

of the laminate’s extensional stiffness matrix as well as the elementsD16 andD26 of the lam-
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Figure 3.3: Ply stresses�1, �2, and�12 as a function ofx. Winding angle� = 18�,
cold end atx = 0, warm end atx = L = 250 mm

inate’s bending stiffness matrix are zero [26]. Owing to the winding process, we assume that
each layer itself is made up of a large number of thin layers, one layer with a positive angle
towards thex-axis and one layer with a negative angle. Filament-wound laminates usually
have this property. It can be shown [26] that for these laminates the coupling stiffness matrix
vanishes (B = 0). This means curvatures do not lead to force resultants, and midplane strains
do not lead to moment resultants. Furthermore, thermal loading causes neither shear forces nor
shear moments. The loading and the geometry of the tube is symmetric with respect to the cir-
cumferential coordinate. Therefore the displacement in circumferential directionv equals zero,
and@( )=@� = 0. In Appendix B, the equations are simplified using the above assumptions
and solved for the boundary conditions given in Eq. (3.4).

The ply stresses and strains as a function of tube length are shown in Fig. 3.3. The stresses
in the outer layer of the tube are represented by the dashed line, the stresses in the inner layer by
a dotted line, and midplane stresses by a continuous line. We see that the thermal load causes
considerable shear and transverse stresses for a cylindrical tube with a winding angle of 18�.
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3.2 Failure Analysis

With the ply stresses known we can perform a ply failure analysis with theAzzi–Tsai–Hill
criterion [1]. This criterion says that failure occurs from tensile loading of a ply when the
following equation is satisfied forS � 1:

�2
1

S2
L

�
�1�2

S2
L

+
�2
2

S2
T

+
� 212
S2
S

=
1

S
; (3.5)

where�1, �2, and�12 are the ply stresses in the fibre direction, the transverse direction, and the
in-plane shear stresses as calculated in Eq. (B.44) (�1 = �

p

1, �2 = �
p

2 and�12 = �
p

6). The lon-
gitudinal tensile strength, the transverse tensile strength, and the in-plane (intra-laminar) shear
strength of the ply areSL, ST , andSS respectively (the strength values from the manufacturer
are given in Section 2). The safety factor isS. It is plotted as a function of the winding angle
for three differentx-coordinates in Fig. 3.4.
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Figure 3.4: Safety factorS as a function of the winding angle atx = 0 (cold end,
dotted line), atx = 30 mm (dashed line), and atx = L = 250 mm
(warm end, continuous line)
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We see that the safety factor decreases considerably towards the cold end of the tube.
This is because of the low shear and transversestrength(Table 2.3) in combination with the
high shear and transversestresses(see Fig. 3.3). At 30 mm from the cold end (dashed line),
considerably higher safety factors are obtained and even higher factors at the warm end (con-
tinuous line), where the thermal load is small. For 90�, the safety factors are about equal at
all tube coordinates. There is no shear stress and the transverse strain is constant over the tube
length. The stress in the circumferential direction is too small to lead to large variations of
the safety factor (at 90� the fibres are aligned in the circumferential direction). It is interesting
to see that, according to our model, the tube would fail at its cold end for winding angles�

between 23� and 77�.
We should keep in mind the limits of our model. On the one hand, the thermal stresses

and strains at the cold end of the tube are overestimated because we have considered constant
coefficients of thermal expansion, while they actually approach zero with decreasing tempera-
ture. On the other hand these results do not consider the intra-laminar thermal stresses that are
caused by the inhomogeneity of each single ply (each single ply is assumed to be homogeneous
in laminate theory). No data are available from the manufacturer (Stesalit AG, Switzerland) on
the dependence of elastic and thermal properties on temperature for cryogenic applications.

Not only the elastic and thermal constants, but also the strength of a ply vary with tem-
perature. Reed et al. [5] state for structures spanning the interval from cryogenic to room tem-
peratures that ”... the strength of fibre-reinforced epoxy matrix composites usually increases at
low temperature ...“, and they continue,”...thus the weak link from the standpoint ofstrengthis
at room temperature“. The above results show, however, that the thermalstressesat the cold
end can be considerably higher than at the room temperature end of the structure. Therefore,
it is a priori not clear whether the weak link is at cryogenic temperature or at room temper-
ature. Mallick [1] states that ”...significant curing stresses may develop owing to the thermal
mismatch of various laminates. In some cases these stresses may be sufficiently high to cause
intra-laminar cracks”. We conclude from our model that thermal stresses are very important in
our application and that testing under nominal mechanical and thermal conditions is necessary
for further development. In this context it is interesting to quote Reed et al. [5] who state: ”It
is strongly recommended that additional fatigue tests be conducted ...“.

The results presented in Fig. 3.4 indicate that decreasing the winding angle from 18�

to 12�, for example, would considerably decrease the thermal stresses and hence increase the
safety factor.
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4 Tests and Results

Long durationfatigue testswere performed with two carbon-fibre tubes as described in Sec-
tion 2. Nominal mechanical and thermal loads were applied. Three methods of non-destructive
material evaluation were employed to detect possible defects such as matrix micro cracking,
delamination, and fibre breakage in the laminate. Each evaluation method was applied once
before and once after the fatigue test.

4.1 Test Set-up

The test set-upfor the fatigue tests is shown in Fig. 4.1–4.3. A screw drive applies a static
load to a steel tube which passes through the carbon-fibre tube to the upper flange of the spring
package (see Fig. 4.2, bottom of assembly). The spring package, which is under compression,
simulates the elasticity of the RF cavity. The lower plate is connected to the flange holding
the cold end of the carbon-fibre tube. The dynamic load is given by a magnetostrictive actuator
mounted in series with the screw drive and the steel tube. Its elongation results in a compressive
force on the steel tube and a tensile force on the carbon-fibre tube.

A force transducer measures the tensile force in the carbon-fibre tube and an inductive
transducer measures the displacement of the spring package. Both signals can be displayed on
an oscilloscope.

For the tests with a temperature gradient across the carbon-fibre tube, the test assembly
has been installed in a cryostat (see Fig. 4.1). The carbon-fibre tube, the steel tube, and the
two metal plates are located inside the cryostat. One end of the carbon-fibre tube was at liquid
helium temperature the other end at room temperature.

Figure 4.1: Test set-up with cryostat, power amplifier and control instrumentation
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Figure 4.2: Test set-up at room temperature
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Figure 4.3: Test assembly
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4.2 Tests

Both tubes were subjected to a static tensile load of 27 kN and to a dynamic load of 1 kN
with varying frequency (10–20 Hz) (see Table 4.1). Higher test frequencies could be obtained,

Table 4.1: Summary of the fatigue tests of the two tubes

Tube 1 Tube 2
Number of cycles (warm test)25 400 000 3 500 000
Frequency [Hz] 20 15
Dynamic load [kN] 1 1
Number of cycles (cold test) 3 500 000 3 800 000
Frequency [Hz] 10–15 15
Dynamic load [kN] 1 1

but only at the expense of smaller force amplitudes. While a relatively high number of cycles
were possible at room temperature, cycling at cryogenic temperatures was limited by the cost
of helium: 500 litres of helium lasted for about 8 hours. Cooling was interrupted overnight
while the mechanical load continued on the tubes. Thus, some thermal cycling was achieved.

Figure 4.4 shows the signal of the inductive transducer (see Fig. 4.3) together with the
signal of the current probe. The compression of the spring package is about 100�m when the
magnetostrictive actuator is driven by a current of 85 A. The frequency is 15 Hz. Both tubes
withstood the load summarized in Table 4.1 without any visible damage.

Figure 4.4: Actuator current (upper trace, 20 A/div) and compression of the spring
package (lower trace, 20�m/div). Time scale: 10 ms/div
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4.3 Material Inspection

From many methods that are used for non-destructive material inspection such as radiogra-
phy, thermography, and acoustic-emission testing [27]–[29], we chose the following three to
examine the tubes (see Fig. 4.5):

� Measurement of the tube geometry

� Microscopy of the side faces

� Ultrasonic inspection

.

Ultrasonic inspection of rectangular areas (203 mm x 4 mm)

L1

D1
D2

D5
D4D3

side face

side face

Figure 4.5: Location of ultrasonic inspection areas and geometry mea-
surements (L1, andD1 toD5)
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4.3.1 Measurement of the Tube Geometry

A Ferranti MERLIN 750 three-dimensional computer-supported measurement system with a
resolution of�3 �m was used to measure the dimensions of the tube before and after the
fatigue tests in order to detect possible plastic deformations due to internal defects such as fibre
breakage or delaminations. The diametersD1 andD2 (see Fig. 4.5) could also change, if the
attachment of glass fleece on the carbon-fibre cone in the end sections were to fail.

To measure the flatness of the tube’s side faces, eight coordinates of each side face were
measured and a plane was fitted to the eight points. In a similar way, the diameters of the ma-
chined surfaces (D1; D2) at both end sections were recorded by fitting a circle to eight measured
coordinates on the circumference. The length of the tube (L1) could now be calculated as the
distance between the two side faces along a straight line through the centre of the two circles.
This line was defined as the axis of the tube. Furthermore, the diameter of the unmachined
cylindrical part of the tube was measured at three axial coordinates (D3; D4; D5, see Fig. 4.5).
The results are listed in Table 4.2.

Table 4.2: Measurements of the tube geometry, see also Fig. 4.5; (all values in mm)

Before After Difference
Tube length (L1) 290.174 290.176 +0.002
Diameter of machined end section (D1) 72.869 72.863 �0.006
Diameter of machined end section (D2) 72.860 72.869 +0.009
Diameter of cylindrical part (D3) 60.961 60.955 �0.006
Diameter of cylindrical part (D4) 60.760 60.760 0.000
Diameter of cylindrical part (D5) 60.725 60.716 �0.009

The differences lie between+9 �m and�9 �m. They are possibly caused by:

1. The resolution of the system is�3 �m which could add up to 6�m.

2. The room temperature was kept in the range20� 0.5�C. Therefore, the tube temperature
could have been different by up to 1�C between the two measurements. Warming up the
tube by 1�C increases the diameter of the machined end sections by about 2.5�m and
decreases the tube length by about 0.2�m.

3. The tube was positioned on a V-shaped support. Although eight coordinates were mea-
sured to minimize statistical errors, some deviations due to positioning tolerances cannot
be excluded.

We conclude that the differences (Table 4.2) are too small to indicate substantial delaminations
or fibre breakage. Any plastic deformation of the end sections with the difficult bonding of the
glass fleece to the carbon-fibre cone (see Fig. 2.3) could not be seen.
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4.3.2 Microscopy of the Side Faces

The side faces of the tube were polished with a soft felt. Pictures were taken at three points on
each side face with different magnifications before and after the fatigue tests.

On all pictures (Fig. 4.6–4.13), big holes (black) can be seen as islands in the surrounding
fibre–matrix mixture (fibres white, matrix grey). The glass fleece appears with a medium grey
colour.

Comparing the pairs of corresponding pictures, one can see that the overall geometry
of holes and surrounding fibre–matrix mixture has not changed. In most cases each single
fibre can be recognized. No cracks or fibre pull-out can be seen and the bonding between the
fibre–matrix layer and the glass fleece layer is unchanged.

The pictures taken after the fatigue tests are not as clear as those taken before. Little arc-
shaped scratches diminish their quality. Fine traces of carbon on the V-shaped support indicate
that the scratches were caused when the tube was turned on the V-shaped support during the
ultrasonic examination.
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Figure 4.6: Microscopic picture of the cold end section of the tube,before fatigue test,
magnification� 100

Figure 4.7: Microscopic picture of the cold end section of the tube,before fatigue test,
magnification� 550
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Figure 4.8: Microscopic picture of the cold end section of the tube,after fatigue test,
magnification� 100

Figure 4.9: Microscopic picture of the cold end section of the tube,after fatigue test,
magnification� 550
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Figure 4.10: Microscopic picture of the warm end section of the tube,before fatigue test,
magnification� 100

Figure 4.11: Microscopic picture of the warm end section of the tube,before fatigue test,
magnification� 550
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Figure 4.12: Microscopic picture of the warm end section of the tube,after fatigue test,
magnification� 100

Figure 4.13: Microscopic picture of the warm end section of the tube,after fatigue test,
magnification� 550
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4.3.3 Ultrasonic Inspection

In ultrasonic inspection, sound waves are used to detect internal defects in a probe. The sound
waves are produced by electrically exciting a piezoelectric transducer; they then enter the probe
via a liquid coupling medium. Inside the probe, the sound waves are reflected and/or attenu-
ated by internal defects. The reflected and the transmitted sound waves can be converted into
electrical signals by means of receiving transducers.

In thethrough-transmission method, the piezoelectric receiver is positioned at the back
surface of the material. It receives the sound waves from the sending transducer at the front
surface of the material. At a location of a defect the received signal is weaker than at other
locations. The received signals are compared with preset threshold values and displayed. It is
obvious that the through-transmission method requires access to the back surface of the probe.
For our tube access to the back surface is difficult.

We use theimpulse-echo method. Here, the reflected sound waves are picked up either
by the sending transducer itself or by a second receiving transducer close by. The signals are
sent to a cathode-ray tube screen, where their amplitudes are plotted versus time. This is a
so-calledA-scan (see Fig. 4.14). A typical A-scan of homogeneous test material without any
defects is a horizontal line with two peaks. The first peak is caused by the reflection on the front
surface of the probe, and the second peak is caused by its back surface. The distance between
the two peaks on the horizontal axis is proportional to the time it took the sound waves to travel
twice through the probe (see Fig. 4.14). In the case of internal defects or inhomogeneities
further reflections occur. Their location (deepness) in the material can be calculated from the
distance between the different peaks and the velocity of sound in the probe.

Figure 4.14: Ultrasonic testing with the impulse-echo method and an A-scan [1]

A C-scan is a plane view representation of the probe. It consists of a two-dimensional
array of measurement points. Each measurement point corresponds to one position of the
sending transducer. The magnitude of echoes caused either by defects (interface echo) or by
the back surface of the probe (back surface echo) is, for each measurement point, represented
by a colour or grey scale. The back surface echo is weak when the interface echo is strong, and
vice versa. Consequently, two C-scans of the same probe, one showing the interface echo, the
other one showing the back surface echo, have inverted colours or grey scales.

Ultrasonic inspection of fibre-reinforced laminates is more difficult than for metals. The
laminates are by nature inhomogeneous and anisotropic (fibre and matrix) and they often have
air inclusions due to the manufacturing process (they can be clearly seen in our microscopic
pictures of the side faces). As a result, a scan of an undamaged laminate shows echo amplitudes
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which vary much more strongly than in a scan of an undamaged metal. It is therefore a priori
not clear how to detect a defect in a laminate.

However, ultrasonic inspection has been successfully used by other experimenters. For
example, Henneke [30] reports on experiments with graphite-fibre-reinforced epoxy laminates
before and after fatigue loading. He found clear indications of damage propagation (increasing
number of cracks and growing delaminations). Hillger [31] investigated the resolution of C-
scans using an 80�m thin Teflon film as artificial delamination in the midplane of a 4 mm thick
laminate. He showed that delaminations with diameters as small as 300�m can be detected.

The tubes were examined using two different ultrasonic inspection systems: AKrautkrä-
mer USIP12 system which is mainly for the examination of flat probes and aUSL (Ultrasonic
Sciences Ltd)system which also allows curved probes to be scanned in one turn by rotating
them automatically on a turntable with a stepping motor. This minimizes errors due to bad
alignment. To use theKrautkrämersystem for our tubes, a V-shaped support structure was
constructed allowing several long thin areas to be scanned by rotating the tube manually after
each scan (see Fig. 4.5).

25



Scan No. 1 No. 2 No. 3 No. 4 No. 5
Compression cycles 0 1 2 3 4
Applied load (kN) 0 100 130 97 99
Cracking sound No No Yes Yes Yes

C-scans

Figure 4.15: Detection of defects caused by compression
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Detection of Defects We investigated the problem of defect detection and compared C-scans
of an undamaged laminate with C-scans of the same laminate after it was exposed to increasing
mechanical load cycles until damage occurred (Fig. 4.15).

Figure 4.16 shows the colour palette. The white colour corresponds to a no or a low echo
amplitude, the black colour corresponds to a strong echo amplitude. Strong echo amplitudes

Figure 4.16: The colour palette for different echo amplitudes

are caused by internal defects and inhomogeneities. Consequently, using interface echo, defects
dark-shift the colour of a C-scan. Figure 4.15 shows five C-scans of the same area of one sample
tube. After a preliminary scan the tube was exposed to one load cycle. An axial compressive
load of 100 kN was applied to the tube sample which has a 400 mm2 cross-section. After
this first load cycle the tube sample was examined by ultrasonic inspection again. Then the
load was successively increased until the sound of fibre breakage was heard. The test was then
immediately stopped and the tube was scanned again. Following this scheme four compression
cycles were performed and five C-scans recorded.

We can see in Fig. 4.15 that no substantial changes occurred during the first three load
cycles. The last compression cycle, however, caused a defect which can be seen as a black area
in the lower half of scan no. 5 (marked ”*“). The lower part of scan no. 5 differs completely
from the corresponding parts of scans no. 1–4. The colour shifts from light blue and yellow
to black which corresponds to 5–6 steps of the colour palette. Also the shape of the damaged
area of scan no. 5 is very different from the corresponding areas of scans no. 1–4. We are sure
of having looked at the same area of the sample since other patterns of the scanned area repeat
themselves from scan no. 1 to scan no. 5, for example, the large dark spot on the top.

The defect on scan no. 5 (marked ”*“) can also be seen in a complementary A-scan
(Fig. 4.17). It shows the echo peaks of the front surface (left peak), the back surface (right
peak) and in between the echo caused by an internal defect.

Figure 4.17: Ultrasonic A-scan of the defect area of scan no. 5 in Fig. 4.15 (marked ”*“)
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Area 1 Area 2 Area 3
Scan 1 Scan 2 Scan 1 Scan 2 Scan 1 Scan 2

Figure 4.18: Repeatability test
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Repeatability Test To investigate the accuracy of alignment of the carbon tube on the V-
shaped support, two scans of three areas (203 mm� 4 mm) were performed. Between the two
scans the tube was taken from the V-shaped support and realigned using an optical mark.

Figure 4.18 shows the results. In the case of perfect repeatability two pictures of the same
area should be identical. However, some deviations can be observed but colour variations in
most cases do not exceed one colour step in the palette (Fig. 4.16). The size and the shape of
patterns of equal colour change only slightly but most patterns such as points or long shapes
can easily be recognized. No strong deviations (such as the one due to damage between scan
no. 4 and scan no. 5 in Fig. 4.15) can be seen.
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Area 1 Area 2 Area 3
Before After Before After Before After

Figure 4.19: C-scans before and after the fatigue tests
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Ultrasonic Investigation of Tube We scanned 12 thin rectangular areas (see Fig. 4.5), each
of them once before and once after the fatigue tests. Three pairs of typical C-scans out of 12
are presented in Fig. 4.19. Slight variations in colour and shape of the recorded patterns can be
seen. Most changes in colour do not exceed one step in the colour palette (for example from
green to red), and most patterns change shape only slightly. Substantial changes, however,
such as caused by our compression test (see scan no. 4 and scan no. 5 in Fig. 4.15), are not
observed. The differences between two C-scans of the same area (Fig. 4.19) are no bigger than
the differences found in the previous repeatability tests (Fig. 4.18).

Two pairs of C-scans of the whole tube were recorded. Figures 4.20 and 4.21 show the
back surface echo, whereas Figs. 4.22 and 4.23 show the interface echo. The whole surface C-
scans (Figs. 4.20–4.23) confirm the results of the partial scans (of the long thin areas) presented
above. The inhomogeneities which are due to the manufacturing process can be clearly seen.
Moreover, the whole surface C-scans show that these inhomogeneities have regularities which
could not be observed from the narrow partial scans: line patterns of equal colour are running
along the C-scans with constant slopes. They correspond to the winding angle of the tube of
18�. In general, all patterns repeat themselves better in the whole surface scan than in the
partial scans. Hardly any difference can be found between Fig. 4.20 and Fig. 4.21. This is most
likely due to the smaller alignment errors. From the high similarity of corresponding C-scans
which were taken before and after the fatigue test with both ultrasonic inspection systems, we
conclude that no defects (such as those caused by our compression tests) were caused by the
fatigue tests.
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Figure 4.20: Ultrasonic C-scan of the cylindrical part of the tubebefore the fatigue
tests, using the echo of the back surface (B); transducer: 2.25 MHz;
focal length: 64 mm

32



Figure 4.21: Ultrasonic C-scan of the cylindrical part of the tubeafter the fatigue
tests, using the echo of the back surface (B); transducer: 2.25 MHz;
focal length: 64 mm
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Figure 4.22: Ultrasonic C-scan of the cylindrical part of the tubebefore the fatigue
tests, using interface echo (between A and B); transducer: 5 MHz; focal
length: 32 mm
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Figure 4.23: Ultrasonic C-scan of the cylindrical part of the tubeafter the fatigue
tests, using interface echo (between A and B); transducer: 5 MHz; focal
length: 32 mm
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5 Conclusions

The carbon-fibre tube of the tuning structure of the superconducting RF cavities of the LHC
has to satisfy conflicting requirements: high mechanical stiffness and low thermal conduction.
In addition, the tube has to withstand the oscillatory tuning forces for a high number of loading
cycles without fatigue failure.

We have designed a tube of carbon-fibre-reinforced laminate which meets these require-
ments. Two tubes have been successfully manufactured and tested under nominal mechanical
and thermal loads. After a large number of loading cycles (up to 28 million) no signs of ma-
terial fatigue could be detected by precise geometry measurements, microscopy, and extensive
ultrasonic inspection.

We have demonstrated that ultrasonic inspection is a good tool to look for defects in
carbon-fibre-reinforced laminates. Good repeatability was obtained and damage caused by
cyclic compression loading was easily detected.
For further developments we recommend:

� Reduction of the winding angle. This will increase the axial stiffness at the expense of
reduced radial strength which is acceptable.

� Stress due to thermal gradients can be important as shown by model calculations. The
fatigue due to a large number of thermal cycles should be investigated.

� Radiation can cause considerable loss of strength of the matrix, in particular when the
matrix is prestressed. Since the tube is under permanent tensile stress additional irradia-
tion tests are recommended.
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Appendix A: Temperature Distribution

We use Eq. (3.2) from Section 3

d
dx

 
�3(#)

d#
dx

!
= 0 ; (A.1)

where the temperature dependence of the thermal conductivity is given by

�3(#) = a�#
3 + b�#

2 + c�# + d� : (A.2)

The constantsa�, b�, c�, andd� are determined by a least-square fit to extrapolated experimental
data (see Fig. A.1):

a� = �1:64� 10�7 W=(m � K4) ;

b� = 6:50� 10�5 W=(m � K3) ;

c� = 1:25� 10�2 W=(m � K2) ;

d� = �1:39� 10�1 W=(m � K) : (A.3)

Integration of Eq. (3.2) gives

�3(#)
d#
dx

= _qx ; (A.4)

where _qx is the heat flow rate per unit area in axial direction which is a constant.
Separating the variables and integrating we obtain the temperature as a function of the axial
coordinate: Z

#

#1

�3(�) d� = _qx x : (A.5)

Integrating over the whole tube length we obtain for the heat flow rate

_Qx = _qxAs =
Z

#2

#1

�3(�) d�
As

L
: (A.6)

Numerically solving Eq. (A.5) with#1 = 15 K, #2 = 290 K,As = 546.6 mm2, andL =
250 mm, one obtains the temperature as a function of the axial coordinatex (see Fig. 3.2).
The heat flow resulting from Eq. (A.6) is_Qx = �1:5 W. The negative sign indicates that heat
flows in negativex-direction.
The fourth-order polynomial

#(x) = a#x
4 + b#x

3 + c#x
2 + d#x + e# ; (A.7)

with

a# = �318334:1 K=m4 ;

b# = 186248:4 K=m3 ;

c# = 38687:9 K=m2 ; (A.8)

d# = 4072:4 K=m ;

e# = #1 = 15 K :

was fitted to the numerical solution. Figure 3.2 in Section 3 shows the numerical solution
(dotted line) and the curve fit (continuous line). Equation (A.7) is used in the following section
to calculate the stress–strain distribution of the laminate.
Matlabsoftware was used for the numerical solution of the differential equation of conduction
of heat and for the curve fits. The program codes are listed below in Appendix C.
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Figure A.1: Thermal conductivity as a function of temperature, least-square fit and
extrapolated experimental data. The manufacturer (Stesalit AG) could
only provide the value of thermal conductivity at room temperature.
All other values were extrapolated using the measurements performed
at CERN by M. Mathieu [32].

40



Appendix B: Ply Stresses and Strains

The forces and moment resultants1 Ni, andMi, are linked with the midplane strains and the
shell curvatures,�0

i
and�i, respectively, by the following equations:

Ni = Aij�
0
j
+Bij�j �N#

i

Mi = Bij�
0
j
+Dij�j �M#

i

)
i; j = 1; 2; 6 ; (B.1)

where2

Ni =
R h=2
�h=2 �i dz;

Mi =
R h=2
�h=2 �i z dz

9=
; i = 1; 2; 6 ; (B.2)

with ( )1 = ( )x, ( )2 = ( )�, and( )6 = ( )x�. The elements of the stiffness matrix can be
written as

Aij =
R h=2
�h=2Qij dz

Bij =
R h=2
�h=2Qij z dz

Dij =
R h=2
�h=2Qij z

2 dz

9>>=
>>; i; j = 1; 2; 6 ; (B.3)

and the thermal forces and moments can be expressed

N#

i
=
R h=2
�h=2Qij �

#

j
dz

M#

i
=
R h=2
�h=2Qij �

#

j
z dz

9=
; i; j = 1; 2; 6 ; (B.4)

where

�#
i
= �i4 #; i = 1; 2; 6 ; (B.5)

and�i are the coefficients of thermal expansion.
In Eqs. (B.3),(B.4),Q is the reduced anisotropic stiffness matrix for plane stress which has to
be calculated for each ply. It relates ply stresses to ply strains in the coordinate system of the
tube (x; �; z-system), according to

�i = Qij(�j � �#
j
); i = 1; 2; 6 : (B.6)

The matrixQ can be obtained from the ply-stiffness matrix in the ply-coordinate system (su-
perscriptp) which is

Qp =

0
B@
Q

p

11 Q
p

12 Q
p

16

Q
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26

Q
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E11

1��12�21

�12E22
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�12E22
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E22

1��12�21
0

0 0 G12

1
CA ; (B.7)

whereE11 is the elastic modulus of the ply in the fibre direction,E22 is the elastic modulus of
one ply in the transverse direction,�12 is the major Poisson ratio,�21 is the minor Poisson ratio
andG12 is the shear modulus of the ply.

1The units ofNi andMi are not force and moment units, but force and moment divided by length. However,
they are usually referred to as forces and moments, since they represent the forces divided by the width (or the
circumference) of the laminate.

2Assumingh
2
<< R.
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Figure B.1: Rotation from ply to global coordinate system

We obtain the reduced anisotropic stiffness matrixQ (for the tube coordinate system) from the
reduced orthotropic stiffness matrixQp (for the ply-coordinate system) by means of a transfor-
mation3 [26],[1] using the relation

Q = TQQ
p; (B.8)

where

Q =

0
BBBBBBBB@

Q11

Q12

Q22

Q16

Q26

Q66 ;

1
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(B.9)

and

TQ =

2
666666664

c4 2s2c2 s4 0 0 4s2c2

s2c2 s4 + c4 s2c2 0 0 �4s2c2

s4 2s2c2 c4 0 0 4s2c2

c3s s3c� c3 s �s3c 0 0 2(s3c� c3s)
s3c c3s� s3c �c3s 0 0 2(c3s� s3c)
s2c2 �2s2c2 s2c2 0 0 s4 + c4 � 2s2c2

3
777777775
; (B.10)

with
s= sin�; c = cos�:

The definition of the angle� can be seen from Fig. B.1.
The midplane strains and curvatures of the right-hand side of Eq. (B.1) are expressed in terms
of displacements.

3More generally speaking stiffness matrices are fourth-order tensors that can be transformed using the tensor
transformation lawQmnop = Q

p

ijklcmicnjcokcpl, where thec’s are the direction cosine [18].
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In cylindrical coordinates the displacements in the axial, circumferential, and radial direction
areu; v; andw, respectively. The strain-displacement relations are derived for example by
Flügge [33] or given by Whitney [21]:
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x
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@u0
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; �x = �@2w
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;

�0
�
=
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�
@2w
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�
; (B.11)
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With the assumptions of plate and laminate laminate theory, the strain varies linearly with
laminate thickness. Therefore, we can express the strains of the laminate as0
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�x
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�x�

1
CA =
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��
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CA ; (B.12)

where midplane strains and curvatures on the right-hand side are functions of the axial and the
circumferential coordinate, only. The strain in the different plies varies linearly with laminate
thickness.
From the equilibrium of forces on a volume element we get the following equations [33],[21]:
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+
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= 0 ; (B.13)
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= 0 : (B.15)

For thecalculation of the displacementsof a laminate under thermal and mechanical loading,
we have to know the temperature distribution in order to calculate the thermal forces according
to Eq. (B.4). We then express the mechanical forces [Eq. (B.1)] in terms of thermal forces,
elements of the stiffness matrix [Eq. (B.3)], and the unknown midplane strains and curvatures,
written in terms of displacements according to Eq. (B.11). Substituting these expressions for
the forces in Eqs. (B.13)–(B.15), we find three partial differential equations for the axial, the
radial, and the circumferential displacements. These equations have to be solved with the
appropriate boundary conditions.
Using the assumptions made in Section 3

A16 = A26 = D16 = D26 = 0 ; (B.16)

B = 0 ; (B.17)

v = 0 ; and (B.18)
@( )

@�
= 0 ; (B.19)

we obtain thesimplified equations. From Eq. (B.11), we get:
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= 0 ; �x� = 0 :
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With Eq. (B.1) and the above results, we obtain
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; (B.21)

and we see that

Nx� = Mx� = 0 (B.22)

must hold. Using this together with the assumptions made (v = 0, and@( )

@�
= 0), we get from

Eqs. (B.13)–(B.15):

@Nx

@x
= 0 ; (B.23)

0 = 0 ;

@2Mx

@x2
+
N�

R
= 0 : (B.24)

One of these equations is already fulfilled since we used the assumptionv = 0.

We now express the forces and moments in Eqs. (B.23), (B.24) using Eq. (B.21), and we
substitute the midplane strains and curvatures according to Eq. (B.20). We find two partial
differential equations foru, andw:
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Integrating the first equation gives

A11
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x
= Nx = k1 ; (B.27)

where the constantk1 is given by the first boundary condition [see Eq. (3.4)]:

k1 = F : (B.28)

Solving Eq. (B.27) for@u=@x, and substituting this in the second equation, we get a fourth-
order ordinary linear differential equation for the radial displacement:
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where the temperature-dependent forcesN#

x
, andN#

�
are proportional to

4# = #c � #(x) = �a#x
4 � b#x

3 � c#x
2 � d#x+ #c � e# ; (B.30)
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and@2M#

x
=@x2 is proportional to the second derivative of4#.

In Eq. (B.30),#(x) is the temperature of the tube as a function ofx, calculated above [Eq. (A.7)],
and#c is the laminate curing temperature which is a constant. The constants introduced in
Eq. (B.29) are

A1 = �D11 ; (B.31)

A2 = �
1

R2
D12 ; (B.32)

A3 = �
1

R2

 
A22 +

A2
12

A11

!
: (B.33)

We write for the displacement in the radial direction

w = wh + wp ; (B.34)

wherewh is the solution of the homogeneous differential equation, andwp a particular solution
of the non-homogeneous differential equation. The solution is

wh = e�x : (B.35)

The characteristic polynomial

A1�
4 + A2�

2 + A3 = 0 ; (B.36)

has in our case two pairs of conjugate complex solutions:

�1 = a+ ib ; �2 = a� ib ;

�3 = �a + ib ; �4 = �a� ib : (B.37)

According to Ref. [34], we can write for the solution

wh = eax(c1 sin(bx) + c2 cos(bx)) + e�ax(c3 sin(bx) + c4 cos(bx)) ;
(B.38)

wherec1, c2, c3, andc4 are constants.

The right-hand side of Eq. (B.29) can be written as a fourth- order polynomial (the thermal
forces are proportional to4#, otherwise there are only constants). Therefore, the particular
solution is

wp = awx
4 + bwx

3 + cwx
2 + dwx + ew : (B.39)

Differentiatingwp four times, and substituting into the differential equation, we can determine
the coefficients ofwp by comparing the coefficients with equal powers ofx and solve foraw,
bw, cw, dw, andew.
The complete solution for the radial displacement is the sum of the homogeneous and the
particular solution according to Eq. (B.34)

w = eax(c1 sin(bx) + c2 cos(bx)) + e�ax(c3 sin(bx) + c4 cos(bx)) +

awx
4 + bwx

3 + cwx
2 + dwx + ew : (B.40)
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Substituting the solution forw in Eq. (B.27) and integrating this equation gives the solution for
the displacement in the axial direction:

u0(x)� u0(0) =
1

A11
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x
+ F �

A12

R
w

�
dx ; (B.41)

where the termu0(0) that occurs on the left-hand side is zero according to the boundary condi-
tions [see Eq.(3.4)] in Section 3.
There are four boundary conditions for the four constantsc1,..., c4. They can be formulated
using Eqs. (B.41),(B.40), and for the last two boundary conditions using Eq. (B.21, B.20) as
well. This results in a system of four linear equations for the four constants.

Once these four constants are known, the midplane strains and curvatures are used to calculate
the strains in each ply with the assumption of laminate theory that strain varies linearly over
laminate thickness [Eq. (B.12)]. This gives the strains in the global coordinate system (x; �; z-
system).

In order to get the strains in the coordinate system of each ply (superscriptp), we have to
transform the strains from the global coordinate system, to the coordinate system of each ply,
using

�
p

i = Tij�j; i = 1; 2; 6 ; (B.42)

where

T =

0
B@ cos2 � sin2 � cos� sin�

sin2 � cos2 � � cos� sin�
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1
CA (B.43)

is the transformation matrix used for the engineering strains, with� according to Fig. B.1.

We can now calculate the ply stress in the fibre direction (�1) and in the transverse direction
(�2), and the in-plane shear stress (�6 = �12) using

�
p

i = Q
p

ij(�
p

j � �
p;#

j ); i = 1; 2; 6 ; (B.44)

with Qp given in Eq. (B.7).
The ply stresses and strains as a function of the axial coordinate are shown in Fig. 3.3.
The program code (Matlab) is given in Appendix C.
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Appendix C: Program Codes

Temperature Distribution

Matlab M-File ”solofde.m”
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Iterative Solution of D.E. of Conduction of Heat
% "solofde.m"
% Gero Pflanz, CERN, March 97
% SL-Division
% RF-Group
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% governing Equation: -lambda(T)*dT/dx = const = qpkt
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% This file requires the files
%
% - curfi1.m
% - curfi2.m
% - d_e.m
% - lambda_T.m
%
% in the same directory
%
%
% effective length of tube in meters

l = 0.25

% diameters of tube in m

% inner diameter

di = 0.055

% outer diameter

da = 0.061

% Temperatur at both ends of tube in Kelvin

T1 = 15
T2 = 290
global T1;

% Cross-Section of Tube

A_s = pi/4*(daˆ2-diˆ2)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Curve-Fit to experimental Data,
% Thermal Conductivity as a Function of
% Temperature
%
% lambda(T) = a1(1) + a1(2)*T + a1(3)*Tˆ2 + a1(4)*Tˆ3
% table of measured heat conduction coefficients
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Experimental Data, Temperatures in [K],
% lambda in [W/(Km)]

T = [ 20 30 40 50 60...
80 100 200 300];

lambda_T = [0.17 0.28 0.43 0.61 0.80...
1.18 1.64 3.63 5.02];

% Parameters for Algorithm

opti=foptions;
opti(2)=1e-9;
opti(3)=1e-9;
opti(7)=1;
opti(14)=1000;

% Starting guess

a1 = 0
b1 = 0.0001
c1 = 0.01
d1 = -0.04

a1vect = fmins(’curfi1’,[a1 b1 c1 d1],opti);

a1 = a1vect(1)

b1 = a1vect(2)
c1 = a1vect(3)
d1 = a1vect(4)

global a1vect;

% plot of Curve Fit and exp. data

hold off
ti=1:310;
plot(ti,d1+c1*ti+b1*ti.ˆ2+a1*ti.ˆ3,’g’); % Fit
hold on
axis([10 310 0 5.1])
plot(T,lambda_T,’or’); % Measurement
hold on
title([’Coefficients of Heat - Conduction over absolute...

Temperature’]);
xlabel([’ Temperature [K]’]);
ylabel([’ Coefficient of Heat Conduction [W/(mK)]’]);
grid on

% Calculation of Heat flow through Tube

Qpkt = -A_s/l*quad8(’lambda_T’,T1,T2) % Integration
qpkt = Qpkt/A_s;

global qpkt;

% Solution of D.E. using Newtons Method,
% Temperature calculated for each millimeter of tube length

T=T2;
global x;
for x=l:-0.001:0.0

T=fzero(’d_e’,T);
Tc(x*1000+1)=T;

end

Tgl = Tc;
lgl = [0.0:0.001:l];
global lgl Tgl;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Curve-Fit to the iterative Solution of the,
% Differential Equation.
% Temperature as a function of tube-length
%
% T = T1 + d*x + c*xˆ2 + b*xˆ3 + a*xˆ4
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Starting guess

a = -319121;
b = 186652;
c = -38753;
d = 4075.7;

a2vect = fmins(’curfi2’,[a b c d],opti);

global a2vect;

a = a2vect(1)
b = a2vect(2)
c = a2vect(3)
d = a2vect(4)

global a1vect;

hold off
ti=0:0.001:0.25;
plot(ti,T1+d*ti+c*ti.ˆ2+b*ti.ˆ3+a*ti.ˆ4,’y’); % Fit
hold on
axis([0 0.250 0 300])
plot(ti,Tgl(ti*1000+1),’y.’); % Solution
hold on
title([’Temperature over Tube-Length, Iterative Solution...

and Curve Fit’]);
ylabel([’Temperature ("-" = Iter. Sol. of D.E.,".-" = ...
Curve Fit to Sol.) [K]’]);
xlabel([’ Effective Tube Length in meters [m]’]);
grid on

% Save Coefficients of Curve Fit for Stress-Strain...
Calculations

save c:\temp\coeff a2vect

Matlab Sub-Routine ”curfi1.m”
% Curve Fit to experimental data,
% Thermal conductivity as a function of temperature
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function te = curfi1(lam)

% Extrapolated experimental data (Temperature and
% Coefficient of Thermal Conductivity)

T = [ 20 30 40 50 60...
80 100 200 300];

lambda_T = [0.17 0.28 0.43 0.61 0.80...
1.18 1.64 3.63 5.02];

% Function chosen for Curve Fit

y = lam(4) + lam(3)*T +lam(2)*T.ˆ2+lam(1)*T.ˆ3;

% Error as the sum of the distances of the measured point,
% from the point of the fitted curve

e=0;
for a=1:length(T)

e = e+(lambda_T(a)-y(a))ˆ2;
end
te=e

Matlab Sub-Routine ”curfi2.m”
% Curve Fit through iterative solution of the
% D.E. of conduction of heat

function te = curfi2(lam)
global lgl Tgl T1;

% Function chosen for Curve Fit

y = T1 + lam(4)*lgl+lam(3)*lgl.ˆ2+...
lam(2)*lgl.ˆ3+lam(1)*lgl.ˆ4;

% Error

e=0;
for a=1:length(Tgl)

e = e+(Tgl(a)-y(a))ˆ2;
end
te=e

Matlab Sub-Routine ”d e.m”
function zero = x_T(T)

global qpkt x T1 a1vect;
zero = - quad(’lambda_T’,T1,T)/qpkt - x;

Matlab Sub-Routine ”lambda T.m”
function y = lambda_T(t)
global a1vect;
y = a1vect(4) + a1vect(3)*t +...

a1vect(2)*t.ˆ2 + a1vect(1)*t.ˆ3;

Stress Analysis

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% PLYSTR.M
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% M-File for calculation of Stiffness-Matrices,
% and Stress-Strain Distribution
% For Carbon-Fibre Reinforced Tube for Tuner
% Gero Pflanz, April 1997
% CERN
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Ply-constants

E11 = 143500000000
E22 = 9500000000
v12 = 0.32
v21 = 0.021
G12 = 6150000000
al11 = -8.0E-7
al22 = 3.7E-5
SL = 2550000000
ST = 68000000
SS = 80000000

% mechanical load, x-direction

% divided by cross-section

sigman = 54000000;

% Layers coordinates, thickness, over all radius,
% tube length (meters)

h = -0.0015:0.00075:0.0015
t = 0.003
R = 0.029
L = 0.25

% Winding angle

alpha = 18

% Load cefficients of temperature polynomial
% deltaT(x)=At*xˆ4+Bt*xˆ3+Ct*xˆ2+Dt*x+Et

load c:\temp\co

% Curing Temperature

Tcur=385

At = a2vect(1)
Bt = a2vect(2)
Ct = a2vect(3)
Dt = a2vect(4)
Et = 15-Tcur

% Loop to calculate stresses for different winding angles

for alpha = 1:1:90

% ply-stiffness matrix in ply-coordinate system

q11 = E11 / (1 - v12*v21);
q22 = E22 / (1 - v12*v21);
q12 = v12*E22 / (1 - v12*v21);
q12 = v21*E11 / (1 - v12*v21);
q66 = G12;

Q = [ q11 q12 0 ; q12 q22 0 ; 0 0 q66 ];

u1 = 1/8*(3*q11 +3*q22 +2*q12+4*q66);
u2 = 1/2*(q11-q22);
u3 = 1/8*(q11+q22-2*q12-4*q66);
u4 = 1/8*(q11+q22+6*q12-4*q66);
u5 = 1/2*(u1-u4);

% Transformation to global coordinate system, for both ply
% orientations

theta = alpha*pi/180;

s2t = sin(2*theta);
s4t = sin(4*theta);
c2t = cos(2*theta);
c4t = cos(4*theta);

qp11 = u1 + u2*c2t + u3*c4t;
qp12 = u4 - u3*c4t;
qp22 = u1 - u2*c2t + u3*c4t;
qp16 = 1/2*u2*s2t + u3*s4t;
qp26 = 1/2*u2*s2t - u3*s4t;
qp66 = u5 - u3*c4t;

Qp = [qp11 qp12 qp16 ; qp12 qp22 qp26 ; qp16 qp26 qp66];
Sp = inv (Qp);

c2=(cos(theta))ˆ2;
s2=(sin(theta))ˆ2;
sc = sin(theta) * cos(theta);
al11;
al22;
alp(1) = al11 * c2 + al22*s2;
alp(2) = al11 * s2 + al22*c2;
alp(3) = 2 * sc * (al11-al22);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

theta = -alpha*pi/180;

s2t = sin(2*theta);
s4t = sin(4*theta);
c2t = cos(2*theta);
c4t = cos(4*theta);

qm11 = u1 +u2*c2t + u3*c4t;
qm12 = u4 - u3*c4t;
qm22 = u1 - u2*c2t + u3*c4t;
qm16 = 1/2*u2*s2t + u3*s4t;
qm26 = 1/2*u2*s2t - u3*s4t;
qm66 = u5 - u3*c4t;
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Qm = [qm11 qm12 qm16 ; qm12 qm22 qm26 ; qm16 qm26 qm66];
Sm = inv (Qm);

c2=(cos(theta))ˆ2;
s2=(sin(theta))ˆ2;
sc = sin(theta) * cos(theta);

alm(1) = al11 * c2 + al22*s2;
alm(2) = al11 * s2 + al22*c2;
alm(3) = 2 * sc * (al11-al22);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculation of laminates stiffness matrices

for m = 1 : 3
for n = 1 : 3

A(m,n) = Qp(m,n) * (h(2)-h(1)) +...
Qm(m,n) * (h(3)-h(2)) +...
Qp(m,n) * (h(4)-h(3)) +...
Qm(m,n) * (h(5)-h(4));

D(m,n) = 1/3*(...
Qp(m,n) * ((h(2))ˆ3 - (h(1))ˆ3) +...

Qm(m,n) * ((h(3))ˆ3 - (h(2))ˆ3) +...
Qp(m,n) * ((h(4))ˆ3 - (h(3))ˆ3) +...

Qm(m,n) * ((h(5))ˆ3 - (h(4))ˆ3)...
);

end
end
B=[[0 0 0];[0 0 0];[0 0 0]];

% Laminate Stiffness matrices, and inverse

AI=inv(A);
DI=inv(D);

AA=[[A B];[B D]];
AAI=inv(AA);

% Calculation of thermal forces

Ts(1) = 2 * (h(2) - h(1)) * (Qp(1,1)*alp(1) +...
Qp(1,2)*alp(2) + Qp(1,3)*alp(3)) +...

2 * (h(3) - h(2)) * (Qm(1,1)*alm(1) +...
Qm(1,2)*alm(2) + Qm(1,3)*alm(3));

Ts(2) = 2 * (h(2) - h(1)) * (Qp(2,1)*alp(1) +...
Qp(2,2)*alp(2) + Qp(2,3)*alp(3)) +...

2 * (h(3) - h(2)) * (Qm(2,1)*alm(1) +...
Qm(2,2)*alm(2) + Qm(2,3)*alm(3));

Ts(3)=0; % Orthotropes Rohr

Tss(1) =1/2*(...
((h(2))ˆ2 - (h(1))ˆ2)*(Qp(1,1)*alp(1) +...

Qp(1,2)*alp(2) + Qp(1,3)*alp(3)) +...
((h(3))ˆ2 - (h(2))ˆ2)*(Qm(1,1)*alm(1) +...

Qm(1,2)*alm(2) + Qm(1,3)*alm(3)) +...
((h(4))ˆ2 - (h(3))ˆ2)*(Qp(1,1)*alp(1) +...

Qp(1,2)*alp(2) + Qp(1,3)*alp(3)) +...
((h(5))ˆ2 - (h(4))ˆ2)*(Qm(1,1)*alm(1) +...

Qm(1,2)*alm(2) + Qm(1,3)*alm(3)));
Tss(2) =1/2*(...

((h(2))ˆ2 - (h(1))ˆ2)*(Qp(2,1)*alp(1) +...
Qp(2,2)*alp(2) + Qp(2,3)*alp(3)) +...

((h(3))ˆ2 - (h(2))ˆ2)*(Qm(2,1)*alm(1) +...
Qm(2,2)*alm(2) + Qm(2,3)*alm(3)) +...

((h(4))ˆ2 - (h(3))ˆ2)*(Qp(2,1)*alp(1) +...
Qp(2,2)*alp(2) + Qp(2,3)*alp(3)) +...

((h(5))ˆ2 - (h(4))ˆ2)*(Qm(2,1)*alm(1) +...
Qm(2,2)*alm(2) + Qm(2,3)*alm(3)));

Tss(3)=0; % Orthotropes Rohr

% Thermal forces divided by deltaT(x)

nth=Ts;
mth=Tss;
Nme = [sigman*t 0 0 0 0 0];
N = Nth + Nme;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Solving for Displacements u und w
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Solving the homogeneous differential equation

A1 = -D(1,1);
A2 = -D(1,2)/(Rˆ2);
A3 = -1/(Rˆ2)*(A(2,2)-(A(1,2)ˆ2)/A(1,1));

% a,b aus charakteristischem Polynom der Homogenen DGl.

rho1 = -A2/(2*A1) + ( A2ˆ2/(4*A1ˆ2) - A3/A1)ˆ0.5;
rho2 = -A2/(2*A1) - ( A2ˆ2/(4*A1ˆ2) - A3/A1)ˆ0.5;

lambda1 = (rho1)ˆ0.5;
lambda2 = (rho2)ˆ0.5;
lambda3 = -(rho1)ˆ0.5;
lambda4 = -(rho2)ˆ0.5;

a = abs(real(lambda1));
b = abs(imag(lambda1));

% Solving the partial differential equation

Kst = (-nth(2)/R + A(1,2)/(A(1,1)*R) * nth(1) );
Kstst = Nme(1) * A(1,2) / (A(1,1)*R);

% Coefficients of the partial solution

Ap = Kst*At/A3;
Bp = Kst*Bt/A3;
Cp = (Kst*Ct + mth(1)*12*At - 12*Ap*A2)/A3;
Dp = (Kst*Dt + mth(1)*6*Bt - 6*Bp*A2)/A3;
Ep = (Kst*Et + mth(1)*2*Ct - 2*Cp*A2 - 24*Ap*A1 + Kstst)/A3;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Calculation of displacements and their derivatives
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Abbriviations

ALB = At*Lˆ4 + Bt*Lˆ3 + Ct*Lˆ2 + Dt*L + Et;

eal = exp(a*L);
emal = exp(-a*L);

sbl = sin(b*L);
cbl = cos(b*L);

a2mb2 = aˆ2 - bˆ2;
a2b2 = aˆ2 + bˆ2;

ab2 = 2*a*b;

ab2sbl = ab2*sbl;
ab2cbl = ab2*cbl;

% System of linear equations for the constants

K10 = mth(1)*Et + D(1,2)/(Rˆ2)*(Ep) +...
D(1,1)*(2*Cp);

K11 = -ab2*D(1,1);
K12 = -a2mb2*D(1,1) - D(1,2)/(Rˆ2);
K13 = ab2*D(1,1);
K14 = -a2mb2*D(1,1) - D(1,2)/(Rˆ2);

K20 = ( nth(2)*Et - A(1,2)/A(1,1) *...
( nth(1)*Et + Nme(1) )) *...
R/(A(2,2)-(A(1,2)ˆ2)/A(1,1)) - Ep;

K21 = 0;
K22 = 1;
K23 = 0;
K24 = 1;

K30 = ( nth(2)*ALB - A(1,2)/A(1,1) *...
( nth(1)*ALB + Nme(1) ))*...
R/(A(2,2)-(A(1,2)ˆ2)/A(1,1)) -...
Ap*Lˆ4 - Bp*Lˆ3 -...
Cp*Lˆ2 - Dp*L - Ep;

K31 = eal*sbl;
K32 = eal*cbl;
K33 = emal*sbl;
K34 = emal*cbl;

K40 = mth(1)*ALB + D(1,2)/(Rˆ2)*...
(Ap*Lˆ4 + Bp*Lˆ3 + Cp*Lˆ2 +...
Dp*L + Ep) + D(1,1)*...

(12*Ap*Lˆ2 + 6*Bp*L + 2*Cp);
K41 = (a2mb2*sbl + ab2cbl)*eal*(-D(1,1)) -...

D(1,2)/(Rˆ2)*sbl*eal;
K42 = (a2mb2*cbl - ab2sbl)*eal*(-D(1,1)) -...

D(1,2)/(Rˆ2)*cbl*eal;
K43 = (a2mb2*sbl - ab2cbl)*emal*(-D(1,1)) -...

D(1,2)/(Rˆ2)*sbl*emal;
K44 = (a2mb2*cbl + ab2sbl)*emal*(-D(1,1)) -...

D(1,2)/(Rˆ2)*cbl*emal;

RS = [K10 K20 K30 K40]’;
K = [[K11 K12 K13 K14];...

[K21 K22 K23 K24];...
[K31 K32 K33 K34];...
[K41 K42 K43 K44]];

KM1 = inv(K);
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% Solving for the constants

CV = KM1*RS;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Calculation of displacements and their derivatives, and
% the ply-strains in the global coordinate system
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for i=1:250
x=i/1000;

w(i) = exp(a*x)*( CV(1)*sin(b*x)+CV(2)*cos(b*x) ) +...
exp(-a*x)*( CV(3)*sin(b*x)+CV(4)*cos(b*x) ) +...

Ap*xˆ4 + Bp*xˆ3 + Cp*xˆ2 + Dp*x + Ep;
dwdx(i) = exp(a*x)*(...

sin(b*x)*(CV(1)*a-b*CV(2))+...
cos(b*x)*(CV(2)*a+b*CV(1))...

) +...
exp(-a*x)*(...

sin(b*x)*(-CV(3)*a-b*CV(4))+...
cos(b*x)*(-CV(4)*a+b*CV(3))...

) +...
4*Ap*xˆ3 + 3*Bp*xˆ2 + 2*Cp*x + Dp;

d2wdx2(i) = exp(a*x)*(...
sin(b*x)*(CV(1)*aˆ2-2*CV(2)*a*b-CV(1)*bˆ2) +...

cos(b*x)*(CV(2)*aˆ2+2*CV(1)*a*b-CV(2)*bˆ2)...
) + ...
exp(-a*x)*(...

sin(b*x)*(CV(3)*aˆ2+2*CV(4)*a*b-CV(3)*bˆ2) +...
cos(b*x)*(CV(4)*aˆ2-2*CV(3)*a*b-CV(4)*bˆ2)...

) +...
12*Ap*xˆ2 + 6*Bp*x + 2*Cp;

u(i) = ( nth(1)*(At/5*xˆ5 + Bt/4*xˆ4 + Ct/3*xˆ3 +...
Dt/2*xˆ2 + Et*x) +...
Nme(1)*x ) /A(1,1)-...
A(1,2)/(A(1,1)*R)* (...

exp(a*x)/a2b2*( CV(1)*a*sin(b*x) -...
CV(1)*b*cos(b*x) ) +...

exp(a*x)/a2b2*( CV(2)*a*cos(b*x) +...
CV(2)*b*sin(b*x) ) +...

exp(-a*x)/a2b2*(-CV(3)*a*sin(b*x) -...
CV(3)*b*cos(b*x) ) +...

exp(-a*x)/a2b2*(-CV(4)*a*cos(b*x) +...
CV(4)*b*sin(b*x) ) +...

Ap/5*xˆ5 + Bp/4*xˆ4 + Cp/3*xˆ3 + Dp/2*xˆ2 +...
Ep*x -((-CV(1)*b + CV(2)*a - CV(3)*b -...
CV(4)*a) /a2b2 ));

dudx(i) = ( nth(1)*( At*xˆ4 + Bt*xˆ3 +...
Ct*xˆ2 + Dt*x + Et)+...

Nme(1)-A(1,2)*w(i)/R ) /A(1,1);

% Ply strains of midplane, upper layer, and lower layer

epsix0(i) = dudx(i);
epsixu(i) = dudx(i) + 0.0015*d2wdx2(i);
epsixo(i) = dudx(i) - 0.0015*d2wdx2(i);
epsith0(i) = w(i)/R;
epsithu(i) = w(i)/R + 0.0015*w(i)/(Rˆ2);
epsitho(i) = w(i)/R - 0.0015*w(i)/(Rˆ2);
epsixth(i)=0;

end

% Calculation of ply stresses in ply-coordinate system

theta = alpha*pi/180;

c2=(cos(theta))ˆ2;
s2=(sin(theta))ˆ2;
sc = sin(theta) * cos(theta);
cs=sc;

TFp = [[c2 s2 cs];[s2 c2 -cs];[-2*cs 2*cs c2-s2]];

epsix=[[epsix0];[epsith0];[epsixth]];

for i=1:250
it=i/1000;
sigm12(1:3,i) = Q*(TFp*epsix(1:3,i)-...

(At*itˆ4+Bt*itˆ3+...
Ct*itˆ2+Dt*it+Et)*...
[al11 al22 0]’);

end

epsixob=[[epsixo];[epsitho];[epsixth]];

for i=1:250
it=i/1000;
sigm12ob(1:3,i) = Q*(TFp*epsixob(1:3,i)-...

(At*itˆ4+Bt*itˆ3+Ct*itˆ2+...
Dt*it+Et)*...

[al11 al22 0]’);

end

epsixun=[[epsixu];[epsithu];[epsixth]];

for i=1:250
it=i/1000;
sigm12un(1:3,i) = Q*(TFp*epsixun(1:3,i)-...

(At*itˆ4+Bt*itˆ3+Ct*itˆ2+...
Dt*it+Et)*...

[al11 al22 0]’);
end

% Factor to transform units from N/mˆ2 to MPa

facM = 1E6;

% Plot Ply-stresses, over tube length

hold off
plot(sigm12(1,:)/facM,’y’); hold on
plot(sigm12(2,:)/facM,’b’);
plot(-sigm12(3,:)/facM,’r’);
plot(sigm12ob(1,:)/facM,’y--’);
plot(sigm12ob(2,:)/facM,’b--’);
plot(-sigm12ob(3,:)/facM,’r--’);
plot(sigm12un(1,:)/facM,’y.’);
plot(sigm12un(2,:)/facM,’b.’);
plot(-sigm12un(3,:)/facM,’r.’);
title([’Ply Stresses in inner Ply (.), outer ’...

’Ply (-.), and Midplane (-);+-18 degree;’...
’ 2.5 kN;dT=-370/-110, RB’]);

ylabel([’Different Ply-Stresses in MPa’]);
xlabel([’Tube Length in mm’]);
grid on

%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Calculate Safety Factors
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%

axis([0 250 -10 70]);
Smaxob=0;
for i=1:250

Sa=(sigm12ob(1,i)/SL)ˆ2-...
sigm12ob(1,i)*sigm12ob(2,i)/(SL)ˆ2+...

(sigm12ob(2,i)/ST)ˆ2+...
(sigm12ob(3,i)/SS)ˆ2;

if Sa>Smaxob
Smaxob = Sa;
imaxob =i;

end
end

imaxob
Smaxob

Smaxun=0;
for i=1:250

Sa=(sigm12un(1,i)/SL)ˆ2-...
sigm12un(1,i)*sigm12un(2,i)/(SL)ˆ2+...

(sigm12un(2,i)/ST)ˆ2+...
(sigm12un(3,i)/SS)ˆ2;

if Sa>Smaxun
Smaxun = Sa;
imaxun=i;

end
end

imaxun
Smaxun

Smax=0;
for i=1:250

Sa=(sigm12(1,i)/SL)ˆ2-...
sigm12(1,i)*sigm12(2,i)/(SL)ˆ2+...

(sigm12(2,i)/ST)ˆ2+...
(sigm12(3,i)/SS)ˆ2;

if Sa>Smax
Smax = Sa;
imax=i;

end
end

imax
Smax

i=1
S1(alpha)=(sigm12ob(1,i)/SL)ˆ2 -...

sigm12ob(1,i)*sigm12ob(2,i)/((SL)ˆ2)+...
(sigm12ob(2,i)/ST)ˆ2 +...
(sigm12ob(3,i)/SS)ˆ2;

i=30;
S30(alpha)=(sigm12ob(1,i)/SL)ˆ2 -...

sigm12ob(1,i)*sigm12ob(2,i)/((SL)ˆ2)+...
(sigm12ob(2,i)/ST)ˆ2 +...
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(sigm12ob(3,i)/SS)ˆ2;
i=250;

S250(alpha)=(sigm12ob(1,i)/SL)ˆ2 -...
sigm12ob(1,i)*sigm12(2,i)/((SL)ˆ2)+...

(sigm12ob(2,i)/ST)ˆ2 +...
(sigm12ob(3,i)/SS)ˆ2;

alpha

% end of loop for different winding angles

end
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