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ABSTRACT

We analyse integrable models associated to a multiparametric SU(N) R-matrix.
We show that the Hamiltonians describe SU(N) chains with twisted boundary conditions
and that the underlying algebraic structure is the multiparametric deformation of SU(N)
enlarged by the introduction of a central element.
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The Quantum Inverse Scattering Method [1] provides a unified framework for the
exact solution of classical and quantum models and led naturally to the new mathematical
concept of quantum groups [2]. These were formulated as one-parameter deformation of a
universal enveloping algebra. Multiparametric deformations have also been developed [3]
and are currently attracting much attention: consistent multiparametric generalizations
of the R-matrix and the corresponding quantum groups were discussed by several authors
[4-11].

In this letter we obtain the Hamiltonian for an SU(N) chain with twisted bound-
ary conditions and find that the underlying algebraic structure is the multiparametric
deformation of SU(N) enlarged by the introduction of a central element.

We start with the following multiparametric generalization of the SU(N) R-matrix,
first introduced by Perk and Schultz [12],

N
R(m’qa{p}) = a(-”%Q)Z aa®€aa+b Zpaﬁeaa®eﬁﬁ (1)
o a#f
N N
+ c_(:c,q)z e*? ® e’ + cy(z,q) Ze"ﬁ ® el |
a<lf a>f

where z is the spectral parameter and

ole,) =ag— oo He) =2 =1 emd) =1 (4= 7) s elmg) =ela= ) ()

g and p,s are 1 + M%l independent parameters with pus,a,8 = 1,---N(a < B),
Psa = (Pag)™!. The N x N matrices e* have elements (e*#)7? = §*76°7.
It is easy to check that the R-matrix (1) satisfies the Yang-Baxter equation

Riz(%12, 9, {p}) Rus(213, 4, {p}) Ras(%23, ¢, {P}) = Raa(x23, 9, {P}) Ras(z13, 4, {P}) Raa(T12, 4, {P}) -

(3)
Notice that both sides of the equation above act on the tensor product of three N-
dimensional auxiliary spaces CI¥ ® CY ® CY, whereas the matrix Rir(zix,q, {p}) acts on
cNeC).

The Lax operator associated to (1) is

(-T (Ia{P} Zq H paﬁ W/seaa _ Zq Wa H )Wﬂeaa +

o B#a B#a
+ocrl(z,9) Y XpeP e (z,9) Y X5,e (4)
a>f a<lf

where in the fundamental representation W, = ¢** and X,5 = e*?(a # f); X:ﬂ(X ) has

non-zero elements above (below) the diagonal. These W, can be written as combinations
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of the matrices H, representing the Cartan sub-algebra, and the identity matrix 7,

N
1
Wazj\?z wcpop—l 3 HOEIa (5)
=1
1 if p=1
Wep=1¢ 1—p if p<La (6)

N+1—p if p>a

such that Hy, = W, — W,y and I = Ziv=1 W,. The R matrix (1) and the Lax operator
(4) obey the Fundamental Commutation Relation (FCR) {1],

Rix(212,9,{P}) Ly(21, 0, {p}) Ln (22, 0, {p}) = Li(22,9, {p}) Lr(21, ¢, {p}) Raa(212, 4, {p}) -

(7)
Here the L-matrix is defined on the tensor product of the N-dimensional auxiliary space
and the local quantum space CV ® C¢, with d the dimension of the representation of the
associated algebra satisfied by the operators in the entries of the matrix L.

Following the general procedure of Faddeev et al [1], we introduce the monodromy

matrix
T(2,9,{p}) = Lno(2,9,{P}) -~ La(=, ¢, {P}) [n(, ¢, {P}) (8)
acting on the tensor product of an auxiliary (horizontal) space C"V and a quantum (ver-
tical) space 0 = C{¥ @ --- Cl.
The transfer matrix is defined as the trace of the monodromy matrix (8) in the auxiliary

space:
7(z,q,{p}) = trT(z,q,{p}) = > _T3(z,q,{p})- (9)

The Yang-Baxter equations (3) imply the commutativity of the transfer matrix for differ-
ent spectral parameters,

[T(z,q,{p}),7(¥,¢,{P})] =0, (10)

which reflects the integrability of the model. In fact, the eigenvalue problem for a N-state
integrable model is exactly solved by the Algebraic Nested Bethe Ansatz method [13].
This procedure is carried out in (N — 1) steps and the Bethe Ansatz equations for the
level “I” (I =1,--- N — 1) are given by

n—1 (l)/x( -1)) m a(:r(l)/:z:(l)) b(m(l)/:r(.l)) 41 b(z (1+1)/1.(1))
. i it [Tk k [T Lin _
H PG szs H “—(7)“/—(7‘;—) H ( II (D) /0y ~ L,

N, N, .
r#l+1 s#l i=1 b(xf,)/xi)) a(a:fc)/xg,)) sy (@)

k=1,---,n. (11)
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Here ny = 0,29 = 0, N; = n;_; — n; and H?:l is assumed to be one. Therefore, the
eigenvalue problem of the transfer matrix (9) is reduced to a system of coupled algebraic
equations for the Bethe Ansatz parameters acg),(l =1,---N—-1Lk =1,---n;). We
observe that each parameter z() couples just with its neighbour-level parameter g(1£1)
(except M (zM-1), which couples only with z(2(z(N-2)).

From the transfer matrix (9), we get a multiparametric version of a quantum Hamil-
tonian for a ng length SU(N) chain through |

0
H %ln(r) lz=1 - (12)
This yields:
no
H=Y hijn (no+1=1), (13)
where
N N
q + q_l q+ q_1 aa oo q—q aa
hiit1 = 5 T 3 Zei T Zszgn(a B)e fafl Zpage ,+1 .
a=1 aB a8
(14)

Let us now show that the general Hamiltonian (13) describes a SU(N) chain with
twisted periodic boundary conditions. For that sake we perform the similarity transfor-

mations generated by
=e 2 2?21(' -1) (1::-11 §°H, (15)

The coefficients £ are fixed when we impose the conditions
pasUelPelfi U™ = Pl s a=1,- N1, (16)

under which (13) particularizes to the Hamiltonian for the SU(N) spin chain with twisted
periodic boundary conditions

S et gtgt ¢ = a7 < 86
" Z { 2 2 Ze?"ef’fl 2 Zsign(a — B)ei%eiyy ¢ t+

i=1 a=1 a#f
ng—1 N N

= SN Pl =N (el + ppet’eld) (17)
i=1 a#f Ba

The case N = 2 was previously discussed in the literature [14,15].
The multiparametric Hamiltonian (13) is not quantum group invariant. Nevertheless,
the quantum group structure also appears in this context. The underlying algebraic

structure is obtained directly from the FCR (7) noting that now W; and X, are considered
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as abstracts elements of the algebra. Besides, the W, are now combinations of a central

element Z and operators IL,

N
1 . N
Wa = 'j_v— az::l wapHp-—l ’ HO =7 ) (18)

that respectively concide with I and H, in the fundamental representation and the coef-

ficients w,, are the same as given in relation (6). The commutation relations are then

[Z’ [:Ia] = [f{avf{ﬁ] =0

2, X351 =0,

[HW’X;tﬁ] = aaﬂ(Hw)Xaia )

PﬁaX;aX;a - PaﬁX;ﬁX;a =

Q- g"e e — g Wet¥a) T (pga) ™ [ [ (Pas) ™,

PE£B §#a
+ vy + vt +W W,
PaﬁXaﬁXap - Pﬁnganﬁ =g 7 H(Pﬁé) JX:,”
5#£8
- — w, -
PaﬁX:aXﬂp - pﬁPXﬁpX:ﬁ = qwﬂ H(Pﬁs) 6Xap ya<p
§#£8
— — -Wo W,
PasX T X5, — Po X5, X2g =g H(Pﬁs) XI ja>p
6#£08

XBQXE;) — qsign(a—P)papXEpXéa , €= + ,
Xc:ﬁX:p = q—"lpﬁPX:pX;ﬁ ’ IB > P,
X:ﬁX;p =q pﬁPXt;pX:ﬁ ’ ﬁ <p,
X;ﬁX;ﬁ — qstgn(a—P)papX;p :!ﬁ JE= + ,
X;ﬁX:ﬁ = qpapX:ﬂXp_ﬁ , a<p,
XioXop =07 panXp X5, B> 0 (19)
Finally,
+
Pra X X5 — P X5 X5 = —OX X5, (20)
where Q = g — ¢!, and 8 > A > a > p and all their cyclic permutations and
+
Pra X3 X35 — e X5 X5 = QX5 X3, (21)

with 8 < A < a < p and all their cyclic permutations; otherwise, (for example, 8 > A <
a < p), we have

PraXE X5 — prsX5X55=0. (22)
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~

The coefficients a,s(H,) are obtained by solving

WoXop = Xop(Wo +6) (23)
where
1 p=c :
0 , otherwise,

remembering that IL = Wy — Weyr.
The coproduct is obtained by considering the product of two L’s acting on two internal

spaces; we find

AZ = Z®1 +1 Q®Z (25)
AH, = H,®1 +1 9H, (26)
w, W,
Aaxh) = ¢ I[ rf @ Xt + XL 00" ] pg
Bu Bv
+Q) X5, ® X}, (27)
B<p
- - _ - - -W,
g " H p‘,ZV” ®X,, +X,, 0" H P’
BFu B#v

+Q) X5, ® X, (28)
B>u

(AX7)

Thus, the introduction of a central element has allowed us to construct a coherent co-
product which makes appear the underlying algebraic structure of the SU(N) chain with
twisted boundary conditions.
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