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of summing up higher-order logarithmic terms for convergence and stability. We show that
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using a larger fit range. We also demonstrate that a number of additional effects associated
to power corrections have a small impact on this fit result, including modifications to the
renormalon substraction scheme for dijet power corrections and the inclusion of three-jet
power correction models. The fit is also shown to provide very good agreement with data
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1 Introduction

High-energy electron-positron colliders offer a clean environment to study the fundamental
properties of the strong interactions described by Quantum Chromodynamics (QCD). In
this regard, differential observables such as event shapes play a central role, as they display
a high sensitivity to QCD dynamics and are infrared and collinear safe. Experimental
data for event shape distributions obtained at eTe™ experiments [1-13] have been inves-
tigated extensively, in particular to determine the strong coupling constant a with high
precision, see example Refs. [14-16] for reviews. Dijet event shapes such as thrust [17],
C-parameter [18, 19], and heavy jet mass [20, 21] enable a selection on events with two
back-to-back narrow jets, and the dominant portion of the experimental data is in this
dijet region. Since event shape distributions are not inclusive cross sections, in the di-
jet region there is an incomplete cancellation between the real- and virtual-radiation that
manifests itself as large double (Sudakov) logarithms. Theoretical methods are available
to handle the resummation of these large logarithms at high precision, as well as to handle
nonperturbative corrections in this region from first principles using quantum field theory.

Over the course of the last two decades, the theoretical description of these event-
shape distributions got significantly boosted in a number of ways. Fixed order pertur-
bative QCD calculations have been extended to include corrections up to O(a?), with
increasing numerical precision [22-29]. Resummation was originally carried out at next-
to-leading-logarithmic order (NLL) using the coherent branching algorithm [30]. With
the advent of Soft-Collinear Effective Theory (SCET) [31-35], resummation could be
pushed to N3LL/ + O(a?) level for thrust, heavy-jet mass and C-parameter [36-39] and
to N2LL' + O(a?) precision for other event shapes [40]. Here the +O(a¥) indicates the full
inclusion of fixed order corrections in a manner that is consistent with the resummation,
enabling a description with full O(a¥) accuracy outside the dijet region. The coherent
branching method has also been automated to achieve N’LL accuracy [41, 42].

The leading hadronization power corrections in the dijet region were originally treated
with models [43-45], and later were shown to be related to non-perturbative vacuum matrix
elements of operators defined within quantum field theory, namely Wilson lines [46-50].
These corrections are related to large angle soft radiation. It was found that in the tail
dijet region (past the peak in the event-shape spectrum), hadronization corrections can
be expanded in an operator product expansion (OPE), whose leading O(Aqcp) term is
denoted §2;. This allows for a high precision prediction of the tail region of the cross
section with only two parameters, as(myz) and Q. The dominant large-order asymptotic
behavior of the pertubative series in oy involves factorially growing terms from infrared
renormalons [45, 51, 52|, the leading term of which is associated to large-angle soft radiation
in the nonperturbative matrix element ; [49]. It was realized that the bad behavior
due to these renormalons can be tamed by perturbative subtractions [53-55], which in
the field theory approach corresponds to a change of scheme for € [49, 56] (to so-called
gap schemes). This scheme change enables large logarithms appearing in the renormalon
subtraction series to be summed with R-evolution equations [56-58].

These developments have been crucial in improving the theoretical precision of event-



shape predictions to approach that of the experimental measurements. The full set of theo-
retical advances listed above was used in global fits for thrust [50, 59] and C-parameter [39,
60], where both as(mz) and €; were fit parameters. The largest uncertainty on these
two parameters occurs in a correlated direction, where an increase to as(myz) is accom-
panied by a decrease to €2;. The outcome of these studies was a very precise value for
as(myz) ~ 0.114 £ 0.001, which is however several standard deviations below the world
average as(myz) ~ 0.118.

This discrepancy has caused some concern, and was responsible for the reanalysis of
various aspects of the theoretical description. In particular, there have been a number
of recent theoretical efforts to shed light into the nature of hadronization away from the
dijet region [61-65]. In Ref. [61] a parametric analysis of the structure of the leading non-
perturbative power corrections in the dijet and three-jet regions was carried out for the
C-parameter distribution, which is much more sensitive to hard splitting processes than
thrust. Using the assumption that the leading non-perturbative parameter for these two
regions are related, the model used in Ref. [61] indicates that the three-jet power corrections
can be about half the size of the dijet. Refs. [62, 63] developed a model for three-jet
hadronization corrections in thrust and other event shapes based on a computation of the
leading linear infrared sensitivity of the NLO QCD correction to the process eTe™ — qq.
These developments have been used in an analysis of as(my) determinations in Ref. [64].

One of the goals of this article is to carry out analyses addressing the concerns raised in
these publications. In addition, we refine our theoretical prediction using state-of-the-art
perturbative ingredients and upgrade our profile functions to the more canonical version
introduced in Ref. [39]. We also discuss a preferred way for setting the renormalization
scales such that the cross section is compatible with the total cross section OPE. We
present a new value of the strong coupling obtained from fits to experimental data in
a smaller dijet dominated region, compared to the larger default fit window considered
in Ref. [50]. Included in this result is an assessment of uncertainties from 3-jet power
corrections and other subleading hadronization effects. Finally, we compare our best-fit
theoretical prediction to the available datasets within, as well as outside the new default
fit range.

The paper is organized as follows: In Sec. 2, we define thrust and present the theo-
retical framework in which the differential cross-section is computed. The various ingredi-
ents entering the description are distributed in subsections: dijet factorization theorem in
Sec. 2.1, singular and non-singular partonic distribution in Secs. 2.2 and 2.3, respectively,
and dijet non-perturbative corrections and renormalon subtractions (cf. Secs. 2.4 and 2.5).
Our renormalization scale parametrization is discussed in Sec. 2.6, and an implementation
respecting the OPE for the integrated cross section is presented in Sec. 2.7. The next sub-
sections 2.8-2.11 are devoted to numerical studies of various theoretical aspects related to
resummation and normalization, and we also discuss hadron-mass and QED effects. After
presenting our dataset and fit procedure in Sec. 3, we study the stability of strong-coupling
determinations under variations of the fit range for various theoretical setups in Sec. 4.
Sec. 5 is dedicated to discuss at length the validity of dijet factorization, particularly in
what concerns hadronization. We devise a parametrization for deviations from the dijet



treatment of power correction which permits assigning an uncertainty associated to our
lack of knowledge on those, and propose an alternative point of view based on EFT power-
counting arguments. The final results of our strong-coupling determination are contained
in Sec. 6, where a comparison to experimental data is presented, along with the list of
effects which have not been included due to their smallness. Our conclusions and outlook
are to be found in Sec. 7. We relegate to the appendix the comparison of our theoretical
prediction against experimental data for center-of-mass energies other than the Z-pole.

2 Thrust distribution

Thrust is defined in the center-of-mass frame of an e*e™ collision as [17]

T = max M , (2.1)
A ol
where the sum is over all particles in the event and the maximum is over 3-vectors 7 of unit
norm. The vector 77 that maximizes thrust is known as the thrust axis. This axis splits the
event into two hemispheres. Conventionally one also defines 7=1—1T.

In this section we present a brief review of the thrust factorization formula we use for
our analysis and fits. We also highlight the most important improvements and differences
between the current analysis and the setup used in Ref. [50], which we also frequently refer
to as ‘the 2010 analysis’.

2.1 Factorization Formula

Our analysis is based on a factorization theorem for the eTe™ thrust distribution in the
dijet region, which consists of three main parts

ij- _ /dk(iis + dg:5><7 - g) Folk — 2A(R, )] (2.2)

Here @Q denotes the eTe™ center-of-mass energy.

The first contribution, dés/d7, represents the so-called singular partonic distributions
and contains terms involving o*§(7) and those that diverge as a¥log™()/r for 7 — 0.
These contributions themselves factorize according to the widely separated dynamical
phase space regions relevant for the dijet kinematics. A review of the resulting factoriza-
tion formula, that facilitates resummation of the associated large logarithms and the new
available theoretical ingredients (compared to the 2010 analysis) is given in Sec. 2.2. The
second contribution, dd,s/dT, encodes the remaining “non-singular” partonic cross-section
contributions explained in more detail in Sec. 2.3. Lastly, F-(k) is the so-called shape
function, which parametrizes the dominant source of soft non-perturbative hadronization
effects arising from large-angle soft radiation. It is defined from a vacuum matrix element
of soft Wilson lines [47-50]. We emphasize that the shape function has a well-defined field
theoretic definition in the dijet regime in analogy to, for example, the parton distribution
functions describing non-perturbative collinear dynamics. Thus, the model aspect of the
shape function and its content is merely related to its functional form. Outside the dijet



regime, the concept of the shape function represents a true model for the non-perturbative
corrections. This aspect and its practical consequences are one among the important issues
we address in this article.

In the tail of the distribution —to the right of the peak in the dijet region in 7—
the shape function can be expanded in an operator product expansion based on the scale
hierarchy Q7 > Aqcp. The leading term linear in Agcp is tantamount to shifting the
distribution towards larger thrust values by 2Q;/Q, where 2Q; = [dkk F.(k) is the first
moment of the shape function. Therefore, in the tail region, up to first order in non-
perturbative corrections, one can replace F, (k) — §(k —20;) + O(AéCD/k?’). However, we
do not employ this approximation since it will miss important non-perturbative corrections
that are no longer subleading when Q7 ~ Aqcp, and we wish to have predictions for the
cross section for all 7, such that, for example, we can integrate over 7. More details are
given in Sec. 2.4.

The canonical standard is to consider the 2; and shape function as non-perturbative
matrix elements with UV divergences regulated by dimensional regularization, with d =
4 — 2¢, and minimally subtracted, which corresponds to the MS scheme. As always, this
same scheme choice must be made for the perturbative coefficient functions, which here
are the perturbative and nonsingular cross sections, since the full cross sections are scheme
independent. Since the final perturbative cross sections are infrared finite, this corresponds
to calculations with vanishing infrared cutoff. Note that this scheme choice for ; is in-
dependent of the scheme chosen for the strong coupling as(myz). We refer to the first
shape-function moment in the MS scheme as Q. In this scheme, however, the pertur-
bative thrust distribution in the dijet region suffers from a v = 1/2 renormalon which is
associated to an O(Aqep) renormalon in ;. This renormalon can be eliminated by im-
plementing a perturbative IR subtraction, which can be achieved by a suitable redefinition
of the leading power correction 3 = Q1 (R, us) + 6(R, iis), where §(R, u15), called the gap
subtraction, is a perturbative series proportional to the scale R which is combined with
the perturbative corrections from large-angle soft radiation (indicated by the dependence
on the soft renormalization scale ) [49]. It diverges in such a way that the leading renor-
malon is absent in (R, us) and in the partonic distribution. This approach effectively
reintroduces an IR cutoff R for the partonic cross section for the dominant linear sensitiv-
ity to small momenta, and it implies that the shape function becomes also dependent on
the scales R and p, through a shift in the convolution over k by the function A(R, yis).
This shift is already shown in Eq. (2.2) and explained in more detail in Sec. 2.5.1. The
subtraction scale R represents an additional factorization scale and different schemes to
define 0(R, us), called gap-schemes, can be devised. Furthermore, the introduction of the
subtraction scale R implies the need for additional RG summation to avoid the appearance
of large logarithmic higher order corrections. More details are given in Secs. 2.4 and 2.5.

2.2 Singular Partonic Distribution

For the singular partonic thrust distribution in the dijet region, considering all quarks
massless and for a given gap scheme, all perturbative contributions can be written down



in terms of a factorization theorem of the form [36, 50, 66]

1 do, T
(1) = QHO(Qu)Un Qo) [ A4S’ I (s i) UF (s = ' opeps)  (23)
25(Rops) & 4
X/dk/ Ug(klnu’wus)e_ QH aaT ST<QT - % - k/,,LLS),

where g corresponds to the tree-level Born cross section and @ denotes the eTe™ center-
of-mass energy. The hard function Hg encodes corrections coming from the scale () and is
accompanied by its evolution kernel Ug, which is responsible for summing up large loga-
rithms of 11/@Q. Its renormalization scale py must be chosen of order @, pg ~ @, to render
Hg free or large logarithms. The thrust jet function J. encodes corrections from collinear
radiation associated to the typical jet invariant mass scale Q+/7. Its renormalization scale
117 has to be of order Q/7. The soft S; function contains the corrections from large-angle
soft radiation dominated by energy scales of order ()7, which implies that for its renor-
malization scale us we have us ~ Q7. Both functions are defined from their more general
double-hemisphere counterparts

s k
Jr(s, 1) = /0 ds' Ty (s — 8, u)Ja(s', 1), Sr(k,p) = /0 Ak’ S, (k — K K, p),  (2.4)

and appear along with their respective evolution kernels U} and Ug. The factorization
theorem shown in Eq. (2.3) also contains an exponential derivative operator containing
the §(R, us) gap subtraction series which, order by order in the strong coupling expansion,
has to be consistently combined with the soft function series to remove the O(Aqcp)
renormalon.

The jet and soft functions, as well as the exponential implementing the renormalon
subtraction, are also governed by renormalization group equations. For the jet and soft
functions these are made explicit in terms of the evolution factors U} and Ug, respectively.
We refer to the renormalizaiton scale pr, py, s, and R as the hard, jet, soft, and renor-
malon subtraction scales, respectively. The latter must be chosen of order us, to avoid
large logarithms of R/us. Because the physical collinear and large-angle soft dynamical
scales are 7-dependent, pj, us, and R each must be set to functions of 7 called profile
functions [39, 50]. For our phenomenological analyses we use those introduced in 2015 in
Ref. [39]. These profile function incorporate essential improvements compared to those
employed in the original 2010 analysis of Ref. [50]. We will discuss the main aspects of
such improvements in Sec. 2.6. For a complete summary of all perturbative ingredients
contained in the factorized singular partonic distribution used in the analysis of Ref. [50]
we refer to the appendix of that reference. In the following we therefore only comment on
the additional ingredients we use in this work.

For the fixed-order hard function Hg, which contains short-distance QCD dynamics
and is obtained by matching the two-jet current in SCET to full QCD, there is no addi-
tional information compared to the analysis carried out in Ref. [50]. On the other hand,
the four-loop cusp anomalous dimension, which enters the renormalization group factors
Up, U} and UZ at N3LL order, is now available [67-72]. The numerical result for ny = 5



reads I'5""P = 141.246 in the conventions of Ref. [50], see Eqs. (A26) therein, and is incor-
porated in our analysis. For the thrust jet function J; the new ingredient in our analysis
is the three-loop non-logarithmic coefficient. The latter has been recently computed in
position space for the hemisphere jet function J,, [73, 74] and the corresponding correction
reads js = —128.651. For the partonic soft function S, the new ingredients are an exact
value of the two-loop non-logarithmic coefficient, sy = —40.6804 [75, 76] without a +2.5
numerical uncertainty, and a value of the three-loop coefficient s3 = —1030.2166 [77]. For
the conventions we use to define so, s3 and js, see Egs. (A.14) and (A.16) of Ref. [50],
respectively.

Together with the new ingredients we can now carry out a fully consistent and complete
N3LL QCD analysis for the thrust distribution. To achieve this resummation order, in
principle, only the single logarithmic plus distributions in the jet and soft function at
O(a?) would be required [78]. Including the full set of O(a?) corrections for all factorization
functions together with N3LL anomalous dimensions, will be referred to as N3LL/ order,
which is the accuracy of our analysis. A final remark concerns QED and bottom mass
corrections to Eq. (2.2), which were accounted for in Ref. [50]. The impact of including
QED and bottom mass effects were shown to lead to a decrease in as(mz) by —0.0005 [50].
Since QED and bottom quark mass effects are not relevant for analyzing the robustness or
stability of the fit, we only discuss them briefly in this article.

2.3 Non-Singular Distribution

The non-singular partonic thrust distribution accounts for all perturbative corrections that
are power suppressed by additional powers in 7 compared to the singular distribution. It
is obtained from the complete fixed-order corrections with the singular contributions being
subtracted.! Including the contributions from the gap subtraction, which we implement
globally in the factorization formula of Eq. (2.2), we can write the complete non-singular
distribution in the form

1 dé’ns _26(R.ps) O

(t)=¢e Q97 f(1,Q, pins) - (2.5)

oo dr

The global implementation of the gap subtraction dependent exponential derivative is asso-
ciated to the fact that the singular as well as the non-singular distributions are convolved
with the non-perturbative shape function F;, see also Sec. 2.4. This global treatment
ensures that outside the dijet regime (where the summation of logarithms is smoothly
switched of) the singular and non-singular distributions can properly combine to the com-
plete fixed-order result. This is an essential aspect of the matching of the singular distri-
bution with the full fixed-order results valid outside the dijet regime.? We emphasize that
the gap subtraction implemented in Eq. (2.5) is motivated by the requirement of smoothly
matching the factorized treatment in the dijet limit to the fixed-order regime for larger

'To obtain the fixed-order singular cross section we set all scales equal, ji; = pg = p.

2In principle, for the non-singular distribution one could choose different values for the scales R and
s for the gap subtraction series as long as they merge with the corresponding choice for the singular
distribution. Such alternative choices, however, only have a very small effect in the dijet region where the
singular distributions dominates.



7 values outside the dijet regime. Its effects concerning the subtraction of the O(Aqcp)
IR renormalon are power suppressed in dijet regime and do not upset the renormalon
subtraction in the singular contribution. Outside the validity of the dijet regime the gap
subtraction is part of the model treatment of non-perturbative corrections through the
shape function F;, see the discussion after Eq. (2.2). Later on we will assess the impact
of this assumption by modifying the power correction used for the non-singular part of the
distribution, see Sec. 5.4.

Compared to the treatment of the non-singular function in Refs. [50, 59], we have imple-
mented some improvements, which are discussed in the following. As already mentioned,
the function f(7,Q, uns) denotes the partonic fixed-order distribution with the singular
terms subtracted. It is written as a fixed-order series in powers of the strong coupling
(with coefficients being functions of 7, @ and uys) and does not contain a summation of
logarithms apart from those contained in the strong coupling value:

fﬁ@w@z}j%umrﬁjﬁ m(%ﬂ. (2.6)

n=1

The functions f, ;>0(7) can be expressed in terms of f,0(7) = f,,(7) and the coefficients of
the QCD beta function. Adapting Eq. (3.5) of Ref. [79] one can find the following compact
recursion formula:

Fuslr kzﬁﬁfmx) (27)

o,

where for completeness and to set up the notation followed in this article, we have also

dagg
d[iﬂ) = /BQCD[CYS(,U = —2053 Zﬁn |:

shown the perturbative expansion of the QCD beta function.
We start with the O(a;) non-singular function. It can be written down analytically
and reads [80]

fu(r) = 2 [3(7 F1)Br—1)+ 2(37 - 12>log<1 _TQTH 0(1—37) (2.8

3r
+i[3+4lo (1)]
37 s\TL-

Whereas it is continuous at 7 = 1/3, its derivative is not. The result for the cumulative of
f1 reads:

RO /OTdT/fl(T') (2.9)
— %{97(37 +4)—24 [Li2(1 — 7) + Lig(27) 4+ Lig(27 — 1)]
— 6log(1 — 27)[67 4 41og(2 — 27) — 3] + 367 log(7) + 27r2}6(1 —37)

+ g{ﬁlog(T)[Z log(7) + 3] + 15 — 27%}6(37 — 1),
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Figure 1: Panel (a): O(as) cumulative non-singular thrust distribution. Note that it is
continuous and smooth at the 7 = 1/3 upper limit of O(«;) fixed-order result. For 7 > 1/3
the sum of singular and non-singular cumulative contributions add to a constant. Panel
(b): Non-singular differential distribution at O(a?). Blue and green dots with error bars
show EVENT2 data with linear and logarithmic binning, while the red curve is our O(a?)
nonsingular result.

which is continuous and smooth at 7 =1/3.

In Refs. [50, 59] the O(a?) non-singular function f, was determined numerically from
EVENT2 [22, 23] histograms. Here we have improved the parametrization of fo by employing
much higher statistics, using logarithmic binning for 7 < 0.1 and linear binning (with bin
size AT = 0.001) for 0.1 < 7 < 0.414214. We use runs with a total of 3 x 10! events and
an infrared cutoff g = 1078, In the regions of linear binning, the statistical uncertainties
are quite small for 7 2 0.1. So for 7 > 0.095 = ., we use a numerical interpolation
for fo(7) without uncertainties, composed of 102 nodes which result from combining the
finer binning described above. For 7 < 0.095 we use the ansatz fi'(7) = g(7/7eut), with
g(1) = Z?:o a;log’ 7 + a4 7log® 7 and fit the coefficients from the EVENT2 output taking
into account statistical uncertainties and including the constraint that the total fixed-order
cross section reproduces the known O(a?) coefficient, what permits expressing ag in terms
of the rest of fit coefficients. Moreover, we fix a3 = —8/3 as determined by the leading
logarithms at next-to-leading power in the thrust distribution [81]. For the fit we discard
bins with 7 < 6.8 x 1079 as otherwise cutoff effects become sizable, causing a rather large
reduced x? (even though the best-fit values are barely affected). After dropping these bins
we obtain 2. /d.o.f. = 1.22, obtaining as a final result for the O(a?) non-singular function
for 7 < 0.095 the form

fo(T < 0.095) = fI¥(7) + e 6 (7). (2.10)

Here f§t(7) stands for the best-fit result and Jf4*(7) represents the 1-o error function for
the fit. The variable €3 is continuously varied in the range [—1, 1] during our theory scans
in order to account for the error in the non-singular function. The result is displayed in
Fig. 1b, where the error function is too small to be seen.
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Figure 2: Non-singular thrust distribution at O(a?). a) Fixed-order data from
COLORFULNNLO, given in blue and green for linear and logarithmic binning, respec-
tively, is shown with a bin size of 0.01 for the latter. The dashed red lines correspond
to the 1-0 error function for the fit, employed below 7 < 0.315. b) Comparison of the
fixed-order data used in this analysis (blue) and in the 2010 extraction of Ref. [50] (red).

At O(a?) there are several computer codes available to determine the fixed-order distri-
bution: EERAD3 [25, 82], MERCUTIO [26, 27] and COLORFULNNLO [29]. In contrast to
Ref. [50] were EERAD3 was employed, in the current analysis we use COLORFULNNLO
since it has significantly smaller statistical uncertainties than the other two programs.’
To obtain f3(7) we use the output of COLORFULNNLO for the thrust distribution as
provided by the authors of Ref. [29], which we display in logarithmic and linear bins in
Fig. 2a.* Whereas the size of the COLORFULNNLO linear bins is A7 = 0.01, the loga-
rithmic binning used originally in Ref. [29] had a bin size A[log(7)] = 0.1. Since for small 7
statistical errors are huge, we have reclustered neighboring bins, doubling the logarithmic
bin-size. The COLORFULNNLO numerical results at O(a?2) yield larger statistical uncer-
tainties than the EVENT2 results at O(a?). We therefore employ for 7 < t; = 0.315 two
different fit functions: a polynomial in powers of log(7/tp) (to which we add the highest
logarithm at next-to-next-to-leading power) for 7 < tg, and a polynomial in powers of

3In Ref. [65] a high-statistics sample of O(a?) data was created using the public EERAD3 code, and
it was pointed out that it does not reproduce the a2/7 term in the limit 7 — 0, leading to a f3(7) with
a mismatched singular term. Interestingly, the results from this high-statistic run are incompatible with
EERADS3 results in 2008 obtained form the authors of Ref. [24], even at 7 = 0.3 where both statistical
uncertainties are small. The COLORFULNNLO results in this region are in better agreement with the
EERAD3 results from 2008. The reason for this is unknown to us. We thank C. Lee for providing us with
the numerical results of their high-statistic EERAD3 run.

4The CoLoRFuINNLO histograms (either linearly or logarithmically binned) cluster the thrust differen-
tial distribution times the thrust value event by event, therefore each bin 7; < 7 < 7; corresponds to

. 1 i do i +1do (T4 T
) = %0 ~ a4 ‘ 2.11
bin(7;, 75) —— /TL dTTdT () 5 4 < 5 > ( )

To obtain the best estimate for the differential thrust distribution we divide the value of the bin by the
average of the bin boundaries.
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T —to for ty < 7 < ty, with tg = 0.09, whereas for 7 > t; we use an interpolation with-
out uncertainties. The two fit functions smoothly join at 7 = #y, adopting the following
parametrization:

5
fit _ agt [ s( T
3 (1) =0(to — ) [;Ellog <t0> + lg T log <t0>

with pg = £y and p; = tply to guarantee the function and its first derivative being continuous

n

+0(1 —to) Zpi(T —t)t, (2.12)

1=0

at 7 = to. Furthermore, we fix 5 = —592/81, which can be determined from the known
expression for the leading logarithms at next-to-leading power in the thrust distribution at
this order [83, 84] (see also [85]). We also express the value of /5 in terms of the rest of fit
parameters such that the known result for the fixed-order total cross section is reproduced
upon integrating the singular and non-singular terms. The other coefficients, namely /3,
4, lg and p; with 0 < i < n are determined minimizing a y? function that compares the
fit function in Eq. (2.11) to logarithmic and linear COLORFULNNLO output as shown in
Fig. 2b. In both datasets, we do not consider values of 7 < 0.0074 since these might be
severely affected by cutoff artifacts. Furthermore, for the logarithmically clustered results
we exclude from the fit data with 7 > ¢y since the resulting bin size is too large to be
well approximated by the corresponding differential distribution, see Eq. (2.12). We find
that choosing n = 6 for the second sum in Eq. (2.12) yields a reduced x? of the order of
)anin = 2.2, producing a smooth-looking result when transitioning from the fit function to
the interpolation. Varying the value of ¢y by an amount (O0(0.01) or the parameter n by
one unit does not change the result in a significant way. All in all, the final result for the
three-loop non-singular cross section function can once again be written in the form

f3(1 < 0.315) = fi¥(7) 4 ez 0 £5(7) (2.13)

where fit(7) is the best-fit function and & f5t(7) gives the 1-o error function for the fit,
rescaled such that the Xr2nin /d.o.f. is exactly one.® This is a conservative approach and
we find it justified because the COLORFULNNLO bins for small 7 might suffer from
cutoff effects. The error function is also piece-wise, and if the uncertainties in the various
coefficients are carefully propagated, taking into account the full covariance matrix, it turns
out to be smooth at 7 = ty. This is a sanity check on our determination of § f?t (7). Exactly
as we did for the O(a?) distribution, €3 is continuously varied to generate theoretical
uncertainty bands. Our final result for the O(a?) non-singular thrust distribution is also
depicted in Fig. 2a.

While the update on the O(a?) non-singular parametrization compared to that used
in Ref. [50] (which also employed quite high statistics in the corresponding EVENT2 runs)
has very little effect on the differential cross section, the new parametrization of the O(a?)
non-singular contribution based on COLORFULNNLO analysis causes a more significant
change to the 3-loop nonsingular result, and the statistical uncertainty on the fit-function
is significantly reduced. Furthermore, the new central curve has a more natural behavior

5To be consistent, we apply this same rescaling at O(ai), which has very little impact on the uncertain-
ties.
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as compared to the fit function in Ref. [50] (see their Fig. 5¢), which exhibited a very pro-
nounced dip into negative values for 7 < 0.1. The new central curve follows the more precise
CoLoORFULNNLO binned results which show a less oscillatory behavior, see Fig. 2b. The
impact of the updated 3-loop non-singular parametrization on the extraction of the strong
coupling is Aag(myz) = 4+0.0001 and +0.0006, where the former is for a fit in the range
T € [(6GeV)/Q,0.33] and the latter for a fit in the range 7 € [(6 GeV)/Q,0.15]. These
changes are compatible with the discussed changes to the O(ag’) nonsingular distribution,
which are predominantly in the small 7 region.

2.4 Non-Perturbative Corrections

In this section, we briefly review the most important conceptual aspects on the treatment
of non-perturbative effects for the thrust distribution in the dijet regime.

It can be proven that in the dijet regime the leading non-perturbative effects arise
from the infrared dynamics of large-angle soft radiation which can be factorized from the
hard and the collinear dynamics [47, 49, 50]. The effects of large-angle soft radiation are
encoded in the thrust soft function which is defined in terms of a vacuum matrix element
momentum distribution function of soft Wilson lines of the form

1 X7 A =
Sk 1) = 5 (Oltr Y Yad(k — i)YV 10),, (2.14)

which contains perturbative as well as non-perturbative dynamics. The subscript p on
the matrix element, indicates that renormalization is carried out in the MS scheme. In
particular, the scale-dependence of the thrust soft function is described by perturbation
theory for sufficiently large renormalization scales p. Here

id=0(in -0 —in-8)in-d+0(in-0 —in-9d)in-0. (2.15)

To provide a convenient practical implementation of the perturbative and nonperturba-
tive aspects of the total soft function, one can consider the factorization ansatz [49, 86, 87]

k
Selhko) = [ QU S,k — K i) (k). (2.16)
0

which separates the partonic soft function S’T, computable in perturbation theory, and the
non-perturbative shape function F;. This factorization can be derived from Eq. (2.14)
assuming a scale hierarchy between non-perturbative and perturbative soft radiation. The
model-character of the convolution in Eq. (2.16) lies in the functional form of the shape
function, which requires some parametrization. In the peak region of the thrust distri-
bution, where we have k ~ Q7 ~ O(Aqcp), information on the entire form of the shape
function is needed. The canonical approach to define this factorization is to strictly expand
in the hierarchies and to use dimensional regularization and minimal subtraction to handle
UV divergences, thus defining coefficients and perturbative and non-perturbative matrix
elements in the MS scheme. Compatibility with the OPE implies the normalization

/OO dk Fr(k) =1. (2.17)
0
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The form of Eq. (2.16) is particularly useful to understand how the OPE arises when
moving into the dijet tail region characterized by the hierarchy Q+/7 > k ~ Q1 > O(Aqcp)-
Since the interval of the convolution exceeds the size of the non-perturbative momenta one
can multipole expand the shape function within the integral in the form

Fo(k) = 6(k) + im 50 (k) (2.18)
=1

where (; are non-perturbative vacuum matrix elements, defined in the MS scheme, that
scale as O(A&CD), and 6() is the i-th derivative of the Dirac d-function. The factors of 2°
are conventional and motivated to quantify the non-perturbative effects arising from one
of the two hemispheres that are defined from the thrust variable.
The dominant non-perturbative correction is given by the matrix element 21, defined
as 1
0 = ﬁc<0ltr V3 (0)Ya (0)E7(0); (0)Y 7(0)]0) . (2.19)

It is related to the first moment of the shape function, while the €; are related to higher

Q; = /OOO dk <§>iFT(k). (2.20)

The transverse energy flow operator Er appearing in Eq. (2.19), is defined by its action on
states [48]

moments,

Er(m)|X) = pio(n—m)X). (2.21)
i€X
where pf‘ and 7; are transverse momenta and pseudo-rapidities relative to the jet axis.
Upon insertion into Eq. (2.16) this provides the OPE of the total soft function in
the dijet tail region. Up to subleading terms suppressed by (’)(A%CD /k?) this yields the
approximate relation

5 2 2
S-(k,p) = Sy (k, 1) — (LgT(gZ’/‘)zﬂl +0 <A2§D> =S (k—201,0)+0 <A2§D> . (2.22)
This relation is also the basis of other approaches to implement non-perturbative corrections
to the thrust distribution, which are unrelated to the more rigorous shape function and
the factorization formula of Eq. (2.16).

A widely used model of this kind is the so-called dispersive or effective coupling
model [44], which is roughly related to constant effective QCD coupling effects for scales
below a cutoff adopted to be 2 GeV. The effective coupling value integrated up to the cut-
off then adopts the role of the first linear power correction. Thus this dispersive coupling
approach is effectively equivalent to the implementation of an IR cutoff in the perturbative
QCD corrections (which also removes the running coupling effects, that are also respon-
sible for IR renormalons [55]). In fact, dijet QCD factorization properties of the thrust
distribution ensure that the leading linear sensitivity related to any modification of the per-
turbation thrust distribution on IR momenta can be parametrized in the form of Eq. (2.22),
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therefore also the dispersive coupling model can serve as a viable parametrization of non-
perturbative corrections in the dijet thrust region [16, 43-47, 49-52, 87, 88]. It should
be noticed, however, that the dispersive coupling approach or other implementations for
linear power models, can be unreliable for thrust values closer to the peak position since
there the OPE terms beyond O(Aqcp) become important. Thus using the shape function
convolution in Eq. (2.2) to implement non-perturbative corrections in principle represents
the more dependable approach for high precision as determinations, as it does not rely on
specifying 7 dijet interval, where Eq. (2.22) provides a reliable approximation. We refer
to the end of Sec. 2.5.1, where we further elaborate on this aspect in the context of the
concrete analytic ansatz we use for the shape function in our analysis.

We note that sometimes in the literature (see e.g. Ref. [89]) the shape function for-
malism as well as the less rigorous dispersive linear power model have been collectively
called ‘analytic models for non-perturbative corrections’. We stress that the shape function
formalism is, however, more rigorous, and that its model character primarily refers to the
form of the shape function and the ansatz for its parametrization. This is in analogy to the
parton distribution functions. In contrast, for the dispersive coupling model the approach
itself has model character since it is conceptually inequivalent to the form of Eq. (2.16).
Furthermore, the shape function formalism only provides a description of non-perturbative
corrections for the observables where it can be derived from first principles, in contrast
to the dispersive model, which connects hadronization corrections among completely un-
related observables.

Let us now address the particular global form of the shape function implementation
shown in Eq. (2.2). From a rigorous field theoretic perspective, the convolution of the
perturbative contributions and the shape function can only be proven for the singular
perturbative thrust distribution dés/dr given in detail in Eq. (2.3). The global convolution,
treating the non-singular distribution déys/dr on the same footing and yielding a ‘hadron
level’ non-singular contribution of the form

dows _ / a, 30 <T L ““S>FT[1€ —9A(R, )], (2.23)

dr dr T Q Q
is motivated by the practical requirement that in the far-tail region (outside the dijet-
dominated regime and where the resummation in the singular distribution is smoothly
switched off in our approach) the perturbative terms in the sum dés/dr + déys/dT must
properly combine to exactly reproduce the fixed-order result. In the far-tail region, and in
particular close to the large 7 endpoint, the cancellation between singular and non-singular
contributions is dramatic since the purely logarithmic terms contained in the former do
not contain any information on that endpoint region. This approach then also implies
the analogous global implementation of the O(Aqcp) renormalon gap subtraction already
mentioned in Sec. 2.3. Interestingly, this global approach to implement the shape function
(and the gap subtraction) also has the merit that the shape function does not yield any
non-perturbative corrections to the total cross section obtained on integrating Eq. (2.2)

over all thrust values, up to higher order corrections. We will come back to this aspect in
Sec. 2.9.
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2.5 Renormalon Subtraction

The perturbative soft function in the MS scheme has infrared (IR) renormalons, which im-
ply an equal-sign factorially divergent growing behavior of the partonic soft function at large
orders of perturbation theory. Each of the IR renormalons is associated to one of the non-
perturbative MS matrix elements ; shown in Eq. (2.18) which compensates the partonic
soft function renormalon behavior through their order-dependent values. The most impor-
tant is the O(Aqcp) renormalon, which is linearly sensitive to non-perturbative momenta
and associated to ;. To eliminate this IR renormalon, which is known to already affect
the stability of perturbation theory at lower orders, we switch to a renormalon-free scheme
for Q1. This is achieved by redefining the MS-scheme €21 in terms of a renormalon-free
plus a perturbative series (called subtraction series) that exactly encodes the renormalon.
Upon shifting that series into the partonic soft function the latter (and the entire partonic
thrust distribution) is rendered O(Aqcp) renormalon-free. The first consistent implemen-
tation of such renormalon-free schemes for ; was proposed in Ref. [49] and called gap
formalism.

In Sec. 2.5.1 we review the gap formalism and revisit the relations presented in the
previous section, but considering a thrust soft function free from the leading renormalon.
In Sec. 2.5.2 we elaborate on technical details of the implementation of a particular choice
for the gap subtraction scheme and discuss different scheme choices.

2.5.1 Review of Gap Formalism

We start by considering a particular class of non-perturbative shape functions only having
support for k > A, which is called the gap parameter. We can thus write a shape function
of this kind in the form F; (A, k) = F.(k — 2A), where F;(k’) has support for all positive
values k' > 0. We note that F, (A, k) should not be literally considered as a shifted version
of F;(k), but rather as a shape function form where the non-perturbative gap is made
explicit by the parameter A. Equality (2.20) for the first moment subsequently takes the
particular form

201 = 2A +/ dk k Fy(k), (2.24)
0

where the O(Aqcp) renormalon can be considered to be fully contained in the gap pa-
rameter and Fr(k) is O(Aqcp) renormalon-free. This can be made explicit by rewriting
A in terms of a non-perturbative contribution, A(R,us), that is free of the O(Aqcp)
renormalon and a perturbative (subtraction) series, (R, us), which exactly contains the
O(Aqcp) renormalon of the partonic soft function S.. Here 1s is the renormalization scale,
which is the same as the one used for the partonic soft function series, and R is the subtrac-
tion scale of the series which has dimension of energy. In this context, the scale parameter
R can be interpreted as an IR cutoff scale for the perturbative calculation. Hence, we write

A= A(R,us) + 6(R, us) (2.25)
so that we can define a renormalon-free matrix element

Ql(R’ Ms) = Q1 - 5(Ra Ms) . (2‘26)
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Since the choice for an appropriated subtraction series is not unique, adopting a particular
form of (R, us) implies a particular scheme for (R, p5). A discussion on different choices
of gap subtraction schemes is presented in Sec. 2.5.2. While the MS matrix elements €
and the gap parameter A are formally renormalization group invariant, the gap subtraction
series §(R, i15) as well as the non-perturbative quantities Q1 (R, is) and A(R, us) do not
have this property, and their renormalization group equations (in R and potentially )
are related through the previous two equalities. Hence, the O(Aqcp) renormalon-free first
moment of F(k), which is R- and ps-independent, and the value of the gap parameter

Ao = A(Ro, po) , (2:27)

at some reference scales Rg and pg also determines the reference power correction matrix
element Q1 (R, po)-

Considering Eq. (2.25), the factorized soft function of Eq. (2.16) can now be rewritten
in the form

Sy (ky pus) = /dk’ Sk — K — 26, us)Fr (K — 2A) (2.28)

= /dk’ [62%@7@ — k) | Fr (K —2A),

where, for simplicity, the scale-dependence of § and A is suppressed. The exponential
operator introduced in the second line of Eq. (2.28) induces the perturbative subtractions
in the partonic soft function that cancels the corresponding O(Aqcp) renormalon order-by-
order upon re-expansion of all terms in the brackets. As we have already pointed out in the
discussion of Eq. (2.23), to ensure the cancellation of the singular and non-singular terms
taking place in the far tail, also the non-singular partonic distribution is convolved with the
shape function. This then entails the analogous conversion for the non-singular distribution
leading to the expression in Eq. (2.5) appearing in the main factorization formula (2.2).

For the description of the thrust distribution all renormalization scales in the factor-
ization formula and thus also the renormalon subtraction scale R become 7-dependent
functions, which makes A(R, uus) and therefore also the shape function dependent on the
thrust value. To provide an unambiguous meaning to the shape function’s parameters it
is therefore mandatory to define the reference scales Ry and pg for which the concrete
functional parametrization of F, which we refer to as F; (R, 10, k), is defined. To this end
we write

Fylke = 2A(R, )] = Fy[Ro, po: kb — 2A(R, Ro, s o)) (2.29)

where

A(Ra Ro, ps, /'1/0) = A(Rv MS) — Ao, (230)

can be determined perturbatively from the R and us evolution of the subtraction series
§(R, ps). Thus we also have [ dkk F.[Ro, o,k — 2A(R, Ro, s, o)) = 201 (R, ps) as well
as

Q1(R, 1s) — Q1 (Ro, o) = A(R, Ro, s, o) - (2.31)
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Figure 3: Shape function used in our studies as given in Eq. (2.33), for three values of
Q1: 0.55GeV, 0.3GeV and 0.215GeV in blue, red, and green, respectively. The dashed
vertical lines show the position of 221, which always lies to the right of the maximum.

Note that, since A(R, Ry, p, o) is perturbative, we can in principle also consider it as part
of the partonic distribution by rewriting the factorization formula (2.2) in the form

d dé k 2A(R, Ro, s,
d"—/dk "[T—— U Bo:ts: 1)\ 1y g (2.32)
-

Q Q

where d6/dT = dos/dr + doys/d7 stands for the entire partonic differential thrust distri-
bution.

The concrete functional ansatz for the shape function we use in our analysis is the
same as employed in the previous analyses of Refs. [39, 50, 59, 60] and reads

4(k—24¢)
128(k — 2Ap)3 e
Fo(Ro s k) = 282000 0k — 20, (2.33)
where Ag = 0.05 GeV. This yields
2QI(R07 ,UO) =A+ ZA0 ) (234)

as the expression for the first moment. Here A is the floating parameter in our fits, and
directly yields a result for the desired fit parameter Q;(Rp, 110). As the reference scales we
take

Ry =pp=2GeV. (2.35)

The shape function ansatz, that can be visualized graphically in Fig. 3 for three values of
Q4, corresponds to the leading term of a general expansion for an arbitrary shape function
first introduced in Ref. [87]. Since our analysis is focused on the tail region, where the
contribution of the leading OPE term {2; dominates, see Sec. 2.4, this truncated form is
sufficient. More terms in this expansion would, however, be mandatory to carry out a
proper theory description in the peak region.

Note that the partonic cross sections shown in Egs. (2.3) and (2.5) were given within a
gap subtraction scheme, indicated by the exponential derivative involving the subtraction
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series d(R, uus). The corresponding expression in the MS scheme for the shape function’s
first moment are obtained by simply setting § = 0 as well as A(R, Ry, jis, o) = 0 in the
expressions shown before. The ansatz function for the MS shape function is still given in
Eq. (2.33), dropping the scales Ry and po and setting Ay = 0.

As already mentioned in Sec. 2.4 using the shape function convolution in phenomeno-
logical analyses provides in principle a more rigorous description of hadronization effects
in the dijet regime in comparison to the shape-function OPE series truncated after the
leading €21 correction. However, using the concrete functional one-parameter ansatz for
the shape function in Eq. (2.33) implies that all higher shape-function moments 2,2 are
related to €21 in a definite way. Here, we have o = 1.25 Q% — 0.5A08 + O.QSA% for the
second shape-function moment, and we do not freely vary the ,>2 in our fits. However,
their effect is also power-suppressed in the dijet regime and can be accounted for as an
uncertainty (since fitting also for §2,,>2 in thrust tail fits is not feasible in practice anyway).
The effect of varying 9 independently was studied in Ref. [50], see their Secs. IV and
VII, where the range Q2 < Qs < 1.50% was obtained from general properties of the shape
function having a generic shape as shown in Fig. 3. The uncertainty on a strong coupling
tail fit was found to be [Aas(mz)]q, = 0.0002, which is much smaller than the perturbative
uncertainty.

2.5.2 Gap schemes

Our default gap scheme, which will be referred to simply as the R-gap scheme, was intro-
duced in Ref. [90] and employed in the analysis of Ref. [50]. In this scheme, the subtraction
series is defined from

6(R, ps) (2.36)

log S, (z, ,Us):|

z=(iRe"E)~1

:EG’YEL[
R as('us) i 1 ' -
= YE - o
2 ;[ 4r ];)(]+1)81,3+110g (R 7

where Sy (z, j15) is the Fourier transform of the MS partonic soft function. It can be written
as

i i1
log S’T(x,us) = Z [as(us)] Z Sij log’ (ie“’Eazus) ) (2.37)

; 4m :
=1 7=0

with s; = s40/2, and satisfies the following linear RG equation:

d Q cus .
s logST(x,us)} = —4TPlag(us)] log (i€ zps) + 2vs[as(ps)] (2.38)
e . \n+1 i . \n+1
Tcusp s ZE :Pcu5p< S) 7 s ZE : S< 5) .

Here I'°"*P and g are the universal cusp and non-cusp soft anomalous dimensions, respec-

tively. It is convenient to define

e’VE .
dg = 7(] + 1)82',]'_1_1 , (2.39)
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and worth noting that, since 5 vanishes, we have dff = 0 such that 6(R, R) = O(a?) in
the R-gap scheme. All pieces needed to determine the gap subtraction up to 3 loops are

analytically known. In the R-gap scheme, §(R, us) has a linear anomalous dimension in R,

B d B OZS(R) n+1 R
el = Rggais ) = 32| “0o (2.40)
n—1
7111% :drIEJrl,O —2 Z(n - j)ﬂjdﬁfj,o )
j=0

and also has a non-zero logarithmic anomalous dimension in p

i _Hs d
'YA[O‘S(NS)] R s

This linear RG evolution in R is common to any gap scheme. We refer the reader to Sec. II F

(R, p1s) = —26"ETP e ()] (2.41)

of Ref. [50] and to Ref. [90] for further details. In order to avoid having large logarithms in
the gap subtraction, which is essential for a proper gap subtraction implementation, one
must choose s =~ R. Since the soft renormalization scale us depends dynamically on 7 and
monotonically increases until it becomes equal to the hard scale, R has to become equally
large and is therefore also 7-dependent. If these two scales are varied, the numerical
values of the gap parameter A(R, ) and the matrix element Q1(R, uus) vary according
to their respective anomalous dimensions with respect to the reference gap parameter
Ao = A(Ro, po). We reiterate that in order for the renormalon to cancel properly between
the subtraction series and the perturbative partonic soft function, one has to consistently
expand the partonic cross section including the subtraction series order-by-order in o ().

As already pointed out in Sec. 2.5.1, the choice of the gap subtraction scheme is
not unique. In Ref. [91], a general classification was provided for possible gap subtrac-
tion schemes based on the partonic position-space soft function S’T(x, s). The impact of
adopting different gap subtraction schemes within this classification was studied recently
in Ref. [92] for inclusive event-shape distributions involving boosted top quark production
in eTe™ annihilation and the results provided valuable information concerning the pertur-
bative stability of the gap subtraction formalism. Their study followed the same guidelines
for the gap subtraction schemes we apply in this article and yielded excellent consistency
among the different renormalon-free descriptions within the remaining perturbative uncer-
tainties. In our analysis we also study the impact of using gap subtraction schemes that
differ from our default R-gap scheme defined above, see Sec. 2.9. Following the classifi-
cation of Ref. [91], we also consider the following class of non-derivative £-dependent gap

schemes:
. R . R J(R)TPEA .
5(R> 5) = 275 log |:S-,- <Z£R7R>:| = i Z |:a4(ﬂ_ ):| Zsij log” (G’YEf) . (2.42)
i=1 =0

As for the R-gap scheme, we find it convenient to define
i+1

— Z s;; log? (e72€). (2.43)
2 &

din(§) = !
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In contrast to the R-gap scheme, the one-loop term of these non-derivative schemes is not
zero. Furthermore, at O(a?) it also depends on the recently computed non-logarithmic
term of the soft function s3 [77]. Since 0(R,& — 0o0) = 0, in this limit effectively one falls
back to a setup without renormalon subtractions, that is, the MS scheme. In contrast to
the R-gap scheme, these non-derivative £-dependent schemes are pg-invariant. To properly
cancel the renormalon of the partonic soft function, one has to express the perturbative
series of Eq. (2.42) in powers of as(us). This is achieved by expanding as(R) in terms of
as(ps) and log(us/R), yielding

stn.g =y )| > dy(e)tos (). (2.44)
=1

0

<

1—1
0y(€) == 3 heluja(€) Bt
k=j

The last recursive relation generates all d; j~o starting from the known d;o. Relating the
renormalon-free leading-power matrix element €21 for different scheme choices is straight-
forward, and the relations read

i i+1
Q(R) — Q¥ (R, R) = % Z [Oéz(f)] P s — 2 Z s;; log? (eVEf)] , (2.45)
i=1 j=0

e oim . Bx=[as(R)] & [log/(€26)  log! (¢72&)
)~ 0f () = 5 3|7 ]ZO - e

Here we have expressed both series in powers of the strong coupling at the same scale
so that they are renormalon-free. The R-anomalous dimension for the non-derivative gap
scheme can be obtained from Eq. (2.40) replacing df — dio(&). For the non-derivative gap
schemes the p-anomalous dimension vanishes.

Note that for the analyses carried out below, when comparing different gap subtraction
schemes along with the MS scheme, we always convert to the reference value given in the
R-gap scheme,

Off = Q1 (Ro, o) , (2.46)

with the scales given in eq. (2.35). In this regard, we emphasize the fact that when
converting €y from the MS scheme to the R-gap scheme the series has a renormalon. This
implies that the value for £2; depends more strongly on the scale at which the fixed-order
conversion is carried out and the order we are working at, in contrast with the conversion
between two different renormalon-free schemes.

It is useful to consider different values of £ as independent gap schemes, and we shall
explore a few values of £ to test the dependence of our results on the scheme used to
define 1. The phenomenological analysis of Ref. [91], which was based on the peak of the
distribution for boosted tops, employed £ = 1. Ref. [92] studied the R-gap scheme and the
non-derivative schemes for ¢ = 1 as well as £ = €®# for calibrating the top quark mass
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R-gap §1-gap §2-gap §3-gap
dio 0 —0.69 —2.921 —1.43
dog | —43.954 | —26.96 —78.35 —47.93
dso | —1954.45 | —1569.44 | —2401.11 | —4782.98

Table 1: Values of d;y for ¢ = 1,2,3 in the different gap schemes we consider. All four
schemes have coefficients whose growth is consistent with a O(Aqgcp) renormalon.

parameters for different Monte Carlo event generators. For the massless quark tail analysis
carried out in this article, it turns out those values of £ are too small, implying artificially
enhanced 1-loop subtraction and R-evolution.® Here we explore the three (larger) values:
& = elE & = e!P7 /2 and & = €!97%/3. When comparing results between different
gap schemes below, we will use the convention: &£;-gap, &2-gap, £3-gap denoting these three
values. The numerical values for the coefficients (L-o(f) for i = 1,2,3 in these three gap
schemes, together with the values for dl%, are listed in Table 1.

In Ref. [65] the impact of adopting different gap subtraction schemes was first discussed
in the context of ay fits. They employed the R-gap scheme of Eq. (2.36) in two different
ways. One, called R-scheme in Ref. [65], follows our standard of systematically summing
all logarithms. The other is based on the ps-independent subtraction series

S(R,R) = ?e%‘ 3 [O‘Z(f)] Si1 (2.47)

=2

which is the R-gap subtraction series for s = R. To cancel the renormalon one needs to
re-expand as(R) in terms of as(us) and log(us/R), which generates a single power of the
logarithm at O(a?). For this subtraction, the authors of Ref. [65] use a constant R scale in
the tail region, which leads to an increasing scale separation between R and ps for large 7.
This use of Eq. (2.47) together with the choice of the R(7) profile was referred to as the
R*-scheme in Ref. [65]. They considered this implementation of the R-gap scheme as a
viable alternative to avoid an apparent increase of the non-perturbative corrections in the
R-gap scheme with 7 due to the (predominantly linear) R-dependence of A(R, Ry, fis, fi0)-
However, as also illustrated in the form of the factorization theorem displayed in Eq. (2.32),
this R-dependence is a completely perturbative feature emerging from the removal of the
soft-function renormalon through a scheme-dependent subtraction, and should not be con-
sidered as an R-dependence of the genuine non-perturbative QCD corrections. Formally,
the R-dependence cancels from the prediction up to higher order terms dropped by the
perturbative truncation. Within this R*-scheme Ref. [65] found a quite sizable variation
of the theoretical predictions with respect to the R-scheme when using the 2010 profiles
introduced in Ref. [50], which, for reasons explained in the next section, we do not employ
in the analysis of this article. Therefore, for our analysis of scheme dependence we will stick

5This is because in the application to boosted top quark production in the resonance region the interplay
between large-angle soft and the ultra-collinear radiation differs from thrust in the dijet tail region for
massless quark production.
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to comparisons of the R-gap scheme with the three §;-gap schemes. Since the summation
of large logarithmic terms is essential for a proper convergence of the theory description,
the R*-scheme is in general disfavored as compared to our scheme choices.

2.6 Profile Functions

The factorization formula for the singular partonic thrust distribution is governed by three
renormalization scales: the hard ug, jet uy, and soft s scales. In order to avoid having
large logarithms in the peak and tail regions, while simultaneously maintaining the cancel-
lation of singular and non-singular terms in the far-tail region, the renormalization scales
must satisfy the following canonical scaling constraints

peak: pug ~ Q, ps~ /Aqcp@, ks 2 Aqep (2.48)
tail: He ~ Qa ny ~ Q\/;a Hs ~ QT7
far-tail: pug = py = ps ~ Q.

For a given region, the phrase canonical scales refers to replacing the above ~’s and 2
by =, and Aqcp by 1.1 GeV. Note that there is very little freedom in these constraints;
they are not model dependent and any valid resummation approach must fulfill them with
7-dependent renormalization scales p;(7). However, to satisfy these requirements across the
entire thrust distribution, the three constraints must be smoothly combined, and there is
some freedom in how and where this joining is done, which introduces parameters and leads
to the concept of profile functions u;(7). It is important to note that the resummed cross
section, even if formally renormalization-scale independent, exhibits residual dependence
on the details associated to the scale choices order-by-order in resummed perturbation
theory. To assess the perturbative uncertainty in the various regions, we therefore vary
both the absolute scales in canonical regions and the way in which we join canonical regions.
The history of profile functions in the literature includes Ref. [87] where they were used
to handle the peak-tail transition in B — Xgv, and the thrust analysis in Ref. [50] where
the joining for all three regions was carried out. The original profiles of Ref. [50] suffered
from a deficiency, in that the canonical scaling in the tail region was only approximately
satisfied, at the benefit of having less joining parameters. This issue was rectified for the
thrust and C-parameter event shapes in Ref. [39], with the introduction of profile functions
that satisfy the canonical scaling constraints in all regions, and whose form we also use
here. In the following, we briefly review the functional form of the hard, jet and soft scales
encoded in Eq. (2.3).
The hard scale is defined as

pr =en@, (2.49)

where ep is one of the parameters we vary when determining the perturbative uncertainty
in our analysis. The range of variation for eg, as well as the range of variation for all other
parameters encoded in the definition of our profile functions are summarized in Table 2.
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The soft scale obeys the functional form

1s(0) 0< 1<t
C(MS(O)aOaOaTSNHathtlaT) to <1T<1h

ps(T) = q TspHT <1<ty , (2.50)
C0, rspemrs porr, 0, b2, ts, 7) to < 7 <t
[LH ts < 17<05

where the first, third, and fifth are canonical scaling regions, and the second and fourth
involving the function ¢ are where the transitions occur. For our analysis we fix pus(0) =
1.1 GeV. Here t defines the boundary between the non-perturbative region (where all of the
Q; are important) and the beginning of the transition to the tail resummation region (where
an OPE for the ; corrections applies), and ¢; denotes the end of this transition. In the
tail region t; < 7 < tg, the parameter rs corresponds to the linear slope with which the soft
scale rises. Here, to controls the start of the transition between the tail resummation and
fixed-order regions, and t, defines the value of 7 where this transition ends and all renor-
malization scales become equal to a common scale. The function (a1, b1, as, ba,t1,te,t),
whose definition can be found in Ref. [39], connects the canonical patches of the spectrum
in a smooth manner. This function smoothly joins two linear curves £; and ¢ defined
for t < t1 and t > ¢y with slopes b; and by, and intersects a; and as. The connection is
achieved by means of two second-order polynomials with support on t; < ¢ < (t; + t2)/2
and (t1 + t2)/2 < t <ty which are smoothly connected to each other at (t; + ¢2)/2 and to
the two linear curves at t; and ts.
The functional form we use for the jet scale is

MJ(T) _ { /EIH+ eJ(T - ts>2] /’LH/’LS(T) : i Z ’ (2.51)

where e; is one of the parameters we vary when determining the theoretical uncertainty
in our fits. Due to its dependence on ps(7) it also inherits the proper behavior for the
different regions shown in Eq. (2.50).

In addition to the three scales defined above, there are two additional scales that
require a description. The first is R(7), which denotes the gap subtraction scale. It agrees
with the soft renormalization scale ps(7) in the resummation region to avoid large logs in
the subtraction series given by the second line of Eq. (2.36), but it can differ from the soft
scale in the non-perturbative region. The corresponding profile function reads

R(O) 0<7<1
R(T) = C(R(O),O,O,TSMH,to,tl,T) to <7<t , (2.52)
s () t1 <7<0.5

with R(0) = 0.7GeV. The values of us(0) and R(0) are kept fixed in our fit analysis since
they only affect the peak region, which is outside our fit window.

Finally, there is also the non-singular renormalization scale u,s, whose dependence in
the cross section independently decreases order-by-order. In the far-tail region it must
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Figure 4: Comparison of the profile functions used in Ref. [50], panel (a), in Ref. [60],
panel (b), and in this article, panel (c), for the center-of-mass energy @@ = myz. To avoid
cluttering the figure, the variation of the scales induced by changing the hard scale param-
eter ey are only indicated by the vertical  arrows. The range of variation for the various
profile parameters used in this article are given in Table 2. Panel (d) shows a comparison
between the N3LL/ resummed (solid red) and fixed-order (solid blue) cross sections in the
MS scheme including perturbative uncertainties. Also shown is the N3LL’ resummed cross
section in the R-gap scheme (dashed red curves).

be equal to the other scales to ensure the proper (large) cancellation between singular
and non-singular terms, which are thus treated as a common entity rather than distinct
contributions. In the peak and dijet tail regions the non-singular scale can differ from the
other scales, and its variation provides an estimate for missing higher-order perturbative
non-singular terms. We use

= HH — s [MH - MJ(T)] . (2.53)

Hns (T) 9

Since it is relevant to our analysis, we elaborate further on the differences between
the profiles used in the 2010 [50] and 2015 [39] analyses, displaying a comparison between
the two in Figs. 4 for @
implement canonical scale setting in the tail region of the distribution, with a slope fixed

myz. The most relevant difference is that the 2015 profiles

by the rg parameter, which for this () value occurs for 7 between about 0.1 and 0.25, see
the second panel. This exact linear growth is absent in the 2010 profile functions shown
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parameter default value range of values

1s(0) 1.1GeV -

R(0) 0.7 GeV -
no 2 1.5, 2.5]
m 10 8.5, 11.5]
t 0.25 [0.225, 0.275]
s 0.4 [0.375, 0.425]
re 2 1.5, 2.5]
e 0 [~1.5, 1.5]
ex 1 0.5, 2.0]
Ng 0 [—1, 1]
€ 0 —1, 1
5 0 -1, 1]

Table 2: Profile function parameters and corresponding ranges in which they are varied
during the random scan. Here the parameters to = (1GeV)no/Q and t; = (1 GeV)n1/Q.

in the first panel, where the slope is instead determined by the parameters which specified
how the scales merge into the peak and far-tail canonical regions. The impact this has
on the stability of the predictions and the fits is discussed in Sec. 4.1. In addition, the
2015 profiles are in general more flexible compared to their predecessors, the parameters
that constitute the profile functions control different features of the profile functions in a
more independent way, and the scales merge already by the smaller value 7 = 0.4 where a
fixed-order prediction is applicable rather than considering dijets. Note that even though
the variation bands overlap at certain values of 7, for a given set of profile parameters the
required scale hierarchy associated to the three renormalization scales is, by construction,
always respected. Also note that the bands shown in Figs. 4 do not include the hard scale
ey variation to avoid clutter. A variation of ey between 0.5 and 2, results in significant
vertical movement of the black py line indicated by the up-down arrow, and also drags
with it the jet and soft scales. Since we consider simultaneous variations in our uncertainty
analysis this leads to a significant broadening of the variation bands.

At this point, a discussion on the variation intervals of the profile function parameters
we use in this article, and which are shown in Table 2, is in order. The only difference with
respect to the 2015 analysis in Ref. [39] is that we increase the interval for the canonical
slope parameter r, from [1.77,2.26] to [1.5,2.5]. We will refer to these as 2024 profiles.
This leads to increased variation bands visible in the third panel of Fig. 4 compared to the
second panel of the same figure. The increase is motivated by two reasons. Firstly, as can
be seen in Fig. 4, the 2015 profiles have smaller variation than the 2010 profiles, whereas the
increase obtained by the 2024 profiles represents a more conservative uncertainty estimate.
Secondly, an updated study of the perturbative convergence of the thrust distribution
normalized to the fixed-order total cross section shows that a wider variation of rg is

preferable (in comparison to using the integral over the thrust distribution for normalizing,
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which is our default and shows excellent convergence already with the smaller r¢ variation).
This is elaborated on below.

In Fig. 4d we display a comparison between the N3LL’ resummed cross section, based
on the 2024 profiles, and the O(a3) fixed-order cross section, both in the MS scheme. It
becomes apparent that already at 7~ 0.25 both descriptions largely coincide, demonstrating
the smooth transition from the resummed prediction to the purely fixed-order based cross
section. In addition to the MS results, we also show the N3LL/4+O(a3) resummed cross
section in the R-gap scheme, which yields a more precise cross section that sits in the upper
part of the uncertainty band of the MS result. This feature will become important when
analyzing the fit results in Sec. 4.2, as a larger cross section in the tail region yields lower
values for the strong coupling.

In Ref. [65] it was argued that an even wider scale variation may be mandatory to
achieve reliable perturbative uncertainty. They used a larger variation for the ranges of
profile parameters, by wishing to ensure that the same profiles could be employed to achieve
overlapping uncertainty bands for a wide range of angularity observables, which depend on
the continuous a and for which a thrust-like observable emerges for a = 0. Our view is that
it is appropriate to analyze the uncertainties for each value of a separately as angularities
for different a are observables on their own, in the same way that it is appropriate to
motivate the use of somewhat different profile functions and parameter variations for thrust,
C-parameter, and heavy jet mass. Note that the increased range that we motivate and
use for ry does go in the direction of increasing the perturbative uncertainties. Since we
advocate analyzing the convergence on an observable-by-observable basis, and the bands
for thrust overlap well and yield uncertainties that are appropriate to the very high order
N3LL'+O(a?) analysis being performed, we choose not to increase the range of variations
further to avoid artificially inflating the perturbative uncertainties without any justification
particular to thrust.

2.7 Total Rate OPE Compatible Implementation of Profiles

As discussed in the previous subsection, in order to sum up large logs, the renormalization
scales pgr, pug, s and R become 7-dependent profile functions. Since this yields an addi-
tional source of 7-dependence in the convolution with the non-perturbative shape function
F;, see Eq. (2.32), one has to make a decision on how to treat the profile function’s 7 de-
pendence in this convolution. To explain this issue, let us write the partonic cross section
of Eq. (2.32), which contains all the renormalization and gap subtraction scale dependence
of the factorization theorem, as

do do 2A(R7 Ry, s, MO)

E(T; {ni,R}) = o 0 ; (2.54)

making all renormalization scales {u;, R} = {umg, ps, us, R} it depends on explicit. The

analogue definition for the MS scheme reads

g(T; {,uz}) = %(7). (2.55)
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The first option is to treat the implicit 7-dependence from the profile functions pu;(7)
independent of the explicit 7-dependence, i.e. the profile functions are employed after the
convolution, already at the hadron level. This choice was used in Refs. [39, 50, 59, 60] and
various other analyses. It yields

do do k
= [k = G RO o). (2.56)
within a gap scheme, and
do do k
P —/dk? &_[T—Q»Nz’(T)]Fr(k)u (2.57)

in MS. However, this choice violates the property that all 7 dependence of the partonic
cross section is convolved with the shape function. In effect, one should recall that the
7-dependent scales are together responsible for yielding the correct 7 dependence in the
partonic cross section, in particular its large logarithms of 7, and this places the implicit
and explicit 7 dependence at the same level. When they are treated separately for the
inclusion of hadronization effects, as in Eq. (2.56), this means that the normalization
condition in Eq. (2.17) is no longer sufficient to yield exact independence of the integrated
total cross section on the shape function form. Predominantly this implies that there will
be a residual dependence on the value of the first moment 2;, that signals a residual linear
infrared sensitivity.

In Fig. 5a we show the total integrated cross section obtained using Eq. (2.56) for our
N3LL/ 4+ O(a?) thrust distribution in the R-gap scheme for as(mz) = 0.1142 and Q = my
as a function of the shape function’s first moment ;. (We obtain completely analogous
results for the other gap schemes.) The yellow solid line corresponds to the result for the
default profile functions and the dashed green lines indicate the perturbative uncertainty
estimate from the profile function variations. The dashed red line is the result for the fixed-
order total cross section at O(a?3). The integrated total cross section is compatible with the
more precise fixed-order cross section within uncertainties at N3LL’ 4+ O(a3) order. This
was also the case in Refs. [50, 59], which had similar uncertainties for the integrated cross
section using the 2010 profiles, but where only the fit value of ©;(2 GeV) = 0.323 GeV was
examined. In Fig. 5a we observe a clear dependence on €2;. This residual shape function
dependence is consistent within the perturbative uncertainty, but it is still undesirable
since the total hadronic eTe™ cross section is known to have a more strongly suppressed
quartic infrared sensitivity.

The alternative entails that the implicit 7-dependence be treated just like the explicit
one, and yields a strictly shape-function independent integrated total cross section. The
implementation of such a choice is, however, not quite practical when scanning over a large
number of profile function sets. There is, however, an approximate implementation of this
alternative by replacing the convolution over the implicit 7-dependence by a shift of the
shape function’s first moment. For the MS scheme this leads to

d do k k do k 20
= Jw g gu(rg)Fw = fugl G- ) [, @
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Figure 5: Comparison of the total integrated cross section at N3LL'+O(a?) order in
the R-gap scheme (solid yellow) to the fixed order cross section at O(a?) (red dashed) as
a function of the first moment €2y. These are normalized by the Born cross section oy.
The yellow solid line uses the default values for the profile function while the yellow band
displays the perturbative uncertainty associated to varying profile function parameters. In
the left panel we use the older method of Eq. (2.56), while the right panel uses the improved
approach from Eq. (2.59).

which eliminates at least all linear sensitivity of the total integrated cross section on the
shape function. The generalization of this approximation when using a gap scheme reads

j—j :/dkji[T - 2; {,ui,R}<T - 2[91(R0’“°)Q+ 5(R0’u0)]>}FT(RO,uO, k). (2.59)

This is the choice to treat the 7-dependence of the profile function for the convolution with

the shape function we adopt in the analyses we carry out in this article.

In Fig. 5b we show the total integrated cross section obtained in our modified OPE-
compatible approach in Eq. (2.59), using otherwise the same setup as in the left panel. The
result shows a substantially improved shape function independence which is now negligible
from the perspective of the remaining perturbative uncertainties. For all practical purposes
the shape function dependence of the integrated total cross section can thus be ignored for
all aspects of our analyses. The fixed-order O(a?) cross section o /oy = 1.038 also agrees
very well with our central prediction for the integrated N3LL' 4+ O(a2) cross section and
is well within the uncertainty band. The recent calculation for ss significantly contributes
to this improved agreement, giving the displayed o/0g = 1.04 £ 0.01. Note that if we had
instead used s3 = 04500 as in Ref. [50] then the agreement from the integrated cross section
would be less accurate, o /o = 1.06+£0.02. In what follows we self-normalize our differential
cross section, which ensures that the normalized cross section integrates to unity. (We
remark that using the fixed-order cross section for normalization, rather than the integrated
cross section, would lead to a value of a; that is larger by only Aas(myz) = 0.0002, well
within our other uncertainties.)
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2.8 Impact of Resummation on the Cross Section

The systematic resummation of large logarithms with matching based on the factorization
theorem in Eq. (2.2) is essential in the dijet region, where 7 is small, as has already been
pointed out by detailed analyses in Refs. [39, 59]. However, recently in Ref. [64] the need
and even the reliability of summing up higher-order logarithmic corrections in the tail
region for 7 2 0.1 was questioned, and it was argued that fixed-order results should be
employed in that region. Within our factorization approach the transition of the dijet to
the three-jet region occur in the interval ty < 7 < ts (with default values t3 = 0.25 and
ts = 0.4 for the two transition points) where the profile functions approach the hard scale,
see Fig. 4. In the analysis of Ref. [64], it is assumed that the three-jet region reaches much
lower 7 values and that the resummation of logarithms is potentially unreliable already for
7 > 0.1, advocating for the use of fixed-order. We come back to analyze the arguments
given in Ref. [64] in more detail in Sec. 5. In view of recent results provided in Refs. [61-63]
we also believe a more detailed estimate of the impact of the three-jet configurations in
hadronization is warranted. However, we also stress that currently there is no coherent
physical understanding of the non-perturbative corrections in the transition between the
dijet- and three- or multijet-dominated thrust regions. A discussion along these lines was
also not provided in Ref. [64]. Such an understanding is, however, mandatory, both for
a restricted dijet or a dedicated three-jet analysis, since it is practically unavoidable that
thrust data used for these analyses covers this transition region either on the upper or
on the lower side of the respective fit ranges. Nevertheless, we believe that the level of
perturbative convergence of either using our resummed factorization approach or a purely
fixed-order treatment should be able to tell us about the reliability, as least from the
perspective of the perturbative contributions.

In this section we therefore provide a renewed analysis of the convergence properties
of our resummed approach based on Eq. (2.2) using our updated setup, compared to pure
fixed-order. In Fig. 6 the thrust distribution in different approaches (and at different or-
ders) is displayed normalized by the N3LL'+O(a?) resummed distribution. Panels (a) and
(b) show fixed-order results with two different ranges for the scale variation p = ey @, while
panel (c) shows resummed results. Panels (a), (b) and (c) use Q; in the MS scheme and
are normalized to the default N3LL'+O(a?) result with € (corresponding to the dashed
black horizontal line). Panel (d) shows resummed results with Q£ in the R-gap scheme,
normalized to the default N3LL'+O(a?) result in the R-gap scheme. For the fixed-order
distributions, the uncertainty bands arise from varying the single renormalization scale in-
volved in the range p € [Q)/2,2Q)] in panel (a), and p € [Q/4, Q] in panel (b), respectively.
For the cross sections including resummation, the profile function parameters are varied
according to the ranges displayed in Table 2. The results in (c) and (d) exhibit a very sta-
ble perturbative behavior with systematically order-by-order overlapping and decreasing
uncertainty bands. As anticipated, the renormalon-free R-gap scheme yields smaller uncer-
tainty bands. For the fixed-order cross sections we observe that all the uncertainty bands
are quite similar regardless of the order and that all higher-order corrections constitute
positive contributions. Furthermore, for large parts of the region displayed in Fig. 6, no
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Figure 6: Ratios of the fixed-order (top panels) and resummed (bottom panels) differential
distributions at various orders for () = m. In the top panels fixed-order scale uncertainties
are obtained by varying ey = 1/@Q in two different ranges, while in the bottom panels the
resummed scale uncertainties arise from varying the profile function parameters. In panels
(a), (b) and (c) we use 3 = 0.3GeV and normalize with the N3LL'4+O(a?) resummed
distribution in MS, while panel (d) removes the leading renormalon ambiguity with R-
gap subtractions, uses in = 0.3GeV, and is normalized with the N3LL'+O(a?) R-gap
resummed distribution.

overlap of the uncertainty bands is visible for both p-variation intervals. Interestingly, we
see that the O(a?) fixed-order distribution is closer to the N3LL'+O(a?) resummed result
for the lower p-variation interval ey € [0.25,1], indicating that this choice reduces the
effects of the higher-order logarithms involving the separated soft, jet and hard scales. The
behavior of the uncertainty bands in comparison to the default N3LL/+O(a3) resummed
prediction (corresponding to the dashed black horizontal line) implies that the yet unknown
full O(a?) fixed-order corrections may very likely again provide another positive shift that
provides an even better agreement with the N3LL'+O(a?) resummed result. It is also likely
that this happens for 7 values up to 0.3.7

"We note that the discrepancy between the O(a?) fixed-order results and the N*LL'4+O(a?) resummed
distribution in the R-gap scheme shown in panels (a) and (b) of Fig. 6 varies with @ and is relevant for a;
extractions from thrust data for different c.m. energies. In addition, we emphasize that the conclusions one
can draw from both Figs. 6 and 7, are independent of the choice of as(mz) and Q.
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Figure 7: Ratios of the resummed cross section in the R-gap scheme using both fixed-
order normalization opo (left panel), and self-normalization o (right panel), at various
orders, over the default self-normalized N*LL/+O(a?) resummed distribution. In order to
obtain these results we use as(mz) = 0.114 and Qf“ = 0.3GeV.

In any case, based on Fig. 6, a strong-coupling determination based on fixed-order
perturbation theory alone yields large order dependence already based on the known cor-
rections up to O(a?). In contrast, the resummed predictions exhibit an ideal order-by-
order convergent behavior, irrespective of considering the cross section in the MS or R-gap
schemes. We observe order-by-order decreasing uncertainty (estimate) bands and very
nice stability of the central prediction. Following the same pattern, this can be expected to
yield a significantly more stable order-by-order behavior for strong coupling determinations.
This will be reconfirmed explicitly by carrying out fits presented in Sec. 4.1. Furthermore,
the ratio of the O(a?) fixed-order predictions over the N3LL/4+O(a?) resummed result is
flat across the entire 7 range up to 0.3 without any indication of an anomalous behavior
of the resummation effects for increasing 7 values. Overall, no patterns of instabilities are
visible for the entire relevant range of 7 values, reinforcing the conclusion that resummed
predictions are reliable and favored over fixed-order results.

2.9 Normalization Choice and Gap Scheme Dependence

As already stated at the end of Sec. 2.7, in the following sections we self-normalize our
factorization based prediction for the differential distribution, which ensures that at each
order it integrates to unity, which is also true for the experimental data to which we will
eventually compare. In this section we investigate further aspects of our normalization
choice focusing, once more on the perturbative convergence, and on the gap subtraction
scheme dependence, and explaining our motivation for the increased r; variation range
mentioned at the end of Sec. 2.6.

In Fig. 7 we display our resummed distribution in the R-gap scheme at various or-
ders normalized by the corresponding fixed-order total cross section (left panel) and by
the integrated differential cross section (right panel). Each of the distributions is divided
again by our default self-normalized N3LL/'+O(c?) resummed distribution in the R-gap
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Figure 8: Ratios of self-normalized N3LL'+O(a3) resummed distribution in four dif-
ferent gap schemes and in MS, over self-normalized N3LL/+O(a?) resummed distribu-
tion in the R-gap scheme. We use as(mz) = 0.114 and Qff =0.3GeV. The corre-
sponding values for 2 in the other three other schemes read: Q§1(2 GeV) =0.31GeV,
Q? (2GeV) = 0.34 GeV, Q? (2GeV) = 0.37GeV. At O(a?) the moment in the MS scheme
reads Q1 = Qf +0 — 0.04 — 0.04 = 0.22 GeV, where we have shown the subsequent terms
in the conversion series in a; which contains an O(Aqcp) renormalon.

scheme (corresponding to the dashed-black horizontal line at unity). The colored bands
are the perturbative uncertainties estimated from our profile function variation. We ob-
serve order-by-order convergent behavior for both normalizations, but a significantly better
convergence pattern can be attributed to the self-normalized distributions. This feature
also arises when using the 2015 profiles with the smaller r¢ variation range, but the overlap
of the uncertainty bands for the fixed-order normalization is larger with the variation of 7,
used in the 2024 profiles. This same conclusion favoring self normalization was also drawn
in the 2010 analysis [50].

At this point it is prudent to also examine the gap-subtraction scheme dependence of
our resummed distribution. In Ref. [65], a sizable variation of the resummed predictions
was found for the 2010 profile functions (which we do not use in our current analysis)
between the R-gap and R* schemes. As we already explained at the end of Sec. 2.5.2, we
do not consider the R* scheme as a viable implementation for subtracting the O(Aqcp)
renormalon arising from the perturbative large-angle soft radiation as it leaves large log-
arithms associated to the renormalon subtraction unresummed. However, the study of
the gap subtraction scheme dependence advocated by Ref. [65] is certainly warranted to
scrutinize the stability of the results, so we analyze this scheme dependence in detail here.

In Sec. 2.5.2 we discussed four different gap subtractions, the R-gap scheme, which was
already employed in Ref. [50] and is our default, and the three non-derivative &; 2 3-gap
schemes. Stability with respect to the choice of gap subtractions should yield predictions
that are consistent within the respective uncertainties (for values of Q% and Q; which
have been obtained by scheme conversion starting from a common Qlf‘) In Fig. 8 the self-
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normalized N3LL'+0O(a?) resummed distributions with perturbative uncertainty bands in
the four gap schemes are shown, again divided by the default N3LL'+O(a?) distribution
in the R-gap scheme. We also display the result in MS where the renormalon is not
subtracted. We first observe the significant reduction of the perturbative uncertainty bands
for all the renormalon subtracted predictions (by a factor of two or more) compared to the
MS scheme. This improvement, which was already discussed at length in Ref. [50] (and
even earlier in Ref. [55]), represents one of the main reasons for the high precision of our
cross section and highlights the advantage of employing the renormalon subtraction over
the unsubtracted MS scheme. Furthermore, the results in the four gap schemes show
very good mutual consistency. Interestingly, the - and £3-gap schemes exhibit somewhat
smaller uncertainty bands compared to the R- and &;-gap schemes, but this should be
considered accidental. The larger uncertainty bands obtained in the &;- and R-gap schemes
are essentially equivalent, and reconfirm that adopting the latter as our default is adequate.

2.10 Hadron Mass Effects

For partonic final states it is justified to use massless final state particles since the gluon
is massless, and light quarks have a mass much smaller than Aqcp. (For a discussion of
heavy quark mass effects we refer the reader to the next section.) In contrast, for the
experimentally accessible hadronic cross sections, it is never justified to neglect the mass of
the hadrons, since this is entangled with the Agcp hadronization effects that one is aiming
to capture. For example, one can compare 7 in Eq. (2.1) with the following observables

305 (B — |pj - il) S E(1 [ - )
T9 = min , TE = min ,
g Q F Q

where Ej; is the energy of the final-state particle j and p; = p;/|p;| a unit 3-vector pointing

(2.60)

in the direction of pj. For massless partons all three observables are identical, whereas all
three differ for massive hadrons.

The effect of hadron masses on event-shape distribution was first pointed out in
Ref. [93], and later studied using a quantum-field formalism in Ref. [94]. For very en-
ergetic hadrons the difference between E; or |pj| is small. The hadronization effects for
collinear particles correspond to a subleading power correction of O(A2QCD /(Q?7)), which
we neglect. On the contrary, the hadron mass effects for soft particles with momenta
~ Aqcp are the same order as the leading hadronization corrections at O(Aqcp/(QT)),
causing the dominant difference between measuring 7, 7, or 7g.

Thus hadron mass effects in the dijet region are captured by nonperturbative contri-
butions to the soft function, that is the shape function in eq. (2.16). One of the advantages
of having an operator definition for {2; is that relations for different observables 7; in the
dijet region can be derived from first principles in QCD. In Ref. [48] it was shown that the
boost and rotational symmetry of the matrix element defining €2; enable the universality
of this parameter among different event shapes to be established. These symmetries play
a crucial role when accounting for hadron masses and enable one to match observables 7;
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to the appropriate universality class definition of Q; [94].% Note that this theoretical treat-
ment of hadron mass effects has not yet been properly incorporated in dispersive model
based approaches. Since we consider a single event shape with a unique universality class
in our study, the differences between hadron mass effects in different universality classes is
not relevant to us here.”

In the tail region in which the OPE is applicable the treatment of hadron masses in
measurements will fix the appropriate definition of {2; and hence, provided all experiments
use the same treatment, the dominant hadron mass effects are absorbed when fitting for
this parameter. The fact that such hadron mass scheme dependence can be absorbed
into the definition of £2; was confirmed for the first moment of event shapes generated
in both the Pythia and Herwig Monte Carlos in Ref. [94]. We will assume that the
hadron mass dependence for 7 as defined in Eq. (2.1) are correctly accounted for across
the experimental measurements used in our analysis, and therefore we do not assign any
additional uncertainty for these effects.

2.11 QED, Electroweak, and Bottom Mass Corrections

In this section we briefly review the known theoretical effects that will be neglected in our
analysis, and comment on the impact they would have in the determination of the strong
coupling. All of these have been studied in Ref. [50], but in subsequent analyses have
mostly been ignored.

We start with perturbative contributions. Like the vast majority of phenomenological
analyses carried out for event shapes, our theoretical expression accounts only for QCD
effects and assumes massless primary and secondary quarks. While electroweak corrections
are quite small [95], QED effects are more important. In Ref. [50] QED effects were ana-
lyzed, properly accounting for the distinction between virtual effects, initial state radiation,
and final state radiation in accordance with the experimental treatment. It was found that
these QED effects lead to a decrease of as(myz) by Aas(mz)qep = —0.0005, see their
Fig. 14. This can be understood intuitively since the inclusion of soft and collinear final
state photons adds a bit of strength to the QCD radiation, and thus lowers the value of
as(mz) in the fit. We will take the attitude that this is a known effect that can included if
higher precision is desired. However, to make our results easier to compare with others in
the literature that perform fits purely based on QCD corrections, we will leave them out
in our default analysis. We also remark that the size of this correction is less than half of
our total uncertainty in as(my). If this shift was taken as an additional uncertainty and
added in quadrature, our total uncertainty would only increase by 0.0001.

8In our formalism the hadronization effects incorporated in moments 2, are formulated on the asymp-
totic celestial sphere at co, which implies that we assume that all particles that are unstable under strong
interactions have decayed. This properly incorporates the mass gap Aqcp that is present in real QCD. In
this context, the decay scheme that replaces massive QCD hadrons like the p and 7 by massless final state
particles is not related to any theory of nature, and should not be considered for estimating uncertainties
in o fits.

9Ref. [94] also showed that the leading power correction has a non-trivial, hadron-mass-dependent anoma-
lous dimension. The running of 2; was studied phenomenologically in Ref. [60] and it was concluded that
for thrust (and C-parameter) the effect is very small. Therefore, we do not implement it in this article.
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The effect of primary massive bottom quarks was also studied in Ref. [50], accounting
for such effects at N2LL+O(a;).!? This effect is also rather small since electroweak factors
dampen the production of bottom quarks, rendering its influence on as(mz) at the per-mil
level. Asshown in Table 5 of Ref. [50] this effect slightly increases as(mz) by Aas(mz)m, =
0.0001. Inclusion of the bottom mass has a larger effect on the value of €21, causing a shift
of AQ)y = —0.022 GeV. However, when including both bottom masses and QED radiation,
the combined shift is only AQ; = —0.009 GeV, which is also negligible when compared to
the total uncertainty on extractions of ;.

Even though top quarks cannot be produced at LEP energies, they enter through
virtual diagrams. These appear for the first time at O(a?) in the form of the axial-anomaly
due to the large bottom-top mass splitting and modify both the hard function and the non-
singular distribution. In Ref. [50], these corrections have also been studied and were found
to be smaller than the b-mass effects, see their Sec. I1.C.

All in all, we can conclude that given the accuracy of both experimental data and our
theoretical description, it is safe to neglect the majority of the corrections discussed in this
section, and to include the Aag(mz)qep =~ —0.0005 shift from including QED corrections
only when one wants to add the dominant electroweak correction beyond a pure QCD
analysis.

3 Data Selection and Fit Procedure

Experimental data for the thrust distribution exist for different values of center-of-mass
energies in the range @ € [14,207] GeV. The datasets, corresponding to a certain value of
@, have been obtained from the following experimental collaborations:'! TASSO with Q =
{35, 44} GeV [1], JADE with @ = {35, 44} GeV [2], AMY with @ = 55.2GeV [3], SLC
with @ = 91.2GeV [4], L3 with Q = {41.4, 55.3, 65.4, 75.7, 82.3, 85.1, 91.2, 130.1, 136.1,
161.3, 172.3, 182.8, 188.6, 194.4, 200, 206.2} GeV [5, 6], DELPHI with @ = {45, 66, 76,
89.5, 91.2, 93, 133, 161, 172, 183, 189, 192, 196, 200, 202, 205, 207} GeV [7-9], OPAL with
Q =191, 133, 161, 172, 177, 183, 189, 197} GeV [10-12] and ALEPH with = {91.2, 133,
161, 172, 183, 189, 200, 206} GeV [13].

For our analysis we will restrict the choice of datasets to the range @ € [35,207] GeV.
Lower energies are excluded, as we defer from including bottom mass corrections (along
with QED final-state radiation) in our theory description, and lower energies would require
a more refined treatment of these effects (see Ref. [97] for a detailed discussion). As will be
argued in Sec. 4.1, our default dataset is (6 GeV)/Q < 7 < 0.15, where we exclude bins that
extend more than 50% outside the fit range on either side. We proceed in the exact same
manner for every fit range chosen throughout our analysis. Carrying out a global fit to the
available data for all @ > 35GeV is important given the strong degeneracy between o

10The analysis of Ref. [50] made the assumption that the momenta of heavy hadrons is not reconstructed,
that is, assuming the 2-jettiness measurement can be used on heavy-quark momenta. This corresponds to
making measurements on heavy hadron decay products. If the standard thrust measurement is used on
heavy-quark momenta, the effect on b-quark masses on the cross section is even smaller, see Refs. [96, 97].
" This is the same dataset used in Ref. [50].
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and 7 in the tail region of the thrust distribution, which is lifted when including multiple
values of () at the same time into the fit.

To perform our fits, for a given set of profile parameters we construct a x? function
which includes both the statistical and systematic experimental errors. As there is no
available information on the correlation for the systematic experimental uncertainties we
rely on a model. As in Ref. [50], we implement the minimal overlap model [10, 13], which
yields a positive correlation of these systematic uncertainties:

sys
%

sys

do® = min[o 10 ]25Qi7Qj 5expi,expj , (3.1)

ij
that is, the correlation is zero among different experiments and also within the same exper-
iment for different values of ). Adding up both statistical (uncorrelated) and systematic
(correlated) experimental errors yields the experimental covariance matrix for the fit pa-
rameters for a given dataset. From this matrix one can infer the experimental uncertainties
and the correlation between oy and €.

To obtain the perturbative theoretical error for a given dataset we proceed as follows.
We select 500 random sets of profile function parameters, which will be referred to as
carrying out a random scan for the remainder of this article, and perform one fit per
random point. The ranges for the individual profile function parameters are shown in
Table 2 and the random points are generated with a flat distribution. The theoretical (or
perturbative) error is obtained by taking half of the difference between the maximum and
minimum best-fit value of the 500 random points. The theoretical correlation between
as and QI is computed as that of the 500 pairs of best-fit values. From this correlation
coefficient and the theoretical errors, the theoretical covariance matrix is built up. Each
of the 500 fits yields a different (experimental) 2 x 2 covariance matrix. From the average
of each of the entries of these matrices we obtain the overall experimental covariance
matrix, out of which the experimental uncertainties of the fit parameters, along with their
experimental correlation, are obtained. The total covariance matrix is obtaining adding
up the theoretical and experimental ones. Using this matrix, the total error ellipse can
be drawn using the best-fit values for o and 1 as its center, which are obtained as the
average of the maximum and minimum best-fit values obtained in the random scan for
each parameter.

All of the analyses carried out are based on a new C++ [98] code, which we cross-checked
against the former Fortran 77 [99] program used in Refs. [50, 60] and the updated Fortran
2008 version employed in Ref. [92]. We have checked that the new and old codes agree on
the differential and cumulative thrust distributions up to seven decimal places. The new
C++ code uses the gs1 library [100] for numerical integration (based on QUADPACK [101], same
set of routines already used in the previous codes), interpolation and special functions, and
has several advantages. Since we are able to access the code using a Python [102] wrapper
(generated using SWIG [103]), it is easy to use and suitable for parallelized runs on computer
clusters. Due to the efficient implementation in a fast computer language, we have been
able to restrict the performance capacities needed for our analysis to the Cluster of the
Particle Physics Group at the University of Vienna.
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4 Stability of the Predictions in Fits to Data

In Secs. 2.8 and 2.9 we have discussed the impact of resummation and gap-scheme choice
on the theoretical prediction for the thrust distribution for particular values of the strong
coupling and Q. However, in fits to experimental data the values of a; and ©; themselves
are order-dependent and may depend on the way in which fits are carried out. We therefore
examine in this section whether the observations we could make in these previous sections
are also imprinted on the fit results. In particular we investigate the impact of resummation
on the fit outcome focusing on variations of the dataset (i.e. the thrust intervals used in
the fits) and on the choice of the gap subtraction scheme. Furthermore, we discuss the
improvements in stability concerning variations of thrust ranges used for the fits employing
the improved 2015 profile functions [39, 60] compared to the ones used in the original 2010
thrust analysis of Ref. [50]. We emphasize that the discussions in this section do not yet
constitute our final strong coupling determination, which is presented in Sec. 6. They are
still conceptual, focusing primarily on the overall stability and reliability of our resummed
approach with gap subtractions and the 2015 profiles (with increased rs variation) and
without yet specifying the uncertainties from profile function (or renormalization scale)
variations.

4.1 Stability of Results and Impact of Resummation

In the analysis of Ref. [50], using the old 2010 profile functions, a sizable dependence for the
o and QI fit results on the 7 intervals employed for the fits was observed. In this analysis
different fit-ranges [Timin, Tmax] With Tmin = (5,6,8)GeV/Q and Tyax = 0.25 — 0.38 were
considered, and a marginal consistency was found if only the experimental uncertainties
were accounted for; see Fig. 17 in Ref. [50], where the small ellipses represent only the 68%
CL (1-0) experimental uncertainties for c,. (This 68% CL for one dimension corresponds
to 39% CL for two dimensions, in the 045—Q{2 plane.)!? The origin of this variation was
considered of theoretical nature, since a perfect theory prediction valid for the considered
7 values would yield equivalent results. Thus, the fit range variation can be seen as a
representative of the theoretical uncertainty. Indeed, including theoretical uncertainties,
the different results for o were statistically consistent at the 68% CL.

We reanalyze in this subsection the 7 interval dependence of the fit results using the
2015 profile functions (with the increased rg variation range). These new profiles are an
improvements over the 2010 ones, as the jet and soft renormalization scales exhibit a more
consistent canonical scale behavior for the dijet tail region above the peak. In Fig. 9 we
show the fit outcome for as(mz) and Qf for different intervals in analogy to Fig. 17 of
Ref. [50]. All results (and in particular the center of the ellipses) are obtained with full
profile function (or renormalization scale) variations as outlined in Sec. 3, but following
the discussion of Fig. 17 in Ref. [50] only the experimental uncertainties representing 69%

CL (1-0) for ay are displayed.

12The purpose of not showing the theoretical and in particular the renormalization scale uncertainties
was to better expose the stability aspects of the fit results.

— 37 —



2017 201

(GeV) [ 7 T T T T T (GeV) T ' ' ' ' T
6 o] L 6 L1086 ]
1or Fit incl. resummation {Q‘O‘b] | 10 Fit incl. resummation [5‘0'1"]
2010 pI‘OﬁleS 5 092 | 2024 proﬁles 5 0.85
o \ . %,0.33] ] 0sl . [%033] ]
: N %038] o] x [%0;&] o
6 . 0.6 1
0.6 I \ [g 0'25] 086 ] I [% 0'25] 0.84
04l - [%,0.33] e ] 04 o [%,0.33]0'82 |
8 0.84 8 0.82
Lo {—,0.33] ] . {7,0.33] ]
0.2} Q 1 0.2} Q 1
[ 5 0.96 1 [ 5 - 0.89 1
» . [6’0'15] . [6,0.10]
00(.)110' ‘ '0.1‘12‘ ' ‘0.1|14‘ ‘ IO.1‘16I ‘ ‘0.1I18‘ 0(')(.)110‘ ‘ '0.1‘12‘ ' ‘0.1‘14‘ ' ‘0.1‘16I ‘ ‘0.1I18‘
(a) as(myz) (b) as(mz)

Figure 9: Comparison of the stability of the fit results with respect to variations of
the dataset. Only experimental uncertainty ellipses are shown, which correspond to 39%
confidence level in two parameters, and 68% confidence level when projected onto one
parameter. Panel (a) depicts the results using the 2010 profile functions of Ref. [50],
whereas panel (b) utilizes the more canonical set of profile functions based on Ref. [39)].
The intervals represent the 7 range of a given dataset, being the reduced ¥? = x?/dof

. o2
shown as a superscript: [Tmin, Tmax)X

In Fig. 9a results for different 7 intervals, with 7, = (5,6)GeV/Q and Tpax =
0.15 — 0.38, are shown for the 2010 profile functions based on our N3LL'+O(a?) resummed
distribution in the R-gap scheme. We reproduce the sizable dataset dependence, with the
ellipses covering as(myz) values between 0.111 and 0.114 located along the degeneracy line
in the a;-Qf plane already observed in Ref. [50]. In Fig. 9b the corresponding results are

shown with our updated theory expressions, with the difference being entirely caused by

3

the use of the 2015 profile functions (other changes, such as the new a3

non-singular, use
of the constants ss3, j3, I'y, and OPE compatible implementation of the profiles, play no
role in this discussion of fit-range stability). We observe a significant improvement in sta-
bility and fit quality. The latter can be inferred from the general reduction of the minimal
reduced x? shown as the superscript of the fit-range information in the panel’s legends.
With the 2015 profile functions all error ellipses are perfectly compatible and centered at
as(mgz) around 0.1133, ranging from 0.1128 to 0.1137. This improvement demonstrates
the importance of resummation with the proper choice of the profile functions. Taking
the fit-range dependence as indicative of the expected theoretical uncertainty, we obtain
Aag(myz) = £0.0005, which is compatible with the theoretical uncertainty assessed by
scale variation, which gives Aas(myz) = £0.0008. In Sec. 6 we will discuss this fit range
analysis further in the context of our final o, extraction.

It should be pointed out that in the results displayed in Figs. 9a and 9b, we also show
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Figure 10: Comparison of the stability of the fit results with respect to variations of the
dataset. Only experimental ellipses are shown, which correspond to 39% confidence level
in two parameters. Here we show the outcome of the fits when using a pure fixed-order
theoretical description with shape function in the MS scheme with different ranges for the
renormalization scale variation uy, in panels (a) and (b). The intervals represent the 7 range

of a given dataset, being the reduced y¥? = x?/dof shown as a superscript: [Tmin, TmaX]XQ

two fit-ranges which were not considered in Ref. [50], [5 GeV/Q, 0.15] and [6 GeV /@, 0.15],
which are clearly dominated by the dijet resummation region. With the 2010 profiles, the
[5GeV/Q,0.15] fit-range gives a particularly small ag(myz). With the 2015 profiles this
fit-range yields a result which is perfectly consistent with all other fit ranges, including
those having larger Tiax.

Overall, with the 2015 profile functions we see no sign of instability concerning the
dataset choice and also obtain consistent results if we restrict the data to be more dijet
dominated. The fact that this consistency is observed even without considering any of
the theoretical uncertainties, which of course are included in the final analysis of Sec. 6,
underlines the improvement achieved using the 2015 profiles rather than the 2010 profiles.

As already mentioned, in Ref. [64] the need and the reliability of summing up higher
order logarithmic corrections in the tail region for 7 = 0.1 was questioned, and it was argued
that fixed-order results should be employed in that region. However, from the analysis
shown in in Fig. 6 and conducted in Sec. 2.8 we already found that up to O(a?) the fixed-
order results at consecutive orders consistently approach the highest order N3LL/+O(a?)
resummed results [which are fully matched to the O(a?) fixed-order distribution] for 7 <
0.3. This indicates that the yet unknown O(a?) fixed-order corrections yield even better
agreement with the resummed predictions in this region. In any case, there is no evidence
that the resummed distributions may yield inconsistent predictions for this range of 7.
As an additional response to the claim of Ref. [64] we consider it warranted to explore
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the stability of fits that are based on the pure fixed-order predictions with respect to the
data range. In Fig. 10 we show the results obtained using the O(a?) fixed-order theoretical
prediction in the MS scheme.'® The fits account for scale variation with y = £Q in the range
¢ €1]0.5,2] in Fig. 10a and & € [0.25,1] in Fig. 10b. In contrast to our analysis based on the
N3LL'+O(a?) resummed distribution, we only employ fit-ranges with a larger lower bound,
i.e. Tmin = (9,11,13)GeV/Q, such that 7 > 0.1 for the Z-pole data following Ref. [64] and
their argumentation concerning the potential irrelevance of resummation in that regime.
Overall, due to the reduced statistics, the experimental error ellipses are somewhat larger.
The important observation is that we see a very large fit interval dependence, where the
best-fit as(mz) values range between 0.1150 and 0.1229 in Fig. 10a. Furthermore, there is
a tendency for lower ag(myz) when 7y, is increased, but the best-fit value of ag(myz) can
also depend significantly on the 7.« value. For the lower renormalization scales used in
Fig. 10b, where the fixed-order description is closer to the resummed cross section, with
best-fit as(myz) values between 0.1133 and 0.1190, indicating somewhat improved stability.
This again goes in the direction of supporting our conclusion of having improved stability
with the inclusion of resummation.

Since the fit-range dependence can be taken as indicative of the expected theoreti-
cal uncertainty, this leads to an estimate of Aag(myz) ~ 40.0028 for the O(a?) fixed-
order results using p = /2. This can be compared with the result from scale variation
p € [Q/4,Q)], which gives a compatible estimate Aag(myz) ~ £0.0026. This factor of
five increase in theoretical uncertainty compared to the resummed result should be at-
tributed to the lack of important higher-order logarithmic contributions, even for datasets
where dijet events may be less dominating. Averaging the central results in Fig. 10b gives
aS(mZ)’FO at O(ad) = 0.1160 % 0.0026, which is consistent with the world average, but also
equally consistent with smaller values of as(my).

4.2 Gap Scheme Dependence of Fit Results

In Fig. 8 we showed the excellent compatibility of our N3LL'+O(a?) resummed thrust dis-
tribution with respect to different choices of the gap subtraction scheme. We also observed
that all gap scheme predictions accumulate within the much larger MS uncertainty band.
We now examine if this behavior is also imprinted on the results obtained in fits. In Fig. 11
we show the outcome for the fit-range 7 € [(6 GeV)/Q,0.15] based on the N3LL'+O(a?)
resummed distribution in the R-gap, §1,23-gap and MS schemes for €y, including experi-
mental and theoretical uncertainties as described in Sec. 3. In all cases, the best-fit values
for €1 are converted to the reference R-gap QI (with Ry = g = 2 GeV), as described in
Sec. 2.5.2, at O(a?). If variations of the gap subtraction scheme lead to consistent results
(with the scheme choice as a subdominant uncertainty), we should obtain consistent results
for as(mz) and QF from these different fits.

131f we use renormalon subtractions in the fixed-order cross section, i.e. QF in the R-gap scheme, we
find that ellipses are centered at smaller values, as(myz) ~ 0.114, but with a similar spread in results,
showing sensitivity to the fit range. In this case, the fit range yielding the rightmost ellipse stretches up to
as(mz) =~ 0.118, while the fit range for the leftmost ellipse reaches down to as(mz) ~ 0.110.
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Figure 11: Best-fit results in the as(m Z)—ZQ{% plane for different gap subtraction schemes
and in MS. Ellipses show the combined experimental and perturbative theoretical uncer-
tainties at the 39%-confidence level in two dimensions. The best-fit values for € in the

various schemes considered have been converted to the R-gap scheme Q.

We see in Fig. 11 that this is indeed the case as very little variation is observed
on the fit results in the as(my)-Qf plane, having ellipses centered at (as(mz), ) ~
(0.1135,0.32 GeV), each with uncertainties (Sas(mz), 6Q4%) ~ 4(0.0013,0.10 GeV). The
variation of the best fit results among the four gap subtraction schemes corresponds to an
uncertainty in as(myz) of 0.0003. Even fits with the N3LL/4+O(a?) resummed distribution
for the MS Q; (converted perturbatively to the Qf scheme at O(a?)), yield a result for
QF fully consistent with those obtained with gap subtractions. In MS the best-fit value
for as(myz) is located at as(mz) ~ 0.1145 with an uncertainty of das(mz) ~ 0.0025. We
see that the results follow precisely the pattern observed in the theoretical distribution
shown in Fig. 8. The result in Fig. 11 shows in particular that we can get reliable results
using solely the R-gap scheme and that uncertainties from variations in the gap scheme
are already covered by the profile-function variations, which thus properly quantify the

perturbative uncertainty.

5 On the Validity of the Dijet Factorization Approach

In the previous sections we have reviewed and made improvements to the N3LL/+O(a?)
factorized and resummed description of the thrust distribution. The resummation of log-
arithms and the treatment of the non-perturbative corrections are based on the leading
power factorization of the collinear and large-angle soft dynamical modes that emerge in
the small 7 dijet region. We have made a particular effort to combine all known ingredi-
ents (resummed singular jet, soft and hard matching functions, non-singular contributions,
non-perturbative corrections, renormalon subtractions) such that our best prediction can
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be applied for the description of the entire thrust spectrum even including 7 > 0.3, which
are away from the dijet regime. In Sec. 6.2 we demonstrate that the resulting theoretical
description provides an excellent description of the experimental data, not only within the
thrust ranges used for the «y fit analysis, but also for all thrust values and for all energies Q).
This was the spirit of the 2010 analysis in Ref. [50] using the interval 7 € [(6 GeV)/Q, 0.33]
as the default fit range, and we note that similar ranges were used in other thrust fits such
as Refs. [55, 104-106]. An essential aspect of our default formalism is that the effects of re-
summation are smoothly switched off for 7 > 0.25 and that the description becomes purely
fixed-order for 7 2 0.4. In Secs. 2.8 and 4.1 we have also addressed the concern brought
forward in Ref. [64] that the resummation of logarithms based on the dijet factorization
may be unreliable for 7 2 0.1, finding no evidence for any untrustworthy behavior of the
resummed plus fixed-order distribution, relative to the purely fixed-order results, for all 7
values up to 0.3, i.e. covering the range of thrust values typically used for o determina-
tions. In fact, for 7 < 0.3 the fixed-order results up to O(a?) clearly converge towards the
N3LL/+0O(a?) resummed distribution, and it seems quite likely that this will continue to
happen at even higher orders in the fixed-order expansion, see the upper panels of Fig. 6.

Apart from their reservation concerning the reliability of the summation of logarithms,
Ref. [64] also expressed serious doubts concerning the validity of the parametrization of the
hadronization corrections based on the dijet factorization (in terms of a shape function)
for thrust values 7 2 0.1. They argued that the impact of hard three-jet configurations
would render the dijet treatment of non-perturbative corrections — and the associated error
estimates — invalid. This section is dedicated to address these concerns. Their objections
concerning hadronization corrections is of course tightly connected to their criticism of
the summation of logarithms as both arise from the dijet factorization theorem, but we
find it useful to discuss both aspects separately. First, in Sec. 5.1 we review arguments
concerning the validity of the dijet factorization approach based on scaling arguments and
based on the concrete structure of the fixed order series in a,. In Ref. [64], building
on earlier work carried out in Refs. [62, 63], a parametric calculation of three-jet non-
perturbative power corrections was presented to support their concern. In Sec. 5.2 we
therefore discuss the general structure of linear power corrections, putting in perspective
the model results of Ref. [64] for the thrust distribution accounting for the dijet, the three-
jet and the transition regimes. This allows to see more clearly the assumptions made in
Ref. [64] for these calculations. We reveal that their interpretation of the results for small
7 values close to 0.1 is tied to the implicit assumption that non-perturbative modes can
resolve hard three-jet configurations for any thrust value, including 7 < 0.1. However,
this assumption is in sharp contradiction to the existence of the dijet region and even the
validity of Monte Carlo generators like Pythia, Herwig and PanScales, which are based on
summing the same leading power logarithms, and we disagree strongly.

However, in view of the recent insights provided in Refs. [61-63], we do acknowledge
that it is possible that a strict dijet treatment of hadronization effects misses hadronization
corrections from three-jet events at larger values of 7. Such three-jet events can yield ad-
ditional sources of hadronization corrections, whose uncertainty should be assessed, which
we will do below. Currently there are no concrete first-principles insights on how to treat
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the transition of non-perturbative effects between the dijet and the three-jet regions, or on
the dominant non-perturbative parameters in the transition or three-jet region of thrust
(effectively we lack the analog of the QCD matrix element defining 2; and higher-order
matrix elements that are derived using field theory for the dijet region). So far these effects
have been assessed in models that only have a single hadronization parameter. The pre-
dictions from these models imply concrete relations between the hadronization corrections
in the dijet, transition, and trijet regions which, however, have no clear justification from
QCD.

In view of all relevant aspects in our discussion, which are summarized in Sec. 5.3, for
our final as extraction in this article, we develop a modified treatment of the hadronization
corrections to account for additional uncertainties related to the potential deviations with
respect to the strict dijet treatment in our default factorization approach. This includes
uncertainties from both three-jet hadronization corrections and also subleading power dijet
non-perturbative corrections (which were not estimated in Refs. [64]). We also discuss how
to reduce the thrust dataset so that dijet events clearly dominate. This is the content of
Sec. 5.4.

5.1 Range of the Dijet Region

We start by discussing the validity of the dijet factorization approach of Eq. (2.2) from
the parametric point of view. In the dijet region, apart from the (local) hard modes with
momentum scaling'* Phaa ~ Q(1,1,1), we have the dynamical n- and n-collinear modes
with momenta pt., ~ Q(7,1,1/7) and pt; ~ Q(1,7,1/7), respectively, and the large-angle
soft perturbative modes with p{' = Q(7, 7, 7). These dijet modes are distinct and represent
the relevant modes to consider for the validity of Eq. (2.2) as long as the hierarchy

TLVTL, (5.1)

holds. The leading hadronization effects when the inequality (5.1) and thus the dijet fac-
torization approach are valid, arise from the thrust hemisphere constraints imposed on
non-perturbative large-angle soft modes with momenta p%np ~ Aqep(1,1,1). These lead-
ing hadronization effects are fully encoded in the shape function F-. For Q7 ~ Aqcp, which
is associated to the peak region, the detailed form of the shape function F; is mandatory
for the theoretical distribution, while for Q7 > Aqcp, i.e. in the dijet tail region, the OPE
description mentioned in Sec. 2.4 is valid. There are also non-perturbative collinear modes
with momenta phpn ~ Aqep (v/7, 1/y/7,1) and py, » ~ Aqep(1/y/7,+/7,1). However, their
leading contributions are only quadratically sensitive to Aqcp and furthermore suppressed
compared to the non-perturbative large-angle soft modes due to the larger virtuality Q+/7
of the perturbative collinear modes. The effects arising from the non-perturbative collinear
modes can therefore be neglected. This has been reconfirmed recently in Ref. [107] by com-
putations of the thrust distribution in the large-fy approximation, and in Refs. [108, 109]
through an analytic and numerical examination of the parton shower cutoff dependence

“We use the usual light-cone momentum decomposition p* = (p*,p~,p1) = pTR*/2 +p n"/2 + p',
with n* = (1,7), " = (1, —7), where 7 is the thrust axis.
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Figure 12: The size of the singular (blue solid line) and non-singular (blue dotted line)
components of the O(a?) fixed-order cross section for y = @Q = mz. The red numbers
denote the relative size of the non-singular contributions to the total differential fixed-
order cross section at 7 = {0.05,0.1,0.15,0.2,0.25}.

of the thrust distribution obtained from the angular-ordered parton shower of the Herwig
event generator.

It is now natural to ask what in practice is the upper bound on 7 so that the inequal-
ity (5.1) is satisfied. Assuming that the inequality a > b concretely means a > 3b we
obtain

T <0.11, (5.2)

which is consistent with our examinations concerning the validity of the resummation
of logarithms in Secs. 2.8 and 4.1. Nevertheless, if correct, it should also be true that
the singular contributions in the known fixed-order corrections of the thrust distribution,
obtained from dés/d7 in Eq. (2.3) upon expansion, should largely dominate over the non-
singular contributions obtained from déys/d7 in Eq. (2.5). This is analyzed in Fig. 12
where the singular (blue solid line) and the (modulus of the) non-singular (blue dashed
line) contributions in the fixed-order thrust distribution up to O(a?) are displayed for
= @ = my. The solid black line represents the total fixed-order result.'> At 7 = 0.1
the non-singular contributions only amount to 10% of the total result, i.e. the singular
contributions are 11 times larger than the non-singular ones. At 7 = 0.2 the non-singular
contributions amount to 25% of the total result, i.e. the singular contributions are still 5
times larger than the non-singular ones. We believe that this refutes any claim that the
dijet factorization were unreliable and untrustworthy in the region around 7 = 0.1. This
strongly favors the conclusion that the dijet treatment of non-perturbative corrections is
perfectly valid and important not only for 7 < 0.11, but even for thrust values up to
0.2. Thus, once again, we do not find any evidence that would support the claims made in

15 A similar figure is shown in Fig. 7 of Ref. [50], however there the singular N*LL'4+O(a?) resummed
thrust distribution was compared to the fixed order non-singular contribution. This contrasts to the plot
shown here where both components are fixed order.
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Ref. [64] regarding the dijet treatment of non-perturbative corrections (and the summation
of logarithms) becoming invalid in the region around and above 7 = 0.1.

For our analysis we consider the thrust range 7 < 0.11 as the region where the dijet
treatment of non-perturbative corrections is strictly valid beyond any reasonable doubt.
For 7 > 0.11 the dijet treatment is still valid, but modifications on the parametrization of
non-perturbative effects (that increase with 7) could arise due to the growing size of the
non-singular contributions.

5.2 Model for Three-Jet Power Corrections

In Ref. [62-64] a model for the dominant non-perturbative power correction in the thrust
tail region was devised. It was based on a computation of the leading linear infrared
sensitivity of the NLO QCD corrections to the process ete™ — ¢y due to a fictitious
gluon mass A and the additional assumption that the corresponding corrections arising
from (anti)quark-gluon dipoles for ete™ — ¢gg, which involve the triple gluon interaction,
can be obtained by a modification of the color factor for ete™ — ¢gy.'® For a given 7
value of the hard ¢gg configuration the model quantifies the leading linear non-perturbative
correction. Their analysis differs from the previous discussions in the literature on the
leading linear non-perturbative power correction for the thrust tail region that were based
on the pure dijet ¢q final state [46, 48, 52, 94]. In this subsection we explain the connection
between both approaches, an issue not discussed in Ref. [64], and we also clarify why their
model cannot be used to make any statements on the validity of the dijet treatment of
non-perturbative corrections.

As already mentioned before, in the dijet factorization theorem the dominant non-
perturbative corrections arise from low-momentum large-angle soft radiation acting on the
(unresolved) harder perturbative dijet configuration that determines the plane between the
two thrust axis hemispheres. It should be remembered that the definition of jet depends
on specifying an angular jet size, the so-called jet radius, and that the same final state
particles can be resolved as a dijet event with a larger jet radius, or as a trijet event
with a smaller jet radius. These harder configurations, described by the perturbative
collinear and soft radiation, mostly constitute two jets, but may sometimes also have
three or even more visible jets arising from the collinear and harder soft dynamics. This
does not contradict the dijet treatment of the non-perturbative effects, since the essential
point is that the non-perturbative large-angle soft modes, in most cases, cannot resolve
such multijet configurations if they are collimated together within one hemisphere, see
e.g. Ref. [110] for the theoretical description of collinear subjects within a larger jet and
Ref. [111] for a review of jet substructure, which provides a number of tools for such
calculations. A similar feature arises for boosted top-antitop pair production, where large-
angle soft radiation in the c.m. frame cannot resolve the top quark decay [66, 112].

15Tn Ref. [62-64], these results based on working in the linear approximation for ), were also used to
quantify the ambiguity caused by the corresponding O(Aqcp) infrared renormalon. From the perspective
of quantifying the parametric dependence of non-perturbative effects, the gluon mass and the renormalon
computations are equivalent.
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For thrust values (sufficiently) above the thrust peak location, the leading linear non-
perturbative power correction in the dijet OPE is then related to a shift in the partonic
thrust distribution dé/dr proportional to the first moment of the shape function €25, see
Eq. (2.20):

~ A2

T (rQgen) = (- 255 0) +0( 5 ). (53)
Note that on the LHS we have made the dependence of the hadron-level distribution
do/d7 on the c.m. energy and non-perturbative effects explicit by the arguments @ and
Aqcp, respectively. As this relation applies for any gap subtraction (as well as for the
MS scheme O ) we also suppress the scheme dependence of 1. Defining the cumulative
thrust distribution by (7 fo dT’ d" ) this leads to the following relation between the
hadronic and partonic cumulatlve dlstrlbutlons for 7 values above the peak, as long as the

dijet parametrization of the non-perturbative corrections is applicable, see inequalities (5.1)
and (5.2):

2(7—7 Qa AQCD) - ZA](T’ Q) diet _291 + 0O <AéCD> . (54)

Q) @ Q2
The generalization of this formula for all 7-values can now also be easily written down in
the form

S(7, @, Agep) = 3(r, Q) _ 20 h<7’ AQCD> (5.5)

4 (7,Q) - Q Q

where we defined the function h(7, Aqcp/@). The dependence on both its arguments is in
principle non-perturbative, and at this time has not been quantified from first principles
away from the dijet region. Therefore, even if we had a non-perturbative calculation of
h(t,Aqcp/Q), for which we can take ) — oo, then the resulting function h(7,0) is still
non-perturbative. However, we know that h(7, Aqcp/Q) is essentially constant and very
close to unity in the dijet region, i.e. h(7, Aqcp/Q) =~ 1, which is physically related to the
non-perturbative soft modes not being able to resolve the harder perturbative modes, as
already mentioned above. Mathematically this corresponds to taking the limit of small 7
in h(7, Aqcp/@Q)-

Away from the dijet region, where three-jet configurations dominate and can be re-
solved by non-perturbative modes, we do not know anything about this function for thrust
from first principles. This can be compared to the model calculation obtained in Ref. [64],
which can be written as

2(7‘7 Q) — E(T, Q,AQCD) three—jet HNP ( ) (A%QCD)

7rq) - Pl

where the model enables an explicit computation of ((7). Ref. [64] carried out calculations

(5.6)

for thrust and a number of other event-shape and e'Te™ observables. Technically, they
obtained ((7) for all 7 values by an expansion in the gluon mass A, assuming it is the
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Figure 13: Plot of the model function ((7) of Ref. [64].

smallest scale regardless of the value of 7, and keeping the linear A term. For thrust, the
model states that h(7, Aqcp/Q) ~ Hyp/(291) ¢(7) in this three-jet regime. This provides
a parametrization with a different non-perturbative parameter Hyp and thus a new non-
perturbative parameter in the ratio Hyp/(2Q1). The form of the function ¢(7) is shown
in Fig. 1 of Ref. [64], and for convenience of the reader we display this function in Fig. 13.
We see that, except for extremely small thrust values, it takes values between 1.25 (around
7~ 0.05) and 1.75 (for 7 2 0.3) and has a very smooth and overall rather flat behavior.

The conspicuous aspect of the function ((7) is that it exhibits a very sharp rise for
extremely small 7 values, where there are no events in the experimental data. This behavior
differs sharply from the flat behavior of h(7, Aqcp/Q) in the dijet regime. They also found
that eventually ((7) approaches the value 2 for 7 < 0.01, which is what one expects if
Eq. (5.6) holds for all 7. Analogous observations were made in Ref. [64] for other event-
shapes. Based on this, they concluded that the {(7) must be interpreted as a good model
function for 2h(7, Aqcp) for almost all 7 values, and that the identity Hyxp = 29 holds,
which implies that the leading dijet and three-jet power corrections are associated to the
exact same non-perturbative parameter. As a consequence of the sharp rise at very small
7, they infer that the traditional dijet treatment of non-perturbative corrections based on
Eq. (5.4) is unreliable for the thrust values that have been commonly used for strong-
coupling determinations, including the 2010 analysis in Ref. [50].

However, we should point out that in the calculation of the function ((7) in Ref. [64],
the exact range of validity in 7 for the small A expansion has not been analyzed, so that
the actual range of validity of Eq. (5.6) in the dijet regime is unknown. Physically, their
expansion is associated to the assumption that the ¢gg final state is resolved as 3 jets by
the non-perturbative modes for any 7 value.!” In addition, their power correction model

" Technically, the validity of the expansion in the small gluon mass X in a fixed-order calculation for
the thrust distribution for fixed 7, breaks down in the dijet regime due to the appearance of large power
corrections such as [A/(Q7)]™ ~ [Aqcp/(QT)]"™. Therefore in the dijet region the correct approach is to
apply the dijet approximation first and only then expand in the small gluon mass. The same statement
applies in applications of infrared renormalon calculus. To reliably study the transition region, a gluon
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based on the finite gluon mass A, yields relations for different kinds of non-perturbative
effects, which are unrelated in full QCD. This is also true for the dijet and the three-jet
power corrections, where the dijet matrix element €2 is defined from the matrix element in
Eq. (2.19), with Wilson lines for two light-like directions. In contrast, the non-perturbative
matrix element for the dominant three-jet power correction will depend on Wilson lines
for three light-like directions, see Refs. [113, 114]. The non-perturbative three-jet Wilson
line matrix element depends also on additional parameters, which are the angles between
the direction of the lines. Only in the limit where an angle goes to zero and Wilson lines
can be recombined, can one derive a connection between the three-jet non-perturbative
function and the dijet non-perturbative parameter [113]. Away from this limit the angular
dependence is non-perturbative. Since there is no other known relation between the two
non-perturbative matrix elements, the assumption that Hxp = 2€; is unreliable.

Finally, we also point out that in a recent analytic and numerical study of the coherent
branching algorithm in the Herwig 7.2 event generator [108, 109], the cumulative difference
of Eq. (5.5) was studied for different parton-shower cutoff values. This plays a similar role
as the finite gluon mass concerning the parametric sensitivity to non-perturbative effects.
In that analysis, the flat behavior of h(7, Aqcp/@Q) follows Eq. (5.4) up to thrust values
of 0.2, see Fig. 1 in Ref. [109]. This is consistent with the dijet treatment being a good
approximation for 7 values up to 0.2.

We therefore conclude that the model calculations presented in Ref. [64] is only rel-
evant for discussing non-perturbative corrections when three-jet configurations dominate.
However, their function ((7) cannot be applied in the dijet regime. In particular, the
function ((7) neither provides any information on the dijet regime itself or its 7 range of
validity, nor does it give insight on the important transition region between the dijet and
three-jet regions. Furthermore, the knowledge of their function ((7) does not specify the
size of the three-jet region where ((7) is valid in a strict sense (at least within the model).

Nevertheless, assuming — hypothetically — that the form of Eq. (5.6) is the correct
leading non-perturbative power correction for all 7 values above the peak, we can test what
the impact is on the outcome of an ay fit. The implementation of a 7-dependent power
correction in the form of Eq. (5.6) is straightforward in our factorization approach starting
from the expression of the hadron-level thrust distribution in Eq. (2.59), where the parton-
level distribution and the shape function F; (R, 1o, k) at the reference scales Ry and p are
fully separated. To achieve this we apply the replacement 2Q; (Ro, 110) — ¢(7)Hyxp. Given
the analytic ansatz of the shape function in Eq. (2.33), which yields the relation (2.34)
for the shape function’s first moment, we can implement the three-jet model of Ref. [64],
imposing the condition 2Hxp = A + 2Ag, by applying the replacements A — %)\C (1) and
Ag — %C(T)Ao in the analytic expression of the shape function F:(Ry, po, k) of Eq. (2.33).
Furthermore, for setups in which the renormalon is subtracted, we also need to rescale
(R, is) = 3C(T)3(R, i) and A(R, ps) — 5C(T)A(R, ps).

We carried out the following comparative toy analysis using our (best) N3LL/4+0O(a3)
resummed distribution in the R-gap scheme for the default profile function (i.e. not account-

mass calculation without any expansion would be necessary.
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Figure 14: Comparison of results obtained using the dijet power correction prediction

0.6

Nonperturbative Corrections (GeV)

for the power correction €1 (purple curves) in the whole spectrum with those obtained
when using the treatment of power correction model in Refs. [62, 63] (red curves). We
show results for ags(myz) in panel (a) and those for the hadronization correction in panel
(b), where we vary the upper limit of the fit range t3.

ing for any perturbative uncertainties) using data in the thrust intervals [(6 GeV)/Q, t3]
for 0.15 < t3 < 0.3. We determined as(myz) and Q{% using our dijet treatment for non-
perturbative corrections, and with a different fit also as(myz) and Hyp using the three-jet
model of Ref. [64] for the non-perturbative power correction. The outcome of both anal-
yses for as(myz) as a function of ¢z is shown in Fig. 14a, where the red dots correspond
to the best fits for the three-jet model of Ref. [64] and the purple dots indicate the best
fit values for the strict dijet treatment. The colored bands represent the corresponding
experimental uncertainties, while theoretical uncertainties are not displayed. Interestingly,
we find perfectly compatible values for as(myz) around 0.114 for both fits. There is a slight
tendency of decreasing as(my) for the three-jet model with increasing t3, but the effect is
not very significant. The reason for the consistency of as(myz) values obtained with both
approaches is that the function ((7) in Fig. 13 is fairly flat, with values between 1.3 and 1.4
for the lower part of the fit interval and reaching up to 1.75 when 7 approaches 0.3. The
dominant effect when using the three-jet model is associated to a rescaling by ¢(0.07)/2 for
the non-perturbative correction, which has no effect on the physical description. Thus the
entire effect on the value of ay is small. This behavior can be seen in Fig. 14b, where we
display the fit results for QQ{% in the strict dijet treatment and ¢(0.07) fINp ~ 1.3 f{Np ob-
tained from the fit with the three-jet model. Here the factor (0.07) =~ 1.3 is picked as the
typical value of the function ((7) in the lower part of the fit interval, which has the highest
weight in the fits. The fit results for both quantities are again mutually compatible. For
completeness, we have we also carried out the fit-range stability analysis from Sec. 4.1 using
the 7-dependent shape function based on the function {(7) determined in Ref. [64]. We
find that all the observations concerning stability remain true with minimal modifications.
Another way of looking at these results is shown in Fig. 15, where we display the outcome of
200t and ¢(7) Hyp for fits within the dijet-dominated fit region [(6 GeV)/Q,0.15]. We see
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Figure 15: Fit results for 204 or ¢(7)Hxp, as a function of 7 using data in the range
T € [(6 GeV)/Q,0.15]. We see that, irrespective of the treatment of the non-perturbative
corrections entering the fit, a consistent behavior of the power corrections is observed in
the fit window, indicated by the colored area.

that within the actual fit range, shaded red and purple, the results for 2Q% and ((7) Hxp
are very similar taking values around 0.62 GeV. By examining the t3 dependence in Fig. 14,
we see that the mild 30% rise between ((0.15) and ((0.3) does not have a strong impact
on the fit results.

5.3 Intermediate Summary and Discussion

Let us briefly summarize the situation before elaborating on the updated fit strategy we
will apply given all the insights we gained in the previous sections:

(a) There is no evidence that the summation of logarithms based on the dijet factorization
is unreliable for thrust values up to 0.3 (see Secs. 2.8 and 4.1). The use of gap
subtractions yields an improved perturbative stability as it removes the effects of
the most important O(Aqcp) infrared renormalon arising from the large-angle soft
modes. Furthermore, we find consistency between different gap subtraction schemes
and the associated conversion of the obtained results for gap scheme dependent
values (see Secs. 2.9 and 4.1). We therefore employ dijet resummation of logarithms
and gap subtractions in the context of the factorization formula (2.2) for the final
fits, which was also the basis of the « determination from 2010 of Ref. [50]. The
factorization formula includes smooth matching to the fixed-order regime for 7 > 0.3
supplemented by self-normalization for the total cross section which, with the new
result for s3 obtained in Ref. [77], is in perfect agreement with the fixed-order result.
Finally, we have updated the 2- and 3-loop non-singular contributions using more
precise numerical determinations.

(b) The treatment of non-perturbative corrections based on the dijet factorization is valid
for 7 < 0.11, the region where the singular perturbative contributions dominate over
the power-suppressed non-singular terms by a factor of 10 or more. However, for 7 >
0.11 the relative size of the non-singular contributions smoothly increases (becoming
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as large as the singular contribution at 7 ~ 0.35) indicating that non-perturbative
corrections related to three-jet configurations should become more relevant as we
increase 7. At this time we do not have any concrete and reliable information on the
size and form of the three-jet-type non-perturbative power corrections. For the final
strong-coupling determination it is therefore conservative to allow for a deviation of
the dijet treatment of non-perturbative corrections for 7 > 0.11 due to the potential
impact of hadronization effects related to three-jet configurations.

(c) Within the dijet region, the non-perturbative corrections related to subleading-power
effects in 7 and associated to the non-singular cross section contributions are known
to partly arise from the leading-order shape function F’., and partly from subleading
shape functions and collinear hadronization [83, 85, 115, 116]. These are not covered
by our default formula in Eq. (2.23), that was constructed so that the singular and
non-singular perturbative distributions merge to the fixed-order result in the far-
tail region. Such subleading power dijet non-perturbative effects have a different
character than the three-jet power corrections which affect singular and non-singular
as a whole, but there is currently also no concrete knowledge on their form, even
though they are expected to be rather small. We carry out a quantitative analysis of
these corrections in Sec. 5.4.

5.4 Non-Perturbative Uncertainties from Beyond the Leading Dijet Correc-
tions

To reduce the impact of the unknown three-jet non-perturbative corrections as much as
possible, and in the absence of an exact knowledge on the size of the dijet to three-jet
transition region (which may extend up to 7 ~ 0.35) it is conservative to significantly
restrict the dataset used for a; extractions toward small values of 7, in order to have a
higher fraction of events in the dijet regime, but maintaining at the same time a reasonable
amount of data statistics. This should limit the impact of the three-jet non-perturbative
corrections so that they can be simply modeled and then accounted for as an additional
uncertainty. In a similar manner, we also analyze the uncertainty arising from modeling
the deviation of the dijet non-singular power correction from our default treatment in
Eq. (2.23).

For the final oy determination discussed in Sec. 6 we therefore apply the following
changes compared to the 2010 analysis of Ref. [50]:

(1) We reduce the default fit range from [(6 GeV)/Q, 0.33] used in Ref. [50] to the range
[(6GeV)/Q,0.15]. For 7 < 0.15 the resummation of logarithms based on the di-
jet factorization is clearly valid. On the other hand, the impact of potential non-
perturbative corrections from three-jet configuration is expected to be small in this
new fit region, so that they can be accounted for as an additional source of uncer-
tainty.

(2) We treat the deviations from the dijet treatment of the non-perturbative corrections
due to three-jet configurations by making the reference shape function F: (R, po, k)
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of Eq. (2.33) 7-dependent through the rescalings A — Ah(7) and Ag — Agh(7), which
correspond to the replacement €; — Q1h(7) for the non-perturbative correction in
the OPE region. For the setup in which the renormalon is subtracted, identical
rescalings are applied to §(R, jus) and A(R, p15). This implements the general formula
of Eq. (5.5) with a 7-dependence on the RHS and follows the suggestion of Refs. [63,
64] to account for deviations of the dijet treatment of hadronization corrections.
However, we employ a different function h(7) that is consistent with the presence of
a dijet regime and has the following form:

1 0 <7< 7py
h(r) = €(170707 Covs Tht, Tets T) Tt < T < Tet - (5.7)
Cev Tt < T < 0.5

This function equals unity for 0 < 7 < 7,¢ in agreement with the dijet factorization.
We vary 7, in the interval 0.11 < 7,y < 7ot = 0.225 in our final analysis following our
previous arguments. For 7 > 7o, the function is again constant, attaining the value
Cev. The parameter (o, will be varied up and down around the value 1 to account
for the ignorance on the size and the sign of potential non-perturbative contributions
from the three-jet configurations. The value of 74 = 0.225 is outside our fit range,
and therefore not varied for this analysis. The function ¢ applied in the region
Ty < T < Tet = 0.225 is the double-quadratic already used in the construction of
the profiles (see Sec. 2.6), and smoothly interpolates between the lower and upper
flat regions. To account for the uncertainties related to the unknown three-jet non-
perturbative effects we randomly vary (., in the range [0.75,1.25] along with the
profile function parameters, as described in Sec. 2.6. The variation interval of ey
is based on the assumption that at 7 = 0.15 the maximal deviation from the dijet
treatment of the non-perturbative corrections is 25%. Given that at 7 = 0.15 the
singular contributions are still larger than the non-singular contribution by more
than a factor of 5, we believe that this variation is conservative. The shape of h(7)
for various values for (e, and 7 is shown in Fig. 16a. For the cases (7pi,Coy) =
(0.11,0.75) (orange line) and (0.11,1.25) (red line) we also show the ratio of the
modified distribution with respect to the default distribution in Fig. 16b. We see
that the overall relative size of the three-jet non-perturbative effects is at the level
of three permille. Note that the additional three-jet power correction impacts the
distribution for any 7 through the normalization to the integrated cross section, see
Sec. 2.9. This is the reason why the ratio deviates from unity for 7 < 0.11 even
though h(7) =1 in that range.

We model deviations from our default treatment of the dijet non-singular hadroniza-
tion corrections by introducing a non-singular term with a different leading power
correction parameter which we add to our default non-singular factorization formula,
see Eq. (2.23). This additional term has the form

dos N7 d6ms 2A0 (1)) dbws
A[dT] ~dr [T_ Q }_ ar ) (58)
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with
AQ (1) = QR P(1). (5.9)

The overall scaling of the additional non-perturbative correction is set by in and the
function P(7) parametrizes the deviations. It is reasonable to assume that P(7) is a
function with size of order unity that should be rather flat in the tail region, where
we carry out the ay fits, and smoothly decreases in the region where the three-jet
power correction increases. We also note that the ansatz of Eq. (5.8) is appropriate
only in the tail region where the OPE can be applied, see Sec. 2.4. If we apply it with
a flat and finite P(7) in the peak region, where the correct implementation would
be in terms of a shape function, the logarithmic behavior of the non-singular cross
section doys/d7r for 7 — 0 will lead to an unphysical singular behavior in Eq. (5.8).
To avoid this, P(7) needs to vanish for 7 — 0. This choice is also consistent with
the fact that the additional non-singular non-perturbative corrections should have
an even smaller impact in the peak region. The functional form of P(7) we adopt is
thus given by

0 0<7<0.01
¢(0,0,0,0.25,0.1,6/Q, 7) 0.01 <7<6/Q

P(1) = { Cus 6/Q <7<01 |, (5.10)
¢(0.25,0,0,0,0.1,0.15, 7) 0.1 <7<0.15
0 0.15 < 7<05

where we note that the particular decreasing form of P(r) for 7 < 6/Q, which
is outside of our fit interval, can also be interpreted as a realization of a shape
function for the peak region in the context of the ansatz in Eq. (5.8). In our fits
we vary (s conservatively between 41. The relative size of these additional non-
singular hadronization corrections relative to the default distribution is shown in
Fig. 16b for (,s = 1 (blue and green curves). We see that the overall magnitude of
the effects caused by these additional dijet non-singular non-perturbative corrections
are also small, below three per mille, and thus comparable to the effect of three-
jet power corrections. However, both effects differ quite a lot concerning their 7
dependence. While the three-jet power correction yields varying shape modifications
only outside the dijet regime, the additional dijet non-singular hadronization effects
show significant shape variations in the dijet regime and decrease for larger T values.

Before we start our final analysis in the next section, let us take a brief look at the

impact of the variations caused by the three-jet power correction model and the additional

dijet non-singular hadronization correction. To that end, we carry out toy fits to the

experimental data in the interval [(6 GeV)/Q,0.15], showing again only the experimental

uncertainties to better see the impact of the effects. In Fig. 16c we show the results

for as(my) using (ey = 0.75,0.88,1.13,1.25, as a function of 7,; covering values above

0.11 (which is the choice we adopt in our final analysis) and below. The central colored

solid lines are the best fit and the corresponding colored bands represent the experimental
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Figure 16: Panel (a) shows deviations from the dijet treatment of power corrections
versus 7 from different model functions (red, purple, and yellow curves). The dashed line
denotes the model of Ref. [64] normalized by its value at 7 = 0.07. Panel (b) shows the
impact on the differential cross section of the two largest dijet deviation models (yellow
and magenta curves) and the model used to estimate uncertainties from the treatment of
power corrections in the dijet nonsingular distribution (blue and green curves). The lower
two panels (c) and (d) depict the results for as(mz) and Qff when varying 7,; and ey in
Eq. (5.7). The uncertainty bands contain only experimental uncertainties for the fit range
(6GeV)/Q <7 <0.15.

uncertainties. We see that as(m) remains stable around 0.114 and that the most important
effect is the slightly larger uncertainty caused by the variations of 7., and (... We see that
for a, the effects from the three-jet power corrections vanish for 7, =~ 0.126 and lead to
mild and continuously increasing uncertainties for smaller and larger 7 values. For my
outside the fit range, the uncertainty bands freeze and does not increase further. For
Tht > 0.11 we obtain an additional uncertainty of das(myz) = £0.0002. The outcome for
Q{%, which is illustrated in Fig. 16d, remains stable as well with a value of around 0.3 GeV,
but the additional uncertainty, which vanishes for m,; > 0.15, continuously increases for
decreasing 7,¢;. The uncertainty band again freezes for 1,y < 6/Q. For 1,¢ > 0.11 we obtain
an additional uncertainty of 6Qf = +0.01 GeV. The impact of the additional dijet non-
singular hadronization corrections on the fit results for as(mz) and QI depends linearly
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on (ps. For (us = +1 the additional uncertainties amount to das(myz) = £0.00015 and
ST = 40.004 GeV.

Overall, the effects from the additional three-jet and dijet non-singular hadronization
corrections are both an order of magnitude smaller than the perturbative uncertainties from
the variations of the profile functions and the experimental uncertainties. Nevertheless, we
include them in our final error bucket for completeness.

6 Dijet as; Extraction

In this section we present the results of our final strong coupling determination using our
N3LL/ +0O(a?) resummed thrust distribution in the R-gap scheme, which represents the
main outcome of the phenomenological analysis in this article. All details on the implemen-
tation of our theory prediction have been given in Sec. 2, which discusses how we include
and go beyond the formalism developed in Ref. [50]. We remind the reader that we will
primarily quote results without including finite bottom quark mass and QED corrections,
in order to facilitate direct comparison with other analyses, even though such effects can
be included (as was done in Ref. [50]). Our theory predictions are based on the most
comprehensive and rigorous combination of all known components including fixed-order,
resummation, and hadronization effects, including both the leading-power dijet factoriza-
tion theorem and beyond.

A key aspect of our analysis is accounting for uncertainties associated to the poten-
tial impact of three-jet non-perturbative power corrections for which, currently, no first-
principle QCD treatment exists. This is done in a conservative manner by reducing the
thrust fit region from the [(6 GeV)/@,0.33] used in Ref. [50] to [(6 GeV)/Q, 0.15], which di-
minishes the potential contributions from three-jet hadronization effects significantly, and
by considering a model for these three-jet power corrections which allows us to assess this
additional sources of uncertainty (Sec. 5.4). Furthermore, we account for the uncertainties
coming from modelling subleading dijet power corrections (Sec. 5.4) and from subleading
shape function OPE (€3) corrections (Sec. 2.5.1). These uncertainties are assessed with-
out performing fits for any additional hadronic parameters. Overall, these three sources of
non-perturbative effects yield uncertainties that are much smaller than our experimental
and perturbative uncertainties.'® A discussion on all uncertainties we include is the main
content of Sec. 6.1.

We emphasize that our combined default theoretical N3LL’ +O(a2) resummed thrust
distribution (without the effects of three-jet and subleading dijet power corrections), pro-
vides an excellent description of the experimental data, not only for the thrust interval used
for the o extraction, but also for all 7 and @ values. This is demonstrated in Sec. 6.2.
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Figure 17: Panel (a) shows results for our default fit to ay and QI using different datasets
T € [Tmin, Tmax) X /9°f
contain experimental uncertainties. Panel (b) shows variations of the fit range about our
default choice of 7 € [6GeV/Q,0.15]. Here the error ellipses contain both experimental
and perturbative uncertainties. The solid ellipses in both (a) and (b) correspond to 39%

with larger choices of the upper limit. Here the error ellipses only

confidence level (1-0 in each of the parameters). In panel (b) we show these projections by
error bars on the z-axis, and the dashed error ellipse corresponds to 68% confidence level
in two dimensions.

6.1 Results from Fits

We start by briefly discussing the impact of changing the fit interval from [(6 GeV) /@, 0.33]
used in Ref. [50] to the new range [(6 GeV)/Q,0.15]. As already elaborated on in Sec. 4.1,
the stability of our theory description in the dijet regime implies that the fit results in
both cases are consistent. In Fig. 17a the fit results for as(my) are displayed for the upper
bounds 7 = 0.15 (red), 0.20 (orange), 0.25 (green) and 0.33 (blue). The error ellipses (see
Sec. 3) only contain experimental uncertainties (i.e. renormalization-scale, three-jet, and
subleading dijet power-correction uncertainties are not displayed) to better illustrate their
dependence on the upper bounds. The ellipses, which also illustrate the correlation between
as(myz) and QI correspond to 39% confidence level (CL), i.e. they are 1-o when projected
onto a single parameter. The superscripts on the fit interval represent the x2/dof value of
the best fit. We see that the central values with as(myz) between 0.1134 and 0.1138 and
the reduced x? with values between 0.82 and 0.86 are very stable, and that the primary

80n the perturbative side, we do not incorporate resummation of leading-logarithms on the next-to-
leading partonic corrections [83-85]. We believe these should be small since the dijet cross section overly
dominates in the fit region. The corresponding uncertainties should be covered by the variations of the
renormalization scales.
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Sas(myz) | 6QF | Included in [50]
Experiment 0.0003 | 0.010 v
Q1 /s 0.0007 | 0.026 v
Total Experiment + Q4 /as 0.0008 | 0.028 v
()5 hadronization 0.0002 0.013 v
3jet hadronization 0.0002 0.010
Subleading power dijet 0.0002 0.004
Total subleading hadronization | 0.0003 | 0.017
Perturbative 0.0008 | 0.037 v
Total 0.0012 | 0.049

Table 3: Sources of uncertainties for best-fit results. The first column contains the source
of uncertainty. The second column quotes the contribution to the error on as(mz), whereas
the third column quotes the corresponding contribution to the overall uncertainty on Qfx
It is also indicated in the last column which of these uncertainties were included in the
2010 analysis of Ref. [50].

change due to reducing the upper bound from 0.33 to 0.15 is an increase of the experimental
uncertainty by about 30%.

In the context of fit range stability, we also assess results from variations around our
default by considering fits with the ranges 7 € [(6 £ 1GeV)/Q,0.15 £ 0.02]. The outcome
is shown in Fig. 17b, where the ellipses now contain both experimental and perturbative
uncertainties. We observe that all best fit values for as(mz), represented by the dots in the
center of each ellipse, are again contained within the perturbative uncertainty obtained from
our default choice for the fit range (cf. Sec. 4.1). This demonstrates that the theoretical
uncertainty associated with varying the fit range provides a fully compatible estimate to
our perturbative uncertainty from scale variation in the resummed analysis, just as was
seen in Sec. 4.1. For this reason, we do not view the variation of the fit range as a new
source of uncertainty.

As alast comment on the contributions to the total uncertainties on our best-fit results,
we note that both perturbative as well as experimental uncertainties are included in an
analogous manner to Ref. [50], described in detail in Sec. 3.

The final result for the a(mz)-QF fit using the interval [(6 GeV)/Q,0.15] and account-
ing for all uncertainties listed in Table 3 reads

as(mz) = 0.1136 + 0.00124y (6.1)
OFf = 0.311 £ 0.049;; GeV,
x?/dof = 0.86 .

These results represent the main outcome of the phenomenological analysis in this article.
The minimal x2/dof value, computed by averaging over the individual 500 results obtained
in the random scan, indicates an excellent agreement between our theoretical description
and the experimental data.
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Figure 18: Distribution of best-fit points at different orders for the default fit range
7 € [(6GeV)/Q,0.15], shown in the as(myz)-2QF plane in panel (a), and in the x?/dof-
as(myz) plane in panel (b). Ellipses contain both experimental and theoretical uncertain-
ties.

The table shows all individual sources of hadronization uncertainties considered. They
include the effects of (dimension-two) g effects in the OPE of the shape function, of po-
tential three-jet power corrections as well as non-perturative contributions from subleading
power dijet corrections. For ag(myz) each of these uncertainties amounts to das(myz) =
0.0002. For Q% the Qs and three-jet power uncertainties amount to (6Q%)q, = 0.013 and
(59{%)3,jet = 0.010, respectively, which are larger that the uncertainty from subleading
power dijet effects, which is (59{?‘)@-% pe = 0.004. All these uncertainties each are com-
parable in size to the experimental uncertainties which are (das(mz))exp = 0.0003 and
(6 exp = 0.010. The dominant sources of uncertainties are the perturbative error from
scale variation which amount to (das(mz))pert = 0.0008 and ((5Q{2)pert = 0.037. We remind
the reader that QED corrections will lower as(mz) by Aas(mz)qep = —0.0005, and that
finite bottom mass effects are negligible, see Sec. 2.11.

At this point it is also instructive to have a closer look at the order-by-order con-
vergence of the fits and the distribution of the individual minimal x?/dof values for the
500 profile functions. In Fig. 18a the 39% CL ellipses (accounting for experimental and
theoretical uncertainties) are displayed at N3LL/4+O(a?) (red), N°2LL'+0O(a?) (blue) and
NLL'4+O(as) (green). The dashed dark red ellipse arises from using the fixed-order norm
for normalizing the N3LL/4+0O(a?) differential distribution. We see that the results exhibit
excellent order-by-order convergence. Furthermore, using the fixed-order total cross sec-
tion for the normalization leads to an almost identical result at the highest order. While
the NLL/+O(a) results for ags(myz) are compatible with the current world average, albeit
with huge uncertainties, the fit results for all higher orders are consistently below the world
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average centering around 0.1135 in a stable way. In Fig. 18b we show the distribution of
the minimal x2/dof values from the individual fits for the different profile functions as a
function of the best-fit as(myz) values. As for the error ellipses we clearly see a stabilization
of the distribution beyond NLL'+O(a5) and an excellent convergence for the N?LL/+O(a?)
and N3LL/4+0(a?) orders.

It is also useful to compare the fit results displayed in Eq. (6.1) and Table 3 to those
obtained with the fit approach of the 2010 analysis of Ref. [50]. This way we can assess
the effect of the theoretical updates in the N3LL/+O(a?) resummed thrust distribution,
namely the non-singular distribution, and the O(a?) jet and soft function non-logarithmic
coefficients js3 and s3. The corresponding results using the fit interval [(6 GeV)/@,0.33],
the 2010 profile functions, and fixed-order normalization, while ignoring the three-jet and
subleading dijet power corrections read”

as(mz) = 0.1140 + 0.0008pert £ 0.0006exp+0; [£0.000210d0,] » (6.2)
QF = 0.332 4 0.045pert, £ 0.0240xp 4o, [£0.0131040,] GeV
x?/dof = 0.85.

The results compare well to those in Ref. [50], see their Fig. 14 and the bottom lines of Ta-
bles IV and V. The full breakdown of the uncertainties is displayed in Eq. (68), where QED
and b-quark mass effects are included, leading to the downward shift Aqgp m,s(mz) =
—0.0004. The updates concerning the O(a?) soft and jet function coefficients s3 and js,
and the O(a?) non-singular distribution we have implemented in this analysis have negli-
gible effects on the central value of as(mz) and yield an increase in Q% by about 10 MeV.
The experimental uncertainties remain unchanged and the perturbative uncertainty of the
strong coupling decreases by 0.0001. The reduced x? of this update x?/dof = 0.85 is
slightly better than in Ref. [50], where x2/dof = 0.91 was found, confirming that the newly
available perturbative ingredients translate into a better agreement with data. Our results
are also in very good agreement with the recent results quoted in Ref. [65], which is a
strong consistency check for the three analyses. Comparing the fit results in Eqgs. (6.1)
and (6.2) we see that they are perfectly compatible. This leads us to the conclusion that,
within the current perturbative and experimental uncertainties, the phenomenological im-
pact of three-jet power corrections is small for 7 > 0.15. This view is also confirmed by
the comparison to experimental data discussed in Sec. 6.2.

6.2 Comparison against Experimental Data

We conclude this section with a comparison of our best theoretical N3LL’' +O(a?) thrust
distribution and the experimental data. In Fig. 19a Z-pole (Q = my) data and theory
are shown in the fit interval [(6 GeV)/Q,0.15]. The theory curve is our default N3LL’
thrust prediction (with the default renormalization-scale profile functions, and with the
three-jet and subleading dijet power corrections set to zero) using the best-fit results in

19Tn contrast if we use the new 2024 profiles this shifts the central value by Aas(mz) = —0.0006, with a
perturbative uncertainty of +0.0010.
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Figure 19: Comparison of theory prediction and experimental data at the Z-pole in the
fit region, panel (a). We also show results outside the fit region in the peak (b), tail (c),
and far-tail (d) regions. The theory prediction uses our default N3LL/+O(a?) results for
the cross section. The best fit values for a; and QI are used.

Eq. (6.1). The displayed red error band arises from the 500-point random scan over the
profile parameters. The analogous comparisons for Q = 44 GeV and @Q = 189 GeV are
shown in Figs. 20a and 21la, respectively, in the appendix. Overall, we see a very good
agreement to the data points within their uncertainties for all thrust values and energies,
and in particular with those having the smallest uncertainties.?’

The other plots in Figs. 19 show the comparison of the theory prediction to the Z-pole
data, based on the best-fit results, for thrust values not used in the fit. For example,
Fig. 19b shows the comparison in the peak region, Fig. 19c in the tail region above the fit
interval up to 7 = 0.325, and Fig. 19d in the far-tail and endpoint region for 7 > 0.325.
In Figs. 20 and 21 the analogous plots show the comparison for the other energies. We
again find an excellent agreement with the experimental data, which is comparable to
the one visible for the thrust fit intervals. There are some discrepancies visible in the
prediction of the peak region shape. However, this is not unexpected since in the peak
a more flexible parametrization for the shape function should be implemented, including

20T Ref. [50] a very similar comparison was already carried out for the Z-pole data.
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more parameters than the single one employed in Eq. (2.33). This is related to the fact that
the shape function OPE of Eq. (2.18) is not applicable in the peak, where details of the
shape function’s form become are important.?! Interestingly, even in the far-tail region,
shown in Figs. 19d, 20d and 21d, where there is no first-principles argument indicating
that the dijet factorization formula should provide a good data description, the data is in
fact described very well. This is particularly notable for the very accurate Z-pole data.

The important conclusion we can draw from this comparison is that our default N3LL/
thrust distribution prediction, which is based on the best possible combination of the ingre-
dients related to leading-power dijet factorization, provides an excellent data description
for all thrust values. In the context of the discussion on possible sizeable effects caused by
three-jet-related non-perturbative power corrections, this implies that for the thrust values
where these corrections must be included, the improved theoretical description must yield
predictions that are equivalent to our default dijet-based treatment. In other words, all
mandatory modifications beyond the dijet-based treatment do for some reason cancel or
happen to be very small.

7 Conclusions

In this paper we have updated the theoretical ingredients used in the 2010 thrust fit of
Ref. [50], and refined this previous determination of as(myz) by carrying out a fit purely
in the dijet region. While the highest perturbative order is still the same, namely N3LL/ 4
O(a?), the various upgrades have a positive impact on the robustness of the results.

This analysis has been partly motivated by a recent theoretical and phenomenological
article [64] that has questioned some vital aspects of the theoretical description employed in
the 2010 study, most notably the resummation of large logarithms, In 7, and the description
of non-perturbative corrections in the three-jet region and near the dijet limit. We have
demonstrated that the questions casting doubt on the dijet factorization theorem, and its
associated resummation of large logarithms and description of power corrections, are not
justified. In contrast, the need for a modified description of non-perturbative corrections
in the three-jet region is in our view justified.

Since the 2010 analysis, four new perturbative ingredients have became known: the
two-loop [75, 76] and three-loop soft functions [77], the three-loop jet function [73, 74]
and the 4-loop cusp anomalous dimension [68, 69, 118]. These new ingredients have been
included in our computer code, that has been written anew in C++. Their impact on the
final o fit is much smaller than the perturbative uncertainty. The O(a?) and O(a?) non-
singular distributions have been updated using higher statistics for the former and the more
precise outcome of the computer code COLORFULNNLO [29] for the latter. Moreover,
both parametrizations have been constructed to exactly reproduce the (now known) lead-
ing logarithms of the next-to-leading power partonic contribution [83—-85]. Among these

21 Examples of shape function parametrizations suitable for peak fits of event-shapes have been constructed
for B — X7 in Ref. [117] and for top quark production in Ref. [92]. For the dijet tail fit analysis carried out
in this article such a sophisticated parametrization is not needed, and we have estimated the uncertainty
induced by dropping the next most important parameter (22.
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updates, the improved three loop nonsingular has the only significant impact on the fit
«; in the smaller fit window, being of similar size as the perturbative uncertainties. The
improvement that has the most prominent impact on our results is the implementation of
more flexible renormalization scale profile functions in the different components of our fac-
torization formula that allow using canonical scaling in the three regions (peak, tail and far
tail) where theoretical constraints demand a particular 7-scaling for renormalization scales.
The profile functions in these three regions are smoothly joined with “junction” functions
whose specific form mildly affects the cross section. Besides the new functional form of the
profile functions, we have shown how to cast their dependence on 7 such that the OPE for
the total cross section, i.e. the integrated norm, is respected, exhibiting full independence
with respect to the leading linear power correction €21 o< Aqep. Having implemented this
new prescription and including all the updates of our best N3LL/ + O(a2) prediction we
found excellent agreement between the total cross section obtained from integrating the
distribution and the one obtained in fixed-order perturbation theory.

In the context of these analyses we have also discussed the dependence of our predic-
tions on the choice of the gap subtraction scheme which removes the dominant O(Aqcp)-
renormalon from the definition of first non-perturbative shape function moment €2;. The
gap subtraction plays an important role in achieving the small uncertainties of our best
N3LL' 4+ O(a?) prediction and the resulting strong coupling fits. Some reasonable concerns
were expressed in Ref. [65] that the gap scheme dependence, which was not examined in the
2010 analysis, may not be covered by the renormalization scale variations within the R-gap
scheme. In this article we have studied a wider class of gap subtraction schemes and checked
the results for consistency. We found that the gap subtractions that are constructed in
accordance with the summation of logarithms lead to results mutually consistent to each
other within the renormalization scale uncertainties at N3LL' 4+ O(a3) order. Furthermore,
the values of the renormalon-free €2;-values in the different gap schemes can be converted
to each other in full accordance to the differences of respective perturbative subtraction
series.

To confirm that the summation of logarithms arising from dijet factorization is reliable
in the thrust fit intervals used in the 2010 analysis, we have critically reexamined the
behavior of the perturbative expansions both in the dijet-based renormalization group
improved (resummed) and the fixed-order approaches. Up to 7 = 0.3 we found a perfectly
stable convergence for the resummed approach. In contrast, for the fixed-order expansion
the higher-order corrections are significantly larger, and the fixed-order series is observed
to converge towards the best N3LL' 4+ O(a?) resummed prediction. Furthermore, we find
that in a,-fits, the resummed prediction together with the updated profile function yields
results that are reasonably independent of the thrust intervals used for the fit covering
ranges with 5/@Q as the smallest lower and 0.38 as the largest upper boundary. All fit
results for az(myz) are close to 0.114. In contrast, the fixed-order expansion at O(a?)
yields fit results that are depending very strongly on the choice of the fit interval covering
as(my) values ranging from 0.112 to 0.120. Some fit intervals yield strong coupling results
perfectly compatible our final result and some yield results compatible with the world
average. Overall, we found no evidence that the summation of logarithms based on the
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dijet factorization were unreliable, and we refute any claims that the opposite were true.
In contrast, the resummation of logarithms based on dijet factorization plays an essential
role in the ability of our best N3LL’ + O(a?) prediction to describe experimental data in
the thrust tail above the thrust peak, not only in the fit intervals, but for the entire tail
region up to 7 = 0.3.

Addressing the criticism in Ref. [64] that the treatment of the leading hadronization
corrections arising from dijet factorization were unreliable in the thrust fit intervals used in
the 2010 analysis, we have reexamined the physical arguments for the dijet picture. Their
conclusions were based on the three-jet model calculations of Refs. [61-64], and we dis-
cussed the underlying assumptions and interpretation. In particular we have addressed the
limitations of the model that was based on a small gluon mass and renormalon calculation
for ete™ — qqvy [62-64]. These model calculations provide an estimate for the size of power
corrections in the three-jet region. The essential omissions are that the model calculation
assumes that soft non-perturbative modes can always resolve three distinct hard jets for
any thrust value and that the normalization of the three-jet hadronization correction is
fixed by the dijet power correction.?? Thus, these results (i) cannot be used to justify that
the same hadronic parameter describes dijet and three-jet power corrections, since in QCD
they involve different hadronic matrix elements, (ii) are at best a suppressed effect in the
dijet dominated region, and (iii) do not describe the transition region between the dijet
regime and the regime where a three-jet description becomes relevant. To address the fact
that different non-perturbative power corrections are associated to dijet and three-jet con-
figurations, we focused on a reduced dijet dominated thrust fit region and parameterized
and estimated uncertainties coming from the potential three-jet power corrections.

Our final strong coupling determination, is a simultaneous fit of as(mz) and O based
on our best N3LL/ +O(a?) thrust theory description. To reduce the impact of the three-jet
power correction uncertainties in our new ag(mz) fit, we have lowered the upper boundary
of the thrust fit intervals from 0.33 used in the 2010 analysis to 0.15 for the data from all c.m.
energies. For the upper bound 0.15 the terms in the dijet factorization theorem dominate
over the O(a?) nonsingular terms (which are also included), and the effects of potential
three-jet power corrections can be accounted for by an additional source of theoretical
uncertainty, which we estimated conservatively using a model that yields additional three-
jet power corrections. At the same time we also included an independent uncertainty that
arises from the ignorance of subleading power non-perturbative power corrections affecting
the nonsingular distribution in the dijet regime. We find that both types of uncertainties
are much smaller than the perturbative uncertainties and thus do not play an essential
role. The final result of our analysis is perfectly compatible with the result of the 2010
analysis, albeit with slightly larger experimental uncertainties due to the reduction of the
data used in the fit. The final fit results are quoted in Egs. (6.1) with a breakdown of all
individual uncertainties shown in Table 3.

We also note that using these best fit results and our default N3LL/ + O(a2) thrust

220ne of the biggest assumptions in the fit of Ref. [64] is that three-jet hadronization corrections are
universal for different event shapes, which unlike in the dijet case, has not been proven from QCD.
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theory prediction we find an excellent description of the experimental data from all c.m.
energies, not only in the fit ranges, but for all thrust values larger than 0.15. These
results show that the strict leading power dijet-based description of the thrust distribution
provides an excellent data description even for thrust values where one may expect sizeable
non-perturbative corrections from three-jet or multi-jet final states.

Our final determination of as(my) from thrust data is significantly lower than and
incompatible with the 2023 PDG world average [119], as(mz) = 0.1180 £ 0.0009. After
carefully examining all possible aspects of our theoretical prediction, and having thoroughly
estimated all sources of uncertainties from perturbative and non-perturbative origin, we
are confident that our result is sound, based on the available data. We believe it would
be worth reexamining the systematic experimental uncertainties in ete™ event shapes,
for example related to unfolding and extrapolation outside fiducial regions, making use of
modern Monte Carlo generators.

Possible next steps for our analysis include pushing the perturbative order and resum-
mation to N*LL, incorporating next-to-leading-power summation of logarithms [83-85],
and having a better understanding of power corrections beyond the dijet approximation.
However, we are confident that including these effects will not lead to a significant change
in a strong coupling determination. It is also possible to include peak data, which inval-
idates the dijet OPE and requires fitting for the shape function as a whole. Such fits are
now technically in reach [92] and can be carried out as well at N3LL/ + O(a2) order for
thrust. One can also consider reassessing uncertainties using the theory nuisance parameter
method [120], and combined fits with other event shape observables like C-parameter and
Heavy Jet Mass, where additional experimental and theoretical correlations in uncertain-
ties are important. Finally, one could consider other types of event-shapes with different
systematics such as energy-energy correlators or jet rates, or apply grooming techniques to
reduce the effects of hadronization.
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Comparison against exp. data in peak for for Q =44 GeV
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Figure 20: Comparison of theory prediction and experimental data for Q = 44 GeV in
the fit region, panel (a). We also show results outside the fit region in the peak (b), tail
(c), and far-tail (d) regions. The theory prediction uses our default N3LL'+O(a?) results
for the cross section. The best fit values for as and Qf are used.
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A Comparison against experiment for different energies

In Figs. 20 and 21 we show, as examples, a comparison of our best theoretical prediction
against experimental data for @ = 44 GeV and ) = 189 GeV. For comparison, the analo-
gous result for @ = 91 GeV is given in Fig. 19 in the main text. Once again we partitioned
the results into different regions of the thrust spectrum, with one panel showing data used
in the fit and three pannels showing data outside the fit region. (Recall that theoretical
uncertainties are not shown in the peak panels, 20b and 21b.) For these and other values
of @ the theoretical description works well outside the fit window. Note that in making
comparisons of continuous theory curves to the data points the one must be careful to note
that different datasets use bins of different sizes.
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Comparison against exp. data in fit region for Q =189 GeV
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Figure 21: Comparison of theory prediction and experimental data for Q = 189 GeV in
the fit region, panel (a). We also show results outside the fit region in the peak (b), tail
(c), and far-tail (d) regions. The theory prediction uses our default N3LL'+O(a?) results
for the cross section. The best fit values for as and Qf are used.
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