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Many motivated extensions of the standard model include new light bosons, such as axions and
dark photons, which can mix with the ordinary photon. This latter, when in a dilute plasma, can
be dressed by an effective plasma mass. If this is equal to the mass of the new degree of freedom,
then a resonance takes place and the probability of transition between states is enhanced. This
phenomenon of resonance conversion is at the very basis of multiple probes of dark matter, and
it is typically studied within the so-called Landau-Zener approximation for level crossings. This
latter is known to break down in a variety of scenarios, such as multiple level crossings or when
the de Broglie wave length of the new boson is comparable to the scale over which the background
plasma varies. We develop a flexible code adopting a 341 formalism in flat spacetime to perform
non-linear simulations of systems with photons and new ultralight bosons in the presence of plasma.
Our code currently allows to evolve one-dimensional systems, which are the ones of interest for this
first study, but can be easily extended to treat three-dimensional spaces, and can be adapted to
describe a plethora of realistic astrophysical and cosmological situations. Here we use it to study
the breakdown of the Landau-Zener approximation in the case of multiple level crossings and when
the slowly-varying plasma approximation ceases to be valid. In this first paper we detail our code
and use it to study non-turbulent plasma, where small scale fluctuations can be neglected; their

treatment will be considered in an upcoming publication.

I. INTRODUCTION

The phenomenon of energy levels crossing in two-level
systems has been studied extensively for decades. Al-
most 100 years ago, Landau and Zener (LZ) examined
the crossing of energy levels in the optical transitions of
molecules [1] and between polar and homopolar molecu-
lar states [2] under certain approximations. Thirty years
later, Parke applied this concept to the survival proba-
bility of electron neutrinos in a resonant oscillation re-
gion [3], coining the term “LZ transition probability”.

Today, the LZ approximation has been pivotal in de-
veloping many important probes of bosonic dark matter
candidates, such as dark photons and axions. Both dark
photons and axions can couple to the standard model
photon, allowing for oscillations between different states.
A propagating dark photon can oscillate into an ordi-
nary photon and vice versa [4-12], and the same can
happen for axions, albeit requiring an external magnetic
field [13-26]. Furthermore, in both cases the presence
of a dilute plasma can enhance the conversion probabil-
ity analogously to the neutrino case [3]. Indeed, if the
density of the plasma is such that the plasma frequency
— which acts as an effective mass for transverse electro-
magnetic excitations — matches the mass of the new bo-
son, then a resonant conversion takes place and the prob-
ability of oscillation from one state to another is greatly
boosted. Typically, this transition is treated within the
approximation of the LZ approach, however the latter
is known to break down in certain circumstances, such
as in the presence of multiple level crossings or when
plasma density variations occur on scales comparable
to the de Broglie wavelength of the new boson. Con-

sequently, most studies assume a slowly varying back-
ground and well-separated (or unique) level crossings.
These assumptions, however, are likely to fail in many
realistic astrophysical and cosmological contexts. Thus,
it is of paramount importance to develop a fully general
treatment of the resonant conversion phenomenon.

A significant advancement in this direction was re-
cently made with the introduction of a numerical scheme
to study axion-photon mixing in strongly magnetized
plasmas [19], wherein the axion-Maxwell system of equa-
tions were numerically solved in a discretized spatial do-
main with a varying background. The results are in
agreement with previous analytical derivations [24] and
were further validated in [27], demonstrating that the
probability can be accurately reconstructed using numer-
ical schemes.

In this work, we develop a flexible code adopting a 3+1
formalism in flat spacetime to perform real-time simula-
tions for a system with photons and new light bosons, in
the presence of an external plasma. As a first applica-
tion we focus on the case of dark photons, although our
code can be easily adapted to axion-photon oscillations
as well. We verify the accuracy of the LZ approximation
in scenarios with slowly varying plasmas and then quan-
tify its failure in describing the conversion probability
when multiple crossings are present or when the plasma
varies rapidly. Our approach presents a number of dif-
ferences with that of Ref. [19]. While the latter works
in the frequency domain, our approach provides a full
time-domain evolution of the systems, allowing to study
with ease also non-stationary systems. Moreover, while
in this work we focus on flat spacetime, this scheme al-
lows studying the systems in a generic spacetime. This



could be relevant if one considers e.g. axion-photon mix-
ing around neutron stars or conversion in cosmological
scenarios.

Henceforth we use the metric signature {—, 4, +, +},
and adopt rationalized Heaviside units with h =c = 1.

II. SETUP

Our code can be applied to any new bosons which
mixes with ordinary photons in a plasma. For simplic-
ity, we focus here on the case of dark photons, but ev-
erything can be easily extended to the case of axions.
Therefore, the Lagrangian density we consider can be
expressed as [28, 29]
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where A, and A/, are the photon and the dark photon,
respectively, while F,,g and F éﬁ their field strenghts; u
is the mass of the dark photon, and J¢ is the 4-current
associated with the plasma fluid; lastly, xq is the mixing
angle.

In order to make the equations more tractable, it is
convient to perform a field redefinition that removes the
mixing term present in (1). The redefinition of the visible
EM field A, — A, +sinxoAL, + O (sin2 XO) leads to the
Lagrangian in the so-called mass-basis [30]:

1 1 w2
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where we neglected terms of order sin®yo. From the
Lagrangian density (2) we can derive the following field
equations for the photon and the dark photon:

Vo FP = JP, (3)
Vo F'P =sinyo J? 4+ p2 A%, (4)

For the plasma instead we will consider a cold electron
fluid, and therefore we will neglect the pressure term.
The force term will receive contributions from both the
ordinary photon and the dark photon, resulting in the
equations

PV gu® = < (F*? + sinxo F'*P) ug, (5)

€

Va(neu®) =0, (6)

where u* is the 4-velocity of the fluid, while m. and e
are the mass and charge of the electron.

Another relevant basis can be obtained from the orig-
inal one by performing the transformation A’® — A’® +

sin yo A* + O (Sin2 X0)7 and it is called interaction ba-
sis. After performing the field redefinition in (1) the La-
grangian density reads [30]:

L; = _1 FoB lF' pleB _ .‘LQA/ Ale
interaction 4 af 4 af 5 o
— p?sinxo AL A% — T Ay (7)

In this basis, the hidden field is sterile, and does not inter-
act with charged particle. Thus, the plasma momentum
equation is the standard Lorentz force. The interaction
basis will be used when comparing our numerical results
with the analytical predictions, as it is the basis in which
the LZ formula is derived.

A. Analytical derivation of the conversion
probability

Before delving in our numerical framework, we briefly
elucidate the standard analytical procedure leading to
the LZ formula for resonant conversion, following closely
Refs. [6, 31, 32].

1. Framework

We study the propagation of plane waves in the inter-
action basis in the presence of an inhomogeneous plasma.
For this work, we limit ourselves to situations which can
be described by a 141 set-up; the field equations for the
transverse fields can thus be expressed in the following
form:

[_QQ+QQ_ wp  sinxop? } ArY _
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where w, = y/n.e?/m, is the plasma frequency. We
are interested in monochromatic waves, i.e., solutions
with fixed frequency w. Defining k, = /w? — pu?,
we can search for solutions in the form Arp(z,t) =
Ap(z)e!@=k=2) with an analogous ansatz for the dark
photon field. Analytical solutions for this system can be
obtained by assuming that the plasma frequency varies
slowly with respect to k. This implies |0, Ar(z)| <
k.|Ar(z)| and same for A%. Under this assumption,
the equation of motion of the transverse components of
the fields can be recast into a Schrodinger-like equation
by adopting a WKB approximation. The latter reads
i0,A = (Ho + H1)A, where A = (A, A) encapsulates
the fields amplitudes while the Hamiltonian was split in
a diagonal and off-diagonal part:

A—Ax 0O . 0 Aa
Ho< 0 4 0) H; = sin xo (AA/ 64>7 (9)

where:

A= —wy(2)?/2k, and Aa = —p?/2k, . (10)



We can solve this equation perturbatively since sin xg <
1, relying on standard methods of quantum mechanics
perturbation theory. We define the free-evolution opera-
tor,

Uz) = exp[—i/: Ho(z')dz'] : (11)

and switch to the interaction picture where we define
Ay =UTA and Hyy = UTH U, so that the Schrodinger
equation becomes i0, Ay = HingAine. Explicitly, Hiyg
can be expressed as

) 0 eté(2)
Hint = S Xo AA’ 6*1'(17(2) 0 ) (12)

where we defined ¢(z) = fj (A(z’) - AA/)dz’. We can
thus define the evolution of the state in the interaction
picture Aj(z) = exp[ - zf; Hint(Z/)dZ/] At (z;) and
switch back to the Schrodinger picture using A = U Ajyy.-
To first order in sin xo this yields, up to an overall phase,

G = (Lo, o)A (13)

where we defined ¢+ = sinygAas fzzl eTio(z)dz"  The
conversion probability can now be simply computed as
the scalar product squared between the two states re-
spectively at z, z;. As such, it reads:

z ) , 2
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2. Stationary phase approrimation

In general, the integral in Eq. (14) oscillates rapidly,
yet it varies more slowly near stationary points with
¢'(z) = 0. One can therefore assume that far away from
stationary points oscillations interfere destructively and
average to zero, so that the main contribution to the in-
tegral is near resonant points z,, where wy(z,) = p so
that ¢'(z,) = 0. We can therefore evaluate the inte-
gral analytically using the stationary phase approxima-
tion around resonances. Expanding the phase to second
order, we obtain:

. 2
Ppoar = Z sin Xo QA,QLVW . (15)

where the sum is over all resonant points and we ignored
interference effects between different resonances. This is
the LZ formula for resonant conversion. Summing up,
the latter was obtained under two major assumptions:
i) an underlying assumption of the whole computation
was the WKB approximation, implying that the plasma
parameters vary slowly in space; and ii) the stationary
phase approximation requires that saddle points are not
degenerate. In the rest of this paper, we will supersede
both these assumptions.

Zn

8. The case of coalescing saddle points

The standard stationary phase approximation breaks
down whenever saddle points coalesce in the vicinity of
a local extremum of the plasma frequency [33]. This is
because around this critical point z., we have ¢"(z.) x
wp(2c) = 0, so that the leading contribution due to the
saddle points diverges. In this case, one can rely on the
cubic approximation. We can expand the phase around
the extremal point to third order, assuming two saddle
points are close to it. This yields

(;S/I/(Zc)
3!

¢(2) ~ ¢(ze) + ¢ (2) (2 — zc) + (2 —2)°, (16)

so that the integral (14) can be solved analytically. The
result reads

2
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where we defined ¢ = (Q/qb”’(zc)) @'(z.) and intro-
duced the Airy function,

) _ i i(zv+v3/3)
Aie) = 5 / e o, (18)
Alternatively, Ref. [33] also considered a so-called tran-
sitional Airy approximation. The latter is obtained by
evaluating the integral (14) using a uniform approxima-
tion and taking the coalescing limit. This approximation
gives a further correction with respect to a standard cu-
bic approximation (see [31-36]):

Pacsar =47T2‘ <¢”’L(ZC)) ' sin xo Aar (Ai(C) (19)
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In the following, we will scrutinize the wvalidity of
these approximations by comparing them with our fully-
numerical results.

B. 341 decomposition of the field equations

Following Ref. [37], we will write the evolution equa-
tions performing a 341 decomposition. From the practi-
cal point of view, this consists in foliating the spacetime
using a set of spacelike hypersurfaces ¥;, over which the
coordinate time assumes a constant value. Then the field
equations are projected onto the hypersurfaces and onto
the vector n* orthogonal to them, and a set of evolu-
tion equations and constraints is obtained. In this con-
text, we will use Greek letters to refer to spacetime in-
dices, and Latin letters for the components of the ten-
sors on the 3-dimensional hypersurfaces. Furthermore,



we will use the vector notation to identify 3-vectors:
V= (V1, V2, V3). In our specific case, since we consider
a flat background, ds? = nagd:v"dx57 the normal vector
is given by n® = (1,0,0,0) = (1,0); additionally, due to
our choice of the signature, the contravariant and covari-
ant components of a 3-vectors are the same, V= V.
Let us start with some necessary definitions. Intro-
ducing the dual of the electromagnetic tensor F**8 =
—LeaProp, - we can define the electric and magnetic

2
field as [38]

E* = —ngFP*  BY = —ngF*f, (20)
Note that both E“ and B® are on the 3-surface ¥;, and
therefore we have E* = (0,E), B = (0,B). With the
definitions (20), and introducing the Levi-Civita tensor
on the 3-surfaces 3¢9 = 2B we can rewrite F9
in terms of the electric and magnetic fields as

FoB = popf _nfE* 4 Gebop | (21)

Then, we can decompose the 4-potential of the electro-
magnetic field as

A% = pn® +a“, (22)

where ¢ = —n,A® and a® = h®4A® are the scalar and
vector potentials, respectively, and h®, is the operator
that performs the projection onto the spatial 3-surfaces.
An analogous decomposition can be obtained for the dark
electromagnetic field by performing the same steps.

To decompose the 4-velocity of the electrons in the
plasma, we introduce its projections I' = —n,u®, and
Gy = haﬁuﬁ . If we additionally define 4 in such a

way that ®)u® = TU, we can arrive at
u® =T (n® +U"). (23)

Note that U® = (0,2f) since it lies on the spatial 3-
surfaces.

Lastly, we need to define and decompose the electro-
magnetic 4-current. In general, it can be decomposed
as

Jo = —pn® 4+ G g, (24)

where p = n,J* is the charge density, and G) o =
h“ﬁJﬁ is the 3-current. In our specific case the current
is given by the plasma fluid, so that it receives contribu-
tions from electrons and ions, J* = J(Oi‘ons) + JC;). In this
work we will assume ions to be at rest, thanks to the fact
that their mass is considerably larger than the mass of
electrons. As a result, we can write J(Oi‘ons) = —P(ions)N"s
where p(iong) is the charge density of ions. For electrons
instead we have J(‘z) = —en.u® = —enef(na + Z/{a) =
—ENgy, (no‘ + Z/lo‘), where we defined ng;, = n.I". As a re-
sult we have that the charge density and current of the
plasma are respectively given by

P = P(ions) + engy, (3)Ja = _enELua. (25)

With these definitions at hand we can write the system
of evolution equations and constraints. For simplicity, we
will perform this operation directly in the flat background
case, although the extension to a fixed curved spacetime
is straightforward.

To obtain the equations for the electromagnetic fields,
we follow the procedures described in Ref. [38]. By pro-
jecting Eq. (3) onto the normal vector n®, we obtain the
Gauss law,

OE = p, (26)

while projecting on the spatial 3-surface we obtain an
evolution equation for F,

QE = (x B) + @ (27)

The evolution equation for the 3-potential a’ can be ob-
tained from the definition of the electric field in Eq. (20),
and it reads

Ora; = —E; — 05, (28)

while the evolution equation for the scalar potential can
be derived from the gauge choice. Using the Lorenz gauge
we obtain

Orp = *aiai~ (29)

Finally, we should provide an explicit expression for the
magnetic field B:

B = (dxa)'. (30)

Analogous operations can be performed starting from
Eq. (1), to obtain the evolution equations and constraints
for the dark photon field. From the practical point of
view it is sufficient to replace J* — sin yo J* + pu2A’® in
Egs. (26)-(30) obtaining

O;E" = sinxo p — ¢, (31)
O E" = (3 x g’)i +sinyo BT+ p2d?,  (32)
oa, = —E. — 0;¢, (33)
Orp’ = —0;ad’", (34)
B = (xa)". (35)

However, unlike for the ordinary photon, here the Lorenz
condition V,A’® is not a result of a gauge choice, but an
identity obtained by taking the 4-divergence of Eq. (4).

The procedures to obtain the evolution equations for
the plasma fluid are described in Appendix A of Ref. [37],
in which a similar model without the dark photon was
studied. However, given the structure of Eq. (5), we can
obtain the evolution equations from Ref. [37], simply per-
forming the substitutions

E — E +sinxo E, B — B +sinyo B (36)



The result is
O = UL + mi (E" + sinxo B")U; (37)

. . 1
U = -URU + -

e

U (B + sinxo BY)U,

+ E' 4+ siny B + (ZZ X B')Z
+ sin xo (Zj X g’)z} , (38)
O = —UOingy, — N U’ (39)
Finally, we have the constraint
1 —-uu) =1, (40)

which comes from the normalization of the 4-velocity of
the fluid, uou® = —1.

C. Numerical evolution

We evolve E, @, ¢ using Egs. (27), (28), (29) for the
ordinary photon, and E’, a’, ¢ using Egs. (32), (33), (34)
for the dark photon. For the plasma instead we evolve I,
U and ny, using Egs. (37), (38), (39), respectively. The
fields B and B/ appearing in the equations are computed
using Egs. (30) and (35), while their first derivatives are
computed directly as second derivatives of the vector po-
tentials @ and @'

The above evolution and constraint equations are gen-
eral. For simplicity, in this work we consider systems
that are homogeneous along the xy plane, so that all
the fields depend only on the z coordinate and on time.
Such assumption is consistent with the scenarios we are
interested in studying, and allows us to perform the in-
tegration on a one-dimensional domain, which has the
benefit of substantially reducing the computational cost
compared to the full 341 case.

The numerical evolution is performed using the
method of lines; spatial derivatives are computed with
finite differences operators that satisfy the summation-
by-parts [39] property. This allows us not to impose
boundary conditions, as summation-by-parts operators
already compute the derivatives at the boundaries using
only points in the interior of the numerical grid, with-
out requiring the introduction of ghost zones. As for the
accuracy, we use operators that guarantee fourth-order
accuracy in the interior of the grid and second-order ac-
curacy at the boundaries. The coefficients we used can
be found in Appendix C of Ref. [40]. For time integration
we use the sixth-order accurate Runge-Kutta method, as
we observed that the fourth-order accurate version intro-
duces energy losses that are not negligible compared to
the ones induced by the conversion of dark photons to
photons.

We evaluate the convergence of the code by checking
the scaling with the resolution of the violation of the
constraints in Eqgs. (26), (31) and (40). The results of
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FIG. 1. Schematic representation of the process we simulate.
The blue-shaded area represents the plasma barrier, and the
horizontal black dashed line is the dark photon mass. The
resonant point is located where p1 = wy, and is represented by
a red cross. The dark photon and the photon wave packets
are indicated with black and gold wavy arrows, respectively.
In this work we consider a wave packet of the dark photon
scattering off a plasma barrier. When it reaches the resonant
point it undergoes the conversion process; the residual dark
photon continues to propagate through the barrier, while the
produced photon can be either reflected or transmitted de-
pending on whether its frequency is lower of greater than the
plasma frequency at the top of the barrier. These two cases
are depicted in the upper and lower panel, respectively.

the tests we performed of our code are discussed in Ap-
pendix A.

D. Initialization Procedure

The physical configuration we simulate is described by
a wave packet of the dark photon scattering off a bar-
rier of plasma. A schematic representation of the pro-
cess is depicted in Fig. 1, in which the blue-shaded area
represents the plasma barrier, the red cross is the reso-
nant point, where the plasma frequency is equal to the
dark photon mass, while the gold and black wavy arrows
represent the photon and the dark photon, respectively.
When the dark photon reaches the resonant point it un-
dergoes conversion; the photon produced can either be
reflected by the plasma barrier if its frequency is smaller
than the plasma frequency at the top of the barrier (up-
per panel), or transmitted through it in the opposite case
(lower panel); the component of the dark photon that has
not undergone conversion continues to propagate through
the barrier.

Our initial setup is similar to the one we considered in



Ref. [37]. In particular, we use the same profile for the
plasma density, which is

nog = nEL(Z; t= O) = Npkg + (nmax - nbkg)

X |o(z; W1, 21) + 0(z; —Wa, 29) — 1],
(41)

where npie and nmax are the values of the plasma density
on the background and on top of the barrier, respectively.
The shape of the boundaries of the barrier is delineated
by the sigmoid function o (z; W, zp) = (14 e~V (z=20))~1,
with z1 o determining their position, and W > their steep-
ness. Assuming the plasma to be initially neutral, we
can then set the (constant) charge density of ions as
P(ions) = —eng. As for the initial 4-velocity of the fluid,
we set ['(z,t = 0) = 1 and U(z,t = 0) = 0. The
plasma profile we use schematically corresponds to the
one shown in Fig. 1, where we decided to directly repre-
sent the plasma frequency wp.

The dark photon field is initialized as a wave packet
with profile

COS[kz(Z - ZO)] _ (z—z)?

E' = Ag | sinlk.(z — 20)] | e 22, (42)
0
- (- sin[k,(z — 20)] emag?
B'=Ag— | coslk.(z—20)] | e 22, (43)
w

0

where k, = \/w? — pu2. The electromagnetic field is in-

stead initialized setting E =B =0. It is worth underly-
ing here that the initialization is performed in the mass
basis, and the initial configuration actually contains a
component of the ordinary photon with amplitude of or-
der Ag sin xo . On the other hand, the profiles in Eq. (43)
coincide with the E’ and B’ components of the dark pho-
ton field of the original model (1).

Once the profiles for E, B, E’, B’ have been set, we
compute the potentials. Thanks to our assumed homo-
geneity on the xy plane, we can obtain the profile of @ by
integrating Eq. (30) along the z axis. This results into

a“’(z,tz()):ax(z=z+oo,t:0)+/ dz BY(z,t =0),

Z+ oo

ay(z,t:()):ay(z:z+m,t:0)f/ dz B*(z,t = 0),
Z+oo

a*(z,t=0) = a¥(z = 2400, t = 0), (44)

where, 2 is the value of the z-coordinate on the right
boundary of the numerical grid, and a'(z = ziq,t =
0) are integration constants that we set to zero. For ¢
instead we take advantage of the residual gauge freedom
to impose 0 = dra,(z,t =0) = —E,(z,t = 0)—0,p(z,t =
0), which can be inverted to give

@(z,t:()):ga(z:@_oo,t:O)f/ dZE,(Z,t =0).
Z4 oo
(45)

Also in this case we set the integration constant p(z =
Zioost = 0) to zero. The same formulas are used to ob-
tain the scalar and vector potentials for the dark photon
from the fields E/ and B'.

We compute the integrals numerically with the Simp-
son’s rule, which guarantees fourth-order accuracy. Since
this procedure makes use of 3 grid points on each inte-
gration step, it is necessary to provide a way to initialize
the computation that preserves the accuracy to fourth or-
der. To circumvent this problem, we decided to perform
a complete integration step over each grid step, by insert-
ing fictitious grid points in the middle of the grid steps,
and evaluating the integrands on them with the analytic
expressions that the fields are initialized to. Further-
more, we perform the integration from the right bound-
ary zjo, to the left boundary z_.,, in order to reduce
the numerical error in the proximity of the plasma bar-
rier. Indeed, the profiles of the potentials a’ and ¢’ are
solely determined by the wave packet of the dark photon.
As a result numerical error will accumulate in the region
where the wave packet is situated, and will be larger af-
ter it than before it in the direction where the integration
proceeds. Our strategy allows therefore placing the re-
gion where numerical errors are larger on the left of the
wave packet, rather than on the right, where the plasma
barrier is situated and where the conversion takes place.

E. Choice of the grid parameters

Let us now briefly discuss the choice of the grid pa-
rameters. Given the different length scales that appear
in our setup, this choice is particularly delicate. Indeed,
the spatial grid step Az has to be small enough to re-
solve the smallest length scales over which the variation
of the fields occurs. In our setup, given that we perform
simulations in a regime in which the plasma is essentially
stationary, in order to set Az we only have to evaluate
the wave lengths of the photon and the dark photon.

We start our simulations with a wave packet of the
dark photon with given frequency w. Its wavelength is
therefore given by App = 27/k, = 27/y/w? — p?. After
the conversion the outgoing photon will have frequency
w, and wave length A\p = 27/, /w? — w2, where w, is
the plasma frequency in the region where the photon is
situated. This means that the wave length of the photon
assumes its minimum value outside the barrier, where
Wp = Wpbkg = \/Nbkg€2/m, and AF" ~ 27/w, as we
always set w > w) pkg. Furthermore, since we take y >
Wp,bkgs We have App > AP, As a result AP™™ is the
smallest physical length scale in the system. Given these
considerations, we typically set a grid step of the order
Az < ABIn/40, in order to be sure to correctly resolve
the photon produced in the process we simulate.

As for the time step, we set At = CFL x ﬁ—:’, where
CFL is the Courant-Friedrichs-Lewy factor, and v, =
w/k, is the phase velocity of the dark photon. The value



of the CFL factor that we use is 0.2, as from tests we
performed on our setups we observed that it does not
lead to numerical instabilities, while producing an energy
loss small enough for our purposes.

III. RESULTS

Before presenting our numerical results, it is worth
noting that we will report distances and times in inter-
national units for the sake of convenience, although the
numerical simulations are performed using natural units.
Given that the equations are already derived in Heavi-
side units with ¢ = 1, this is simply achieved by setting
e = /47 /137, and m,. = 511 keV. In all simulations we
set the mixing angle to yo = 10™* however, by perform-
ing a dedicated set of runs we have been able to check
that the probability correctly satisfies the scaling with
sin? o, for sin xo < 1.

A. Testing the LZ formula in its regime of validity

We start our analysis by performing a set of simula-
tions in which the wave packet of the dark photon un-
dergoes a single resonant conversion in the rising edge
of the plasma barrier. For this purpose, we set the
location of the left boundary of the plasma profile at
z1 = 0 km, while the right boundary was placed at
2o = 10° km, far outside the numerical grid. The pa-
rameters W1 o that appear in Eq. (41) were set to W7 =
W, = 0.01 km ™', while the density parameters were set
t0 Npkg = 1076 cm ™3 and npmax = 250 cm ™3, correspond-
ing to plasma frequencies wy pkg = 3.70 x 107 eV and
Wp,max = D.86 X 10710 V. In order to have a reference for
a realistic physical environment, we have set the values
of the spatial grid and electron densities to be close to
their values within the ionosphere, as recently studied in
Ref. [11]. However, one can easily change these param-
eters to study different environments, such as the solar
corona [32] or neutron star magnetospheres [19].

The mass of the dark photon was set to p = 10710 eV,
and we varied the frequency of the initial wave packet
across the set, in order to consider different values for
the group velocity. In particular, w ranges from 1.005 x
10719 eV to 3.2 x 10719 eV, resulting in group velocities
that range approximately from 0.1 to 0.95. Note that
we have w < wp max across the whole set, so that the
photon produced after the conversion process can never
penetrate the plasma barrier. The values of the parame-
ter o appearing in Eq.(43) ensure a good localization of
the wave packet in terms of the wave number. In other
words, we have 0.01 < o /k, < 0.1, where o, = 071 is
the width in terms of k. The 1n1t1a1 localization of the
packet, zg, was chosen in such a way that its distance
from the base of the plasma barrier was larger than 50,
with a minimum of 500 km. The only exception is the
case with vy = 0.1, for which we set zp to ensure a dis-

tance 40 from the base of the barrier, in order to re-
duce the computational cost. The amplitude was set to
Ag = mew/(1000e) to ensure the linear regime of inter-
action with plasma, i.e. the regime in which the nonlin-
ear terms in Eq. (38) are small, and the backreaction of
the electromagnetic field on plasma is negligible. Indeed,
nonlinear effects start becoming relevant when the am-
plitude of the electric field is Eey 2 mew/e [41, 42]. In
our setup we set only the amplitude of the dark photon
wave packet, and the amplitude of the electric field pro-
duced after the conversion is related to it by the mixing
parameter sinyo =~ 107%. To be conservative and make
sure that the system is always sufficiently far from the
nonlinear regime, we decided to set Ag to the critical
threshold for the electric field, divided by a factor 1000.

As for the numerical grid, the positions of the bound-
aries varied across the set, with larger numerical grids
used for the simulations with smaller group velocity of
the dark photon, due to the larger wave length and larger
width of the wave packet. In general, we placed the
boundaries in such a way that the conversion is completed
before eventual signals reflected from the boundaries
reach the resonant point. This results in having the left
boundary of the grid at —48000 km < z_,, < —7450 km,
and the right boundary at 7150 km < 2z, ., < 13000 km.
The grid step and time step have been chosen using the
criteria described in Sec. IIE, while the total integra-
tion time was set in such a way that at the end of the
simulation the wave packet of the dark photon was ap-
proximately at z = —zg, i.e. at the same distance from
the barrier as in the initial configuration, but inside it.

Unfortunately, we experienced a crash of the simula-
tion with v, = 0.1 due to instability appearing at the
boundaries. By placing the z_,, = —48000 km we have
been able to postpone the appearance of the instability
(and the crash of the simulation) after the conversion
process has completed. It is worth mentioning, how-
ever, that this simulation is the most demanding one
from the computational point of view. Indeed, a small
group velocity translates in a large wave length, which
requires a large width of the wave packet and the use
of a large numerical grid as a result. Additionally, since
vp = w/kpp = 1/v, = 10, the time step At has to be
small compared to the case of larger vy, in order to main-
tain the CFL factor to 0.2. Lastly, the final time of the
simulation has to be large, since the wave packet takes
longer to propagate. All these factors simultaneously
contribute in increasing the computational cost conspic-
uously.

Some snapshots of a typical simulation are shown in
Fig. 2a and Fig. 2b, in which we expressed the fields in
the mass and interaction basis, respectively. The former
is the eigenbasis in which the numerical integration is per-
formed, while the latter has been obtain by performing
the transformation according to the rule

Aa(int) _ Aa(mass) + sin xo A;(mass) +0 (SiDQ XO) ,



A/a(int) _ A/a(mass) — sin o Aa(mass) +0O (sin2 XO) )
(46)

In both plots of Fig. 2, solid lines denote the profile of
E* in the upper panel, and E’* in the lower panel. The
dotted line denotes the profile of the plasma density, and
the horizontal black dashed line indicates the value of
the dark photon mass. We can clearly see the conversion
happening at the resonant point, which is where the dot-
ted line intersects the horizontal dashed line. After the
conversion the dark photon continues to propagate in-
side the plasma, while the photon cannot penetrate the
barrier, having w < wp max, hence it is reflected and prop-
agates toward the left. Interestingly in Fig. 2a, a small
wave packet of the photon appears to propagate inside
the barrier. This is due to the fact that in the mass eigen-
basis the electromagnetic field does not coincide with the
standard model photon, and contains a component of the
dark photon. The absence of photons after the resonant
point is instead visible in the interaction basis (Fig. 2b).
It is also worth noting that since in our initialization pro-
cedure, performed in the mass basis, we set a vanishing
profile of the electromagnetic field, our simulations actu-
ally start with a small but nonvanishing contribution of
the standard model photon, as it is visible from Fig. 2b.

To estimate the conversion probability we used the de-
crease in the energy of the dark photon across the reso-
nance. In particular, if we call £ and &f the energy of the
dark photon before and after the conversion, respectively,
the following relation holds:

Er=(1-P)& (47)

where P is the conversion probability. As a result we can
obtain P from our simulations as
AE & &
E &

P = . (48)

In our 1+1 setup, we did not directly compute &, but
rather the energy per unit surface which, apart from mul-
tiplicative factors, can be written as

_ Zoo - -
5:/ dz (|E'* + |B']). (49)

Z0

Then, the conversion probability can be computed using
£ in place of £, as both the surface term and the multi-
plicative factors that we dropped cancel out. The integral
was performed numerically with the Simpson’s rule, with
zo and z4 o, being the initial position of the wave packet
and the right boundary of the numerical domain of in-
tegration, respectively. This choice is motivated by the
fact that the initial profile for the dark photon, Eq. (43)
is not a fully consistent wave packet solution propagat-
ing towards the right. As a result a tiny component of
the dark photon field propagates toward the left, and
does not undergo the conversion process. Using zp as
left boundary of the domain of integration allows us to

exclude such component when evaluating the conversion
probability P.

A typical behavior of the energy of the dark photon
is shown in the top panel of Fig. 3, in which we con-
sidered a simulation with v, = 0.3. The computation is
performed both in the mass (blue curve) and interaction
(orange curve) bases and, in order to better visualize the
discrepancy, we plot the relative difference in the lower
panel. We can clearly see the decrease in energy happen-
ing when the wave packet of the dark photon crosses the
resonant point, undergoing the conversion process. In the
early stages of the simulation the energy increases due to
the fact that the dark photon wave packet is entering
in the interval over which the energy is computed. Fur-
thermore, well after the conversion process, the energy
displays a second small decrease in a step-like behavior
(inset of Fig. 3), which comes from the fact that a small
component of the dark photon is reflected by the plasma
barrier and eventually passes the position zg, exiting the
integration domain.

We produced similar plots for each simulation in the
set, and from them we extracted the energy of the dark
photon before and after the conversion process. We then
computed the probability P using Eq. (48) and we com-
pared the result against Eq. (15). We performed these
operations only in the interaction basis, as it is the one
in which the Landau-Zener formula holds. The results
are shown in Fig. 4, where we can clearly see an excellent
agreement of our numerical results with the estimates
from Eq. (15).

B. Breakdown of the LZ formula with multiple
level crossings

In the second set of simulations we studied the case in
which the resonance occurs in the vicinity of a local max-
imum of the plasma frequency, with the aim of checking,
with a time-domain analysis, the results recently found
in Ref. [33] using frequency-domain computations. To
reproduce a plasma profile with a local maximum, in-
stead of a plateau, we chose values of z; and zo close to
each other, and we decreased W 2 to make the peak less
sharp. However, with small values of W; o the distance
between the position of the peak and the region where
the plasma density reaches its background value is con-
siderably large. Since we wish to place the initial wave
packet of the dark photon in this latter region, then the
dark photon would take a long time to reach the reso-
nant points, resulting in large computational costs. We
decided therefore to modify the plasma profile (41) by
shortening its tails outside the resonant points, in order
to be able to initialize the simulation with the dark pho-
ton located closer to the center of the barrier. The corre-
sponding plasma frequency profile is presented in Fig. 5
(gray dotted line in both panels). We achieved this by
multiplying the original barrier of height nmax — nbke by
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FIG. 2. Snapshots of the evolution for the simulation of the single conversion from dark photon to photon, in the regime of
validity of the LZ formula, using both the mass basis (left) and the interaction basis (right). Here we show the case in which
vg = 0.7. In each of the two plots, solid lines denote the profile of E* and E'® in the upper and lower panel, respectively, while
the dotted line indicates the profile of the plasma density. The horizontal black dashed line indicates the value of the dark
photon mass, = 107'° eV, and the resonant point is located in its intersection with the dotted line. We can clearly observe
the conversion taking place at the resonance, with the outgoing dark photon propagating inside plasma, and the produced
photon being reflected towards the left, having a frequency smaller than wp max. We highlight that the reduction of the wave-
packet amplitude before the resonant point is due to the natural dispersion that any finite-width wave-packet undergoes as it
propagates.

an analogous barrier of height 1, resulting in: 1079 eV, that results in a group velocity vy = 0.95--0.97,
depending on the value of p. The width of the wave
Mo = Nbkg + (Mmax — Nbke) packet was set to o = 1 km, its initial position to zg =

—300 km, and its amplitude to Ag = m.w/(1000¢).
Lastly, our numerical grid extends in —1000 km < z <

X |:0'(2;; Wi, ze — Azg) + (2 =W, 2o + Azg) — 1]’ 1100 km, and the grid step is Az = 10% eV~! = 19.7 m,
(50) consistently with the criterion indicated in Sec. ITE.

X [a(z; Wi, 21) + o(z; —Wa, z9) — 1}

In Fig. 5 we show some snapshots of the evolution in

where z. = (2, + 22)/2 is the center of both barriers, Az,  the case 1 = 0.85 Wy max, using the same conventions as
is the distance between the boundaries of the new barrier in Fig. 2 and expressing the fields in the mass eingenba-
and z., and W, controls their slope. In this way, if Az, sis. In the first stages of the simulations the wave packet
and W, are sufficiently large, the new term will dampen of the dark photon field travels towards the plasma bar-
the original barrier profile for z < z. — Az and z 2 2.+ rier, undergoing a dispersion process. When it crosses
Az, while preserving its shape in the central region. As  the first resonant point, a photon is produced which, un-
for the numeric values of the parameters that we used, we  like the case discussed in Sec. 11 A, is able to propagate
set npkg = 1075 cm ™2 and npax = 250 cm ™3, resulting through the barrier. In this stage the photon has an ef-
in plasma frequencies wy pkg = 3.7045 x 10714 eV and fective mass w, ~ wpmax, and undergoes a dispersion
Wp.max = 4.6681 x 10719 eV for the background and the phenomenon. When the dark photon crosses the second
top of the barrier, respectively; we placed the boundaries ~ resonance, another photon is produced in front of the first
at z; = 0 km and 2z, = 300 km, so that z, = 150 km, and  one, due to the fact that wy max > 1, and inside the bar-
we set their steepness parameters to Wy 2 = 0.01 km—l; rier the group velocity of the dark photon is larger than
lastly, we set Az, = 300 km, and W, = 0.2 km~!. the group velocity of the ordinary photon. Finally, the
two photons propagate undergoing a negligible dispersion

In this set of simulations we varied the dark photon ) - ) ¢
since their effective mass is Wp,bkg-

mass p in the range 0.76 wp max < g < 0.9999 Wy max,
affecting the position of the resonant points and pushing As a first step towards the computation of the conver-
them considerably close to the peak of the barrier. The sion probability, we computed the energy per unit sur-
frequency w appearing in Eq. (43) was set to w = 1.5 X face of the dark photon in the interaction basis using
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FIG. 3. Upper panel: behavior of the energy per unit sur-

face of the dark photon for the simulations with vy = 0.3.
We rescaled £ by subtracting its value after the conversion.
At early times the wave packet gradually enters in the inte-
gration domain, causing an increase in energy. At the time of
the conversion & decreases in a clear step-like behavior, and it
finally undergoes a small additional decrease due to fact that
the component of the dark photon that is reflected by the
barrier leaves the domain over which the energy is computed.
This latter stage is shown in more detail in the inset. Lower
panel: relative discrepancy between the energy per unit sur-
face computed in the mass basis and the interaction basis.
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FIG. 4. Comparison between the conversion probability

computed from the LZ formula (15) (red solid curve), and
the probability obtained from our numerical simulations (blue
points) in the set with varying group velocity of the dark
photon wave packet. In the regime we analyzed using this set
of simulations, the agreement is excellent.
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FIG. 5. Snapshots of a typical simulation in the set for testing
the breakdown of LZ in the presence of multiple level cross-
ings. Specifically, this figure shows the case p = 0.85 wp,max
using the same conventions as in Fig. 2. The fields are rep-
resented in the mass eingenbasis, which is the one used in
the numerical integration. As we can see two wavepackets of
ordinary electromagnetic fields are produced when the dark
photon crosses the resonant points. Here, since the frequency
of the photon is larger than wp max, the photon is able to prop-
agate through plasma, but undergoing dispersion and travel-
ling at a smaller group velocity than the dark photon. This
results in the second photon being produced in front of the
first one, and being more localized in space compared to the
first one.

Eq. (49). Interestingly, when pu is sufficiently small the
resonant points are distant enough that it is possible to
identify the two transitions separately. On the contrary,
when the resonant points are close, only a single energy
loss step appears. This is visible in Fig. 6, where we show
the behavior of the energy per unit surface, &, in the two
cases discussed.

As in the previous set of simulations, the conversion
probability can be extracted from the value of £ before
and after the interaction with the plasma barrier. How-
ever, since here there are two resonant points, we must
generalize Eq. (47), which only accounts for a single con-
version. In this case the expression of £ takes contribu-
tions from two different processes. In the first the compo-
nent of the dark photon emerging from the first resonant
point undergoes a further energy loss due to the second
conversion, yielding

gj(cl) = (1 — Pl)(l — Pg)g, =& — (Pl + 732)51 + 0O (P2) R

(51)
where P; 2 are the transition probabilities at the two res-
onant points. In the second process, instead, the ordinary
photon produced from the first resonant point, converts
part of its energy to the dark photon field when crossing
the second resonant point, and contributes with a term
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FIG. 6. Representative plot of the behavior of the energy per
unit surface of the dark photon in the interaction basis, for
the set of simulations aimed at testing the violation of the
LZ law in presence of multiple level crossings. The upper
panel shows the case in which the two resonant points are
well separated, while the lower panel the case in which they
are close to each other. As we can see in the former case we
can clearly recognize both the conversions, while in the latter
case they visually appear as a single-step loss in energy.

5}2) =0 (PQ). Neglecting terms of order P? we can then
write

& — &

Prot =P1+ P2 = g,

(52)

In Fig. 7 we compare the conversion probabilities ob-
tained from our simulations (in red) with the predictions
obtained using the LZ formula (green), the cubic ap-
proximation (blue) and the transitional approximation
(orange). We can immediately see that when p is close
t0 Wp,max, and the two resonant points are close to each
other, the LZ formula tends to overestimate the conver-
sion probability by more than a order of magnitude. Our
result show instead a remarkable agreement with analy-
sis performed in [33]. The cubic and transitional approx-
imations, which should not break down near coalescing
saddle points, are in excellent agreement with the re-
sults of our simulations, and correctly estimate the prob-
ability in the coalescing limit. As dm increases, phase
effects between the two resonant points cause oscilla-
tions to appear. This behavior is captured by our sim-
ulations, and when the separation between the resonant
points becomes large enough, the conversion probability
approaches the estimate obtained with the LZ formula.
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FIG. 7. Conversion probability for the set of simulations in
which the dark photon crosses two resonant points. Green,
blue and orange lines denote the conversion probability esti-
mated with the LZ formula (15), cubic approximation (17),
and transitional Airy approximation (19), respectively. Red
points instead denote the probabilities extracted from our
simulations. As we can see our results are in excellent agree-
ment with those obtained in Ref. [33], and in the case in which
the dark photon mass is close to the plasma density at the
peak, the conversion probability is more than an order of mag-
nitude smaller than the prediction by the LZ formula. On the
contrary, for large values of m the probability approaches the
LZ estimate.

C. Estimate of the conversion probability beyond
the WKB approximation

Finally, we performed a set of simulations in which we
varied the slope of the plasma frequency at the resonant
point, with the aim to test the validity of the LZ for-
mula as the slowly-varying background plasma approx-
imation ceases to be valid. We considered the plasma
profile as in the set discussed in Sec. IIT A, with the
difference that here we varied the parameter W in the
range 0.01 km ™! < W <3 km~!. We considered a
dark photon with mass p = 107!% eV, and we set the
parameter w in Eq. (43) to w = 1.4 x 107% eV, so
that the group velocity is vy = 0.7. We set the width
of the wave packet to ¢ = 30 km, and its position to
zo = —3500 km. The numerical grid extended from
Z—0o = —10000 km to 24 = 4000 km, with a grid step
Az =112 x 10° eV~ ~ 221 m. While this is in agree-
ment with the criterion introduced in Sec. [T E; for the
two simulations in which the plasma barrier is steeper,
i.e. the ones with W = 2.3 km™! and W = 3 km ™', we
halved the spatial step in order to resolve properly the
boundary of the barrier. Given the similarity of the setup
with the one described in Sec. 1T A, we did not repeat the
simulation with W = 0.01 km but we used the simulation
with vy = 0.7 we performed as part of that set.
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FIG. 8. Conversion probability for the setup described in
Sec. II1 C, as a function of the ratio between the dark pho-
ton wavelength, App, and the scale over which the plasma
frequency varies, 1/W. The red curve represents the predic-
tion by the LZ formula (15), and the blue points represent
the probability extracted from the numerical simulations. As
we can see, when the steepness of the barrier increases, the
LZ formula starts overestimating the conversion probability,
due to the fact that the approximation of a slowly-varying
plasma gradually loses validity. The reduction we find here
seems in agreement with Ref. [11], where the authors studied
in the frequency domain the resonant conversion process in
the Earth ionosphere, where the plasma is not slowly-varying
and LZ was shown to fail.

Since here the dark photon undergoes a single con-
version process, we extracted the probability P using
Eq. (48). The results are shown in Fig. 8, together with
the estimate obtained from the LZ formula. As we can see
when W assumes large values, and the length scale over
which the plasma density varies becomes comparable to
the dark photon wavelength, the LZ prediction tends to
overestimate the conversion probability. This seems to
confirm the recent results presented in Ref. [11], where
the authors studied (in the frequency domain) the reso-
nant conversion process in the Earth ionosphere, a pro-
totypical case where the slowly-varying plasma density
approximation is not a good one, and LZ fails.

IV. CONCLUSION AND OUTLOOK

In this work, we developed a versatile 141 code, de-
signed to perform non-linear simulations of systems in-
volving photons coupled to ultralight bosons in the pres-
ence of plasma. This framework provides a powerful
tool for exploring resonance conversions, particularly in
cases where the LZ approximation is known to break
down, such as in scenarios with multiple level crossings
or where the de Broglie wavelength of the new boson
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is comparable to the spatial variations in the plasma.
As a first application of this code, we have studied the
resonance conversion in non-turbulent plasma in 141 di-
mensions, providing a crucial step forward in simulating
these processes in realistic astrophysical and cosmologi-
cal contexts. Our simulations highlight the limitations of
the original LZ approximation while showing a remark-
able agreement with the extensions recently computed
in Ref. [33] in the frequency domain. Furthermore, our
results do not rely on the WKB approximation, so are
valid for any frequency and any plasma profile.

This initial study lays the groundwork for more com-
plex investigations into resonance conversion phenomena
in a wide range of environments. Future work will extend
the code’s applicability to 341 scenarios, possibly involv-
ing both turbulent and anisotropic plasmas. In the for-
mer case, small-scale fluctuations play a significant role
and can further impact the conversion processes, while
in the latter photons and light bosons move along differ-
ent worldlines, rendering standard analytical approaches
challenging [21, 24]. Our framework can thus be adapted
to explore a variety of astrophysical and cosmological
scenarios, where light bosons interact with photons in
plasma-rich environments. Although we have focused on
dark photons in this study, the extension to axions is
straightforward. In this context, future directions include
exploring dark photon and axion dark matter conversion
in the Earth’s ionosphere [11], the solar corona [8, 32],
and neutron star magnetospheres [19].

The flexible nature of our code also allows for applica-
tions in completely different setups where real-time com-
putations are crucial, such as in direct detection exper-
iments for light bosons. In such cases, particular atten-
tion must be paid to boundary conditions and symme-
tries [43].

Our ultimate goal is to make the code public and user-
friendly after completing additional studies to validate
its broader applicability.
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Appendix A: Convergence of the code

To monitor the convergence of our code we studied the
scaling with resolution of the violation of Egs. (26), (31),
and (40), which read

C’vahoton = 32El — €NgL — P(ions)» (Al)

CVaark photon = O;E" — sin xo (eng., + Pions)) + T

(A2)
CVotasmma = VT2(1 — UUT) — 1.

(A3)

We ran a first convergence test on the simulation with
initial group velocity of the dark photon wave packet
vy = 0.7, from the set discussed in Sec. III A. In par-
ticular we repeated such simulation halving the grid step
Az, together with the time step At in order to keep the
CFL factor constant. We show in Fig. 9 the constraint
violations at time ¢t = 35.6 ms, close to the end of the
simulation. As we can see the constraint violation is ex-
tremely small, but it does not scale with resolution.

To better investigate the motivations behind this be-
havior, let us consider the violation of the Gauss law for
the photon, Eq. (A1), which is composed by two terms
that are subtracted: 0.E* and p = engy + P(ions) =
e(ng, — no). As we can see from Fig. 10, in which we
plotted them separately, the charge density is non-zero
only in delimited regions, outside which ny, still assume
its initial value, ngr, = ng, and has likely not evolved.

In our integration algorithm time evolution is per-
formed with the Runge-Kutta method. At each integra-
tion step the profile of ng, is updated by adding a term
which, for our purposes here, we can roughly estimate as
RHS At, where At is the time step, and RHS is the right
hand side of Eq. (39), i.e.

RHS = —U'0inp — ng U (A4)
In Fig. 11 we show the profile of the relative increment
of ny;, at t = 26.8 ms, earlier than the time at which the
profiles in Fig. 9 are extracted. The horizontal dashed
line marks the order of magnitude of machine precision,
which is smaller than RHS At / ng;, only in intervals that
roughly corresponds to two where p # 0 at ¢t = 35.6 ms.
By performing a similar plot at ¢ = 15.7 ms we obtained
RHS At /ng, > 10716 for =370 km < z < —290 km.
This scenario seems to suggest that the evolution of ngy,
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FIG. 9. Constraint violations for the simulation with initial
group velocity of the wave packet of the dark photon vy = 0.7,
at time ¢ = 35.6 ms using two different resolutions. As we
can see in this regime the constraint violations do not satisfy
the scaling behavior expected from the characteristics of the
evolution code.

mostly falls below machine precision, and cannot be re-
solved by the code, leading to the scaling behavior ob-
served in the top panel of Fig. 9.

To assess the reliability of our code we therefore de-
cided to simulate a scenario in which the backreaction ef-
fects on plasma are larger. We considered the same setup,
but starting with a wave packet of the ordinary photon,
for which the mass appearing in Eq. (43) is given by the
plasma frequency of the background. We set the initial
amplitude to Ag = mew/(10e), so that we are closer to
the nonlinear regime of interaction between the electro-
magnetic field and plasma. These simulations crashed at
t ~ 26 ms with the plasma density being subject to high
frequency noise at the base of the barrier. Since here we
are only interested in evaluating the convergence of our
integration algorithm, and the nonlinear regime of inter-
action is outside the scope of this paper, presenting its
own difficulties in the application of the fluid approxima-
tion (cf. Ref. [37]), we did not investigate this problem
further.

In Fig. 12 we show the scaling behavior of the con-
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FIG. 10. Behavior of the terms composing the violation of the
Gauss law for the photon, in the profile shown in the upper
panel of Fig. 9. As we can see the density term e(ngr, —no) is
non-vanishing only in limited intervals, meaning that in the
rest of the spatial domain, at ¢ = 35.6 ms ng;, assumes its
initial value.
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FIG. 11. Relative increment of ng;, for the simulation with
vg = 0.7, at t = 26.8 ms. The horizontal dashed line marks
the value 107'¢, which is the order of magnitude of machine
precision error. This plot shows that the evolution of ngr,
mostly falls below machine precision, and can be resolved by
our code only in limited intervals.

straint violations at ¢ = 15.5 ms, sufficiently earlier than
the crash. In blue and green we denote the constraint
violations for the simulation with higher and lower res-
olution, respectively, whereas in red we show the con-
straint violations in the simulation with higher resolution
rescaled by a factor (Azcoarse/ AZﬁne)4, corresponding to
a convergence of order 4. This is the scaling behavior
that we expected, since in our numerical setup we com-
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FIG. 12. Scaling of the constraint violations in a simulation
of the scattering of a wave packet of the photon on a barrier
of plasma, in a regime where nonlinearities are relevant. The
constraint violations for the simulations with higher and lower
resolution are shown in blue and green, respectively, while the
red dots represent the constraint violations for the simulation
with higher resolution rescaled by a factor corresponding to
fourth-order convergence. The data are extracted at time
t = 15.5 ms. The constraint violations possess two peaks
where the expected scaling behavior is found, while in the rest
of the domain convergence is lost, and in some regions it is
dominated by noise. However, in such regions the constraint
violations is smaller than on the peaks by 1 + 4 orders of
magnitude.

pute spatial derivatives at fourth order of accuracy and
we perform time integration with a sixth order accurate
algorithm. As we can see all the constraint violations
have two peaks where they satisfy the expected scaling
behavior considerably well. Outside these two peaks the
convergence is lost, and in some regions it is dominated
by noise, but it generally assumes values that are 1 + 4
orders of magnitude smaller than on the peaks.

To study the global convergence we computed the
volume-averaged L2 norm of the constraints as

1 Zroo
1CVaL | = 7/ d=CVZ., (A5
Zdoo T Z—o0 Jz

—oo



where C'Va, denotes a constraint violation among one of
Egs. (A1)-(A3), extracted from a simulation with grid
step Az. By computing this norm on both the simula-
tions we could then obtain the convergence order 91 as

HCVAZ arse |12
coarse A
Vi, (46)

N = 108(Azoree/Atine)

2

We evaluated this quantity on each of the constraints,
estimating the integral in Eq. (A5) with the trapezoidal
rule, and we plotted the results in the upper panel of
Fig. 13. At t = 0 ms all the constraint violations are iden-
tically zero, and in the initial stages they start to grow.
While CVplasma immediately shows convergence, the
other two constraints are initially dominated by round-off
errors and numerical noise, and reach 9 = 4 more slowly.
Approximately when the wave packet reaches the plasma
barrier, the convergence order computed from CVphoton
and C'Vgark photon drops, but then reaches the expected
value again. After that it decreases mildly, and in the
final stages before the simulation crashes convergence is
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lost again. By checking the behavior of the constraint
violations at ¢ ~ 1 ms and t ~ 10 ms we observed that
there are regions in which CVpnoton and C'Vyark photon
are more affected by numerical noise in the simulation
with higher resolution than in the lower resolution one.
We therefore decided to perform an additional simula-
tion with even lower resolution, Az = 0.44128 km, and
we recomputed the convergence order 1. The results are
displayed in the lower panel of Fig. 13. Here we can see
that in the early stages the convergence order is consider-
ably closer to the expected value, while in the last stages
the decrease in 1 is more pronounced.

In conclusion, the test simulations in which there is
a sufficient backreaction on plasma show that the im-
plementation of the numerical evolution is correct, dis-
playing good convergence properties. In the regime of
interaction considered in this paper the expected scaling
of the constraint violations with resolution is not satis-
fied. This is due to fact that the plasma density evolves
on scales that mostly fall below machine precision and
cannot be resolved by our code.
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