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Abstract
The International Muon Collider Collaboration (IMCC)

is engaged in a design study for a future facility intended to
collide muons. Subsequent to the initial linear acceleration,
the counter-rotating muons and anti-muons are accelerated
in a chain of rapid cycling synchrotrons (RCS) up to the
multi-TeV collision energy. To maximise the number of
muons available in the collider, it is essential to exploit the
time dilation of the muon lifetime by employing a large
accelerating gradient. The 1.3 GHz TESLA cavity serves as
the baseline for the RCS chain. Considering the high bunch
population and the small aperture of the cavity, the resulting
beam-induced voltage per bunch passage is considerable,
resulting in a substantial perturbation of the cavity voltage for
subsequent bunch passages. In this contribution, the effects
of beam loading during the acceleration cycle on the muons
are calculated with the objective of determining the optimum
parameters for minimising the cavity voltage transients. The
interaction of the induced voltages, considering the counter-
rotating beams, is studied.

INTRODUCTION
At the low-energy side of the muon collider facility, a su-

perconducting linear accelerator provides a proton beam for
the production of the muons on a graphite target. The trans-
verse emittance of the beam is thereafter reduced in a series
of muon cooling channels. Subsequently, a chain of medium-
energy linear accelerators provides a pre-acceleration to an
energy of 63 GeV. The following high-energy acceleration is
achieved with a cascade of four rapid-cycling synchrotrons
(RCS), equipped with large-scale superconducting radio-
frequency (SRF) systems. Two bunches, one consisting
of 𝜇+ and the other of 𝜇− particles, will be accelerated in
counter-rotation, sharing the same beam pipe and cavities.
The parameters of the high-energy acceleration chain in the
Muon Collider greenfield study are summarized in Table 1.

One of the main challenges for the design of the RF
system is the short muon lifetime of 𝜏𝜇 = 𝛾 × 2.2 𝜇𝑠, with
the Lorentz factor, 𝛾. In order to quickly increase the energy
and benefit from the time dilation through an increased
relativistic 𝛾, a high average gradient is required in the
acceleration chain.
Existing high-gradient RF cavities were evaluated for their
suitability for the acceleration of muons. The TESLA
cavity type at 1.3 GHz [1] is assumed as a baseline
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RCS1 RCS2 RCS3 RCS4
Circumference [m] 5990 5990 10700 35000
Injection energy [TeV] 0.06 0.31 0.75 1.50
Ejection energy [TeV] 0.31 0.75 1.50 5.00
Acceleration time [ms] 0.34 1.10 2.37 6.4
Δ𝐸 per turn [GeV] 14.8 7.9 11.4 64
𝐺avg [MV/m] 2.44 1.33 1.06 1.83
Harmonic number [103] 26 26 46 151
Bunch intensity [1012] <2.7 <2.43 <2.2 <2.0
Bunch length [1𝜎, ps] <31 <30 <23 <13

Table 1: Acceleration parameters for the chain of four rapid
cycling synchrotrons (RCS) in the muon collider greenfield
study, assuming a 90 % survival rate per RCS [7].

Parameter Value

Resonance frequency [GHz] 1.3
Active length [m] 1.038
Cavity voltage [MV] 31.13
Geometric shunt impedance [Ω] 518
RF to wall plug efficiency [%] ∼48

Table 2: TESLA cavity parameters [1] and ILC RF powering
system efficiency in the distributed Klystron scheme [6].

and was demonstrated to be operational at gradients of
30 MV/m. This cavity type has been extensively studied
and well-optimized. Parameters for the higher-order
modes and the fundamental mode are precisely known
and validated with measurements. The cavity parameters
used in this contribution are shown in Table 2. To ensure
a stable acceleration, the RF voltage in the cavities in
the RCS chain has to be kept constant over tens of turns.
At the same time, the acceleration process should be as
energy-efficient as possible, provided the parameters of
the different accelerators. Therefore, the requirements for
the RF system can be considered as a combination of the
typical demands associated with linear accelerators, i.e.,
high instantaneous power, with those typically needed in
a synchrotron, i.e., turn-by-turn voltage stability in the cavity.

The very high synchrotron tune, 𝑄𝑠 of up to ≈ 0.5
due to the huge RF voltage per turn requires splitting the RF
system into multiple stations around the ring [2]. In the first
RCS, 32 RF stations are foreseen, while the following RCSs
require about 24 RF stations to distribute the longitudinal
kick and lower 𝑄𝑠 sufficiently. If the 𝑄𝑠 is not reduced, a
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Figure 1: Basic layout of the radio-frequency (RF) system
in the rapid cycling synchrotrons.

stable, longitudinal emittance preserving acceleration is not
possible, thus reducing the collider’s available luminosity.
Consequently, the topology of the RF system in the rings
will resemble the layout illustrated in Fig. 1.

Equivalent circuit modelling of RF systems
When designing an accelerating RF system, special at-

tention is paid to the compensation of the beam loading in
the fundamental mode. While the RF system is designed to
deliver energy to the beam, the beam additionally induces a
voltage, 𝑉ind during its passage. Ideally, the generator cur-
rent should fully compensate for both effects to ensure stable
acceleration if the beam were to be distributed around the
ring. The interaction between the beam and the generator
current can be modelled by an equivalent RLC circuit model,
presented in Fig. 2. The values for the resistor 𝑅, inductor
𝐿, and capacitor 𝐶 lumped elements can be calculated from
RF and beam parameters and allow the circuit to be analysed
in transient and steady-state [3].

RF system parameters in the RCS chain
With the aforementioned 𝑅𝐿𝐶 approximation, a set of

parameters for the minimum power requirement can be de-
termined by adjusting both the cavity detuning, Δ𝜔 and the
loaded quality factor, 𝑄𝐿 [3]. The power injected into the
cavity will then be fully absorbed by the beam, and the field
decay, with no power being reflected back to the generator.
Any reflected power would have to be directed into a load to
protect the generator and, therefore, be lost. The optimum
loaded quality factor can be determined with [5]

𝑄𝐿,opt =
𝑉cav

(𝑅/𝑄) |𝐹𝑏 |𝐼𝑏,DC cos 𝜙𝑠

, (1)

Figure 2: RLC circuit representation of the beam-cavity
interaction with the beam current, 𝐼𝑏,rf , the cavity voltage,
𝑉cav and the generator current, 𝐼𝑔.

while the optimum cavity detuning is calculated by

Δ𝜔opt = −
(𝑅/𝑄) |𝐹𝑏 |𝐼𝑏,DC sin 𝜙𝑠𝜔rf

2𝑉cav
, (2)

with the angular RF frequency 𝜔rf , the cavity voltage 𝑉cav,
the accelerating synchronous phase 𝜙𝑠 , the geometric shunt
impedance 𝑅/𝑄, the average beam current 𝐼𝑏,DC and the
bunch form factor 𝐹𝑏. Bunches must be kept short, hence a
worst-case form factor of 𝐹𝑏 = 2 is assumed. The average
beam current is given by

𝐼𝑏,DC = 𝑁𝑝𝑒 𝑓rev𝑁𝑏 (3)

with the number of particles, 𝑁𝑝 , the elementary charge, 𝑒
and the number of bunches, 𝑁𝑏. The synchronous phase,
𝜙𝑠 is defined in the electron-accelerator convention with 0 °
being on-crest.
In addition to the power consumption, cavity detuning and
the loaded quality factor also affect the beam stability. The
Robinson high-intensity stability criterion states that the
relative beam loading, 𝑌 has to satisfy [4]

𝑌 =
|𝐹𝑏 |𝐼𝑏,DC (𝑅/𝑄)𝑄𝐿

𝑉cav
< −2 sin 𝜙𝑠

sin 𝜙𝑧

, (4)

with 𝜙𝑧 = tanh 2𝑄𝐿Δ𝜔/𝜔rf being the detuning angle of
the cavity. When applying Δ𝜔opt and 𝑄𝐿,opt, the system is
not Robinson-stable, hence, a larger detuning with Δ𝜔𝑚 =

Δ𝜔opt/sin 𝜙𝑠 is chosen [4]. If a detuning Δ𝜔 ≠ Δ𝜔opt is
applied to the cavity, the loaded quality factor, 𝑄𝐿 at which
the minimal reflected power occurs is determined according
to

𝑄𝐿,opt =
𝑉cav
(𝑅/𝑄)

{[
2𝑉cavΔ𝜔

𝜔rf (𝑅/𝑄) + |𝐹𝑏 |𝐼𝑏,DC sin 𝜙𝑠

]2

+ (|𝐹𝑏 |𝐼𝑏,DC cos 𝜙𝑠)2

}−1/2

.

(5)

Operating the system under these conditions causes part of
the generator power to be reflected by the cavity.

Table 3 presents the main RF parameters of the muon
collider high-energy acceleration. While the instantaneous
cavity powering requirements are challenging, the duty fac-
tors of the machines are comparatively low. RCS1 has the
lowest duty cycle but the highest RF power per cavity. The



RCS1 RCS2 RCS3 RCS4
Beam current [mA] 43.3 39 19.8 5.49
Total RF voltage [GV] 20.9 11.2 16.1 90
Number of cavities 683 366 524 2933
RF section length [m] 962 519 746 4125
Loaded Q-factor [106] 0.696 0.775 1.533 5.522
Cavity detuning [kHz] -1.32 -1.186 -0.6 -0.166
Acceleration time [ms] 0.34 1.1 2.37 6.37
Cavity filling time [ms] 0.171 0.19 0.375 1.352
RF duty factor [%] 0.19 0.57 1.22 3.36
Max. cavity power [kW] 1128 1017 516 144
Average power [MW] 1.919 2.84 4.43 18.92
Wall plug power [MW] 2.95 4.38 6.811 29.1

Table 3: RF system parameters for the greenfield study of
the future muon collider [7]. The calculations assume a
1.3 GHz TESLA cavity [1] as a baseline and a synchronous
phase, 𝜙𝑠 of 45 °. Both the average and wall plug power only
include the contribution of the RF system.
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Figure 3: Evolution of the cavity phase, 𝜙𝑐, averaged over
one turn, during the acceleration in RCS2 with the initial
parameters set to nominal or adjusted values. RCS2 was
chosen, as the acceleration is sufficiently long to make a con-
vergence of the voltages for the nominal initial parameters
visible.

latter is caused by a low revolution period and high beam
intensity. In the subsequent RCSs, the duty cycle rises while
the instantaneous power decreases. However, the total aver-
age RF power increases due to the large number of cavities
employed as well as the increased acceleration time.

Counter-rotating beams
A complication of the muon collider high-energy chain is

the necessity to accelerate two oppositely charged beams in
the same beam pipe and through the same cavities simul-
taneously. As both the sign and the direction are reversed,
both bunches must be accelerated at the same synchronous
phase, 𝜙𝑠 in the cavities. The induced voltages at the
fundamental mode will, therefore, constructively interfere.
The simulation of the voltage evolution can be performed
by assuming the same direction with a variable time delay
between the bunch passages. Note, as the bunches cross

at two points in the ring and the RF system is distributed,
the arrival times of the bunches will differ from station
to station due to the non-equal distances to the crossing point.

However, a similar approach cannot be applied to
simulate the interactions of higher-order modes (HOM).
Each mode has a different wavelength, which causes the
HOM contributions from the counter-rotating beams to
interfere constructively or destructively. Generally, care
should be taken to avoid a HOM resonance frequency at
an integer multiple of the revolution frequency, 𝑓rev. The
HOM would then constructively interfere within each turn,
causing an in-phase voltage build-up. As a particular case
in the muon-collider, additionally, HOMs at frequencies of

𝑓HOM ≠ 𝑛 ∗ Δdist / 𝑁rf−stations ∗ 𝑓rev,

withΔdist ∈ {1, 3, . . . , 𝑁rf−stations / 2 − 1} and 𝑛 ∈ N
(6)

should be minimised in the cavity design. As the bunch
separation will differ in every station, in-phase interferences
need to be taken into account. Especially HOMs with a
high loaded quality factor, 𝑄𝐿 and, therefore, long decay
time should be avoided. The HOM damping scheme and
related effects on the beam dynamics are currently under
study. Should specific resonances prove problematic, it may
be necessary to alter the cavity design.

TRANSIENT BEAM LOADING
Since the beam in the muon acceleration chain consists of

only two bunches, the no-beam segment between bunch ar-
rivals can be extremely large. Therefore, a condition for the
steady state of the cavity voltage, achieved in more evenly
filled rings, will not be reached. An analysis of the evolu-
tion of the fundamental mode voltage in the cavity requires
the modelling of the transient beam loading. In such semi-
analytical simulations, it is assumed that the cavity voltage
amplitude, 𝐴𝑐 and phase, 𝜙𝑐 vary with:

𝑉𝑐 (𝑡) = 𝐴𝑐 (𝑡)𝑒𝑖𝜙𝑐 (𝑡 ) . (7)

The following two equations describe the change in phase
and amplitude of the cavity voltage due to the beam passage
and the generator current. They were derived from the 𝑅𝐿𝐶

circuit model in Fig. 2 in [3].

𝑑𝜙𝑐 (𝑡)
𝑑𝑡

= Δ𝜔 + (𝑅/𝑄)𝜔rf
𝐴𝑐 (𝑡)

×
{
𝐼𝑔 sin[𝜙𝑔 − 𝜙𝑐 (𝑡)]

+ 𝐴𝑏 (𝑡) sin[𝜙𝑠 − 𝜙𝑏 (𝑡) + 𝜙𝑐 (𝑡)]
2

}
,

(8)

𝑑𝐴𝑐 (𝑡)
𝑑𝑡

= − 𝐴𝑐 (𝑡)
𝜏

+ (𝑅/𝑄)𝜔rf ×
{
𝐼𝑔 cos[𝜙𝑔 − 𝜙𝑐 (𝑡)]

− 𝐴𝑏 (𝑡) cos[𝜙𝑠 − 𝜙𝑏 (𝑡) + 𝜙𝑐 (𝑡)]
2

}
,

(9)
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Figure 4: Evolution of the cavity voltage amplitude, 𝑉𝑐 (left) and phase, 𝜙𝑐 (right) during the first turn of RCS1, once
considering the maximum and once the minimum bunch distance. The dotted lines represent the respective setpoints.

with the cavity voltage filling time constant 𝜏 = 2𝑄𝐿 /𝜔rf ,
the generator current, 𝐼𝑔, the generator phase, 𝜙𝑔, and the
beam current, 𝐴𝑏. The amplitude of the beam current is
obtained from

𝐴𝑏,peak = 𝑁𝑝 𝑓rf𝑒 |𝐹𝑏 |, (10)

during RF periods, where the beam is present and vanishes
elsewhere.

As a consequence of the alteration in the amplitude
and phase of the cavity voltage, it is necessary for the beam
phase, 𝜙𝑏 (𝑡), to perform an alteration in order to ensure a
constant energy gain.

𝐴𝑐 (𝑡) cos[𝜙𝑠 − 𝜙𝑏 (𝑡) + 𝜙𝑐 (𝑡)] = 𝑉cav cos 𝜙𝑠 , (11)

with 𝑉cav being the nominal cavity voltage and 𝜙𝑠 being the
nominal accelerating phase. Due to the synchrotron motion,
the beam phase, 𝜙𝑏 automatically adjusts to this phase. As
Eq. (8) and Eq. (9) cannot be solved analytically, numerical
analysis using the Euler method is performed.
The generator current amplitude, 𝐼𝑔 and phase, 𝜙𝑔 are as-
sumed to be constant following

𝐼𝑔𝑒
𝑖𝜙𝑔 =

𝑉cav
2(𝑅/𝑄)

(
1
𝑄𝐿

− 2𝑖
Δ𝜔

𝜔rf

)
+ |𝐹𝑏 |𝐼𝑏,DC𝑒

−𝑖𝜙𝑠 . (12)

This complex current compensates for the beam loading
during each turn.

Tuning of initial parameters
The low number of turns requires a more evolved approach

to correctly determine the initial values of the cavity voltage
amplitude and the phase at the injection of the beam. If the
acceleration period would last longer, an equilibrium would
be reached, and the cavity phase, 𝜙𝑐 and cavity voltage
amplitude, 𝐴𝑐 would oscillate around fixed values during
one turn. However, to ensure a stable acceleration, this
transient behaviour should be avoided. The initial setpoint
can be estimated by approximating the parameters in the
beam gap in order to calculate the voltage change. The
relative phase between the cavity voltage and the generator

can be approximated by 𝜙𝑔. Furthermore, the phase and
amplitude of the cavity will, on average, be at their setpoint
values, i.e. zero and 𝑉cav, respectively. The initial voltage
can then be obtained from Eq. (9) by calculating the voltage
change in the largest non-beam segment:

𝑉cav,sep =

(
−𝑉cav

𝜏
+ (𝑅/𝑄)𝜔rf 𝐼𝑔 cos 𝜙𝑔

)
× 𝑡sep

𝑉cav,init =𝑉cav +𝑉cav,sep / 2.
(13)

Here, 𝑡sep is the largest separation time of the bunches, de-
fined as the time interval without beam interaction, and
𝑉cav,sep is the corresponding cavity voltage change during
this time. Analogously, the initial cavity phase can be calcu-
lated from Eq. (8) as

𝜙cav,init =

(
Δ𝜔 + (𝑅/𝑄)𝜔rf 𝐼𝑔 sin 𝜙𝑔

)
× 𝑡sep / 2. (14)

Figure 3 shows that the average cavity phase takes a consid-
erable amount of time to reach equilibrium with nominal
parameters as initial values. When the adjusted initial pa-
rameters are chosen, this change is much less pronounced,
thus significantly stabilising the cavity condition during ac-
celeration. As the phase and amplitude change in the initial
turns of the acceleration, the required beam phase and, con-
sequently, the bucket area are reduced, potentially leading
to the loss of particles.

Simulation with different bunch distances
The time difference between the arrival of the counter-

rotating muon bunches will strongly depend on the position
of the RF station within the ring. The maximum time
separation is given by 𝑡sep,max = ℎ / 2× 𝑡rf with the harmonic
number, ℎ and the RF period, 𝑡rf . This corresponds to an
RF station position halfway between the crossing points in
Fig. 1. Assuming equally spaced RF stations, the minimum
separation is dependent on the number of RF stations
with 𝑡sep,min = ℎ/𝑁rf−stations × 𝑡rf , which corresponds to
stations directly next to the crossing point. Depending on
the arrival time difference of the bunches, both the variation
of the cavity voltage, 𝑉𝑐 and the cavity phase, 𝜙𝑐 differ
significantly, as can be observed in Fig. 4. RCS1 is chosen
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Figure 5: Evolution of the beam phase, 𝜙𝑏 during the first
two turns of RCS1. At a minimum bunch distance, the beam
phase has to shift by a larger amount, as both the lowered
cavity voltage and phase need to be compensated. The dotted
line indicates the synchronous phase, 𝜙𝑠 , the setpoint value
of the beam phase, 𝜙𝑏.

for the following comparisons, as the changes are expected
to be the most pronounced here. The deviation of the cavity
voltage from its centre point during the acceleration is of
the order of 1 MV. This leads to the additional requirement
to lower the setpoint voltage to avoid a breakdown inside
the cavity, which, in turn, increases the total amount of
required cavities.

From Eq. (11) it is evident that the adjustment of the
beam phase, 𝜙𝑏 must be more significant than the cavity
phase adjustment, as both the reduction in cavity voltage
amplitude and the deviation of the cavity phase need to
be compensated. The evolution of the beam phase during
acceleration is shown in Fig. 5. The calculated deviation
of the beam phase, 𝜙𝑏 from its design value, 𝜙𝑠, causes a
variation of the bucket area during the acceleration, which,
in steady-state can be approximated with [8]

𝐴𝑏 (𝑡) ≈
8
𝜔rf

√︄
2𝑞𝐴𝑐 (𝑡)𝛽𝑠𝐸𝑠

𝜋ℎ |𝜂 |
1 − cos 𝜙𝑏 (𝑡)
1 + cos 𝜙𝑏 (𝑡)

. (15)

Here 𝛽𝑠 is the relativistic speed of the synchronous particle,
𝐸𝑠 the energy of the synchronous particle, 𝑞 the charge of
the particle, and 𝜂 the slippage factor of the accelerator.
Particularly in RCS1, where the bucket area is only
marginally larger than the bunch emittance [2], detailed
beam dynamics simulations are required to verify that no
beam loss occurs due to insufficient bucket area. Nonethe-
less, the reduction in the bucket area is symmetric for both
bunches and, therefore, does not result in uneven energy gain
or asymmetric beam loss.

Simulation in different RCSs
Figure 6 compares the magnitude of the adjustments of the

beam phase, 𝜙𝑏 in the different RCSs. In the higher-energy
RCSs, this effect is less pronounced. The amplitude depends
on the energy gain per cavity, the bunch intensity and the
number of RF stations. A higher number of RF stations
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Figure 6: Comparison of the evolution of the beam phase, 𝜙𝑏

in the different RCSs. The arrival time difference between
the bunches is assumed as ℎ / 𝑁rf−stations × 𝑡rf . In RCS1,
32 RF stations are present, while RCS2 to RCS4 feature 24
stations.

reduces the relative arrival time difference and, therefore,
increases the remaining disturbance of the cavity voltage
from the counter-rotating bunch. The higher bunch intensity
in the smaller RCSs results in more energy being extracted
from the cavity during the bunch passage, resulting in a
larger voltage drop. The generator current, 𝐼𝑔, the loaded
quality factor, 𝑄𝐿 and the cavity detuning, Δ𝜔 are adapted to
the beam and cavity parameters and ensure that the voltage
oscillates around the setpoint. Should the magnitude of the
beam phase change prove problematic in beam dynamics
studies, the energy gain per cavity could be reduced, in order
to lower the required beam phase and increase the bucket
area. Alternatively, the generator current has to be altered
during the acceleration to compensate for the asymmetric
bunch arrival times.

CONCLUSION
The main challenge of the RF system design in the RCS

chain of the future muon collider is to ensure that RF voltage
for a sufficiently fast energy gain is available during the
whole acceleration process. This contribution presents the
results of a transient beam loading simulation with a static
generator current. Due to the large beam current and high
frequency, a significant perturbation of the voltage of the
fundamental mode was observed, the effect of which was
more pronounced in the lower energy RCSs due to the higher
bunch charge. By choosing adjusted initial parameters at the
start of the acceleration, injection transients of the voltage
can be suppressed. To quantify the effect of the changes in
beam phase, 𝜙𝑏 and cavity voltage, 𝑉𝑐 on the acceleration, a
detailed beam dynamics simulation will be performed using
the BLonD [9] simulation suite.
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