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ABSTRACT: We consider the production of a pair of heavy quarks QQ in association with a
generic colour singlet system V' at lepton colliders, and present the first analytic calculation of
the two-loop soft function differential in the total momentum of the real radiation. The calcu-
lation is performed by reducing the relevant Feynman integrals into a canonical basis of master
integrals by means of integration-by-parts identities. The resulting integrals are then evaluated
by solving a system of differential equations in the kinematic invariants, whose boundary condi-
tions are determined analytically with some care due to the presence of Coulomb singularities.
The fully differential soft function is expressed in terms of Goncharov polylogarithms. This
result is an essential ingredient for a range of N3LL resummations for key collider observables
at lepton colliders, such as the QQV production cross section at threshold and observables sen-
sitive to the total transverse momentum of the radiation in heavy-quark final states. Moreover,
it constitutes the complete final-final dipole contribution to the fully differential soft function
needed for the description of QQV production at hadron colliders, which plays an important
role in the LHC physics programme.
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1 Introduction

The production of heavy quark pairs (QQ), optionally accompanied by a colour singlet system
V', constitutes a key process at high-energy particle colliders. Both at future lepton colliders
and at modern hadron colliders such as the LHC, this class of processes is relevant in the
context of the precise extraction of properties of top and bottom quarks and of their couplings
with the Higgs and electroweak gauge bosons (see e.g. [1-10]).

The theoretical description of physical observables measured on this final state is often
plagued by the presence of large logarithmic corrections of infrared origin, that requires a
resummation of the perturbative expansion at all orders. A class of important collider ob-
servables admits a factorisation theorem encoding the description of the infrared limit of the
observable v at leading power. Key examples of such factorisation theorems at lepton colliders
are those describing the production cross section of the QQ(V) system at threshold [11-13],
! the back-to-back limit of the energy-energy correlation [17, 18] for heavy-quark final states
and, in the case of hadronic collisions, the total transverse momentum of the final-state system
with respect to the beam axis [19-23]. From a phenomenological viewpoint, such factorisation
theorems for this class of processes can be used in the context of slicing methods for higher-
order calculations [12, 13, 24-26] as well as in the matching of next-to-next-to-leading order
calculations to parton showers [27-29].

!The threshold limit discussed in these references corresponds to the energetic heavy quark pair production
in association with soft QCD emissions, which is different from the non-relativistic heavy quark pair production,
needed to describe accurately the threshold cross section at future lepton colliders [14-16].



An essential ingredient common to all the above factorisation theorems is the soft function,
which describes the effect of soft radiation emitted from the eikonalised propagators of the
energetic heavy quarks, as encoded in time-like (massive) Wilson lines. Interestingly, the
soft functions relevant for a broad class of observables, such as the threshold and transverse
momentum dependent (TMD) soft function, can be derived starting from a more exclusive
soft function differential in the total momentum of the real radiation [30, 31]. The fully
differential soft function with two light-like Wilson lines has been calculated to three loops [31],
while the corresponding result with time-like Wilson lines is unknown beyond the one-loop
order. In this article we present the first two-loop calculation of the latter fully differential
soft function in the context of the production of a QQV final state at lepton colliders. This
calculation constitutes a key ingredient to improve the description of heavy-quark processes
at future lepton colliders, and a consistent building block, that of final-final massive dipoles,
for the corresponding calculation for QQV production at hadron colliders. In the hadron-
collider case, the two-loop computation of the threshold soft function for QQ production has
been carried out in Refs. [32, 33], while numerical calculations have been performed for the
corresponding TMD soft function averaged over the azimuthal angle of the final-state system
in Refs. [34, 35]. The analytic calculation of the fully differential soft function for QQV
production at hadron colliders would be highly desirable. The information encoded in this
object would allow for theoretical investigations on the structure of multi-leg soft functions
with both light-like and time-like Wilson lines and, from a phenomenological viewpoint, it
would be relevant for precision phenomenology involving heavy-quark final states, for instance
in the context of higher-order calculations of azimuthal asymmetries [36] which are known to
diverge in fixed-order perturbation theory.

The article is structured as follows. In Section 2 we introduce our notation and conventions,
while Section 3 outlines the computational method adopted in our calculation up to two loops
together with consistency checks. In Section 4 we perform the renormalisation and present
our results. Finally, Section 5 contains our conclusions and outlook to future work. The arXiv
submission of this article is accompanied by the analytic results for the fully differential soft
function distributed as ancillary files.

2 Definition of the fully differential soft function
Let us consider the following process in lepton-lepton annihilation

() +17 (b2) = Qilq1) + Qa2(q2) + Vgv) + X (gx) (2.1)

where Q12 are heavy quarks with the same or distinct masses qiz, V is a color singlet of
momentum ¢}, and X denotes the additional QCD radiation of total momentum g¢’. Here and
below, we use ) and ¢ to denote the total energy of the collision and a low scale characterising
soft emissions, respectively. At leading power in £/@Q), the cross section can be factorised in the
framework of Soft Collinear Effective Theory (SCET) [37-41] as follows

do 1
diqdQ  (2m)

¢ [ dte e (g g, )) S () + OE/Q), (22)

where df) indicates the differential phase space element of the (12X final state. The hard
function H({q1, q2,qv }) is the squared of the hard Wilson coefficient (see e.g. Ref. [12]), and



S is the soft function defined as
1 _
Sz {or,02)) = ir <0 ‘T [Ym ()Yl (x)] T {YJI (0)Y,, (0)} ‘ 0> , (2.3)
where the trace is over color indices, and Y, is a soft Wilson line along the velocity v; of the
i-th heavy quark

Y., (z) =Pexp (—igs/o dt v; - A% (z + tv;) T“> . (2.4)

The cross section given in Eq. (2.2) is fully differential on the final-state kinematics, including
on the total momentum of the real radiation. At leading power, the hard Wilson coefficient
is not sensitive to the kinematics of soft emissions in the final state due to the decoupling of
hard and soft interactions in the SCET Lagrangian, so H can be taken out from the Fourier
transform. Since the cross section in Eq. (2.2) is fully exclusive in the radiation’s momentum, it
can describe observables in various kinematic limits. We present two specific examples below.

The first is the production cross section for @1Q2V in the threshold limit, where the
total energy of the soft QCD radiations (¢ — q1 — g2 — qv)° is constrained by Eey ~ ¢ < Q.
The corresponding threshold soft function can be applied to study the next-to-next-to-leading
order (NNLO) QCD corrections to heavy quark pair production in e*e™ annihilation with a
phase-space slicing method [11-13]. In this case, the spatial coordinate is fixed by §%(Z) after
integrating over d3g, so in the threshold limit Eq. (2.2) can be rewritten as

o t Ecut 20 e _
d(dEch) —H({Q1,Q2,QV})/O dE/CéW e b 8((950,1»:0),{@1,@2}) + O(Bew/Q).
(2.5)

A second example is that of global observables sensitive to the total transverse momentum
of the radiation taken with respect to a reference axis. Observables in this class include
the energy-energy-correlation [17, 18] for massive quarks, or the transverse momentum of the
QQV system w.r.t. the beam axis. The latter is in direct correspondence with the analogous
observable in hadron collisions, of which the calculation presented in this article constitutes a
self-consistent building block. Due to the absence of collinear singularities in the problem under
consideration, the specific choice of the reference axis does not lead to additional logarithmic
corrections (at leading power in £/Q)). We can therefore parametrise a generic momentum p*
using the standard light-cone decomposition
nt nt

p'=(n-p)5 +(@-p) 5 +p =ph (2.6)
where n and 7 are light-like vectors aligned to the reference directions (e.g. the beam), the
total momentum of QCD emissions scales as

qy( = (q —q1 —q2 — QV)M ~ Q(L 11 6) ) with &= QX,T/Qa (27)

with ¢gxr = ,/—qgg |- The conjugate position-space coordinate z* then scales as z# ~

(Q)_1 (1,1,e1) where, by performing the multiple-pole expansion for the soft fields, the de-
pendence on light-cone components x and xz_ are suppressed compared to the perpendicular
component . Therefore, the cross section in Eq. (2.2) can be rewritten as

do  dPqx
dQ  (2m)2

H({ql,%QV})/d%L e XLt S(xy, {vr,10}) + Olgxr/Q)- (2.8)



As shown in the above examples, the fully differential soft function with the full dependence on
" encodes information that is relevant in a range of factorisation theorems upon appropriate
projections.

3 Calculation of the two-loop fully differential soft function

In the present section we will outline the main aspects of the calculation. We first introduce
the setup and computational strategy, and then discuss both the NLO and NNLO results.

3.1 Fully differential soft function in momentum space

Eq. (2.3) defines the soft function in position space. Due to the convenience of evaluation of
Feynman integrals in momentum space, it makes sense to perform the calculation in momentum
space first, and then Fourier-transform the result back to position space. The fully differential
soft function in momentum space can be defined as

Sl fnvrse) = o (0T Yo YL )] 6w = n-5) T [¥L O] [0) . (3

where n# is a dimensionless vector aligned with x*, and p* is an operator picking up the total
momentum of soft radiations in the final state. With a Fourier transform, S(w, {n, v1,v2}) can
be related to the soft function in position space

S(x,{v1,v2}) = /dw et S(w, {n,v1,v2}), (3.2)

where t relates n* to z* by z# = tn*. The explicit n* and t for threshold and TMD soft
functions can be chosen as

n" = (1,0,0,0), t=a", and (3.3)
n* = (0, —icos ¢, —isin ¢, 0), t=1dixp,

respectively, where ¢ is the azimuthal angle between p, and z, and 7 = 1/—.@1. We stress
that the fully differential soft function considered here is free of rapidity divergences. In the
more general case of a fully differential soft function containing also light-like Wilson lines,
one should supplement the correspondence given in Eq. (3.4) with a rapidity regularisation
procedure. Within the exponential regularisation scheme of Ref. [30], this would simply amount
to adding a real time component to the vector n* in Eq. (3.4).

Since the soft Wilson lines in Eq. (3.1) are invariant under rescaling v}’ — ayv}’ and vl —
agul, the soft function depends on v}’ and v4 only through cross ratios like (vy-va)/(1/v31/v3).
In our case, there are only three independent cross ratios involved in the soft function, which
can be chosen as (with a little abuse of notation we denote by x one of these cross ratios, this
is not to be confused with the coordinate z* used as argument of the fully differential soft
function)

V1 - U9

v1n
= 7= 75 9277

v2 -1

NG

z

(3.5)



Therefore, by dimensional counting in dimensional regularisation, the bare soft function takes
the following generic form at n loops

2

S(n) (w’ {777 VU1, 1)2}; E) = w—l—Qne <Z> fn($a Y, z; 6) ) (36)

where e = (4—d) /2 denotes the dimensional regulator, and we use the notation S(w, {n, v1,ve};€) =
0(w) + X (§2)" S (w, {n,v1, 02} ).

3.2 NLO calculation

Since purely virtual corrections are expressed by scaleless integrals, the NLO correction to the
soft function only receives contributions from single-real radiation, which can be expressed as

v? v3 2v1 - v
5 +

(o B2 (o B2 (o R BT )

S (s ) = c§1>cp/ddk 5 (k2) 6w — 1 - k)

where Ce(l) = 27571, Here and below, we omit the arguments {1, v1,v2} in the soft function
for simplicity. Because of the complexity of the kinematics, it is still challenging to evaluate
the one-loop phase space integrals directly. To accomplish analytical computation, we employ
integration by parts (IBP) reduction [42, 43] and the method of differential equation (DE) [44—
50]. To perform IBP reduction for phase space integrals, we need to replace the ¢ functions
with propagators by means of reverse unitary [51-53]

o(x) = 2%” (x _1 i $—|1—10> = Disc(z1). (3.8)

Then we rewrite S (w;e) as

2 €
0w = Cp <Til> [0 1120+ 3 Tii02 —2(vi-v2) Tiana] (3.9)
with
(1) d : 2\—a1 : —asg (_1)a3+a4
Iy as,05,00 = k1({ai}) C¢ d®k Disc [(k: ) ] Disc [(w —n-k) ] (or B)r(og K)o "

(3.10)

where the normalisation factor

o\ (d—2a1—az—aq)/2
mqmnzwwﬁwwwmd(">

4
eliminates the dependence on w and n?.2 The parametrisation of the phase-space integrals given
in Eq. (3.10) allows one to use standard Feynman integrals technology for their evaluation.
By using the package FIRE6 [54] for IBP reduction, SV (w;e) is expressed in terms of a set
of master integrals (MIs). Their derivatives with respect to the cross ratios can be obtained
with the package LiteRed [55]. To solve for the MIs, we choose the following basis of MIs with
uniform transcendental weight (UT)

f = {2(1 — 26) 1171,070, €\/ 1-— 1/2’2 11717071 , €/ 1-— 1/y2 11,17170, €/ 1-— 1/1:2 11717171}, (3.11)

2Iay a3.a3,04 depends on n* only through the cross ratios in Eq. (3.5).




which leads to a simple DE system with e-form [56]

0 0 0 0
3 0 0 0 0 .
e I 0 0 0 'z
2 —4V22—1(z—zy) —4\/y2—1(y—=z2) 2((172+1)yz—xy2—m22)
VaZ—1 VaZ—1(a2—2zyz+y2+22—1) Val—1(22—2zyz+y2+22—1) (22-1)(z?—2zyz+y?+22-1)
0 0 0 0
) 0 0 0 0 .
0y =e | — 1 0 2y 0 ‘I, (3.12)
y2—1 y“—1
0 _AVz?-1v22-1 Va2 —1(yz—x) 2(y—xz)
x?—2xyz+y’+2z2-1 \/y2—1(12—2:cyz+y2+z2—1) 2?2 —2xyz+y’+22—1
0 0 0 0
1 2
0d=c| VO - X X 7
z =€ 0 O O O ' ’
0 422 —1(yz—2x)  AVEt-14/y2-1 2(z—xy)

VA1 —2ayety+22—1) @ —2ayatyP+—1 2 —2ayatyt+a7—1

The boundary conditions for solving the DEs are determined by the values of MlIs at the
phase space point n* = v}’ = vh. These are obtained by recasting the denominators that were
processed with reverse unitarity (see e.g. Eq. (3.10)) as delta functions, and performing the
corresponding phase space integrals. They are given by

> 2e7ET(1 —€)
To=9—————%-,0,0,0, . 3.13
0 { F(]. — 26) s Uy Uy } ( )

By rationalizing the square roots in Eq. (3.12) with the change of variables

r=va—-1—-xz+1, t=+Vy:—-1—-y+1, u=vz2-1—-2z+1, (3.14)
and solving the DEs order by order in €, the MIs are expressed in terms of Goncharov poly-

logarithms (GPLs), which can be defined iteratively as

G(ay,... ap;x) :/ dt Glag,... ap;x), (3.15)
0 t—a1

with G(;2) = 1 and G(0p;x) = 1/n! In" 2. At NLO, the letters involved in the arguments of
GPLs are {0,1,2, A1, A2, A3, A\s}, where A\i—; 4 are the roots of the polynomial A+ 23 (4yz —
4) + 4227 (y? = 3yz 4+ 22 +1) = 8A(y — 2)? + 4(y — 2)? = 0, and take the values

A =1-/(y? - 1) \/2y22+2y2\/(y2 D) (22— 1) —y2 =22 —yz,
A2=1—\/(1/2—1)(22—1)+\/2y222+2yzx/(y2 1) (22 —1) =y — 22 —yz,
Mo =1 VIF D 1) - /222~ 292 /07 — 1 (Z — 1) — ¢ — 22—z,
M=1—/(?-1)(2-1) Jr\/2yz2—2yz\/(y2 1) (

The result of NLO bare soft function will be presented in Sec. 4.

J(z2—=1)—y?2— 22 —yz. (3.16)



Figure 1. Examples for two-loop Feynman diagrams that contribute to the soft function S(wj;e).

3.3 NNLO calculation

There are two types of contributions to the soft function at NNLO. One is from double real
emissions (RR), and the other is from a single real emission with a one-loop virtual correction
(RV). In principle, the RV contribution can be obtained by evaluating one-loop phase space
integrals for the one-loop massive soft current [57, 58]. However, it is quite challenging to
perform the phase space integration without IBP reduction and the method of DE due to
the complexity arising from the measurement of the fully differential soft function. Hence, we
follow the same strategy to calculate the RR and RV NNLO contributions as that used for the
NLO calculation.

To obtain the amplitudes, we generate the two-loop Feynman diagrams with qgraf [59] for
both the RR and RV contributions individually. Some examples of two-loop graphs are shown
in fig. 1. The Feynman gauge is employed for summing over gluon polarisation vectors, so the
contribution of ghost fields to the vacuum polarisation diagrams has to be taken into account to
cancel the contribution of unphysical gluon polarisations. After assigning the Feynman rules in
momentum space and performing Dirac, Lorentz and color algebras, the amplitudes of the RR
and RV contributions are expressed as linear combinations of scalar Feynman integrals with
Cutkosky cuts. By means of partial-fraction decomposition for linear propagators followed by
suitable shifts of the loop momentum, the scalar integrals can be mapped onto the integral
topologies defined by complete bases of propagators, which fit to the setup of FIRES6.

For the RR contribution, the scalar integrals take the generic form

BR — ky({a;}) CRR /ddk1 /ddkg Disc [(k:%)““} Disc [(kg)‘ﬂ Disc [(w — 1 (k1 + k2)) %]
(_1)a4+a5+a6+a7+a8
X -
[(k1 + k2)?]* D5° DG D77 Dg®

(3.17)



where the normalisation factors read

7]2 (2d—2a1—2a2—a3—2a4—as—ag—ar—ag)/2
FGQ({%}) — 2a1+2a2+a3+2ast+as+as+ar+as—2d <4) 7 (3.18)
and ORR = —472¢=2_ Ag for the NLO case, the reverse unitarity representation of the phase-

space integrals is used for the IBP reduction and to derive the canonical differential equations.
The evaluation of the boundary conditions is then carried out by re-expressing the relevant
denominators as delta functions. The denominators D5 and D7 g correspond to propagators
of Wilson lines along the vy and vo directions, respectively. After performing IBP reduction
and remapping the MIs across the initial integral topologies with Kira [60], the RR amplitudes
can be expressed by a linear combination of 31 MIs, which can be cast into the following five
integral topologies defined by propagators {Ds, Dg, D7, Ds} as

Topo RR1 : {v1 - k1,v1-ka,va-ky,v9-ka},

Topo RR2 : {v1 - k1,01 (k1 + ko) ,v2- k1,02 ka},

Topo RR3 : {v1 - k1,v1-ko,va-ky,ve- (k1 +ko)}, (3.19)
Topo RR4 : {v1 - k1,01 (k1 +k2) ,v2-ki,vo- (k1 +ka)},

Topo RR5 : {v1 k1,01 (k1 + ko) ,v9-ko,va- (k1 +k2)} .

For double-real integrals, the causal ‘40’ prescriptions for the propagators can be neglected,
because the denominators are always positive for on-shell momenta kq2. To build the DE
system in e-form, we first find the candidate UT integrals by requiring that they have constant
leading singularities [61, 62]. The method of Magnus and Dyson series expansion [63] is also
employed to convert the inhomogeneous terms of the DE into e-form. Eventually, the UT basis
of the MIs reads

2./2 _ 1 2 /3 2 /3
fRR?{d%R%OOOOO €Vz® =1 ppy evVy®—1 grr1 €vVy*—1 Rrro
b
bt Rl R b At b} Z

1,2,1,0,0,0,1,0 5 7y I1'51,0,1,0,0,0 5 7@/ I1'510,0,1,00 5

V2 —1 ppy (1—4e)e® (22 — 1) JRR1 (1—49)eVy? = 1V22 — 1 gy
B 1,2,1,0,0,0,0,1 5 2 1,1,1,0,0,0,1,1 5 2 1,1,1,0,0,1,1,0 »
2.9
Va? — 1IRR1 (1 —4de)e (3/ - 1) JRR1 e\ y? — 1IRR2
— 5 112101010 7 LLL0L1,000 — 411100120
e2(4e — 1) (2% — 2yzz + 2%) ppo B e2(xy — 2) RRo 4 €(xy — 2) RrRa
Yz 1,1,1,0,0,1,1,0 2025 1,1,1,0,0,1,2,0 Ty 1,2,1,0,0,1,0,0 »
(1—4de)e® (y> — 1) JRR2 € IRRI N 8e?(4e — 1) (2 — 2yza + 2%) JRR2
7 1,1,1,0,1,1,0,0 » V21 2,2.1,0,0,0,0,0 yat =1 1,1,1,0,0,1,1,0
n 8¢*(z — xY) RRo n 8¢*(zy — 2) ‘RR2 n €(2¢ +1) Rpro
s /7562 —1 1,1,1,0,0,1,2,0 y 2 — 1 1,2,1,0,0,1,0,0 vrZ — 1 1,2,1,0,0,1,0,1 »
(1 — 46)62 (22 — 1) IRR3 62\/’227_1IRR3
2 1,1,1,0,0,0,1,1 5 T 1,1,1,0,2,0,0,1 5
€*(4e = 1) (2* = 2yza + ¢°) JRR3 n e*(y — 22) Rps3 n (xz —y) JRR3
Tyz 1,1,1,0,1,0,0,1 2:1:2y 1,1,1,0,2,0,0,1 T2 1,2,1,0,0,0,0,1 »
€T I%;%{% N 8e2(4e — 1) (;U2 — 2yzx + y2) F{{? R 8e2(y — x2) ﬂ{{) Joon
x2 _ 1 14y 707070»070 yzm IEs) 707 »070’ xym IR} 707 70707



8¢*(rz — ) rR3 €(2e+1) JRR3 eva? — 1IRR4

— 112100001 T —75—=1121,001,01> ——41,2,1,0,0,1,0,1
Z\/a:2 1 x x2 -1 T
3 3 3./73 7
vVas —1vz JRR1 Ve —14/y IRRI vt — 14y IRRZ
51,010,115 1,1,1,0,1,1,1,0 » o 1,1,1,0,1,1,0,1 5
3. /72 — 3 32 —
eV 1\/ y? — 1 JRR2 €vr® =1 rRo e’y —1 JRR2
1,1,1,0,1,1,1,0 » Lii11001, ————Ii1110-11>
zy x Yy
S3Va2 -1 2
JRR2 4¢2 JRRL 1 8¢3TRR2 1 9¢3TRR2 n € ZIRR2
2 Iiii1,-101 46115101000 F8€ 110 1110-11 T2 117171.1,001 Ty | LLL120-11
SVrZ —1v2 =1 SV -1 3(.2
JRR3 vz JRR3 € (37 1) JRR1
7,001,115 Lii01010 — 5 —1111,01,1,1,1+
Tz X
3 2 3 2 _
€ (x 1) I € (x 1) IRR5 (3 20)
2 1,1,1,0 LLLL T s LI .

where the normalisation factors are obtained from the evaluation of the leading singularities of
corresponding integrals in Baikov representation [64, 65]. The boundary conditions are deter-
mined at the point v}’ = v = n*. By using the Mellin-Barnes technique [66, 67] implemented
in the MB package [68, 69], we obtain the analytical results for the boundary conditions as
2.2 3 4.4
o), . =8~ 287; < _ 4965“ - ”56 +O(e), (3.21)
IRR|_ymem1 =0 for i#1and 26.

After performing the rationalisation of the square roots shown in Eq. (3.14) and solving the DE
equations order by order in €, the MIs can be expressed in terms of GPLs. The corresponding
letters involved in the arguments of the GPLs are {0,1,2,1—y,(y—1)/y, Xi=1,.18}. Xi=1,..4
are the same as the letters in Eq. (3.16), while X\j—5 g, Ai=g.... 12, Ai=13,..,16 and Aj—i7,18 are
the roots of the polynomial equations

M N3 (4yz — )—1—4)\2( 2—3yz+2) —8)\(z2—2yz+ 1) + (z2—2yz—|—1) 0,

M4 N3 (4yz — )+4)\2(y —3yz—|—2)—8)\(y —2yz+1) + (y —2yz+1) =0,

Mp a3y —1)— 1223y — 1) + 16y — 1) = 8(y — 1) =0,

N4y —1)—2@y—1)=0, (3.22)
respectively.

The RV contribution is addressed with a similar procedure. The real-virtual integrals can
be written as

I = ky({a;}) CBV / @'k Dise | (k) ™| Dise [(w — 1+ k1) ]
—1)a2tastas+astartas

X /dde 2 I az ( ) 2 .14 as ag a7t ag ’

(k3 +i0)** [(k1 + k2)? + i0]™ DE° Dg® D™ D

(3.23)

with CRV = 2i7273¢275. After IBP reduction, the amplitudes can be expressed by a linear
combination of 20 MIs, which can be remapped into three integral topologies defined by the
propagators {Ds, D¢ ,D7,Ds} as

Topo RV1 : {’Ul'k‘l,—Ul-k2+i0,1)2-]€1,—1)2'/{72—|—i0},
Topo RV2 : {v1-k1,—v1 - ko +1i0,vy - ko +1i0,vy - (k1 + k2) +1i0}
Topo RV3 : {U1 - ko +10,v7 - (lﬁ + k‘g) +10,v9 - k1, —v2 - ko —|—i0} . (3.24)



Unlike for the RR case, here we have to indicate the causal ‘0’ prescriptions explicitly for
the propagators depending on the virtual momentum k%, because they determine the sign of
the imaginary part of the one-loop virtual correction. To build the DE system in e-form, we
convert the set of Mls to the UT basis as follow

2.2 1 2 /2
fRV:{ﬁ RV1 Vet —1 gy €2 rRV1 VY- —1 ryi
T

S120,1,1,00025 T 101200015 — y 2,0,1,1,0,2,0,0 » 7y I191,2,01,0,0 5
2./.2 _ 212 — 2 _ 2. /2 _
€eVze IRVl £ 1IRV1 e VY 1 rvi evae I
7@ 1,0,1,1,0,2,1,0 » - 1,0,1,2,01,1,00 — _— 410,1,1,1,002> 7 110, 1 ,2,1,0,0,1 5
2./2 2 €24/ 12
eva? —1 JRV2 eVar — 1\/ Y — 1IRV2 JRV2
156071,01,01 10,110,201~ 1517001015
[oZ — 122 — 1 3 2 — 1
JRV2 1y IRV2 (1 _1) 2) JRV2
e 1100102 oy 1,1,1,0,1,1,0,15 € 7)) 111,1,0,1,1,0,2
3 3 3 2
evVas —1 gyo eVy? —1/rvo _ VY — 1Ry
1,1,1,1,0,1,0,1 » y 1,1,1,1,0,1,—1,1 Y 1,1,1,1,0,1,0,0 »
637 VZ2]RV2 V JRV2 Q3 TRV ge3 TRV
o 1,1,1,1,-1,1,0,1 — L1 31,00001:8 1070 1 1,-1,1,0,1 — ©€ 1,1,1,1,0 0,0,1
e Y ;RV2 e Y ;RV2 2 7RV1
+ 2¢° I1 11,1,0,1,0,1 T 11,1,1,1, 11,02 7 5110002 4€11012000.1
WV vz JRV3 2\ 7RV3
e I17001,115€ (1 —1/x ) 11,1,1,0,0,2,1,1} . (3.25)

The boundary conditions are also determined at v}’ = v§ = n*. However, Coulomb singularities
are encountered at this boundary point, because of the interaction between the two massive
quarks at rest via the exchange of virtual gluons. Therefore, we have to resolve the singular
behavior of the MIs in the limit of x — 1 (i.e. 7 — 0) before expanding them in e. As a result,
we obtain the following analytical expressions for the boundary conditions

447262 112 12774 224
TRY 8 16ime s+ AT (M2 grs) sy (L1 ”cg 1O,
lr=y=2z=1 3 3 45
o = —16im (2r)%* ™%V 2 ['(2€) (3.26)
x:y:z:l
v =0 fori#1,3,9and 11.
r=y=z2=1

These boundary conditions have been cross checked with the results in ref. [57]. Finally, by
solving the DE equations order by order in €, the Mls can be expressed by GPLs with the same
letters as for the NLO MIs. As a further test of the NNLO calculation, we calculate all RR and
RV MIs using the package AMFlow [70] with high numerical precision at random benchmark
points, finding complete agreement with the analytic calculation.

4 Renormalisation and final result

With the calculation outlined in the previous sections, the two-loop bare soft function can be
expressed as

L Zoas 1 /N2
S(W,E) —(S(W) + ppe a (5) CFKF(eT,y,Z)
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Zaas\2 1 4e
+ ( = S) ; <g> CF [CFKFF(-T,Z/,Z)+CAKFA(SU,Z/,Z)+nfTFKFf(l',y,Z)] y

(4.1)

where & = w/+/n?/4, and Z,asp* gives the bare QCD coupling constant with

s (B s\2 (B B
%:1+L<—:>+GQ Q§—£>+O@@. (4.2)

The NLO coefficient Kp(x,y, z) is given by

8x Y z
KF = — ﬁGl,r — 8+ 8¢ (\/ﬁGl,t‘F \/ﬁGl,u
Xz
T m |:G/\1,1,7‘ + G T Goag1r + Gy —2G01, — 2G2 1,

+ Gt (G r = Gogr — Gy + o) + G (Gay e — Gy + Gy r — Gy ) ])

8 8z
+ 262 (772 + \/ysli—l (Goit—Grit+Gaiy) + i (Gogu—Griu+Goiw)
xr
+‘;§j{h%%W_MGMJ_GMw_G&m+GMmNGMJ_GMJ+GMﬂ

-8 (G)q,?" - G)\Q,r + G)\g,r - G)\4,7’> (GO,l,u - Gl,l,u + G2,1,u)
+4G1 <2G0,)\1,r —2G0n,r — 2Go g ,r +2Go 0,0 + 2G5 — 2G2 0y

—2G22g,r +2Go g — Gy nar + Gy o + Gy pgr — Gy
- G>\27>\1,T + G>\2,>\2,T + G>\2,>\3,7’ - G>\27)\4ﬂ" - G>\3,>\1,T + G>\37>\2ﬂ’

+G&mJ—G&Mm—Gamm+Gmmf+GMmm—GMMJ
+ 4G1,u (2G0,)\1,7‘ - 2G0,)\2,r + 2GO,A3,7‘ - 2G0,A4,r + 2G2,/\1,r - 2G2,/\2,r

+2G2 g0 — 2G2 0 — Gay i T Gy o — Ganar + Gagagr
- G>\2,>\1,7‘ + G>\2,>\2,T - GAQ)\:W’ + G>\27)\4ﬂ“ - G>\3,>\1,7" + G>\3,>\277‘

—G&mW+GMMm—Gmmm+GmmW—Gamm+Gmmﬂ
- 4<4G0,o,1,r +4Go2,1,r — 2Gon 1, — 2Gong 10 — 2G0ons,1,0 — 2Goag 1,0

+4G201,r +4G221, — 2Go 0 10 — 2G2 00,10 — 2G205,1,r — 2G2 01,0

—2Gx 010 —2Gx 210 + Gapag 1 T Gagng, 1 T Gag s, 1 T Gag a1
—2G 0,10 — 2Gx 210 + Gagn 10 T Gaona 1 T Gogns, 10 T Gag g1
= 2Gx;,0,1r — 2G5 2,10 T Gag a1 T Gag g1 T Gag g, 10 T Gag a1

—2Gx 01 —2Gx 210 + Gy + Gano e T Gagng,1r + G>\4,>\471ﬂ">]>

o), (4.3)
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where we denoted G, .. 4,2 = G(ai,...,an;2) for brevity. The UV renormalisation of the
soft function is more conveniently performed in Laplace space, because the Laplace transform

) S(wse), with L =In ( 25 ) , (4.4)

p/n?

~ oo
S(L;ye) = /0 dw exp <_seVE
turns the momentum-space convolutions between renormalisation factor and soft function into
local products. One can show that, thanks to the correspondence of S(w;€) with the threshold
and TMD soft functions discussed in Sec. 3.1, the renormalisation of S(L) is multiplicative
(local). A simple way of seeing this is to boost the fully differential soft function into the rest
frame of the n* vector, hence highlighting the direct correspondence with the threshold soft
function, whose renormalisation is multiplicative in Laplace space.

The Laplace transform of the bare soft function in Eq. (4.1) can be achieved straightfor-
wardly by the replacement

1 <ﬁ>n€ — e "B (—ne) . (4.5)

w \w

The ultraviolet (UV) poles in the bare soft function can be absorbed into the renormalisation
factor defined in the MS scheme
S’<L;€) :ZS<€7:U') S(LHU') (46>

The RG equation of the soft function is given by

d

dlnug(L ) =T%(as) S(L,p). (4.7)

The RG equation of the hard function in Eq. (2.2) takes the same form for RG consistency.

4.1 Anomalous dimension of the fully differential soft function

Since the cross section is free of singularities, the UV poles of the bare soft function have to
cancel against the infrared (IR) poles of the hard function H({q1, g2, qv }; €), which are governed
by the anomalous dimension [71-74]

FQQ({Ula U?}a as) = CF'Ycusp(Ba as) + 27Q(0¢s) s (4-8)
where Yeusp (3, @5) is the massive cusp anomalous dimension

'Ycusp(ﬁa as) :’Ycusp(as)ﬁ coth 3

LGy [ (14 () + 0 (20) + 24 75 Yot

+ (Lig (6*25) —28In (1 _ 6*25) - 7:(5 +1) - 82— 53) coth 3

3
m? 2 3
TGt A+ 0(). (4.9)
with the cusp angle defined by 8 = cosh™!(—z) = —In(z — V22 — 1) — im, and +?(a,) is

the soft anomalous dimension for heavy quarks. The coefficients of 7?(a;) and the massless
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cusp anomalous dimension veusp(cvs) are presented in Appendix A up to two-loop order. RG
invariance of the cross section then implies that

%) = —T7(ag) = —2ReT oo ({v1, v2}, o) (4.10)

which determines the renormalisation factor

Qg Fg (ozs>2 Fg g Fig 3
Z =14+ ———— —= —=(I'g — 2 — 4.11
S(Gvu) + AT %€ + Ar ]¢2 ( 0 ﬁO) + de +O(as)7 ( )

where we used the conventions

() = ifs (Z—;)nH and Blas) = —2as iﬁn (
n=0 n=0

Qg
41

)"H L (412)

4.2 Renormalised results

As expected, Z, in Eq. (4.11) absorbs all the divergences of the bare soft function S(L;€) up
to two-loop order. This represents a strong check of our calculation. As a solution to the RG
equation in Eq. (4.7), the renormalised soft function in Laplace space can be expressed as

[0
S(L,p) =1+ ﬁ (-T5L +cf)

. (4.13)

5\ 1
(&) [(ﬁOPgH(FW) L2 - [ (0§ +260) + T7] L+ &5

where the one-loop constant coefficient is given by

s _ __ Y -z
Cl _4CF< \/y27_1G17t mGl,u
x
+ a7 [G,\l,u + Gt + Gag 1 + Gagar — 2Goa,, — 2G21r

+ G (Grrr = G = g+ Gagy) + G (Go = G + Gy = Gnr) D .
(4.14)

The expression of cg is too long to be reported here, so it is provided as an ancillary file with
this article.

As a final check of our results, we consider the two-loop threshold soft function which
can be obtained from the fully differential soft function following Egs. (2.5), (3.2), (3.3). In
particular, we specialise to the case of QQ production (i.e. without a colour singlet V'), for
which the two-loop threshold soft function was previously calculated in Ref. [11]. Our test
reproduces the results of the latter reference, providing a strong check of our calculation.

To obtain the TMD soft function in position space described by Egs. (3.2) and (3.4), we
can see that it is equivalent to the soft function in Laplace space just by replacing s — e~ 7€ /xp,
ie.

267’7E
L—>LL:1n( ) (4.15)
T [
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5 Conclusions and outlook

In this article, we presented the first calculation of the fully differential soft function for the
production of a pair of heavy quarks accompanied by a generic colour singlet system. The
calculation is performed in generic final state kinematics and retaining differential information
in the total momentum of the real QCD radiation. The resulting soft function can be mapped
onto soft functions entering a number of factorisation theorems at N3LL order, for instance
that for the cross section for QQV production at threshold and the TMD soft function which
is relevant for observables which depend on the total transverse momentum of the final-state
radiation. As such, our calculation is also a central ingredient for the two-loop fully differential
soft function for QQV production at hadron colliders, of which it constitutes the contribution
from final-final dipoles. Besides the relevance in the context of resummed calculations, the
results of this article are instrumental for the implementation of slicing-based subtraction
schemes for NNLO calculations of collider observables, as well as their matching to parton
showers.

We provide analytic results for the soft function, obtained by mapping the problem into
one that can be handled using modern Feynman integrals techniques directly in momentum
space. The final result is provided in electronic form as an ancillary file to this article, expressed
in terms of Goncharov polylogarithms and can be used for an arbitrary-precision numerical
evaluation. Our work also opens to the possibility to calculate the fully differential soft function
for QQV at hadron colliders, which could be approached with the same method presented in
this article. We leave this, together with phenomenological applications of the results presented
here, to future work.
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A Two-loop anomalous dimensions

We adopt the following notation for the expansion of anomalous dimensions in Eq. (4.8)

> cus Qg n+1 °© g n+1
VCUSP(O‘S) = Z'yn P (E) ) VQ(as) - 277? (E) . (Al)
0

n=0 n=
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The coefficients of the massless cusp anomalous dimension up to two-loop order are [71]

6P =4,

268  4x? 80
P — [T Oy — — ) A2
71 <9 3> A 9 FNf ( )

The coefficients up to four-loop order have been obtained in refs. [76-79]. The coefficients of
the anomalous dimension for external massive quark up to two-loop order are

v§ = —2Cr, (A.3)

22 98 40
V? =Cf [CA (3 9~ 4C3> + nfTFg} . (A.4)

The coefficient at three-loop order is available in refs. [80, 81].
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