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ABSTRACT: We formulate a collinear partonic shower algorithm that achieves next-to-
single-logarithmic (NSL, a”L"~!) accuracy for collinear-sensitive non-singlet fragmenta-
tion observables. This entails the development of an algorithm for nesting triple-collinear
splitting functions. It also involves the inclusion of the one-loop double-collinear correc-
tions, through a z-dependent NLO-accurate effective 1 — 2 branching probability, using a
formula that can be applied more generally also to future full showers with 1 — 3 split-
ting kernels. The specific NLO branching probability is calculated in two ways, one based
on slicing, the other using a subtraction approach based on recent analytical calculations.
We close with demonstrations of the shower’s accuracy for non-singlet partonic fragmen-
tation functions and the energy spectrum of small-R quark jets. This work represents an
important conceptual step towards general NNLL accuracy in parton showers.
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1 Introduction

Recent years have seen extensive work by multiple groups towards the development of
parton showers that achieve next-to-leading logarithmic (NLL) accuracy [1-15]. Broadly
speaking, NLL accuracy implies control of terms af L™, where oy is the strong coupling
and L is the logarithm of the ratio of any pair of disparate scales.

One of the next frontiers is to develop NNLL accurate showers, with control of terms
L™ 1. A critical ingredient is the incorporation of splitting functions beyond first order
in the coupling [16-31]. However, on its own, higher accuracy of the splitting function is not
sufficient to achieve higher logarithmic accuracy. Concentrating on final-state showers, one
significant recent step has been the inclusion of double-soft corrections [30] in such a way



as to achieve L™ "1 (next-to-single logarithmic — NSL) accuracy [32-34] for observables
like the distribution of energy flow in any given limited angular region, and a?L?"~2 for
subjet multiplicities [35, 36]. Another has been the development of an understanding of
the connections between the soft-collinear, large-angle soft and triple-collinear regions.
Together these advances have enabled the PanScales parton shower project to achieve
NNLL accuracy for global and non-global event shape observables in Z — gq and H — gg
processes [31] (for corresponding calculations at NNLL and beyond see e.g. Refs. [37-58]).
One advance that is still needed for general NNLL accuracy in parton showers is the full
treatment of the triple-collinear region. Arguably this is the last major step for general
final-state NNLL accuracy at leading colour aside from NNLL spin correlations. It is
required, for example, for a?L"~! accuracy for phenomenologically important quantities
such as fragmentation functions and many jet substructure observables. Observables of this
class are common in collider physics and have been extensively studied in the literature
(see e.g. [58-84]). Its inclusion in showers would also open the door to potential new
methods for merging parton showers with NNLO calculations (see e.g. Refs. [28, 85-90] for
existing methods), because it would ensure that parton showers reproduce all divergences
that appear up to and including order ag. Several groups have explored the triple collinear
region for parton showers, both in the final and initial state [20, 22-26], though so far there
have been only limited tests of their implications for logarithmic accuracy [22].

In this work, we take an exploratory approach to the problem of achieving a?L"~! in
the collinear final-state regime, with the ultimate perspective of porting the lessons that
we learn into the context of full showers, notably those being developed in the PanScales
project. In Section 2, we establish how to include the Abelian part of ¢ — ggg branching [91,
92] in a positive-definite, unit-weight shower formalism. In Section 3, we identify how to
treat virtual corrections [93-97], with a core formula whose applicability is wider than
parton-shower logarithmic accuracy and that connects with the work of Refs. [21, 24, 28].
Then in Section 4 we use that formula to evaluate the resulting NLO-accurate branching
probabilities specifically for ¢ — ¢g splitting, in both slicing and subtraction approaches,
the latter building on the work of Refs. [75, 81]. Together, these ingredients are sufficient
for us to demonstrate, in Section 5, a?L"~! accuracy for two distinct observables, in the
limit of a large number of colours: the non-singlet fragmentation function [62, 63] and
the small-R inclusive non-singlet quark-jet momentum distribution, with comparisons to
calculations from Ref. [98].! We conclude in Section 6 and also provide additional technical
appendices.

2 Formulation of a non-singlet final-state collinear shower

Let us start by formulating a standard strongly ordered non-singlet collinear shower. It
involves an ordering scale v and the iteration of 1 — 2 splitting steps, each at a successively

LA conjecture for the two-loop anomalous dimension for small radius jet evolution was previously made
in Ref. [71].
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Figure 1: Cartoon illustration of how the shower builds up the 1 — 3 splitting functions
from pairwise combinations of 1 — 2 splittings. The top line shows how the shower builds
up a sequence of 1 — 2 splittings, while the second and third lines show how these are
grouped and calculated using iterated 1 — 3 splitting functions. This cartoon ignores
subtleties around unordered emissions and the freedom to choose the parent quark g,.
These subtleties are further discussed in the text and Appendix A.1.

smaller values of v. It is useful to introduce a generic real branching probability

dv; i, do; as(p)

V; 2r 0w

dR12(vi, i, Pilvict) = Pug(2:)0 (v < vi—1), (2.1)

where v; has dimensions of energy, e.g. a transverse momentum and we have included the
ordering condition relative to a previous emission at scale v;_;. The renormalisation scale
1 is to be taken of the order of the transverse momentum of the emitted gluon, and the
splitting function is given by

. 1+ 22
Paq(2) = Crpge(z),  with  peq(2) = 1— (2.2)
Then the distribution of branching 7 is given by
dP; = dR1-2(vi, 2i, @i | vie1) A(vi-1,v;) , (2.3)

where the Sudakov form factor A(wv;_1,v;) is specified through unitarity,

A(vi—1,v;) = exp [—/deﬁg(v,z,gb |vi—1) O(v > v;) | . (2.4)

This is a standard formulation that guarantees single-logarithmic accuracy for collinear
observables such as non-singlet fragmentation functions.

To achieve next-to-single logarithmic accuracy, we will need to modify the real branch-
ing probability so as to reproduce the full 1 — 3 matrix elements (and phase space) [91, 92].
We will also need to adjust the normalisation of splittings in the strongly ordered 1 — 2
limit so as to take into account the correct one-loop corrections to 1 — 2 splittings [93-97].

Let us first discuss how to incorporate the 1 — 3 splitting matrix element. We will
concentrate on the abelian-like C%, q — qgg contribution, as relevant for the non-singlet



case.”? Our approach will iterate 1 — 2 splittings, such that each step takes into account
the kinematics and matrix element used to generate the prior 1 — 2 splitting and includes
corrections such that the pair of splittings together has the correct 1 — 3 splitting matrix
element. This is illustrated in Fig. 1. To be more specific, we concentrate on one specific
pair of 1 — 2 splittings, which we label as

qi—2 — Gi—19i—1 — 9i—1 9i i - (2.5)

Let us assume that the ¢;_o — ¢;_1 ¢;—1 splitting has already been generated and was
strongly ordered with respect to any prior splittings.® We will write the real splitting
probability as the ratio of the full 1 — 3 splitting and phase space to the prior 1 — 2
splitting and phase space. First, for definiteness, it is useful to introduce the real phase
space and matrix element for 1 — 3 splitting,

as\2 (dv, d¢ dv; do;
(%) (S Gram) (%52 0s) postipros o) @0
We have introduced the shorthand p =i — 1,* and we have
E*02 92 )
P1-+3(Vp; Vis 2p, Zis ) = 2p xgpxgixqiw Cf2?<Pq(ibg)pgiqi> ) (2.7)
9p9iqi

where E is the energy of the three parton system and <]5(1(ibg)pgiqi> corresponds to Eq. (33)
of Ref. [92] (without any 1/2! symmetry factor). The energy fractions and invariant mass
of the three particles involved in the triple-collinear spitting are parameterised as

Ty, =1— 2, (2.8a)
zg, = 2p(1 — 2), (2.8b)
Tg, = ZpZi, (2.8¢c)
sijk = 205 B + {i <> k} + {j <> k}. (2.8d)

Now we are in a position to write the probability for splitting ¢ given a previous splitting
b,

& (dvi g i i Pi —
dR2-3(vi, 2i, i | p) = 0473 <v ¢ dz-) P13 (Ups Vis 2ps 20 6 ¢p)@

Vg5 < Vgoas
; o i qu(zp) ( 9iqi gp‘h)’
(2.9)
where we return to the definition and functional dependence of the effective strength of
emission, ag’ﬁ, below. An important consideration in Eq. (2.9) is the replacement of the

2For the full evaluation of the non-singlet fragmentation functions, in addition to ¢ — ggg one also needs
the non-trivial (Cr(2Cr — C4)) part of the ¢ — ¢qg@, with identical flavours. In our numerical tests in
Section 5, we will work with colour factors chosen so that C'4 = 2C'F, so that we can ignore this channel.

3At NSL accuracy, one need not worry about more than two consecutive commensurate-angle 1 — 2
splittings.

4Although it may be helpful to think of p as corresponding to i — 1 as in Fig. 1, this is not always the
choice we make, as discussed in Appendix A.1.



condition v; < v;—1 in Eq. (2.1) with the condition vy, < Vg,q;- Here vy is a kinematic
variable defined in terms of the momenta of particles b and ¢ (for example a relative
transverse momentum), chosen so as to coincide with the ordering variable v for a splitting
a — be. Thus vg,q, will coincide with v;, but crucially vy 4, differs from v, = v,, because
¢; will in general have a different momentum from ¢,. A key relevant feature of the
Vgiq; < Vgpq; condition is that it is symmetric between the two gluons and therefore exactly
accounts for the 1/2! symmetry factor that needs to be associated with the integral over
the 1 — 3 phase space.” Note that Vg,q; 15 known only after the generation of splitting
i and that it can be either larger or smaller than v,. Therefore, in the above approach,
one must not additionally impose a v; < v, condition. Instead, we start from v; = Xvp,
where X is large enough to ensure that the vast majority of the vy,q < vy, phase space
is covered. Finally, note that the Sudakov factor in Eq. (2.4) also needs to be modified to
use Eq. (2.9) in its integrand.

Now we turn to oS, Assuming that v; is a transverse-momentum like variable, then
we can write

ot = o (1) [1 + as@i)K(zﬁ] (2.10)

s 2

where K(z;) generalises the well-known Keyw [51, 99, 100] away from the soft limit. Its

determination is discussed in sections 3 and 4. As we shall see in those sections, K(z;)

eff

diverges logarithmically when the quark becomes soft (z; — 0), which could cause af

to become negative. In practice therefore, we replace %K (z;) — tanh (%K (zz)>
A similar choice was made in Refs. [30, 31], which is allowed because this replacement
generates only additional terms beyond the nominal a? L™ ! logarithmic accuracy.

Next, we set out our choice of ordering variable. We use

Vgiqi — min(Egiv Eqi)egi‘h ) (2'11)

which coincides with transverse momentum in the soft-gluon limit. Away from that limit
one could have imagined a range of different choices, but not all are equally straightforward
to implement within the above scheme.® A final comment that we make concerns a subtlety
with the above picture connected with soft gluon emission. Specifically, while the intent of
Eq. (2.9) is to account for the 1 — 3 splitting function, there is a priori freedom in terms
of which previously emitted gluon should be taken as the parent g,. Simply taking the
parent gluon to be p = ¢ — 1 turns out to be incorrect and infrared unsafe. Instead we
effectively take p to be that among all prior emissions that is closest in rapidity to i, with
an additional prescription to avoid double-counting of phase-space regions. Appendix A.1
explains the issue and the details of our approach.

®In this context it would be interesting to explore the connections with the sectoring approach of Ref. [28].

®In particular, we also investigated vg,q, = Fg,04,q;, but found that this had problems with boundedness
of Eq. (2.9) in the limit where the p branching causes the quark g, to become soft and the i branching
causes the quark g; to end up close in angle to gp.



3 NLO-accurate inclusive emission probability

To understand how to calculate the K(z) in Eq. (2.10), it is helpful to consider a specific
case, namely the emission of a collinear gluon g from an ete™ — ¢g system. We will do this
in two parts: we will consider the actual NLO cross section for producing a ggg system,
inclusive over subsequent branchings from that system; separately we will consider the full
shower expression for that gluon emission up to NLO, Eq. (2.9); then we will determine
K(z) in Eq. (2.10) by equating the actual NLO result and the shower’s expansion to NLO.
We will see that the result that emerges is independent of the specific choice of system
(here ete™ — qq) that we took as our starting point, i.e. the process-dependent parts will
cancel in K (z).

We start with the first part. We take a Born matrix element and phase space aBg,d® 4q4-
Here, @ = as(u)/2m, with p corresponding to the renormalisation scale, which should be
taken of the order of the transverse momentum of the emitted gluon, as done explicitly in
Eq. (2.10). We use the convention of stripping out factors of & from the various matrix
elements. The NLO-corrected version of By, will be written as qug, with

B 4B — 5B d.- _Vaag /d@mquﬂ>

aByged® g5 = aBygqdPeq4 <1 + oquqg +a By Bugy )’ (3.1)
where Vg, is the one-loop correction to the qqg process, B,g;; represents the matrix element
for one further branching. The % factor represents the phase space in the exact shower
map for one branching given the qgg starting point. There is an implicit sum over the
possible final state channels ij = {gg,qg}. The upper limit ¥, in the integration is to
be understood as a shorthand for the ordering condition written in Eq. (2.9) — or, more
generally, the ordering condition in any shower that generates the correct 1 — 3 splitting
functions.” Eq. (3.1) is the way the MC@QNLO or POWHEG methods [101, 102] organise
the NLO calculation given a Born ¢gg configuration.

Next consider the cross section that is obtained in the shower. A crucial assumption

is that the shower is NLO accurate for the ¢g configuration, i.e. the starting point for the
shower has a weight

_ Vg Ymax P70 Byg
Bgd®,; = Bygd®yg (1 +a-1 + a/ qngqg) : (3.2)
4q o APy Byg
where the 0 to vpax limits on the integral indicate the range of allowed values of shower
ordering variable v, associated with the integration over the full g-emission phase space.
The shower weight to obtain a ¢gg system is equal to

d®qg9 Bygg

dSq(jg dq)q(jg = qu d(bqq X A(Umax,vg) X 5{(1 + dK(Z)) dd. B.. 5
qq qq

(3.3)

"Given an ordering condition, and given that the initial gluon g is collinear, ¢ and j will always be
collinear and/or soft, as is required for the real phase space to be accurately generated with the triple
collinear splitting function. Of course, the triple collinear splitting function does not generate the correct
large-angle soft distribution, but as we shall see below, the contribution from this region cancels.



where K(z) is the shower NLO correction (to be determined) for the emission of a gluon
with longitudinal momentum fraction 1— z with respect to its emitter. The shower ordering
variable at the point where the gluon is emitted has a value vy. The Sudakov factor
A(Vmax, Vg) is given by the unitary counterpart of the real emission probability

Umax dq)
Aty vg) = exp |~ [ a1+ ar () e S (3.40)
7 vg dq)qq qu
Umax d@ ,
=1-a @®ogy Buay 7). 4b
a/v d®qg Bog o (a ) (340)

Putting together Egs. (3.2)—(3.4), and writing the result to relative order & gives

Vi dd
WSqqg APqqg = AByged®Pqqy [1 t+a (K( )+ S +/ 9oy’ Doy ) +0 (az)} ., (3.5)
Byq 0 dPgg By
where we have combined the two integrals over d®g,.
Now we are ready to determine K (z) by equating &qug and &Sy, up to relative order
@. This gives

K(z) _ VZ@; . ch7+/ d‘bqqm Lqqij _/vg d‘I)qqg Lqgg” ] (3.6)
Bqtig qu 0 d‘I)qqg qq9 0 d(I’qq qu

There are important simplifications that can be made to Eq. (3.6) thanks to the use of the
collinear limit. Assuming that the gluon is collinear to the quark, Ref. [97] has shown that

1
Vagg _ Vaa _ Pq(q)(sqg,ZaE,MZ)
Bygg  Byg Faq(z,€)

(3.7)

where Pq(ql) is a one-loop correction to the splitting function, which is independent of the
hard process. We have made explicit that it depends on s,y (the gg squared invariant
mass), the dimensional regularisation parameter € and the renormalisation scale u. The
bare expression for Pé;) is given in Eq. (103) of Ref. [97]. The renormalised expressions
that we use are given in Eq. (B.6). In dimensional regularisation, Eq. (3.7) has a 1/e pole
in the Cr and Tgrny colour factors and a 1/ €2 divergence in the C4 colour factor.
Turning our attention now to the two real integrals of Eq. (3.6), several comments are
in order. Firstly, the 0, and v, upper bounds act on different phase spaces (¢gg — qqij
and qq — qqg respectively) and so are not in general identical in the two real integrals.
There is however one important region where they must coincide between the integrals.
Consider, specifically the ij = g1g2 channel in the left-hand integral. Labelling g; as the
smaller-angle gluon, it concerns the situation where 64,, > 0,4, i.e. the angular anti-
strong-ordered situation. Here the ¢, ordering condition on the {g2, ¢} phase space in the
left-hand integral coincides with the v, condition on the {¢, ¢} phase space in the right-
hand integral. Furthermore, in this region, the two integrals will have identical integrands,
because of the factorisation properties of the ¢Gg; g2 matrix element when one gluon (g1)
is collinear and the other (go, over which we integrate) is soft and at much larger angles.
Therefore this region cancels between the two integrals. This is important, because it



is the only region that carries dependence on the hard process, specifically when 0,,
is of order 1. The cancellation ensures that the difference between the two integrals is
process independent and that one is therefore free to replace the full matrix element with
expressions involving just the universal 1 — 2 and 1 — 3 splitting functions. Together with
the process-independence of Eq. (3.7), this ensures that K (z) as a whole does not depend
on the process.

An important observation that we make is that a formula analogous to Eq. (3.6) is valid
for calculating the NLO-accurate emission probability generically for the n'' emission in
any parton shower that had NLO accuracy for all prior emissions 1...(n—1). In particular,
a similar form holds also for each of the nested soft and collinear gluon emissions that are
the essence of the NLO-accurate parton branching kernel as needed for a? L"~! accuracy.®

Note that a formula essentially identical to Eq. (3.6) has appeared in Refs. [21, 24, 28]
in the context of embedding NLO Z — 3jets within a shower that was already NLO
accurate for Z — 2jets. The presence of the same equation in both matching and shower
kernels is significant because it implies that the infrared limit of K(z) in matching will
be by construction identical to the shower-kernel’s K(z) (so long as the treatment of real
radiation is also the same between matching and shower). This property is precisely what
was identified in Ref. [103] as being crucial in order to maintain logarithmic accuracy when
matching to fixed-order predictions and it suggests that Eq. (3.6) and its counterparts in
Refs. [21, 24, 28] will play a major role in generalising logarithmically accurate matching
beyond NLO.

4 Evaluations of K(z)

4.1 012? term from a slicing scheme

One general way of evaluating Eq. (3.6) is to apply a slicing scheme to the real integrals,
splitting K into two parts

K(z) = K<(2) + K> (2). (4.1)

The first term contains the virtual corrections and the unresolved real contributions and

needs to be evaluated using dimensional regularisation
by A
Ko(z) = Vaag . @ +/ d®qgij Bagij _/ d®qq4' Begg ) (4.2a)
Bgg B Jo dPgq9 Beag  Jo dPeq Byg

The second term is purely finite and reads

K. (2) = % dDqgij Bygiy _ /vg d®qq9' Boay ] (4.2b)
5 d®eg9 Bygg x»  dPqg Bgg

8Extending all of the ingredients beyond the collinear limit, such a formula is consistent also with the
approach used in Ref. [30]. One way of understanding that approach is to note that all terms in Eq. (3.6)
are independent of the soft gluon rapidity, except the first real integral. Exploiting the fact that K should
agree with Kouw in the soft-collinear limit, it is then straightforward to see that K — Keoww is given by
the difference of that first real term between the situation with a soft gluon emitted at large angle and a
soft-collinear emitted gluon. That is precisely the method used in Ref. [30].



The X and A quantities represent the separation scales in the phase spaces of the two
distinct real terms. As with the v, and v, constraints, they need to act equivalently in
the limit where ¢j = g1g2 and 04,4 > 04,4, in order to separately maintain the process
independence of both K. (z) and K~ (z). The physical scale associated with A should be
much smaller than the physical scale associated with v, to ensure that A/v, suppressed
power corrections are small.

In practice, for the abelian C’% term, denoted by K (ab)

, we only need to consider the
ij = g1go channel.” We take gs to be the lower-v gluon and the conditions we apply in

Egs. (4.2a) and (4.2b) are

min(EQQ, Eq)egzq

X ) (43&)
min(Ey, Ey)0yq S A

<
<), (4.3b)

in analogy with the choice of ordering variable for our toy shower. One should keep in
mind that the energy of the quark in the two conditions will in general be different. In the
soft limit for go and ¢’, the conditions are, however, independent of the quark energy, and
we obtain the process independence separately of both K (<ab) (z) and K (>ab)(z) by choosing
A=A10

The K (<ab)(z) term is straightforward to evaluate analytically in dimensional regular-
isation. The details are provided in Appendix B, with the slicing conditions of Eq. (4.3)

and \ set equal to A. The result is

K& (2) = 20 {Lig (— ! ; Z) ~In(2) (21n %9 +1n mlj((ll :57)2)2)] - qu{z) . (44)

For the evaluation of K (>ab)(z), we simply re-use the code developed for the toy shower

as described in Section 2, adapting it to carry out a single emission without a Sudakov
form factor, i.e. operating it as a fixed-order code. In addition to the A cutoff, we would
also need to place a common cut on the maximum angle of any of 7, j and ¢’ so as to ensure
that we remain in the collinear regime.

In practice, we find it is convenient to directly integrate the difference of the integrands,
rather than to evaluate the two integrals separately. The cut on A induces a term propor-

tional to In zInwvy/A in K (>ab) (z), which cancels against the corresponding term in K (<ab) (2).
That term dominates in the statistical errors for K (>ab)(z), as in any slicing approach. To

have better numerical behaviour, we instead directly evaluate a quantity
I_((;b) () = K(>ab)(z) —4Crlnzln %g , (4.5)

using different choices of the large-angle cut in the 1 — 2 and 2 — 3 phase spaces, so
as to subtract the logarithmic term. Specifically we match the logarithmic phase space

9There is an additional C% contribution associated with the identical flavour ¢ — ¢gq splitting which
is proportional to Cr(2CF — Ca). Our final results will be presented for Cr = C4/2, eliminating this
contribution.

°Tf we had chosen invariant-mass conditions such as Eg, Eq0g,q S A and analogously for the second
condition, then we would lose the process independence unless we applied a suitable relative rescaling of
the X and ) to take into account the different quark energies.
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Figure 2: Top panel: Result for the K (>ab) slicing contribution, for three different choices

of In\/vy € [-8,-12,—-16]. We set Cp = 4/3 for the numerical evaluations. Lower

panel: Difference of K (>ab) evaluated with the above values of the cutoff to the result with

In\/vg = —16.

volume between the two terms of Eq. (4.2b) in the limit of strong v ordering. The results
for K(jb)(z) are shown in Fig. 2. We show several values of A\ and, as expected, the
dependence on A becomes negligible as it is taken towards zero. We defer discussion of the

structure of K@P)(z) to Section 4.3.

4.2 Relation of K (z) with BJ(z) calculation

In this section, we will show how the quantity K(z) can be simply related to the Ba(z)
anomalous dimensions computed in Refs. [75, 81]. In particular, for the NS flavour channel
we will use the quark Bi(z) calculation of Ref. [75]. For a quark, in the notation used for
Eq. (3.6) this quantity is defined as

. ) )
Bou®) _ Vaag  Vaa / " d®ggij Bogij / " [dq)qqij quia‘] ' (4.6)
0 d%qg Beagg Jo L[ dPegg Baag ..

qu(z) Bygg  Bgq

The previous equation is a generalisation of the definition used in Refs. [75, 81] to a generic
ordering variable v, like that defined in Eq. (2.11) (hence the v subscript). We see that the

~10 -



first three terms in Egs. (3.6) and (4.6) are in common, and the only difference, aside from
normalisation, stems from the last term in the r.h.s. of Eq. (4.6). In Eq. (4.6), the term
labelled by [...], . has the role of subtracting the strongly angular ordered approximation
of the 1 — 3 splitting kernel entering the third term in the r.h.s. of the equation. In
defining Bg’v(z) this is important so as to isolate NSL contributions arising solely from the
commensurate-angles region of the 1 — 3 phase space.

We will start with the discussion of the C’% colour channel and compare the result to
what was obtained with the slicing scheme in the previous section. We will then discuss the
CrCa, CpTgnyg, and Cp(Cr —Ca/2) contributions (the latter will be eventually neglected
by taking the large-N, limit). In the discussion below, it is instructive to study first the
simpler case of angular ordering, as originally considered in Refs. [75, 81]. As we will show,
for angular (0) ordering the inclusive emission probability can be directly taken from these
references, since the difference between K(z) and Bj(z) = B3 ,(z) vanishes. We then move
on to discuss the case of the ordering variable in Eq. (2.11), used to obtain the numerical
results of this article. In this case, additional considerations w.r.t. the angular ordering
case are necessary, as will be discussed in the present section. As we will show, the quantity
K(z) is related to Bg’v (z) via a finite correction term involving only 1 — 2 splitting kernels,
which can be computed in four space-time dimensions.

4.2.1 Abelian C’% contributions

We first connect K (z) defined in Eq. (3.6) and Bi(z) in the case of angular ordering, as
initially considered in Refs. [75, 81]. To avoid confusion, we will use Ky(z) to denote K(z)
in Eq. (3.6) obtained with angular ordering, while the notation K (z) will be used for our
default transverse-momentum ordering case.

Angular ordering case: The definition of Ky(z) in Eq. (3.6) can be easily related to
33,9(2) in the C% channel (Bg:g%(z)), defined for instance in Eq. (3.45) of Ref. [75] and
reported in Appendix C (we remind the reader that the identical-quark splitting ¢ —
qqq, which would normally give a Cr(Cr — C4/2) contribution, is zero in the leading-
N, approximation that we use here). Aside from the overall normalisation factor Py(z)
mentioned above, the only difference between the two quantities is encoded in the last term
of Eq. (3.6) vs. the subtraction of the strongly-ordered contribution to Bg’(,(z) in Eq. (4.6)
(see also Eqs. (3.43) and (3.45) of Ref. [75]). As stressed above, this term has the role of
subtracting SL physics of strongly-ordered origin. Specifically, a first difference is that, in
the calculation of Bgf% (z), the strongly-ordered subtraction is defined by integrating the
product of leading-order splitting kernels with an ordering condition that coincides with
the physical ordering, that is 6,4, > 04,4 This corresponds to the v, physical ordering
mentioned in Section 3. Conversely, the calculation of the strongly-ordered subtraction
in Kgab)(z) is performed with the shower ordering vy, that in our case is equivalent to
the condition 0y,4, > 04,4, , Where 0y, is the angle between the first gluon and the
intermediate quark that gplits into g;q;. Secondly, while the strongly-ordered subtraction

in the calculation of BS’GCF (z) adopts the matrix element with collinear singularities given
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by 1/ ng(h‘ x 1/62 ., the same ingredient in Eq. (3.6) uses the shower matrix element with
singularities 1/ Qgpqp x1/62 ..
2
It is then clear that the difference between BZ’GCF (z) and K éab) (z) is a term of strongly-

ordered origin that is finite and can be calculated in four dimensions. We use the notation

2 Pylz b ,C2
asyst = T o) - s, (@7

to parameterise the difference from Ke(ab)(z) in the abelian colour channel. For angular

ordering, an explicit calculation leads to

62 62 2T 9pqi

doz . de?. .  dA
AB?GC% = pqq(z) (/ L dz; ) pqq(zi)925(92 — 02 )6(0910%' - 692‘%‘)
9p4qi 9iq;

ez, do2.  dAg
- / G g i = g (20)0°5(6° — 67,4,)0 (Bgyq, — Y5.0) | =0 (4.8)

9p4p 9iqi

Here 0 denotes the angle that is kept fixed in the definition of the Sudakov integrand,
which corresponds to the shower evolution variable. In the first (second) integral, A¢ is the
azimuthal angle between the plane containing g, and ¢; (¢,), and that containing g; and g;.
Eq. (4.8) amounts to stating that, as demonstrated in Refs. [75, 81], for an angular-ordered

2
shower the quantity Bg’ecF (z) coincides (up to a normalisation) with Kgab)(z) needed for

2
NSL accuracy. The explicit expression for Bg’ecF (z) is given in Appendix C.

Transverse-momentum ordering case: We now switch to the case where the emis-

sions are ordered in the transverse momentum variable defined in Eq. (2.11). The quantity
2

Bi(z) for this ordering variable in the abelian channel, Bng (z), can be expressed as (cf.

Appendix C)

BT () = BE™CF (2) 4 CLHI™(2). (4.9)

The term Bg’ an-Ck (z) is the same as for angular ordering, first computed in Ref. [75], and
the result is reported in Egs. C.6.

The quantity H}jm (z) can instead be simply calculated numerically. Here we follow the
same procedure used for the angular ordering case in Refs. [75, 81], discussed in Appendix C.
One key property of B1(z) is that it describes the physics of emissions at commensurate
angles. In the explicit calculation, this requires the careful removal, from the triple-collinear
splitting function, of the disparate angle configurations associated to single-logarithmic
terms. In the transverse momentum ordering case, this subtraction involves removing both
the sectors 0y,q, > 0y,4, and 0y 4, < 0,4, which are allowed by the transverse momentum
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ordering condition vg,4, > vg,q,. This leads to a result for Hi™(z) that reads !

HEH(Z) = /dq)3(87ras>2@(’”gpqi - Ugifh) 6(z —zp)vé(v— ng(Ii) (4.10)
(P)cz (P) e (P) e
X (82 = - @(egpfh B egiQi) 5271? - 6(091"]1' - ng(h') 271? > .
9p9iqi 9p9iQi ggpqz‘>>69i‘1i 9p9iQi egpqz'<<69m

The three-body phase space d®3 is explicitly defined in Eq. (C.10) and the spin averaged
1 — 3 splitting function <P>C% = <P>C%(xgp,:zgi,xqi) (with z; being the longitudinal
momentum fraction of particle ¢ w.r.t. the energy of the initiating parton) can be found in
Ref. [92].

The two strongly-ordered counter-terms in the last line amount to subtracting the
(P2

leading term in the expansion of % in the limits Ogpq; > Ogiq; and 0 ¢, < 04,4, This
9p9;id;

is crucial for H™(z) to describe collinear dynamics at commensurate angles. Given our

phase-space parametrisation (see also Eq. (2.8))
Ty, =1—2,, xg =21 —2), Zg=22, (4.11)

we obtain the following explicit expressions:

r T 0 0
Phey _ i) PP =) P (L@ (A=)
L 552119!%% | ggpqi >>99i‘1i B ng(h 931%
r ] 0
Phoy _ ol ) Py’ (1= ) Pag’ (1= 29, /(1 = ) (413)
L 85211991'% | ogp‘h’ <<99ﬂi B egp‘h' 931%
where we defined
1
i) = , 4.14
jl(zpyz) (1 —Zp)Zg(]. _Zi)zi ( )
Zp
D))=~ ,Zi) - 4.1
jQ(ZPVZ) 1— Zp(]. o Zi) jl(zp Z) ( 5)

We calculate Eq. (4.10) numerically, and its result is shown in Figure 3 (left).
2
As for the angular ordering case, the difference in the C% channel between Bg:vo F(2)
and K(®P)(z) amounts to an integral over the iterated 1 — 2 splitting function, while the
genuine 1 — 3 contribution cancels between the two quantities. We then define
yCQ P ('Z) 702
AByF = ich% K@) (z2) - By 7 (2). (4.16)
2
The difference ABSZUCF stems from the different definition of the last term in the r.h.s. of
Egs. (3.6), (4.6), and we calculate it analytically. Its expression is reported as an ancillary
file with this article and it is shown in Fig. 3 (right). The plot shown in Fig. 4 demonstrates

"Eor the angular ordering case, the analogous result is given in Eq. (C.9), where the second term in
brackets removes the configurations where 04,4, > 04,4,
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Figure 3: The functions H!™(z) and ABng.
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Figure 4: K©@P)(2) calculated both from the slicing scheme of section 4.1 and from
0.C%
By " (2)-

that the two calculations of K®P)(z) are in agreement at the per mil level.

Note that for the algorithm considered in this article, the shower-dependent quantity

2
ABng depends only on strongly-ordered 1 — 2 splitting kernels, making it very simple
to calculate. This may not be the case in general for other flavour channels, depending on

the details of the implementation of the full 1 — 3 splitting in the shower.

4.2.2 Remaining colour channels

We now discuss the remaining channels contributing to K (z) (3.6), including contributions
from Cy4, Trny and Cr — Cs/2 colour structures. A first aspect to consider is that K(z)
agrees with Kcyw [99] in the soft limit, that is

K(2) = Kcuw + K(2), (4.17)
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where K (z) vanishes in the soft limit and it is integrable in z € [0, 1]. A second consideration
is that, in the non-singlet channel considered here with Cr = C4/2, the only flavour
structures that modify the quark momentum are those related to consecutive independent
(abelian) splittings, considered in the previous section. Therefore, in the NS channel, the
contribution to K (z) from splittings ¢ — ¢ p1 p2 not contributing to the abelian C% channel,
can be obtained by fixing the kinematics of the parent p; + ps and integrating inclusively

over the remaining phase space. This is precisely the definition of Bg’v given in Appendix C.

q
2,07

usual Py,(z) normalisation, in the Cs, Trns and Cr — C4/2 colour channels. This simple

This gives a straightforward relationship between K (z) and B3 ,, which coincide, up to the
relationship will be modified once the non-abelian colour channels are included in the
shower’s 1 — 3 real radiation, as was the case for the C% contribution discussed in detail
in the previous subsection. The methods presented in this article readily apply to those
cases as well. Specific classes of observables, such as event shapes, are by construction
not sensitive to the z dependence of By ,(2), but only to its inclusive integral. In these
cases, a simplified procedure to relate the inclusive emission probability in the shower to
the integral of By, (z) was presented in Ref. [31] in the context of NNLL-accurate parton
showers.

4.3 Comments on structure of K(z)

Here we comment on the structure of the C% contribution to K(z), as shown in Fig. 4.
Firstly, we observe that K(z) goes to zero for z — 1. This is as expected, since at large
z, the full K(z) should reduce to the well known Kcyw term [99], which has C4 and Trny
contributions, but no Cr contribution.

Secondly, it is continuous but not smooth at z = 1/2. In the slicing version of the
calculation, such structure is explicitly seen in Eq. (4.4), and is present also in K~ (z). It
connects with the use of a renormalisation scale choice ¢ = E min(z, 1 — 2)0y, and with the
ordering condition in Egs. (2.9) and (2.11), both of which involve non-smooth behaviour
at z =1/2.

Next, we note that there is a —Cp In?(z) behaviour for z — 0, which in the slicing
calculations originates from K (<ab) (z). This small-z integrable divergence was also already
identified in Bg’ec% (z) in Ref. [75]. The structure for z — 0 is connected with the soft-quark
limit and while interesting in its own right, goes beyond the scope of this article.

A crucial property of By ,(#) is that, analogously to its angular-ordered counterpart [75,
81], it satisfies the sum rule

1
/ dz B3 ,(2) = =7 + bo Xy , (4.18)
0

where v, is the endpoint of time-like DGLAP anomalous dimension and the constant X,
depends on the chosen ordering variable, which can be easily obtained by integrating the
expressions reported in Appendix C. In the abelian channel this implies that Bgm(z) should
integrate to the corresponding 012«“ term of —v,. This sum rule should not be modified by
the contributions relating B3 (z) with K(z), which we have verified is the case.
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This is consistent with the expectations of Ref. [31], specifically Egs. (3), (6) and (29).
To help see this, it is useful to consider Ay, , in Eq. (6) of that reference (with z there
corresponding to 1 — z in this work). This quantity is the coefficient of a drift in In(1 — 2)
(using our notation) of a soft-collinear emission as induced by a subsequent splitting. In the
soft-collinear limit, our shower leaves the kinematics of the soft-collinear gluon unchanged
and therefore the drift is identically zero, and this results in the analogue of Eq. (4.18) for
K (z). Note that the reason why one trivially has a zero drift here is that our real emission
map preserves the kinematics of a first soft-collinear emission, while this is not the case for
the full showers considered in Ref. [31].

5 Logarithmic tests

Our implementation of the collinear shower does not include matching to NLO 2-jet pro-
duction, which effectively corresponds to a coefficient function at the high scale. To test
the shower, rather than starting the evolution from that high scale and including the corre-
sponding coefficient function, we will consider the evolution between two disparate infrared
scales and compare that result to a semi-analytic reference calculation obtained using a
specifically adapted version of the HOPPET DGLAP evolution code [104], using the in-
gredients from Refs. [63, 98]. We will carry out two sets of non-singlet tests, one on the
fragmentation function, the other on the spectrum of small-R jets.

5.1 Non-singlet fragmentation function

We start by considering the non-singlet fragmentation function. In the collinear shower,
this quantity is computed as follows. We start the shower evolution at a resolution scale
Umax, Where the final state consists of a single quark of momentum fraction z = 1. We then
evolve down to a second scale vpmin <€ Umax, at which we measure the z distribution of the
final quark.'> We denote this quantity by Dl(\IPSS) (2, Umin, Ymax) -

To validate the shower result, we compare the resulting 2z distribution to a reference
NSL calculation. Results at NSL for the fragmentation functions are known in the common
MS scheme, where the collinear singularities are regularised in 4 —2e space-time dimensions.
In order to connect to the shower result, we thus need to perform a scheme change, that
can be implemented via a matching coefficient. Taking this into account, the analytic

expectation for Dl(\%s)(z, Umin, Umax) 1S given by

Vhax du? .

Dl(\II\éSL) (2, Umin, Umax) = C('Umin) ® exp ?P(U) ® C_I(Umax) . (51)

Umin

In the above equation, P(v) = as(v)P©(2)/21 + a2(v)P1MS)(2) /472 denotes the stan-
dard DGLAP non-singlet anomalous dimension in the MS scheme [63] (the path ordering
can be dropped in the non-singlet channel). The matching coefficient C(v) encodes the

12The proper definition of the non-singlet fragmentation function would involve the difference in the z
distribution between quarks and anti-quarks. However, since our proof-of-concept collinear shower does not
contain g — gq splittings, there are no anti-quarks in the final state.
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scheme change from MS to the shower regularisation scheme. At NSL, this is obtained by
computing the order ay contribution to the NS fragmentation function arising from the
kinematical region below the shower cutoff. For the evolution variable defined in Eq. (2.11),
the NSL matching coefficient reads

Cv) = 5(1 — 2) + O‘;gf) CW(2) + 0(a?), (5.2)

where

CW(2) = =2 Pyy(2) <ln(1 - 2)0 <1 - z) +z6 (1- z)> —Cr(1—2)+

2
_Cr

: (272 =3 (T—61n2)) 6(1 —2). (5.3)

Eq. (5.1) thus converts the initial condition §(1 — z) from the shower scheme to MS at the
higher scale Umay, it then evolves the resulting MS fragmentation function down to vmin,
and finally it converts back to the shower scheme at the end of the evolution.

When comparing Eq. (5.1) to the shower result, there will inevitably be subleading,
NNSL, differences. To single out the pure SL and NSL contributions, we use a standard
technique [2] which relies on a small-ag limit, while holding fixed the variable

A = as(Vmax) In Umin (5.4)

Umax
Specifically, we examine the quantity

PS
DI(\IS )(Z, Umin Umax)

NSL
DI(\IS )(Za Umin, Umax)

1. (5.5)

To test the SL accuracy of the collinear shower we can take the ag — 0 limit of Eq. (5.5).
Similarly, the NSL accuracy can be tested by dividing Eq. (5.5) by as and then taking the
as — 0 limit. In both cases, we expect the result to be consistent with zero.

The results of these SL and NSL accuracy tests are displayed in Fig. 5. As already
explained in Sec. 2, here we adopt the large-N, limit in which we set Cp = Cx/2 = 3/2.
In this limit, the contribution from the ¢ — gqq splitting (with identical flavours) vanishes.
The left plot in Fig. 5 shows the fragmentation function Dl(\IPSS)(z, Umin, Umax) for a set of
small values of asy = as(vmax). The right plots show the ratio Eq.(5.5) (top panel) and
the same quantity divided by «a; (bottom panel) for each of the above as values, and their
extrapolation to as = 0. In both cases, the extrapolated result agrees with zero to within
statistical and extrapolation uncertainties, therefore showing consistency of the collinear
shower with NSL accuracy. Additional technical details on the setup used in this test are
given in Appendix A.2.

To help appreciate the separate numerical impact of the triple-collinear and the in-
clusive NLO corrections, Fig. 6 shows the size of the NSL discrepancy that arises when
various NSL contributions are turned off in the shower. The black curve corresponds to
having just iterated 1 — 2 branchings (strictly ordered in the shower evolution variable v)
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Figure 5: Shower non-singlet fragmentation function and associated logarithmic tests at
A= —0.4, cf. Eq. (5.4). The left-hand panel shows the non-singlet fragmentation function
as obtained with the collinear shower, for four values of the coupling. The upper-right
panel shows a test of the shower’s SL accuracy, where the ay — 0 extrapolation gives a
result consistent with zero, as expected for SL accuracy. The lower-right panel shows a
test of the shower’s NSL accuracy, illustrating that the a; — 0 extrapolation is consistent
with zero, as required for NSL accuracy.

and no inclusive K (z) contribution. It demonstrates that the missing NSL terms can be
up to 1.4 X ag, which would suggest missing effects of order 10—20% in a phenomenological
context. The green curve shows the result when one maintains the 1 — 2 structure but
includes K (z), while the blue curve uses the iterated 1 — 3 splitting, but without K(z).
These two curves show that the two sets of contributions are comparable in magnitude.
The red curve includes all NSL contributions in the shower and is consistent with zero (it
is identical to the purple curve of the lower-right panel of Fig. 5).

5.2 Non-singlet small-R jets

Next, we consider an observable that is akin to the z spectrum of small-R jets inside a
fat jet of radius Ry and energy F, with R < Ry < 1. We take a quark of energy E and
start the shower evolution at a sufficiently high scale vyax such that for any z € [z., 1 — z]
the angular scale Ry can be generated by the shower, where z. < 1 is a cut-off on the
splitting variable generated by the shower. Any emissions at angles larger than Ry are
vetoed, so as to mimic starting with a jet of radius Ry and energy FE, which can be
thought of as an initial fragmentation function equal to 6(1—z). We continue the evolution
down to a scale vyi, such that for any z € [z, 1 — z.], the small angular scale R can be
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Figure 6: Illustration of the size of the NSL discrepancy in the non-singlet fragmentation
function that arises when various NSL elements are left out. All curves already have the
as — 0 limit taken.

reached by the shower. This generates an ensemble of gluons plus one quark. We cluster
that set of particles using the Cambridge/Aachen algorithm [105, 106] with jet radius
R as implemented in FastJet [107]. We then identify the jet that contains the quark,
and we histogram its momentum fraction z.'> We refer to the resulting distribution as
Dl(,f S)(z, ER,ERy). Further technical details on the construction of the observable from
the results of the collinear shower are given in Appendix A.3.

The reference analytic calculation for this observable can be derived from existing
work on microjet fragmentation functions [68, 71, 98]. At the NSL order, the result can be

deduced from Ref. [98], giving

ERgy .
DRV (2, BR, ERy) = C)(ER) 9 exp [2 [ e ER)} S[CP(ERy)] ™, (5.6)
with
. 2) [ - A (1 TS E .
PR (4, B R) = 0‘2(7#;) (p(o)(z) + 0‘2(:) PONS) () _ 0‘5(27@513(;» . (5.7)
and
5Pq(;)(z) = (2 lnzlf’q(g)) ® Pq(g) (5.8a)
32241 1+ 22 z44+2)+1
— _ 2 _ _ _ s\ rte T
= C’Flnz( T In 2 41_Zln(1 z) T ) (5.8b)

13Were our shower to include also g — ¢@ splittings, it would be necessary to use a jet algorithm that allows
for an IRC-safe definition of jet flavour in the presence of soft-quark pairs [108—-112], see also Refs. [113-116]
for related work.
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The coefficient function CF) () = 6(1 — 2) + a,(u)CHR) (2) /27 involves

C@m@y~46%u+z%(m?_zv+_cp(u—@+aa+fhm>

—Z

%%h<§—§ﬂ>ﬂLﬁ) (5.9)

The main difference between Eq. (5.6) and the expressions of Ref. [98] is in the [C(®)(ERy)]~"
factor, which accounts for the starting point of the shower, namely a jet of radius Ry with
energy E, as opposed to the NLO hard matching coefficient for eTe™ — ¢ that appears
in Ref. [98]. Recall that we consider only the non-singlet contributions, as in Appendix C
of that reference.

Small-R jet spectrum 0.0 SL and NSL tests

. N
1a] — @s(Vinax) = 0.025 SL — a0 |L
—— as(Vmax) =0.0125 0.01 -
as(Vmax) S 000625 g ;
1.24 Sx|o !
—— &s(Vimax) = 0.003125 SE, 000 == 5
S : >
2g|" g
1.0 1 Q ~0.011 i
S o
:?" 0.81 -0.02 o
4 S
g 03 A
Q 0.6 1 0.2 1 as=0 g
3 =
%‘ = 01 E
J n .
0.4 ' Es o0 S
2 &
Q - o
024 e 0.1 :
A= —-0.4 -02 §

0.0+— | | | | | | —0.31— | | | | | |

02 03 04 05 06 07 08 02 03 04 05 06 07 08

z V4

Figure 7: Shower small-R jet spectrum and associated logarithmic tests at A = —0.4, cf.

Eq. (5.10). The left-hand panel shows the non-singlet small-R jet spectrum as obtained
with the collinear shower, for four values of the coupling. The upper-right panel shows a
test of the shower’s SL accuracy, where the ay — 0 extrapolation gives a result consistent
with zero, as expected for SL accuracy. The lower-right panel shows a test of the shower’s
NSL accuracy, illustrating that the s — 0 extrapolation is consistent with zero, as required
for NSL accuracy.

To test the shower, we use the same procedure as for the fragmentation function.
Fig. 7 (left) shows Dgs)(z, ER,ERy), for A = as(ERy) In R/Ry = —0.4 for several values
of as(ERp). It looks quite similar to the left-hand plot of Fig. 5, as is to be expected given
that the evolution of the two quantities is identical at SL level. Fig. 7 (right) shows the
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comparison to Eq. (5.6) as determined with HOPPET, examining the az — 0 limit of

DY) (2, ER, ERy)

DY (2 ER, ERy)

(5.10)

for the SL test (upper panel) and the ag — 0 limit of the same quantity divided by «a; for
the NSL test (lower panel). The as; — 0 limits are consistent with zero in both cases, as
is to be expected for an NSL-accurate collinear shower. It is a powerful test of the shower
that it reproduces NSL accuracy both for the fragmentation function of Section 5.1 and
the small-R jet spectrum here.

6 Conclusions

In this article we have shown how to write a collinear shower that includes the Abelian
part of the real ¢ — qgg splitting function and the 1-loop corrections to g — qg splitting,
so as to obtain o L"~! accuracy for specific collinear fragmentation observables.

For the treatment of the real radiation, we made use of disordered emissions, where
strict ordering in a shower evolution variable is replaced by strict ordering based on kine-
matics of the actual post-branching partons. This is the first use of such an approach in a
study that aims for shower logarithmic accuracy beyond SL.

Our central equation for the treatment of virtual corrections is Eq. (3.6), together
with its simplifications in the collinear limit. Central to our approach is the treatment of
virtual corrections through a consistent definition of the inclusive NLO probability asso-
ciated with the underlying 1 — 2 shower splitting, as given in Eq. (3.6). That equation
demonstrates how to account for virtual corrections as an extension K (z) of the standard
soft Kquw factor, generalised to be differential in the 1 — 2 splitting variables, but inclu-
sive over subsequent branchings. Importantly, our approach can be applied to any shower
algorithm. Section 4 showed concretely how to use Eq. (3.6) in the collinear limit, using
two independent methods for its evaluation, one based on a slicing approach and the other
based on the approach and results of Refs. [75, 81].

Since the shower is purely collinear, its scope is limited to observables that measure the
energetic fragmentation products of a parton, specifically non-singlet flavour combinations
(because of our inclusion, in the real part, of just ¢ — ggg Abelian splittings). We examined
two such observables, a partonic non-singlet fragmentation function and an inclusive small-
R (quark) jet momentum distribution and confirmed that the shower reproduces known
resummation results to a?L"~! accuracy.

This work, as part of a wider goal of general NNLL accuracy for full parton showers,
provides important conceptual advances. In particular, the recent Ref. [31] was able to
achieve NNLL accuracy for event shape observables, in part by deducing fol dz[K(z) —
Keww] from elements of Ref. [75, 81] and specific soft-collinear 1 — 3 and hard-collinear
1 — 2 characteristics of any given shower. The understanding developed here should
instead make it possible to obtain the fully differential K(z) in any given shower that
includes triple-collinear real splittings. That will open the door to a?L"~! accuracy in full
showers also for collinear fragmentation and a wide range of jet substructure observables.
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Finally we observe that some of the methods that we have explored here have connections
with the merging of fixed-order calculations with parton showers, notably regarding the
treatment of the virtual corrections in the approach of Refs. [21, 24, 28]. As discussed
recently [103], for matching to preserve logarithmic accuracy, it is critically important for
the infrared limit of matching to coincide with the shower kernels, both in their treatment
of the real and of the virtual corrections. We believe that further exploration of such
connections has the potential to be highly fruitful for the formulation of logarithmically
accurate matching beyond NLO.
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A Technical details

In this appendix we discuss a number of technical aspects of the collinear shower imple-
mentation.

A.1 Parent-finding algorithm

The intent of the algorithm in Section 2 is that if two gluons are emitted commensurate
in angle and in energy (and far in angle or energy from any other gluon), then those two
gluons should be produced with the full triple collinear splitting function. The question
that we examine here is, for a given emission, how to choose the “parent” for use in the
triple collinear splitting function. An example of the issue that needs to be addressed is
illustrated in Fig. 8. Consider the emission of gluon ¢ = 3 in that figure. The situation that
is dangerous is that where gluons 1 and 3 are commensurate in angle and in energy (which
implies v; ~ v3), but there has been an intermediate emission 2, with vy ~ v, at much
lower energy (much softer) and correspondingly at much larger angle. The issue is that if
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Figure 8: Lund diagram illustrating the IR safety issue that motivates need for a specific
parent-finding algorithm. The fundamental issue is that when emitting 3, the correct set of
partons to use in the triple collinear matrix element is 1 and 3. Naively using the emission
immediately prior to 3, i.e. 2, would give an incorrect answer. See text for further details.

one uses a parent p = i—1 (= 2) then in the configuration that is shown, the triple collinear
correction would be applied to the 2,3 combination. Because of strong angular ordering,
that correction is simply equal to 1. Instead, it is the 1,3 pair that requires a non-trivial
correction, because of the proximity of 1 and 3 in angle. With p = ¢ — 1, the presence
of 2 would prevent the triple collinear correction from being applied to the 1,3 pair. The
probability of 2 being emitted between 1 and 3 is of the order of ayln E,/FEp, Invy /vs,
where Eyi, is a cutoff on the minimal allowed radiation energy. This is problematic because
if one imagines an actual physical cutoff, Enin ~ k¢, this implies asIn Ey/Enin ~ 1, ie.
there would be an O (1) probability for the 1,3 combination not to have the correct triple-
collinear correction properly applied. This would break NSL accuracy. If instead one
imagines taking Evi, to be small, but with In E,/Eni, kept finite, then we would expect
NSL accuracy to be retained, however one would have a spurious In E;, cutoff dependence
appearing at NNSL.

To avoid this problem, we use the following “parent-finding” algorithm. Each emission
J will be associated with a variable v,(j). When an emission is first created its v,(j) is set
to infinity and we also store its angle 6;, with respect to the quark at its time of creation.
When a new emission ¢ is trialled at a scale v, one determines the candidate parent p by
identifying among all j < ¢ the one that has the smallest value of

(A1)

This is effectively the prior emission that is closest in rapidity to i. If vp(p) > v, then
we use p to calculate the triple collinear correction. If v,(p) < v, then we discard i and
continue the shower evolution downwards from scale v. In either case, all v,(j) for j < ¢
are reset to min(vy(j),v). Recall that if emission ¢ is accepted, then we set v,(i) = oco.
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(a) (b)

Figure 9: Illustration of the parent-finding algorithm, (a) for a simple case and (b) for
a more elaborate one. The shaded regions indicate where emissions are allowed, with
the vertical dashed lines identifying the boundaries of rapidity regions that correspond to
different parent choices. See text for further details.

To make the algorithm more concrete, and to help understand why it is correct, let us
examine how it functions in two example configurations. Fig. 9a shows a situation akin to
that in Fig. 8. When emission 2 was created at scale vg, v,(2) was set to oo and v, (1) to vo
(shown by the horizontal dashed line). The vertical dashed line shows the separation into
rapidities that are closer either to 2 or to 1. In the unshaded region, i.e. when closer in
rapidity to 1 and when v > v,(1), then an attempted emission 3 will simply be discarded. If
emission 3 is closer in rapidity to 1 but at a scale v < v,(1), then emission 3 will be trialled
using a triple collinear matrix-element correction that involves 1 as a parent. Finally if
emission 3 is closer in rapidity to 2, then emission 3 will be trialled with 2 as the parent,
regardless of the value of v, because any value of v satisfies v < v,(2) = co. This resolves
the issue identified in Fig. 8. A more elaborate example is illustrated in Fig. 9b, with the
shaded area showing the region where emission 5 will be trialled, with the vertical lines
showing the separation into the rapidity regions that determine the choice of parent.

A.2 Dependence on buffer and shower cutoffs

The aim of this section is to show that, for the algorithm of Section 2 together with the
parent-finding procedure detailed in Section A.1, the results are independent (up to power
corrections) of the technical parameters of the shower algorithm.

One technical parameter is z. < 1 and it controls the maximum and minimum allowed
gluon energies, Fyax = (1 — 2¢)Ey and Enin = 2.E,. The other technical parameter is
a buffer factor X > 1. Once an emission 7 — 1 has occurred at a shower evolution scale
v;_1, the shower continues down not from v = v;_1 but instead from v = Xwv;_1. Note that
the matrix element comes with a requirement that ©(vg,q < vg,q) (see Eq. (2.9)), which
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together with our parent-finding algorithm ensures that we do not double-count emissions.
The X — oo limit ensures that all of the vg,q, < v4,4, Phase-space is covered.

In Fig. 10 we show the dependence of the spectrum of the NS fragmentation function
on z. (left) and In X (right) for several fixed a; values through the quantity

S S
DU (8) = D) (Beer)
DS (8res)

(A.2)

where § = z. or X and we have omitted the z, vmin and vmax dependence of Dl(\%s) for

brevity. As a reference value we take z. = 107% and In X = 10. We see that the result
indeed tends to 0 as long as the energy cutoff is taken small enough (z. < 107%), and the
buffer size is taken large enough (In X 2 3). For all of the main results in this paper we
have taken z, = 107° and In X = 10.
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Figure 10: Test of z. and buffer dependence of the NS fragmentation function for fixed
coupling and A = —0.4.

A.3 Treatment of relative angles during the shower evolution

The problem that we address here is we need to apply jet clustering in a limit where the
angular separations between particles are very small. We work in double precision, i.e.
numbers are stored to a relative precision of € ~ 10716, The difficulty we face is that
two particles may be closer in angle than €, in which case rounding errors could cause
the jet clustering to follow the wrong sequence. To work around this difficulty we use the
procedure described below.
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We recall that the collinear phase-space is organised such that for each new gluon
emission g; we store its energy E; = E,(1 — z;) (with E, being the quark energy prior to
the gluon emission), a polar angle 6,,, and an azimuthal angle A¢. Here A¢ is defined
as the angle between the plane spanned by the parent splitting with its emitted gluon (g,)
and quark (gp), and that by the decay products of that parent quark (g; and g;). We
then retrieve the energy fraction and opening angle of the parent splitting, z, and 6,4, .
The calculation of the small-R jet spectrum is sensitive to the relative angular distance
between two emissions, meaning that we need a way to store correctly the angular distances
between all emissions. The collinear shower’s ordering variable is v, = min[zp, 1 — 2]0, ¢,
hence smaller angle emissions do not necessarily come after large angle emissions. In
addition, the collinear shower is not constructing actual four-momenta, but rather only
their collinear counterparts. Therefore, care needs to be taken such that the correct angular
distances between the emissions can be obtained. We adopt the following solution. Using
the variables defined above, we assign to each 1 — 3 emission triplet an angle defined in a
2D (z,y) plane

!

0y, = 04,4, (1,0)., (A.3a)
9_;2. = —2; 04,4, (cos Ap,sin AP) , (A.3b)
9_;12. = (1 — %) 04,4, (cos Ag,sin Ag) , (A.3c)
Ogpg: = |§gp - §Qi| v Ogp = yggp - 5qp| v g = |§9i - gqp| . (A.3d)

When accepting the emission of the new g; gluon, we subtract 9_:12. from all emissions and
from 9; itself. This aligns the final-state quark with the z axis with é"]i = (0,0). We
moreover align ggi with the z axis before the next generation step. This makes sure that
the correct relative angular distances between the accepted gluon emissions can be obtained.

After the shower has terminated, we create massless four-momenta using the stored
energy F; and 9_; and

pi = E; (sin6; cos ¢;, sin 0; sin ¢;, cos 05 1) , (A.4)

with 6; = |0;| and ¢; = arg(6;). These four-momenta are used as input to the clustering
algorithm.

B Evaluating K& (2)

In this section we show how to evaluate Eq. (4.2a), using dimensional regularisation, in the
limit of emissions being collinear to the quark. We focus on the case where 7,j = g, g,
with g, having the larger v,. We use the shower phase space and map as parameterised in

Eq. (2.8). In the limit that the slicing parameter A(\) < v4(?,) we make use of the fact
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that the matrix elements and the phase space factorise. We can therefore write

d®qq9,9: Baagrgs _ €7PT(1 =€) Vg 2
_ Pyo(zi,€) 6 —0
A0y9  DBagg (12 wle:6) Emin(zp, 1 — ) 9p4p

d .gz% dA(Z)

—2€ _: —2€ 2
X 6(2 = 2p)(2p2i(1 — 2:)) " sin Ag™"dzpdz; dbly o 22 o (B.1a)
and 0
d® e Bagg eTE -2 g'q
= P, 1-— “dz, —5- . B.1b
d®,; By T(1—e) aa(2ps €) (2p( zp)) Zp p2 2 ( )
Here we have used )
1+ 2
Pyy(z,¢) =CF < T, e(l— z)> . (B.2)

These are to be integrated in vy,q, = [0, A] and vy, = [0, ] respectively (see Eqgs. (4.2a),(4.3)),
recalling that we take A = \ as per section 4.1. We decide to write these phase-space con-
straints as

O(A > min(Ey,, By, )0g.¢.) =1 —O(A/E < zpmin(z;, 1 — 2;)04,4,) , (B.3a)
O(A > min(Ey, Ey)0yq) =1 —O(N/E <min(z,, 1 — 2,)0g,) (B.3b)

such that there is one integral to be carried out in 4 — 2¢ dimensions, while the two
other integrals involving a phase space constraint are finite in 4 dimensions. We then
perform the integrals over A¢ and 6,4, in Eq. (B.1a) and perform a change-of-variables
to 2j,0g,q, — 2,0 for Eq. (B.1a) , and z,,0,, — 2’0" for Eq. (B.1b) so as to bring the
two integrands in a common form. After this the two real contributions of Eq. (4.2a) can
be written as

/d%mqw_/w%wﬂwz (B.4)
0 dPqq9 Byag 0o APy By
N Omax d9/2 1 dZ/P (Z/ 6)2/726(1 . Z/)72e (2726 _ 1)
0 g72(1+¢) 0 99\ >
ax 02
/ o7z / d2' Pyg(2")O (zmin(z',1 — 2')§' > A/E)
0

emax d0,2 / / . 12 Y
+ ; 77 | dz Pyy(2')0 (min(2',1 - 2")0' > N/E) .

The factor of 272¢ — 1 on the second line originates in the difference between the three
and two particle phase spaces in d dimensions, and gives rise to a single pole which cancels
against a corresponding pole in the virtual corrections. The constraint on the maximum
angle 0.« ensures that we stay in the collinear regime.

The integrals in Eq. (B.4) can be readily evaluated, and read

A d®yqij Bagij B * d®qqq Bagy _ (B.5)
0 d%Pqqg Bygg Jo d®yg Byg

2
—2CrIn(2) <i —1In 22> .
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The virtual corrections are (up to O(e) terms)

Yo Var _ (B.6)
Bygg  Bag
In(z) . (z—1 Sqg Cr
2C L —In—=1 —
PR (1) eige)

where we use sqq = 2(1 — z)vg/min(z, 1 — 2)2. Together with Eq. (B.5) we find the result
given in Eq. (4.4).

C Definition of B3(x)

In this appendix we outline the expression of the quantity Bg (z) defined in Refs. [75, 81].
In particular, we limit ourselves to reporting the expressions for the quark case, Bi(z),
since the present article focusses on the non-singlet flavour channel.

In the notation of Ref. [81], BI(z) can be expressed as 14

Bi(z) = BY™ (2) + CEH™(2), (C.1)
where

BE™(2) = O3 BY™F (2) 4+ OpCa BY™ OPCa () 4 CpTny BY™ OPTR ()

+CF (CF - ?) BLAd () (C.2)
The term Bg’an"id'(z) is neglected in the results presented in this article, which adopt
the leading-N, limit, i.e. Cp = Cy4/2. To simplify the notation we absorb the term
Bi(2)boIn g?(2) in Eq. (2.10) of [81] into B(z). In contrast with the convention adopted
in [81], where we set g(z) = 1 — z, this term multiplies now the whole splitting function to
allow for the possibility to set g(z) # 1 — z also in the soft term of the inclusive emission
probability. In practice, we use g(z) = 1—z for the angular ordering case while the ordering
variable defined in Eq. (2.11) corresponds to using g(z) = min(z,1 — z) in the scale of the
coupling. The functions in Eq. (C.2) read

i 7 52%—2 1422 (72
Bg’an"ld'(z) PR g NP T (W —Inzln(l—2) — Liz(z)> , (C.3)

2 2(1—2z) 1—2z \ 6
BE O TR (o) = b pyg(z) nz + 55" (1 — 2) — KOm (14 2)
+ 20 (1 4 2)In(1 — 2) + 0 peg(2) In(g2(2)) (C.4)
2] 1
Bg’an"CFCA(z) = —b(()CA)pqq(z) lnz+ b(()CA)(l —2) + ;Zl _n; + 5(22 -1) (C.5)

+ Pgq(2) <ln2 z + Liy (H) + 2 Liy(1 — z)) — KW:Ca(1 4 2)
z
+ 25 (1 4 2) In(1 — 2) + B\ pq(2) In(g2(2))

Bg’an"cfw(z) = Pgq(2) <—31nz —2Inzln(l —2) + 2Liy (221>> -1, (C.6)

“The function BY(z) computed in Ref. [75] is defined as the BY(z) used here multiplied by (as/(27))>.
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where we have used the decomposition

67 w2 10
KM = <18 - 2) Ca — 9 fRN= KWCa oy 4 gWmng Trny, (C.7)
for the two-loop coeflicient of the physical coupling scheme and
11 2 n
bOZEC’AngRnfEb(()CA)CA+bE) f)TRnf, (CS)

for the first coefficient of the QCD beta function by. The function g(z) parameterises the
scale of the running coupling used in the Sudakov factor. A crucial aspect of Eq. (C.1)
is that the quantity B2 *"(z) is independent of the ordering variable, and the complete
dependence on the ordering is encoded in H™(2).

For the case of the ordering variable (2.11) this is defined in Eq. (4.10), while in the
angular-ordered case it is given by the integral

N (P)c2 (P)c2
R R e e O U0, — )
9p9i4i 9p9i9qi ogpqi>>99iqi
X 8(z — 2p) 0°6(6° — 0} ), (C.9)

where we adopt the notation of Egs. (4.11), (4.12), (4.14). The invariant mass of the
three-particle collinear system is denoted by sy g,4,- The spin averaged 1 — 3 splitting
function <P>C% = <P>C% (wg,, g, 2q,) (With 2; being the longitudinal momentum fraction
of particle ¢ w.r.t. the energy of the initiating parton) can be found in Ref. [92], and
(P2 2

{ 5 “k } denotes the limit of the quantity — °E in the strongly ordered regime
S S

9p9;iq; Ogpa; 09,4, 9p9;q;

Ogpq: > 0g,q;» and it is given in Eq. (4.12). Finally, the three-body phase space measure

d®s, including the Jacobian factor for the chosen parametrisation, is given by (A denotes
the Gram determinant, see Refs. [75, 81])
4

z, E
dds =L
T (4m)d

dzpdz; 03 dOZ., dOZ . (1—z) 2 (1—z)zA720(A).  (C.10)

Eq. (C.9) can be reduced to a 1-fold integral (cf. Fig. 4 of Ref. [75]), that is provided as an
ancillary file with Ref. [81]. The function B3 ,(z) is regular in the soft limit z — 1 and is
thus fully integrable over z € [0, 1].
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