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Quantum phase transitions reveal deep insights into the behavior of many-body quantum sys-
tems, but identifying these transitions without well-defined order parameters remains a significant
challenge. In this work, we introduce a novel approach to constructing phase diagrams using the
vector field of the reduced fidelity susceptibility (RFS). This method maps quantum phases and
formulates an optimization problem to discover observables corresponding to order parameters. We
demonstrate the effectiveness of our approach by applying it to well-established models, including
the Axial Next Nearest Neighbour Interaction (ANNNI) model, a cluster state model, and a chain
of Rydberg atoms. By analyzing observable decompositions into eigen-projectors and finite-size
scaling, our method successfully identifies order parameters and characterizes quantum phase tran-
sitions with high precision. Our results provide a powerful tool for exploring quantum phases in
systems where conventional order parameters are not readily available.

I. INTRODUCTION

Quantum phase transitions (QPTs) in many-body
quantum systems pose considerable challenges for the-
oretical modeling and experimental observation. Unlike
classical phase transitions, which are driven by thermal
fluctuations, QPTs are induced by changes in external
parameters like magnetic fields or pressure, resulting in
alterations to the ground state properties of a system.

Various methods have been developed to detect and
characterize classical and quantum phase transitions.
Among these is Landau-Ginzburg theory [1], designed to
describe phase transitions and critical phenomena using
a field theory description. Its formalism extends Lan-
dau’s mean-field theory by constructing a free energy
functional and accounting for spatial variations of the or-
der parameter. The latter reflects the broken symmetry
of the low-temperature phase.

While the theory above effectively describes phase
transitions, studying QPTs in finite-size systems requires
more sophisticated tools. This need arises from the
Kadanoff extended singularity theorem [2, 3], highlighting
the relevance of non-analytic behavior in thermodynamic
quantities near the critical point.
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Various methods such as the Renormalization Group
(RG) [4, 5] and Finite-Size Scaling (FSS) theory [6] have
been developed to study QPTs in finite-size systems. RG
operates by systematically removing less relevant degrees
of freedom, highlighting the scale-independent features of
a system. Thus, it provides insights into phase transitions
by analyzing how physical systems behave across various
length scales. This method involves coarse-graining the
system and tracking the flow of coupling constants, with
critical points emerging as fixed points of this flow.

FSS also investigates how physical quantities vary with
the system size close to the critical point, facilitating the
extraction of critical exponents from finite systems.
Yet another approach involves employing machine learn-
ing techniques to detect phase transitions by identifying
critical points and transition regions [7–11].

A specialized tool for detecting and characterizing
phase transitions is the quantum state fidelity [12]. This
concept, first applied to phase transitions in 1967 through
the Anderson orthogonality catastrophe [13], measures
the overlap between quantum states as system parame-
ters change. Fidelity susceptibility [14, 15], a key concept
in quantum information theory and quantum many-body
physics, quantifies how sensitive a quantum state is to
perturbations. It is particularly useful for detecting and
characterizing quantum phase transitions, as it reveals
sharp changes or singularities in fidelity near a quantum
critical point, without relying on a design of tailored or-
der parameters.

In this paper, we extend the use of the fidelity suscep-
tibility from previous studies (e.g. [14, 15]) and construct
a vector field using a reduced fidelity susceptibility (RFS).
We use the RFS for the qualitative classification of the
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FIG. 1: Visualisation of the reduced fidelity susceptibility (RFS) uses. Here, we show that it can be used for both
phase diagram construction of quantum systems and order parameter discovery.

different phases. As we will show, in the RFS vector
field, sources appear as phase transitions, while sinks are
representative of the ground states for the corresponding
phases. In addition, we devise an optimization problem,
which identifies observables representing order parame-
ters from the RFS vector field. The order parameter
discovery gives a quantitative description of the critical
point. A schematic picture of our method can be seen in
Figure 1.

We demonstrate the efficacy of the proposed method
on detecting QPT for three different models: (i) axial
next-nearest neighbor Ising (ANNNI) model [16, 17] (due
to its phase diagram), (ii) the cluster Hamiltonian model
(due to its non-local description), and (iii) a physically
motivated example given by a Rydberg atomic quantum
simulator. In all the above models the proposed approach
allows us to capture intricate details, such as the struc-
ture of ANNNI’s floating phase or the string order param-
eter in the cluster model. For (iii) we discover additional
features that were not identified by prior studies: specifi-
cally, we observe ripple-like features at high values of the
parameters swept, which might suggest the presence of
a more complex phase, yet an open question previously
discussed in [49, 51, 52].

In summary, our mathematical framework establishes
the phases diagram and enables the discovery of the or-
der parameters for a Hamiltonian model, facilitating the
understanding of different phases. We stress that our
method can provide efficient certification and verification
processes for quantum simulations and phase transition
detection [18] and circumvents the need for full tomog-
raphy of the wave function, relying instead on reduced
density matrix to capture the relevant characteristic ther-
modynamic information.

The outline of the paper is as follows. In Section II we
outline the notation used in the paper and introduce the

concept of fidelity and the RFS. This is followed by Sec-
tion III, where we outline the mathematical framework,
introduce the RFS vector field, and highlight its potential
to be used to detect phase transitions. In Section IV, we
highlight how the aforementioned mathematical frame-
work can be used to determine an order parameter for a
given quantum system. We showcase this in Section V
by using the above framework to construct the phase dia-
gram for the ANNNI model, the cluster Hamiltonian, and
a one-dimensional Rydberg chain, and demonstrate the
ability to discover new order parameters. We end with a
discussion of applications of this framework in Section VI
and potential use cases for future work.

II. PRELIMINARY

We begin by defining the set of Hermitian matrices of
order n, which is denoted by Sn := {M ∈ Cn×n|M =
M†}. We denote the identity matrix of order n by In
and the ith canonical basis vector for the vector space
Cn by ei.
Next, we introduce the concept of fidelity. Fidelity

measures the similarity between two quantum states and
all its definitions embody the probability of distinguish-
ing one quantum state from another.
Given mixed-states ρ, σ we define the Uhlmann-Jozsa

fidelity [12] by1

F (ρ, σ) :=

(
Tr

(√
ρ

1
2σρ

1
2

))2

, (1)

1 Some literature defines the fidelity in (1) as the square root of
our F (e.g. [19]).
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which, for the remainder of the work, will be referred to
as fidelity, unless otherwise specified. The latter defini-
tion of fidelity is not unique, indeed Jozsa [12] obtained
an axiomatic definition for a family of such functions.
However, the Uhlmann fidelity stands for its unique re-
lation to the Bures distance

d2B(ρ, σ) := 2
(
1−

√
F (ρ, σ)

)
, (2)

which is a quantification of the statistical distance be-
tween density matrices. A relevant result is the Uhlmann
theorem [20], which expresses the fidelity in terms of the
maximum overlap over all purifications of its arguments,
that is

F (ρ, σ) =max
|ψρ⟩
|⟨ψρ|ψσ⟩|2 , (3)

where |ψσ⟩ and |ψρ⟩ denote some purifications of σ and
ρ, respectively.

Following our discussion on the fidelity, we next
consider a generic many-body parametric Hamilto-
nian H(λ) = H0 + λHI , with eigenvalue equation
H(λ) |ψk (λ)⟩ = Ek(λ) |ψk (λ)⟩, where the index k = 0
identifies the ground state. For clarity, we may omit the
dependence of the various objects from the parameter λ,
when it does not result in ambiguity. In a perturbative
approach w.r.t. a small parameter δ, the Taylor expan-
sion for the fidelity reads

|⟨ψ0 (λ)|ψ0 (λ+ δ)⟩| =1− 1

2
XF (λ)δ2 +O

(
δ3
)
, (4)

with the leading term (second-order) revealing the fi-
delity susceptibility XF (susceptibility for short) [15]. We
note that the first-order term vanishes since the fidelity
reaches a maximum at δ = 0 for any λ. Informally,
fidelity susceptibility quantifies how much the fidelity
(or overlap) between two nearby states changes concern-
ing a small change in a parameter (such as an external
field or coupling strength) that defines the states. Let
ρ0(λ) = |ψ0 (λ)⟩ ⟨ψ0 (λ)| be the density matrix for the
ground state of H(λ). Two well-known formulations for
the susceptibility2 are given as;

XF (λ) =−
∂2
√
F (ρ0(λ), ρ0(λ+ δ))

∂δ2

∣∣∣
δ=0

(5a)

=lim
δ→0
−

2 ln
√
F (ρ0(λ), ρ0(λ+ δ))

δ2
. (5b)

The expansion for the ground state of the perturbed Her-
mitian3 H(λ) is given as;

|ψ0 (λ+ δ)⟩ ≈ |ψ0 (λ)⟩+ δ
∑
k ̸=0

Kk,0

Ek − E0
|ψk (λ)⟩ , (6)

2 The rightmost of (5a) is obtained by considering the Taylor ex-

pansion of ln(1 + x) = x− x2

2
+O(x3), with x = − 1

2
XF (λ)δ2 +

O
(
δ3

)
from (4).

3 This result is commonly known as the Rayleigh–Schrödinger per-
turbation theory [21].

where Kk,0 := ⟨ψk (λ)|HI |ψ0 (λ)⟩. This leads to another
well-known formulation for the susceptibility

XF (λ) =
∑
k ̸=0

|⟨ψk (λ)|HI |ψ0 (λ)⟩|2

(Ek − E0)2
≥ 0. (7)

As noticed in [22], the latter, which depends solely on the
spectrum, shows that the quantity XF is non-negative
and diverges when the energy gap closes.

III. PHASE DIAGRAM CONSTRUCTION

Building upon the previous section’s exploration of fi-
delity susceptibility, we next introduce the reduced fi-
delity susceptibility (RFS) vector field concept. In doing
so, we consider a general many-body Hamiltonian param-
eterized by the space X ⊆ R2, of which its decomposition
in terms of base and driving components reads

H(λ) =H0 + λ1H1 + λ2H2, (8)

with control parameters (λ1 λ2)
⊤ ∈ X . We anticipate

that choosing the two-dimensional parameters space is
convenient for the visual approach, but not fundamen-
tal. Let |ψ0 (λ)⟩ ∈ H denote the ground state of the
Hamiltonian H evaluated at λ ∈ X , with H denoting
the underlying Hilbert space. The Hilbert space H is as-
sumed bipartite, that is H = HA⊗HB , for some subsys-
tems A and B. In addition, we assume the ground state
is non-degenerate. Let ρ0(λ) denote the reduced density
matrix (RDM) resulting from tracing out the subsystem
B for the ground state, so

ρ0(λ) = TrB (|ψ0 (λ)⟩ ⟨ψ0 (λ)|) . (9)

We consider a perturbative action in the parameter
space and define

f(λ, δ) =
√
F (ρ0(λ), ρ0(λ+ δ)) ∈ [0, 1], (10)

for λ ∈ X and δ a perturbation in the latter space,
where F is the fidelity defined in (1). As a consequence
of the Uhlmann theorem (3), since the fidelity is the
maximum over the overlap w.r.t. all purifications, then
f(λ, δ) ≥ |⟨ψ0 (λ)|ψ0 (λ+ δ)⟩|, that is the quantity in
(10) is bounded below4 by the square root of the overlap
between the perturbed ground states.
Following this, we introduce one of the key functions

for our method5, that is

g(λ) :=−
(
∂2f(λ, δ)

∂δ21
+
∂2f(λ, δ)

∂δ22

)∣∣∣∣
δ=0

. (11)

4 Alternatively, this can be inferred by casting the partial trace as
Kraus operator and by the monotonicity of the Uhlmann Fidelity
[23].

5 Interestingly, we can obtain another function g proportional to
that in (11) by considering f defined in terms of the squared
Bures distance (2).
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We call the terms ∂2f/∂δ2k the reduced fidelity suscepti-
bility for the corresponding parameter λk. The adjective
reduced is justified by the fact that we are considering
RDMs instead of pure states as in (4). Similar forms of
susceptibility have been considered in [24, 25]. We also
note that for the regular susceptibility, it is clear that
the linear term in the perturbative Taylor expansion of
f vanishes for δ = 0. In Section J we expand on some
key concepts in information geometry and its connection
to the definition in (11).

We next obtain the vector field P : X → R2 (under
sufficient smoothing assumptions) defined by;

P (λ) :=−∇λg(λ). (12)

We stress that the gradient in (12) is expressed w.r.t.
λ (parameters vector), whereas the Laplacian in (11) is
related to δ (perturbation). In addition, we obtain a
scalar function mapping the parameters λ to the angles
of the vectors in the image of P , that is

p(λ) =Arg
(
e⊤1 P (λ) + ıe⊤2 P (λ)

)
, (13)

with Arg : C → (−π, π] denoting the principal argu-
ment6. The latter is defined on the subset of the param-
eter space X ′ = {λ ∈ X |P (λ) ̸= 0}. We note, as outlined
in Section I, the function in (13) is scale invariant in the
proximity of QPT at λc, that is p((λ−λc)t) = p(λ−λc)
for some small t > 0. The latter consideration is justified
by the scaling behavior of fidelity susceptibility in the
vicinity of QPT [26].

The function g defined in (11) corresponds to a notion
of fidelity susceptibility. Moreover, the angle given by
p(λ) in (13), is the direction of the steepest decline in
susceptibility. Consequently, we expect that phase tran-
sitions materialize as sources in the vector field (12). An
example of this can be seen in Figure 2. Furthermore,
we note that the sinks are the points where the suscep-
tibility reaches the local minimum. As the last step, if
we map the co-domain of p : X ′ → (−π, π] to a cyclic
color map we expect to obtain the phase diagram of the
Hamiltonian in (8). This process is depicted in the sketch
shown in Figure 2, where in panel (a) we plot the prin-
cipal argument, and panel (b) represents the vector field
with phase transition, depicted by a diagonal line. Both
panels suggest that in the direction transversal to the
phase transition, also indicated by vectors in panel (b),
the value of g changes abruptly. We elaborate on this in
Section H.

The practical implementation of the construction is ex-
panded in Section A, also, we argue on the patterns of
the vector field in Section H.

6 Arg(x + ıy) = atan2(y, x) ∀x, y ∈ R, with atan2(y, x) =
limc→x+ arctan

( y
c

)
+ π

2
sign(y) sign(x) (sign(x)− 1).

1

2

(a)

1

2

(b)

FIG. 2: Visualisation of the fidelity vector field (12) prin-
cipal argument (a) and vector field (b) at a phase tran-
sition line. Here, we note that the argument drastically
changes at the phase transition in (a) and the phase tran-
sition corresponds to a source in the vector field in (b).

IV. ORDER PARAMETER DISCOVERY

Following the results obtained in the preceding section,
we next investigate whether it is possible to determine
the order parameter that captures the phase transitions
of a given Hamiltonian.
To answer this question, we apply the protocol as de-

scribed in Section III, and move from susceptibility-based
identification of phases to determining the optimal ob-
servable for distinguishing the phases, that is a local or-
der parameter. A simpler method has been proposed in
[27], where a Hermitian operator is optimized to distin-
guish two given RDMs. In the latter, the distinction is
given by the sign of the expectation w.r.t. the optimal
observable. Our contribution instead, aims at mimicking
the behaviour of order parameters.
We first note that the function p(λ) ∈ (−π, π] in

(13) represents the point-wise angle of the vector field
(12). Also as argued before, phase transitions are likely
to materialize as sources, and we assume that adjacent
phases are distinguished by π radian angles. In other
words, if the parameter λc ∈ X is proximal to a critical
point (for some Hamiltonian), and δ a perturbation in
the same space, then the assumption is that the corre-
sponding gradient vectors have opposite directions, that
is |p(λc)− p(λc + δ)| ≈ π. Consequently, there exists an
optimal angle η such that

|sin (p(λc) + η) + sin (p(λc + δ) + η)| ≈ 0. (14)

Consider a parametric Hamiltonian on n spins with
ground state RDM ρ0(λ) defined as in (9). Given a
finite set of parameters {λi} in the neighbour of λc,
we define a label yi ∈ [−1, 1] for each parameter λi as
yi = sin (p(λi) + η). From (14), we see that distinct
phases will be assigned opposite signs, sign(yi). We de-
fine the index sets I+ = {i|yi > 0} and I− = {i|yi < 0},
partitioning the indices for the parameters {λi} deter-
mining the ground states laying on the ordered and dis-
ordered phases, respectively. Under the assumption of
non-degeneracy of the problem (see Section B for more
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details), we devise the following (non-convex) quadrati-
cally constrained quadratic program (QCQP) [28],

min
M∈Sm

∑
(i,j)∈I+×I−

(
−⟨M⟩

2
i

pi
+
⟨M⟩2j
pj

)
,

s.t. ∥M∥2F ≤ 1, (15)

with ⟨M⟩i := Tr(ρ0(λi)M) defining the expectation of
M at λi, and pi := Tr(ρ0(λi)

2) the purity of the same
RDM. We denoted by Sm the set of Hermitian matrices
of order m, which is also the order of the RDM ρ0(λi).

This is commonly known in optimization literature as
the trust region problem [29], which can be interpreted
as a generalization of the minimum eigenvalue problem.
The problem is solvable efficiently (polynomial time) even
in the cases where the quadratic term is not positive
semidefinite (i.e. non-convex) [30].

Informally, the optimization favors the non-zero expec-
tation ⟨M⟩i for the labels yi > 0 (ordered phase), whereas
the quadratic term ⟨M⟩2i penalizes non-zero expectations
for the labels yi < 0 (disordered phase). In essence, this
mechanism is mimicking the order/disorder behavior of
the order parameters, for all pairs of opposing (w.r.t.
phase) RDMs (ρ0(λi), ρ0(λj)), with (i, j) ∈ I+ × I−.
A special case of the problem in (15) arises when we

consider the reference density matrices ρ+ and ρ−, each
representing a phase (i.e. ordered vs disordered). The
formulation becomes

min
M∈Sm

− Tr (ρ+M)
2

Tr
(
ρ2+
) +

Tr (ρ−M)
2

Tr
(
ρ2−
) ,

s.t. ∥M∥2F ≤ 1. (16)

In Section C, it is shown that the objective of the latter
is the quadratic form of an operator connected to the
Gram-Schmidt process (GS) [31] – a method related to
the QR decomposition in linear algebra. For a density
matrix ρ, we define ρ̂ := ρ/∥ρ∥F its associated norm-
1 PSD. Also, for Hermitian matrices A,B of the same
order, we denote by ⟨A,B⟩ their Frobenius inner product.
The special formulation leads to the close form solution

M =
ρ̂+ − ⟨ρ̂+, ρ̂−⟩ ρ̂−√

1− ⟨ρ̂+, ρ̂−⟩2
, (17)

when ρ+ ̸= ρ−. The solution is Hermitian as it is a real-
linear combination of PSDs. One can immediately verify
that Tr(ρ−M) = 0, whereas

Tr(ρ+M) =∥ρ+∥F
√
1− ⟨ρ̂+, ρ̂−⟩2 > 0, (18)

as expected. Geometrically, the solution in (17) can be
interpreted as subtracting from ρ̂+ its projection on ρ̂−,
hence the resulting Hermitian is orthogonal to ρ− and
has a non-zero overlap with ρ+ (when ρ+ ̸= ρ−). More-
over, the latter provides an understanding of the general
problem. Specifically, the objective in (15) corresponds

to the sum of special objectives in (16), for all pairs of
opposing indices (i, j) ∈ I+ × I−.
In practical terms, we consider RDMs on a few sites,

thus the quadratic optimization problem can be solved
classically upon computation of the partial trace on the
ground states. Experimental results are presented in Sec-
tion VB and the details for the solution of the optimiza-
tion are expanded in Section B.
Finally, we note, as given in [32] that the order param-

eter need not be unique, and any scaling operator that
is zero in the disordered phase and non-zero in an adja-
cent (on the phase diagram), usually ordered phase, is a
possible choice for an order parameter.
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V. EXPERIMENTS

To demonstrate the potential of the fidelity vector field
in identifying QPTs and their corresponding order pa-
rameters, we apply our above methods to the cluster
Hamiltonian and ANNNI models.

A. The ANNNI model

We first focus on the ANNNI Model [17, 33, 34], a
theoretical model commonly used in condensed matter
physics to study the behavior of magnetic systems. The
Hamiltonian of such a system can be written as

H =− J1
N−1∑
i=1

σxi σ
x
i+1 − J2

N−2∑
i=1

σxi σ
x
i+2 −B

N∑
i=1

σzi , (19)

which we can rewrite in terms of the dimensionless ratios
κ = −J2/J1 and h = B/J1. The former is called the
frustration parameter while the latter is related to the
transverse magnetic field.

In this model, spins are arranged in a one-dimensional
lattice, with each spin existing in either the |↑⟩ or |↓⟩
state. The inclusion of the nearest neighbor and next-
nearest-neighbor interactions in this model introduces a
type of frustration, where the optimal alignment of neigh-
boring spins is hindered due to competing interactions.
The transverse field present, which represents an external
magnetic field perpendicular to the direction of the spins,
also induces quantum effects and modifies the overall be-
havior of the system. It is the combination of these com-
plex interactions, which combine the effect of quantum
fluctuations (owing to the presence of a transverse mag-
netic field) and frustrated exchange interactions that lead
to phenomena such as quantum phase transitions. As a
consequence, it is a paradigm for the study of competi-
tion between magnetic ordering, frustration, and thermal
disordering effects [35].

The phase diagram can be seen in Figure 3, where three
phase transitions are present. The first is the Ising-like
transition between the Ferromagnetic (FM) and Para-
magnetic (PM) phases, the second is the Kosterlitz-
Thouless (KT) transition between the paramagnetic and
floating phase (FP), and the final is the Pokrovsky-
Talapov (PT) phase transition between the floating phase
and antiphase (AP).

For more information on each of these phases and the
corresponding phase transitions and their ground states
see Section G.

Using the formalism as outlined in Section III, we first
obtain the ground states of the Hamiltonian using the
density matrix renormalization group (DMRG). Next, we
consider a two-site RDM and calculate the RFS vector
field and its corresponding angles. For details on how
the RDM was obtained or the DMRG algorithm, see
Section E. In Figure 4 (a), we plot the angle as given

FIG. 3: (a) Phase Diagram of one-dimensional ANNNI
Model. Here the pink represents the Ferromagnetic
Phase (FM), where all spins are aligned along the x di-
rection. The grey area corresponds to the paramagnetic
phase (PM), in which the magnetic field dominates and
all spins align along the z direction. The antiphase (AP)
corresponds to the green region where the ground state
takes the form of a staggered magnetization pattern with
period four. Both the PM and AP are separated by the
floating phase (FP). Here the spin chain can be seen as a
ladder of two spin chains as sketched in the cartoon spin
configurations.

in (13) of the RFS vector field, as well as the theoret-
ical Ising, KT, and PT phase transition lines, given in
green, orange and blue respectively. We note there is
a noticeable overlap between the theoretical phase tran-
sition lines and the angle values, with the angle of the
vector fidelity abruptly changing at each phase transi-
tion. Comparing the theoretical phase transition lines to
the vector field plotted in Figure 4 (b), we observe that a
source in the vector field indeed corresponds to a phase
transition. This source and sink-like behavior, as seen in
Figure 4 (b) corresponds to local maxima and minima of
Equation 11 and is further analyzed in Section H of the
appendix.

Additionally, it is worth noting that the fidelity vector
field surpasses previous simulations in its ability to cap-
ture intricate details that were previously unresolved in
the floating phase [36]. Distinct ripples-like features are
present, with the sources of the vector field corresponding
to each of these structures indicating the presence of the
phase transition between the paramagnetic and floating
phases, specifically the KT transition. Future work will
aim to explore the structure and fully utilize the poten-
tial of the RDS vector field in analyzing such complex
phenomena. In the subsequent section, we demonstrate
how we apply this method to determine order parameters
for a given quantum system.
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FIG. 4: Phase Diagram obtained using the reduced fidelity susceptibility of the one-dimensional ANNNI Model. Here
a chain length of L = 50 spin sites was used and a two-site RDM was used when calculating the gradient of the
reduced fidelity susceptibility. (a) The angle of the vector field given in (13) is plotted (b) the vector field given in
(12) is plotted.

B. Order parameters discovery

Next, we experimentally demonstrate the validity of
the method used for order parameter discovery (Sec-
tion IV), and in doing so, propose a method for under-
standing the structure of the optimal observable. We
proceed with the ANNNI model (19) by considering the
phase diagram in the region (κ h) ∈ R = [0.5, 2.1] ×
[0, 1.6] and begin with the use of the RDMs of single
spin sites. Let M denote the optimal observable for
the order parameter discovery problem in (15), where
the details concerning its solution are expanded in Sec-
tion B. Optimizing for a single site observable, we find
thatM ≈ I−σx, which can be interpreted as magnetiza-
tion. While this observable could be used as an order pa-
rameter for the Ising-like transition, highlighted in green
in Figure 4, it failed to detect other transitions present in
the ANNNI model, including the KT and PT transitions,
highlighted orange and blue in Figure 4 respectively. As
a result, to capture more transitions one must make use
of Section IV and instead uncover a multi-site observable
to detect all phase transitions present.

For this, we expand our RDM to the two middle spin
sites of the chain of length L. The objective is to ob-
tain the order parameters for the paramagnetic and the
anti phases, which is highlighted in Figure 4, where we
plot the result for the phase diagram construction (Sec-
tion III) concerning the region R, of which was obtained
in the previous section using the RDS vector field.

In Figure 5 (a) we present the expectations of the
observable M applied to the RDMs ρ0(κi, hi), for a fi-
nite lattice of parameters {(κi, hi)}, following the opti-

mization process of obtaining a relevant order parame-
ter M for this phase transition. We note that in the
optimization process, the entire region, (κ h) ∈ R =
[0.0, 2.1] × [0, 1.6], was used, which included all phase
transitions present.
To understand the structure of the obtained observ-

able, we next perform the eigendecomposition ofM , that
is

M =

m∑
i=1

αiM
(i) (20)

where M (i) are rank-1 projectors and αi the correspond-
ing eigenvalues. Let |φ(θ)⟩ = cos(θ) |0⟩ + sin(θ) |1⟩, we
define the parametric Hermitian B(θ1, θ2) as

B(θ1, θ2) := |φ(θ1)⟩ ⟨φ(θ1)| ⊗ |φ(θ2)⟩ ⟨φ(θ2)| . (21)

Such an operator can be interpreted as the orthogonal
projector (which is defined as a square matrix P such
that P 2 = P = P †) generated by the state | ⟩, where
the angles of the spins are θ1 and θ2, respectively.
The component corresponding to the eigenvalue with

the greatest magnitude is the projector M (1) = B(θ1, θ2)
with θ1 ≈ 0.095π and θ2 ≈ 0.034π, that is M (1) ≈
|↑↑⟩ ⟨↑↑|. In Figure 5 (c), we plot the expectation of
the observable M (1). A comparison with the plot in Fig-
ure 5 (a), shows that this is the main component for the
paramagnetic phase.
The componentM (4), with ⟨M (4)⟩ depicted in Figure 5

(b), can be interpreted as the complementary to M (1).
The operator approaches the following form

M (4) ≈1

4

(
I⊗2
2 + σ⊗2

x

) (
I⊗2
2 − σ⊗2

z

)
=
∣∣Ψ+

〉 〈
Ψ+
∣∣ , (22)
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FIG. 5: Experiments for the order parameter discovery
on the ANNNI model. Here a chain length of L = 50
spin sites was used and a two-site RDM was used when
calculating the gradient of the reduced fidelity suscepti-
bility. (a) Expectation of the optimal observable M for
the paramagnetic phase. The expectations for the pro-
jectorsM (1) andM (4) of (20), are respectively in (c) and
(b).
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FIG. 6: Expectations of the projectorsM (3) (a) andM (2)

(b) revealing the floating phase. Here a chain length of
L = 50 spin sites was used and a two-site RDM was
used when calculating the gradient of the reduced fidelity
susceptibility.

with |Ψ+⟩ = (|↑↓⟩ + |↓↑⟩)/
√
2 (Bell’s state), so the

ordered phase for M (4) is the antiphase. This can
be justified by the modulated structure of the an-
tiphase |· · · ←←→→ · · ·⟩ (see Section G for a compre-
hensive introduction to ANNNI). Indeed we see that
Tr
(
M (4) |φφ⟩ ⟨φφ|

)
̸= 0 for |φ⟩ = |←⟩ and |φ⟩ = |→⟩,

whereas Tr
(
M (4) |↑↑⟩ ⟨↑↑|

)
= 0 (paramagnetic).

The remaining two components of the decomposition
in (20) reveal an interesting structure. The third eigen-
vector determines the projector M (3) = B(θ1, θ2) with
θ1 ≈ 0.381π and θ2 ≈ −0.331π. Its expectation depicted
in Figure 6 (a), appears to highlight a section of the float-
ing phase. The last projector M (2), whose details are

omitted, produces another detail of the floating phase,
which is depicted in Figure 6 (b).

C. Finite Size Scaling

Next, we validate that the obtained observable M is
indeed an order parameter for the ANNNI Model. We
accomplish this by applying finite-size scaling and veri-
fying that the critical exponents match those expected
for the Ising-like universality class. Finite-size scaling is
a technique used to study phase transitions by examin-
ing how physical quantities change with system size. It
involves scaling the system size and observing how prop-
erties such as critical exponents converge to their ther-
modynamic limits as the size increases. By applying this
method, we can extrapolate results obtained from finite
systems to infer behavior in the infinite system limit. To
demonstrate this phenomena we thus analyze the impact
of chain length at the Ising-like transition. We again
use the RDM ρL for two spin sites, which are related
to the sites {L/2, L/2 + 1}, assuming L (linear size) is
an even positive integer. We calculate the expectations
of the observable M with the reduced density matrices
ρL(κ, hi) with κ = 0.001 and h ∈ [0.8, 1.2]. In this pa-
rameter range, we can consider the next-nearest-neighbor
interaction as a perturbation of the Ising model. Conse-
quently, we anticipate observing the critical exponents
characteristic of the 1D quantum Ising model.
If the observable M indeed functions as an order pa-

rameter, it should satisfy the following scaling relation
for the chain length L [37]:

max
h

{
∂⟨M⟩
∂h

}
= a′′L1/ν

(
1 + b′′L−θ/ν

)
, (23)

where a′′ and b′′ are constants, and θ represents the ex-
ponent of an irrelevant parameter.
For the 1D quantum Ising model, where ν = 1, the

maximum of the gradient should show a linear depen-
dence on the chain length. To validate this, we plot the
maximum gradient as a function of the chain length, as
shown in Figure 8. The observed linear relationship con-
firms that ν = 1.
We then proceed to determine the irrelevant param-

eter exponent θ and show that this exponent remains
positive as the chain length increases. Consequently, for
large values of L, the contribution from this term be-
comes negligible. As L→∞, this term approaches zero,
leaving us with the critical exponents of the Ising model.
We first rescale the function such that a′′ = 1 and using

gradient descent we fit for b′′ and θ. This fitting process is

illustrated in Figure 8, where we plot d⟨M⟩
dh L−1. For irrel-

evant terms, we expect additional contributions to decay
as L increases, which is indeed observed in Figure 8. By
applying gradient descent to the obtained expectations
for various lengths, we determine θ = 6.8 × 10−5 and
b′′/a′′ = 1.0. Consequently, the positive value of the cor-
rection term θ confirms that it is an irrelevant parameter.
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FIG. 7: The two-site observable obtained using the order
parameter discovery framework (a) and its gradient with
h (b) are applied to the ANNNI model’s Ising-like tran-
sition for various chain lengths L. We set κ = 0.001 so
that the next-nearest-neighbor term can be treated as a
perturbation to the Ising model, which leads us to expect
the system to belong to the Ising universality class.

To confirm that we belong to the Ising universality
class, we fit the magnitude of the average observable near
the critical point hc = 1.0. In this regime, the critical
magnetization should follow the relationshipM ∝ |L|β/ν .
Assuming ν = 1.0, we fit the values of the observed data
and find β = 0.123, which is close to the expected value
of β = 1

8 for the Ising universality class.
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FIG. 8: (a) The maximum value of the gradient of the
two-site observable obtained using the order parameter
discovery framework. A linear relationship is observed,
confirming that the system remains in the Ising univer-
sality class. (b) The irrelevant terms are plotted in (23).
As the chain length L increases, an exponential decrease
is observed, indicating that these terms approach zero as
the system reaches the thermodynamic limit.

This analysis was also performed for the single-site ob-
servable I − σx, and the critical exponent ν = 1 was
consistently obtained. Therefore, near the Ising transi-
tion, it retains the critical exponents characteristic of the
Ising model, accounting for finite-size scaling correction
terms. Based on this analysis, we conclude that the ob-
tained observable M functions as an order parameter.

D. The cluster Hamiltonian

Following the construction of the phase diagram for
the ANNNI model, we next demonstrate the versatility
of the fidelity vector field method by applying it to other
models. Specifically, we apply the method described in
Section III to the cluster Hamiltonian, defined by the
Hamiltonian:

H = −h
N∑
i=1

σzi −K
N−2∑
i=1

σxi σ
z
i+1σ

x
i+2, (24)

When the two parameters of the Hamiltonian are equal, a
phase transition is expected between a trivial phase (for
h > K) and a Symmetry Protected Topological (SPT)
phase (for h < K). To distinguish between these two
phases, string order parameters (SOPs) are commonly
used, as they can reveal hidden orders or symmetries
within the system. In the case of the cluster Hamilto-
nian, the system exhibits certain symmetries, denoted
by Godd =

∏
k=0 Z2k+1 and Geven =

∏
k=0 Z2k.

From [38, 39], a general SOP can be expressed as

SO
L,OR

Σ = lim
|j−k|→∞

〈
ψ0

∣∣∣∣∣∣OL(j)
 k−1∏
i=j+1

Σi

OR(k)

∣∣∣∣∣∣ψ0

〉
(25)

where ψ0 is the state of the system,
∏k−1
i=j+1 Σi (in our

case Godd or Geven) preserves the local symmetries of
the system, and OL/R are appropriately chosen to detect
the phase transition. In this particular system, a typical
order parameter used for the phase transition is σx⊗σz⊗
I ⊗ σz ⊗ σx, or another commonly used one is σx ⊗ σy ⊗
σz ⊗ σy ⊗ σz as discussed in [40].
We begin by focusing on reconstructing the phase di-

agram as discussed in section Section III. To determine
the ground states of the Hamiltonian, we employ DMRG,
following the procedure described in Section E. We repli-
cate the calculations outlined in Section VA to construct
the phase diagram for the cluster Hamiltonian, which is
presented in Figure 9. The phase transition is visible,
with a distinct boundary separating the two phases.
Next, we turn our attention to identifying an order pa-

rameter for this phase transition by following the method
described in Section IV. Using a five-site RDM, we derive
an order parameter that effectively distinguishes between
the different phases, as shown in 10.
Although this order parameter is a linear combination

of various tensor products of Pauli operators, the two
terms with the largest coefficients are σx⊗σz⊗I⊗σz⊗σx
and σx⊗σy⊗σz⊗σy⊗σz, both observables that reflect
the symmetry of the SPT phase. This suggests that our
observable has correctly identified the appropriate SOP
and effectively exploited the system’s symmetries to dis-
tinguish between the two phases.
It is worth noting that similar calculations were per-

formed using different sizes of RDMs, specifically one and
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FIG. 9: Phase Diagram obtained using the reduced fi-
delity susceptibility of the one-dimensional cluster Hamil-
tonian where (a) the angle of the vector field given in (13)
is plotted (b) the vector field given in (12) is plotted. We
note that the phase transitions correspond to a source in
the vector field.
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FIG. 10: Expectation of the optimal observable M for
cluster Hamiltonian. Here a chain length of L = 50 spin
sites was used and a five-site RDM was used when calcu-
lating the gradient of the reduced fidelity susceptibility.

two sites. These attempts, however, failed to detect the
phase transition, indicating that these smaller RDMs do
not capture enough information about the phases on their
own.

To conclude, we have demonstrated that the RFS vec-
tor field accurately reproduces the phase diagrams of
both the ANNNI and cluster Hamiltonians, showcasing
its robustness and reliability in capturing the phase tran-
sitions of diverse systems. Furthermore, we successfully
identified an order parameter that leverages each sys-
tem’s symmetries to distinguish between different phases,
further validating our approach.

E. The Rydberg model spin chain

/

R b
/a

Z2

Z3

Z4

FIG. 11: Schematic of the phase diagram for the Rydberg

Model as a function of the parameters ∆
Ω and

(
Rb

a|i−j|

)6
(see the main text for more details). The orange regions
represent the emergence of various crystalline quantum
phases with ZN order.

1. Model description

The Rydberg model is a quantum many-body system
that has attracted considerable interest, particularly its
role in experimental quantum simulation platforms [41–
44]. The system is composed of a chain of atoms such
that each atom can either remain in its ground state or
be excited to a highly energetic Rydberg state, charac-
terized by an electron occupying a very high orbital [45].
The model captures the dynamics of strongly interacting
systems, as atoms in Rydberg states exhibit long-range
dipole-dipole interactions, significantly affecting the sys-
tem’s collective behavior. Using these interactions, a va-
riety of exotic quantum phases can be simulated, includ-
ing quantum phase transitions and spin-liquid phases,
making the Rydberg model an essential tool for probing
non-equilibrium phenomena in quantum simulators [46].
Mathematically, the Rydberg model can be formulated

as a spin-1/2 system, where each site of the chain rep-
resents an atom that can either be in the ground state
(represented by the spin state |0⟩) or in the Rydberg state
(represented by the spin state |1⟩). The Hamiltonian of
the Rydberg model is typically expressed as

H = Ω
∑
i

σxi −∆
∑
i

ni +
∑
i<j

Vijninj , (26)

where σxi is the Pauli-x matrix acting on-site i, and
ni = |1⟩ ⟨1|i is the number operator that projects onto
the Rydberg state at site i. The parameters Ω and ∆
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FIG. 12: Phase diagram for the Rydberg Model obtained with a one-site RDM from a chain of length L = 50, with
long-range interactions truncated at the fourth nearest neighbor. The lower crystalline phase corresponds to the Z2

crystalline phase, while the upper corresponds to the Z3 crystalline phase.

represent the Rabi frequency and detuning, respectively,
which control the driving field and energy offset of the
system. The second term in the Hamiltonian describes
the interaction between atoms in their Rydberg states,
with Vij(r) ∝ 1/r6 representing the strength of the in-
teraction between atoms at sites i and j. For ∆ > 0,
various spatially ordered phases emerge due to the com-
petition between two effects: the detuning term, which
favors a high population of atoms in the Rydberg state,
and the Rydberg blockade, which prevents the simulta-
neous excitation of atoms that are closer together than
the blockade radius Rb, where the interaction strength
V (Rb) is equal to the Rabi frequency Ω.

We define the distance between adjacent spins as a,
thus r = |i− j|a, and we also define the Rydberg Radius
as V (Rb) = Ω. Thus the Hamiltonian can be rewritten
accordingly;

H =
∑
i

σxi −
∆

Ω

∑
i

ni +

(
Rb
a

)6∑
i<j

1

|i− j|6
ninj , (27)

It is the parameters ∆
Ω and

(
Rb

a|i−j|

)6
that we will vary

in the following section.

In the limit of strong interactions, the Rydberg block-
ade phenomenon becomes significant, where two neigh-
boring atoms cannot both be excited to the Rydberg
state due to the large energy cost. This constraint leads
to the emergence of various quantum phases, including
crystalline phases with ZN symmetry (N being an inte-
ger), which are characterized by periodic arrangements
of Rydberg excitations.

A schematic of the phase diagram is given in Figure 11.
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R b
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1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00
/

R b
/a

FIG. 13: Detail of the phase diagram for the Rydberg
Model around the Z3 crystalline phase. Due to the high
resolution of the phase diagram, ripple-like features can
be observed which signals a more complex phase to be
determined.

2. Phase diagram construction

In previous studies, the phase diagram of the Rydberg
model has been explored using various techniques such
as entanglement entropy [47], machine learning methods
[48], and fidelity [49]. We obtain the phase diagram, with
the first result presented in Figure 12. Here, we partic-
ularly focus on the Z2 and Z3 crystalline phases, which
are typically observed in this model (See Figure 13 for a
closer look at the Z3 crystalline phase). We considered
a chain of length L = 50, with long-range interactions
truncated at the fourth nearest neighbor. The 1/r6 in-
teraction term was approximated using an exponential
form, as described in [50].
Our results are consistent with the parameter ranges

for each crystalline phase in the phase diagram, as re-
ported in previous studies [50]. However, a notewor-
thy observation is that our method captures additional
features that were not identified by earlier approaches.
Specifically, we observe ripple-like features at high values
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FIG. 14: Rydberg model – The expectation for a 1-site
observable that highlights the disordered phase versus
the crystalline phases Z2 and Z3. Notably, the two crys-
talline phases cannot be distinguished using a 1-site ob-
servable.

of the parameters swept, which may indicate the presence
of a more complex phase - a topic previously discussed in
[49, 51, 52]. Additionally, we identify a line within each
crystalline phase corresponding to the minimum of the
reduced fidelity susceptibility, or equivalently, the maxi-
mum of the fidelity.

Notably, due to the high resolution of our phase dia-
gram, we once again observe ripple-like features, consis-
tent with previous findings in [49].

3. Order parameters

Next, we focus on the determination of an order pa-
rameter to detect each of these phase transitions. We
initially start with a one-site RDM, to try to determine
the different phases as seen in Figure 12. The projec-
tors from the determined order parameter can be seen in
Figure 14. As is evident that while it can determine the
difference between the ordered and disordered phases, it
fails to differentiate the different crystalline phases. Ex-
tending this to three sites results in the same projectors,
which are unable to differentiate the different crystalline
phases.

It is not until a four-site RDM is used that the different
disordered phases, Z3, Z2 can be characterized. This
result is seen from the projectors of the observable in
Figure 15.

Firstly, for the Z2 crystalline phase, the projector of
the state |0101⟩ is used to detect this phase, showing that
the agreed state of alternating spin up and spin down is
evident in this phase, agreeing with previous literature.

Similarly for the Z3 phase, the projector of the |0001⟩
was determined from the order parameter, which is also
in agreement with previous literature. Expanding the

1 2 3
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R b
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1 2 3

/
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b)

FIG. 15: Rydberg model – Highlights from the eigen de-
composition of the order parameter on a 4-site RDM. The
plots present the expectations of the projectors that re-
veal respectively, the crystalline (a) Z2 and (b) Z3 phases.

RDM to include additional sites would make this sym-
metry more evident.

VI. CONCLUSION

In conclusion, we have introduced a novel mathemat-
ical tool for detecting phase transitions in quantum sys-
tems through reduced fidelity susceptibility. Our analysis
of the ANNNI model illustrates the tool’s capability to
capture intricate phase transition details that were pre-
viously overlooked by conventional methods. This ad-
vancement not only highlights the potential for applying
our framework to other models where phase transitions
are either not well understood or not yet identified but
also underscores its broader applicability and capacity for
providing deeper insights into complex quantum systems.

Additionally, our framework demonstrates significant
promise for application in quantum hardware environ-
ments. Utilizing the reduced density matrix thermo-
dynamic information, it circumvents the need for full-
function tomography while still capturing essential char-
acteristics of phase transitions.

Moreover, we extended our framework to devise a
method for discovering order parameters in systems
where they are unknown. The reversed method, applied
to the ANNNI model, was validated through the decom-
position and finite-size scaling of the identified order pa-
rameter. This validation underscores the framework’s
potential to explore and analyze novel systems, includ-
ing unexplored phenomena such as floating phases in a
quantum system. We believe that the proposed approach
is an important milestone in phase transition detection
and order parameter discovery, offering a robust tool for
exploring the complex landscape of quantum systems.
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FIG. 16: Structure of the lattice of RDMs ρi,j0 := ρ0(λi,j)
induced by a finite lattice of parameters {λi,j}, contained
in a region R (outer rectangle).

VII. ACKNOWLEDGMENT

We are grateful to Dmytro Mishagli (IBM) and Victor
Valls (IBM) for their valuable input and suggestions.

F.DM and E.R. acknowledge support from the BasQ
strategy of the Department of Science, Universities, and
Innovation of the Basque Government.

E.R. is supported by the grant PID2021-126273NB-
I00 funded by MCIN/AEI/ 10.13039/501100011033
and by “ERDF A way of making Europe” and the
Basque Government through Grant No. IT1470-
22. This work was supported by the EU via Quan-
tERA project T-NiSQ grant PCI2022-132984 funded by
MCIN/AEI/10.13039/501100011033 and by the Euro-
pean Union “NextGenerationEU”/PRTR. This work has
been financially supported by the Ministry of Economic
Affairs and Digital Transformation of the Spanish Gov-
ernment through the QUANTUM ENIA project called
– Quantum Spain project, and by the European Union
through the Recovery, Transformation, and Resilience
Plan – NextGenerationEU within the framework of the
Digital Spain 2026 Agenda.

Appendix A: Construction of the phase diagram

Starting from results devised in Section III, we pro-
ceed with the numerical construction of the phase dia-
gram. We consider a rectangular region of the Hamilto-
nian parameters R ⊆ X . Given a step in the parameters
space h > 0, we construct a finite lattice of parameters
{λi,j} ⊂ R, such that

λi+di,j+dj = λi,j + djhe1 + dihe2, (A1)

with di, dj belonging to a subset of Z. Using the density
matrix renormalization group (DMRG) [53, 54], we ob-
tain the RDM related to the ground state (for a selected
subsystem) for the parameter λi,j , which we define as

ρi,j0 = ρ0(λi,j), where the RHS is defined in (9). In Fig-

ure 16 the lattice points for the RDMs ρi,j0 are represented
by the symbol .
We proceed with the preparation of an approximation

g̃ of the function g, that is the RFS defined in (11). The
latter is the Laplacian of the function f(λ, δ) defined in
(10). So, starting from the lattice of parameters {λi,j},
we obtain the fidelity perturbations

f(λi,j , djhe1 + dihe2) =
√
F
(
ρi,j0 , ρ

i+di,j+dj
0

)
, (A2)

for a fixed step h (which defines the lattice of parame-
ters) and di, dj ∈ {−1, 0, 1}. We can immediately verify
the computational advantage of the approach since adja-
cent lattice points share a fidelity perturbation. For ex-
ample f(λi,j , he1) = f(λi,j+1,−he1). In Figure 16, the
fidelity perturbations are represented with the symbol
and placed between adjacent lattice points to emphasize
the concept of sharing. By considering the finite differ-
ences approximation of the second derivative7, and by
noting that f(λi,j ,0) = 1 (for all valid i, j), we obtain

g̃(λi,j) =
4−

∑
δ∈Ω f(λi,j , δ)

h2
, (A4)

where Ω = {±he1,±he2} is the set of perturbation dis-
placements around λi,j . In practice, we omit the factor
1/h2 (numerically convenient) which is irrelevant for the
subsequent computations. We proceed by adhering to
the structure outlined in Section III. Obtained the RFS
approximation g̃, we continue with the computation of
its gradient. Before that, we need to introduce a few
concepts related to discrete signal processing.
For a continuous function f : R2 → R2, we define

the convolution at (x, y) ∈ R2 for discrete 2-dimensional
signals as

f(x, y) ∗ k :=

N∑
i=−N

N∑
j=−N

k(j, i)f(x− jh, y − ih), (A5)

where k is a convolution kernel with support N , that
is k(j, i) = 0 for |i| > N or |j| > N . Also, the
scalar h > 0 represents the step for the lattice of points
{(x y)⊤+(jh ih)⊤|i, j ∈ Z}. We introduce a discrete dif-
ferentiation operator called the Sobel operator [55] whose
x component is given by the kernel matrix

Gx :=

−1 0 1
−2 0 2
−1 0 1

 . (A6)

7 For a function f : R → R, under sufficient smoothing conditions,
we make use of the following approximation

d2f

dx2
≈
f(x+ h) + f(x− h)− 2f(x)

h2
, (A3)

for some h > 0.
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The Sobel finds applications mainly in computer vision
and it was initially developed to obtain an efficiently com-
putable gradient operator with more isotropic character-
istics than the Roberts cross operator [56].

Now, we define our kernel as k = Gx + ıG⊤
x , which

corresponds to the approximation of the gradient w.r.t.
x on the real part and the y component on the imaginary
part.

We obtain an equivalent approximation of P in (12)
using the convolution

P̃ (λi,j) =− g̃(λi,j) ∗ k (A7a)

=−
1∑

a=−1

1∑
b=−1

k(a, b)g̃(λi−a,j−b) ∈ C. (A7b)

When the indices (i, j) of the lattice elements are beyond
the limits of definition we define g̃(λi,j) = 0.

The first outcome of the process is a point-to-color
graph

λi,j 7→ c
(
Arg

(
P̃ (λi,j)

))
, (A8)

where c(·) is a colormap which we introduce now. Let C
be a space of colors and let c : (−π, π]→ C be a mapping
from the angle θ to a color in C. The function c is required
to be smooth on (−π, π) and non-constant, also it must
be such that limθ→−π c(θ) = c(π). The latter point is
fundamental for dealing with the discontinuity of Arg(·)
in the non-positive real axis. Colormaps fulfilling the
latter conditions are known as cyclic [57, 58]. In addition,
the resulting signal is upsampled by factor 2 using an
interpolation filter [59]. An example outcome obtained
using the present procedure is reported in Figure 4.

The final step of the diagram construction consists
of the plotting of the vector field in (12). The ap-
proach makes use of the Runge–Kutta method [60] and
our reference implementation is part of the function
matplotlib.pyplot.streamplot of the software pack-
age Matplotlib [58]. In the realm of differential equa-
tions, the Runge–Kutta method is a well-known algo-
rithm for solving initial-value problems. In our instance,
the velocities on the lattice {λi,j} are given by the gra-
dient in (12). The initial values instead, are the points
on the boundary of the lattice. Furthermore, a heuris-
tic path of lattice points spiraling toward the center is
added to the initial values, to improve the density of the
streamlines.

Appendix B: Solution of the order parameter
discovery problem

In this section, we expand on the solution of the order
parameter discovery problem defined in (15). Instead,
the special case in (16) is treated in Section C. We restate

the problem for clarity and convenience, so

min
M∈Sm

∑
(i,j)∈I+×I−

(
−⟨M⟩

2
i

pi
+
⟨M⟩2j
pj

)
,

s.t. ∥M∥2F ≤ 1, (B1)

with ⟨M⟩i := Tr(ρ0(λi)M) and pi := Tr(ρ0(λi)
2).

We introduce the row-major vectorization operator

vecr(·) : Cn×n → Cn2

defined as

vecr(M) :=

n∑
i=1

M |i⟩ ⊗ |i⟩ , (B2)

for any matrix M of order n in C. For matrices A,B of
order n we will be using the identity

Tr
(
AB†) =vecr(A)

† vecr(B). (B3)

We recall that we denoted Sm the set of Hermitians of
order m in C. We define the set of vectorized Hermitians
of order m as

Ŝm := {vecr(M)|M ∈ Sm} . (B4)

Let ρi = ρ0(λi), and let I be some finite index set. As-
sume M ∈ Sm, then we have that∑

i∈I

⟨M⟩2i
pi

=
∑
i∈I

(Tr(ρiM))
2

pi
(B5a)

=
(B3)

∑
i∈I

(
vecr(M)† vecr(ρi)

)2
pi

(B5b)

=x†

(∑
i∈I

rir
†
i

pi

)
x, (B5c)

with x := vecr(M) and ri := vecr(ρ0(λi)). We note that
the vectors x and ri belong to the set of vectorized Her-

mitians Ŝm.
We use the result in (B5a) to rewrite the optimization

problem in (15) in the equivalent8 form

min
x∈Cm2

x†Ax, (B6a)

s.t. ∥x∥22 ≤ 1, (B6b)

x ∈ Ŝm, (B6c)

with

A :=− 1

|I+|
∑
i∈I+

rir
†
i

pi
+

1

|I−|
∑
j∈I−

rjr
†
j

pj
. (B7)

This formulation confirms that the optimization is a
quadratically constrained quadratic program as stated in

8 Up to the positive constant (for the objective) |I+| · |I−|.
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Section IV. The matrix A (determined by data) is Her-
mitian, so the objective in (B6a) is real and well-defined
(even in the absence of constraint (B6c)). We expand on
the condition for the non-degeneracy of the problem in-
troduced in Section IV. We impose that the matrix A is
indefinite [61], where the Hermitian structure is fulfilled
by the construction in (B7). In other words, we require
the matrix A to have both (strictly) positive and negative
eigenvalues9.

Let (·) ≽ (·) denote the Loewner order [61], that is the
partial order on the cone of PSD matrices. Specifically,
for any pair of Hermitian matrices X,Y we have that
X ≽ Y if and only if X − Y is PSD.

The optimization problem is non-convex since we do
not assume A ≽ 0, indeed A is required indefinite.
However, as anticipated in Section IV, this optimiza-
tion problem can be solved efficiently even in the case
of the non-convexity of the objective (i.e., matrix A is
not PSD). Moreover, this is an exceptional case where
strong duality10 [28] holds, provided that Slater’s con-
straint qualification is fulfilled. That is, there exists

an x ∈ Ŝm such that the inequality constraint (B6b)
holds strictly (i.e. not tight). In our case, an example is
x = vecr(Im)/

√
m+ ϵ for any ϵ > 0, so ∥x∥22 < 1.

Now, we consider the optimization problem consisting
of (B6a) and (B6b). We exclude the constraint in (B6c),
as we will prove being enforced implicitly by the struc-
ture of the matrix A and the non-degeneracy conditions.
The Lagrangian function is L(x, α) = x†(A+αIm2)x−α
with the multiplier α ∈ R+. Consequently, the dual func-
tion min

x
L(x, α) takes the value −α when A+ αIm2 ≽ 0

(i.e. PSD, so the Lagrangian is bounded below in x), and
it becomes unbounded otherwise. Let λmin(·) denote the
minimum eigenvalue of the matrix argument. The La-
grange dual problem reads

max
α∈R+

− α, (B8a)

s.t.A+ αIm2 ≽ 0, (B8b)

then the constraint is fulfilled when α ≥ −λmin(A), so the
dual optimal is α⋆ = −λmin(A) > 0. The space of the
primal solutions is given by the eigenspace corresponding
to the minimum eigenvalue of A − λmin(A)Im2 , that is
the null space of the latter. Given any matrix A, we
denote the null space of A (i.e., the set of solutions of the
homogeneous equation Ax = 0) by Null(A). Let

x⋆ ∈ Null (A− λmin(A)Im2) , (B9)

9 As a simple example, this condition is not met when the sets I+

and I− are identical. However, this would be incoherent since
there is no distinction between the phases.

10 Strong duality is equivalent to the duality gap is zero, that is the
difference between primal and dual solutions.

with ∥x⋆∥22 = 1, be an optimal solution11, we show that if
x⋆ = vecr(M), then M = M†. That is constraint (B6c)
is implied by the structure of matrix A.

The set Sm of Hermitian matrices of order m is a
real vector space, and if B is a basis for it, then Bv :=
{vecr(K)|K ∈ B} is a basis for the vector space of vec-
torized Hermitians. We verify immediately that, by con-
struction, the image of matrix A belongs to the latter vec-
tor space. By the non-degenerancy assumptions (i.e. A is
Hermitian indefinite), we have that λmin(A) ̸= 0. Conse-
quently, the solution x⋆ belongs to the image of A, hence
the matrix M such that vecr(M) = x⋆ is Hermitian. In
other words, we have shown that the assumption thatA is
Hermitian indefinite implies that constraint (B6c) is ful-
filled. When the non-degeneracy conditions are not met,
the case corresponds to the impossibility of obtaining an
order parameter (which could be conditioned to the size
of the observable). This is a situation we encountered in
Section VB.

In (B9) we have proved that the solution may not
be unique, however, this is consistent with the non-
uniqueness of order parameters stated in Section IV.

We note that even in the case of 1-dimensional null
space in (B9), the optimal observable M can be of any
rank since the solution x⋆ is a vectorization of a Her-
mitian operator. For example, in the case of the Ising

model, we could have x⋆ ≈
(
1 0 0 −1

)⊤
(a Bell’s basis

vector) with the corresponding observable being M = σz
(full rank).

We summarize the procedure. Given a lattice of RDMs
for the ground states of a selected Hamiltonian, we obtain
the vector field in (12). The labeling of the phases is ob-
tained using the trigonometric approach explained in Sec-
tion IV, so we derive the sets I+ and I−. Subsequently
to the instantiation of matrix A given in (B7), we use
its eigendecomposition to obtain, first, the verification
that the non-degeneracy conditions are met. Secondly,
the eigenspace corresponding to its minimum eigenvalue
determines the space of solutions (B9).

Appendix C: Special solution of the order parameter
discovery problem

In this section, we obtain the solution for the special
case of the order parameter discovery established by the
problem in (16). The outcome is the close form solution
put forward in (17).

Fixed the density matrices ρ+, ρ− of order m, we de-
fine the linear operator Ξ : Sm → Sm on the space of

11 We note that the vectorization operator vecr(·) : Cm×m → Cm2

is an isomorphism, so the expression x⋆ = vecr(M) implicitly
means that the matrix M is obtained uniquely from x⋆ using
the inverse of vecr.
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Hermitian matrices, given by the rule

Ξ(K) :=− ⟨K, ρ+⟩
⟨ρ+, ρ+⟩

ρ+ +
⟨K, ρ−⟩
⟨ρ−, ρ−⟩

ρ−, (C1)

with K ∈ Sm. Let C ∈ Sm be any non-zero Hermitian,
then the operator

K 7→ ⟨K,C⟩
⟨C,C⟩

C (C2)

is a projection onto the 1-dimensional subspace spanned
by C. Consequently, the operator in (C1) can be related
to the Gram-Schmidt process (GS) [31]. We obtain the
quadratic form for the operator Ξ, so for K ∈ Sm

⟨K,Ξ(K)⟩ =− Tr (ρ+K)
2

Tr(ρ2+)
+

Tr (ρ−K)
2

Tr(ρ2−)
∈ R. (C3)

The latter is the objective of the problem in (16), so the
optimization can be rewritten as

min
M∈Sm

⟨M,Ξ(M)⟩, (C4)

s.t. ∥M∥2F ≤ 1.

We obtain the solution of the latter problem by means
of the singular value decomposition (SVD) of the opera-
tor Ξ, which is established by the following result.

Theorem C.1. Let Ξ : Sn → Sn be the linear operator
defined in (C1). Assume that for the density matrices
ρ+, ρ−, defining Ξ, it holds that ⟨ρ̂+, ρ̂−⟩ ≠ 1. Then,

Ξ(K) =∥V1∥F
〈
K, V̂1

〉
U1 + ∥U2∥F ⟨K,V2⟩ Û2 (C5)

=
√
1− ⟨ρ̂+, ρ̂−⟩2 ·

(〈
K, V̂1

〉
U1 + ⟨K,V2⟩ Û2

)
(C6)

is the reduced-SVD of Ξ, with non-zero singular values

s1 = s2 =
√

1− ⟨ρ̂+, ρ̂−⟩2, (C7)

and unnormalized right Vi and left Ui singular vectors

V1 =ρ̂+ − ⟨ρ̂+, ρ̂−⟩ ρ̂−; U1 = −ρ̂+, (C8a)

V2 =ρ̂−; U2 = ρ̂− − ⟨ρ̂+, ρ̂−⟩ ρ̂+. (C8b)

Proof. We start by rewriting the operator Ξ defined in
(C1) in the equivalent form

Ξ(K) =− ⟨K, ρ̂+⟩ ρ̂+ + ⟨K, ρ̂−⟩ ρ̂−. (C9)

Consider the operator

P (K) = ⟨K, ρ̂−⟩ ⟨ρ̂−, ρ̂+⟩ ρ̂+, (C10)

then adding and subtracting the latter to Ξ we obtain

Ξ(K) = (−⟨K, ρ̂+⟩+ ⟨K, ρ̂−⟩ ⟨ρ̂−, ρ̂+⟩) · ρ̂+ (C11a)

+ ⟨K, ρ̂−⟩ · (ρ̂− − ⟨ρ̂−, ρ̂+⟩ ρ̂+)
= ⟨K, ρ̂+ − ⟨ρ̂−, ρ̂+⟩ ρ̂−⟩ · (−ρ̂+) + ⟨K,V2⟩U2

= ⟨K,V1⟩U1 + ⟨K,V2⟩U2,

with Vi and Ui defined in (C8a). In general, we have
that ⟨ρ+, ρ−⟩ ̸= 0, so K can have a non-zero projection
on both terms of (C9). However, in (C11a) we can im-
mediately verify that ⟨V1, V2⟩ = 0 and ⟨U1, U2⟩ = 0. In
addition, we verify that

⟨V1, V1⟩ =⟨U2, U2⟩ = 1− ⟨ρ̂+, ρ̂−⟩2 ∈ (0, 1], (C12)

thus we can rewrite (C11a) as stated in (C6). Hence, the
expression in (C6) is the reduced-SVD of Ξ, as stated in
the claim.

As the final step, we identify the close formulation for
the solution of the problem in (C4), using the SVD of the
operator Ξ. We assume the conditions of Theorem C.1.
Then, by substituting the right singular vectors into the
quadratic form in (C3) we obtain

〈
V̂1,Ξ(V̂1)

〉
=1− Tr (ρ+ρ−)

2

Tr(ρ2+)
> 0, (C13a)〈

V̂2,Ξ(V̂2)
〉
=−

(
1− ⟨ρ̂+, ρ̂−⟩2

)
< 0. (C13b)

Hence M = V̂2 (expanded in (17)) is the observable that
minimizes the objective in (C3), subject to the norm of
the Hermitian M being 1. In Section D we showcase the
exact formula applied to the Ising model.

Appendix D: Exact example for the order parameter
of the Ising model

We consider the quantum Ising model in a transverse
magnetic field and the representative density matrices
ρ+, ρ− for its phases: if the interaction term dominates or
the magnetic field strength dominates, respectively. We
denote with σx, σy, σz the corresponding Pauli matrices.
Let ρ+ = I+σz

2 and ρ− = I+σx

2 . Both ρ+ and ρ− are

norm 1 orthogonal projections, and ⟨ρ+, ρ−⟩ = 1
2 . We

apply the formula for the optimal observable in (17) to
get

M⋆ =
I+ 2σz − σx

2
√
3

=
σz√
3
+

I− σx

2
√
3

(D1)

which is a norm 1 Hermitian. Clearly, for the disordered

phase Tr(ρ−M
⋆) = 0, whereas Tr(ρ+M

⋆) =
√
3
2 for the

ordered phase. Moreover, we note that M⋆ is a linear
combination of the orthogonal components σz and I−σx.
The σz operator is the local order parameter or scaling
operator, while I−σx measures the magnetization in the
x-direction.
Now, letM = σz/∥σz∥F = σz/

√
2 (norm 1 as forM⋆),

that is the observable M is the magnetization in the z-
direction for present model. Then, Tr(ρ−M) = 0 and
Tr(ρ+M) = 1√

2
, hence we confirm that

Tr(ρ+M) ≤ Tr(ρ+M
⋆). (D2)
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In other words, we have shown that the observable M⋆

presents an increased gap between the phases, when com-
pared to the known magnetizationM or it maximizes the
value in the order phase.

Appendix E: Experimental Methods

To calculate the ground states for the reduced fidelity
susceptibility, we use the density matrix renormalization
algorithm (DMRG) [62]. We use two different software
packages called Tensor Network Python TeNPy [54] and
Quantum Simulation with MPS Tensor qs-mps [63]. In
the case of the Rydberg model instead, we use ITensor
[64].

For the ANNNI model we span the region (κ, h) ∈ R =
[0.01, 1.5]× [0.01, 1.5] while for the cluster (K,h) ∈ R =
[0.5, 1.5] × [0.5, 1.5]. We take n = 64 points for each
axis resulting in a 64 × 64 lattice of parameters, with
a maximum bond dimension χ = 64. Both Hamiltoni-
ans in the top-left corner of their respective regions R
are dominated by the σz term and thus the states will
be a perturbation of the all-up state |↑↑ · · · ↑⟩. To en-
sure the convergence of the DMRG calculations, we use
the following strategy: We begin with a region where
the states are relatively easy to prepare and where the
DMRG converges reliably. From there, we extend the cal-
culation to include nearest-neighbor lattice points, using
the previously obtained state as the initial state. We con-
tinue this approach, gradually moving towards regions
where states are more challenging to prepare. In doing
so, we gain both accuracy and speed. We note the most
time-consuming part of the calculation is solving the lo-
cal eigenvalue problem through the method eigsh from
the software package SciPy [65]. This procedure is ef-
fective up until the point of a phase transition. At that
point, if the computation time exceeds a specified thresh-
old (which can be set either arbitrarily or adaptively),
we shelve the calculation and proceed to the next lattice
point.

Appendix F: Discovered Order Parameter of the
ANNNI Model

Following the procedure given in Section IV for the
ANNNI model, the two-site observable matrix is given in
Figure 17 and decomposed in Section VB.

The decomposition of the observable in terms of Pauli
Operators is given as follows;

M ≈ 0.230 · II − 0.125 · IX
+ 0.137 · IZ − 0.128 ·XI
− 0.174 ·XZ − 0.158 · Y Y
+ 0.136 · ZI − 0.160 · ZX
+ 0.217 · ZZ.

0.2

0.0

0.2

0.4

0.6

FIG. 17: Two-site Observable obtained for the ANNNI
Model using the procedure given in Section IV

Appendix G: The ANNNI model

We first present the phase diagram for the ANNNI
Model which is given in Figure 3, where a variety of rich
phase transitions are present. We initially begin with
small κ and h, where the interactions between neighbors
along the x-axis dominate, resulting in a ferromagnetic
phase where all spins align parallel to one another, ei-
ther as |→→ · · · →⟩ or |←← · · · ←⟩. This ferromagnetic
region is highlighted in purple in Figure 3.
Upon increasing κ and h, a phase transition occurs as

the spins enter a paramagnetic phase (PM), presented
in grey in Figure 3. Entering the paramagnetic phase,
the transverse magnetic field begins to dominate, causing
all states to align with the magnetic field, resulting in
the state |↑↑ · · · ↑⟩. This Ising-like transition has been
previously studied in [66] and the transition line (which
corresponds to the purple line in Figure 3 is given in
[8, 66] as;

hI ≈
1− κ
κ

(
1−

√
1− 3κ+ 4κ2

1− κ

)
. (G1)

Increasing the parameters h and κ, a further tran-
sition becomes evident in the phase diagram between
the paramagnetic and floating phases (FP). This
incommensurate-incommensurate Kosterlitz-Thouless
(KT) phase transition [67–69] (given in blue in Figure 3)
has been approximated in [70] to be

hKT (κ) ≈ 1.05

√(
κ− 1

2

)
(κ− 0.1). (G2)
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Such a transition corresponds to a change in the mod-
ulation wave vector [71], leading to different incommen-
surate structures along the spin chain.

A further transition evident in this phase diagram is
the transition from the floating phase to the antiphase
(AP), where the states exhibit staggered magnetization,
as a result of the next-nearest neighbor interactions dom-
inating, corresponding to |· · · ←←→→←← · · ·⟩. Such
an incommensurate-commensurate transition (given in
green in Figure 3) is described by the Pokrovsky-Talapov
universality class [67, 72], with the transition in this case
given by

hPT ≈ 1.05(κ− 1

2
) (G3)

as highlighted in [70] and corresponds to the green line in
Figure 3. We also note the presence of the Lifshitz point,
marked by a red dot in Figure 3. This point represents
a critical point, known as the Lifschitz point (LP), on
the phase diagram of certain magnetic systems, where
a line of second-order phase transitions meets a line of
incommensurate modulated phases [73]. Finally, we note
the presence of a disordered line in the ANNNI model,
referred to as the Peschel-Every (PE) line [74] within
the paramagnetic phase. This line serves as a reference
point for understanding the characteristics of this specific
phase.

We note this model also reproduces important features
observed experimentally in systems that can be described
by discrete models with effectively short-range compet-
ing interactions [17]. These experimental findings include
Lifshitz points [75, 76], adsorbates, ferroelectrics, mag-
netic systems, and alloys. Conversely, the so-called float-
ing phase emerging in the model is appealing to exper-
imental researchers to explore. This critical incommen-
surate phase has been observed very recently by using
Rydberg-atom ladder arrays [77].

Appendix H: Vector field patterns

This appendix aims to highlight the patterns that
emerge in the plot of the vector fields. Specifically, we
focus on the ”source”-like patterns observed at the phase
transitions and the ”sink”-like patterns that become ev-
ident. We demonstrate the conditions under which these
patterns appear in the plot of the vector field P (λ) (de-
fined in (12)).

Let g : X ⊆ Rn → R be a differentiable function and
define the level set [78]

L(k) := {x|x ∈ X , g(x) = k} (H1)

for some k ∈ R, as the subset of the domain of g whose
image under g is the constant k.
Consider a differentiable curve c(t) on the level set

L(k), that is c : I → L(k) for some open interval I ⊆ R.

x1

x2

c(t)

c(t0)

c′(t0)

∇xg(c(t0))

FIG. 18: Curve c(t) whose image belongs to a level set
of a function g : X ⊆ R2 → R, that is g(c(t)) is constant
for t in some open interval.

Consequently, we have that g(c(t)) = k for all t ∈ I. So,
by the chain rule, we obtain

⟨c′(t),∇xg(c(t))⟩ = 0, (H2)

where ⟨·, ·⟩ is the inner product on Rn. In other words,
if the vector arguments in (H2) are non-zero, then they
must be orthogonal. So, the non-zero gradient of g at a
point c(t) is perpendicular to the tangent of the curve
c at the same point. A pictorial example of the case is
given in Figure 18.

We recall that the gradient is the direction of the great-
est rate of increase of a function. Then, the source-
like structures we observe on the plot of the vector field
P (λ) = −∇g(λ) (eg. see Figure 9) are the local maxima
of the fidelity susceptibility g in the direction transversal
to the phase transition. The latter is consistent with the
manifestation of QPT as a maxima of the susceptibility
in finite-size systems.

Appendix I: Scale invariance of the principal
argument

We prove the scale-invariant property of the function
p(λ) defined in (13), which is employed in the construc-
tion of the phase diagrams.

We begin with a few concepts on the class of homoge-
neous functions. We call a function f : K ⊆ Rn → R
positive homogeneous (PH) of degree α when

f(tx) = tαf(x) ∝ f(x) (I1)

for all scaling factors t > 0 such that tx ∈ K. The term
”positive” refers to the restriction on the scaling factor
t > 0, so the degree α can be any real number. The
power law x 7→ c|x|α is PH. The parameter α is known
as critical exponent in physics. Homogeneity is preserved
by differentiation, so for f : R→ R

∂f(tx)

∂x
=tf ′(tx) = tαf ′(x), (I2)
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(the right-most equality follows from the definition in
(I1)) dividing by t we get f ′(tx) = tα−1f ′(x) so f ′ is PH
with degree α− 1. The latter shows that the vector field
in (12) preserves PH. Instead, the angle of the vector field
defined in (13) is scale-invariant (when the susceptibility
follows the power law as we approach QPT). Indeed, by
denoting the partial derivative gλi = ∂g/∂λi of the func-
tion g defined in (11), we have that

p((λ− λc)t) = arctan

(
tα−1gx2

(λ− λc)

tα−1gx1(λ− λc)

)
= p(λ− λc),

(I3)

when gx1
(λ − λc) > 0 (the other cases for atan2(·, ·)

follow similarly), with λc denoting the critical value for
the QPT.

Appendix J: Relation to information geometry

In this appendix, we discuss the fidelity susceptibilities
relationship to information geometry and the Quantum
Fisher Information (QFI). In (2) we introduced the Bu-
res distance as the statistical distance between density
matrices. The latter, when considered in terms of a small
displacement dλ in the vector of parameters λ, induces
the Bures metric [79]

d2B(ρ(λ), ρ(λ+ dλ)) =
∑
i,j

hi,jλ dλi dλj , (J1)

where hλ is the metric tensor at λ. In other words, the
Bures metric is a notion of distinguishability of two den-
sity matrices that are infinitesimally close in the coordi-
nate system λ. In the realm of condensed matter physics,
the Bures metric is better known as the fidelity suscepti-
bility (introduced in Section II). Thus, the singularities
of the metric hλ, correspond to the critical regions of the
underlying model.

In quantum metrology, the quantum Cramér-Rao
bound [80, 81], is the quantum equivalent to the classical
lower-bound [82] of the variance of the unbiased estima-

tor λ̂ (i.e. E[λ̂] = λ) for an unknown parameter λ. The
bound, in the case of a single parameter λ, is given by

Var(λ̂) ≥ 1

NQ(ρ(λ))
, (J2)

where N is the number of independent repetitions and
Q(ρ(λ)) is the QFI [79]. We consider a multi-parameter

estimator λ̂ the bound of the covariance matrix becomes

Cov(λ̂) ≽
Q(ρ(λ))−1

N
, (J3)

where the relation (·) ≽ (·) is the Loewner order (i.e. for
n × n Hermitian matrices A,B, we have that A ≽ B if
and only if A−B is PSD).

There was consensus that, in the general case, the
fidelity susceptibility is proportional to the quantum
Fisher information [83], that is

XF (λ)
?
=
1

4
Q(ρ(λ)). (J4)

However, in [84] it is proved that at the points where
we have a rank change of the density matrix ρ(λ), the
two quantities are not the same and the QFI presents a
discontinuity. We note that the meaning and the con-
sequent violation of the Cramér-Rao theorem on such
singularities is still an active area of research [85, 86].
Concerning our formulation, the function g(λ) defined

in (11), can be related directly to the trace of the metric
tensor, that is g(λ) = −Tr(hλ). The minus factor is used
as a convention to make the phase transitions appear as
sources in the vector field resulting from (12). In regions
of the parameter space X where the rank of ρ(λ) is con-
stant, it holds that g(λ) is proportional to the trace of
the QFI matrix. We also note that the trace of hλ corre-
sponds to the sum of the susceptibilities for each coupling
parameter λi. The choice of the trace is also justified by
the fact that this operator is basis-independent.
For a comprehensive introduction to information ge-

ometry and QPT, we refer to [87].
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