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Summary

Beam losses are responsible for material activation in certain components of particle accelera-
tors. The activation is caused by several nuclear processes and varies with the irradiation history
and the characteristics of the material (namely chemical composition and size). The maintenance,
transport and elimination of the activated components requires their radiological characterization.

The JEREMY code computes the induced radioactivity from the fluence spectra of the radiation
field to which the component of interest is exposed, from the irradiation history and from the
chemical composition of the material. This paper presents the mathematical formulation of the
computation of the induced activity including a detailed discussion of the propagation of the
uncertainties on the induced radioactivity.
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1 Introduction

The accelerator complex of the European Laboratory for Particle Physics (CERN) in Geneva has
been operated for more than 50 years. The interaction of the particle beams with the accelerator
components leads to the production of radioactive isotopes. The induced radioactivity has to be
measured or calculated in order to plan maintenance operation, distinguish between conventional
and radioactive material, transport it and select the appropriate elimination path.

The approach chosen for the computation of the induced radioactivity with the JEREMY code
is based on two steps. First, the particle spectra of the radiation environment are calculated via
Monte Carlo simulations with codes like FLUKA [1], Geant4 [2] or MCNPX [3]. Given these
fluence spectra as input, the radioactivity build–up and subsequent decay are calculated with the
JEREMY code for each isotope of interest. Previously developed algorithms for the computation of
the radionuclide inventory at the Paul Scherrer Institute (PSI, Villigen, Switzerland) [4,5] (focused
on neutron activation) and at CERN [6, 7] have been extended and implemented in the JEREMY
code.

This paper states the assumptions on which the computation performed with the JEREMY
code is based. The mathematical formulation of the activity calculations is presented with a de-
tailed discussion of the propagation of uncertainties on input parameters (e.g. irradiation history,
material composition, fluence spectra and isotope production cross sections). Finally, the imple-
mentation of JEREMY is discussed.

Since the assumptions made in the two–step approach may be valid for problems other than
the computation of the induced radioactivity of accelerator components, the use of the JEREMY
code can be extended to other fields, e.g. structural material in nuclear reactors.

2 Assumptions

This section describes the assumptions on which the radiological characterization calculated with
the JEREMY code is based.

2.1 Irradiation history

The irradiation history is a critical input parameter for the computation of the induced activity. In
this paper, the computation of the induced activity is described for an irradiation profile that can
be considered as constant on time scales larger than the half life of the shortest–lived nuclide of
interest. This constant irradiation period of length tirr is followed by a cooling period of duration
tcool.

In the case of particle accelerators, the main source of the induced activity is beam loss. Since
the beam loss profile should be more or less constant over time, the assumption of a constant
irradiation profile is easily fulfilled for most CERN accelerator components.
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However, the induced activity for an arbitrary irradiation profile can be computed by first
approximating the irradiation profile with an irradiation histogram and then by the summation
of the induced activities over the time slices of constant irradiation. In order to approximate the
arbitrary irradiation profile sufficiently well, the time slices have to be chosen fine enough.

2.2 Particle spectra

The spectra for the activating particles of the radiation field have to be known for the waste item.
With respect to the spatial location in the waste item, the most common cases can be identified as:

1. The size of the concerned waste item is small compared to the interaction lengths of the
particle types and energies that are dominant in the activation process. Therefore the particle
spectra can be considered as uniform and the computed specific activity is homogeneously
distributed over the waste item.

2. The size of the concerned waste item is large compared to the interaction lengths of the
particle types and energies that are dominant in the activation process. Therefore the particle
spectra vary depending on the position in the waste item. Using a track length estimator,
average particle energy fluence spectra can be scored. The specific activity obtained with
these spectra is an average value for the whole waste item and provides no information on
the spacial distribution of the specific activity.

Furthermote, the spectra for the activating particles of the radiation field have to be the same
for the whole irradiation period. If this is not the case, the irradiation period must be divided into
smaller parts until this condition is met or the remaining non–uniformity is taken into account by
treating it as an uncertainty on the particle spectra.

Uncertainties on these spectra can be propagated to the computed induced radioactivity.

2.3 Uniform and known material composition

The material composition, i.e. the mass weight fractions of the chemical elements, must be uni-
form within the waste item. If this is not the case, the waste item must be divided into smaller
parts until this condition is met or the remaining non–uniformity is taken into account by treating
it as an uncertainty on the material composition.

Uncertainties on the material composition can be propagated to the computed induced ra-
dioactivity.

2.4 No interaction between the radiation field and the produced isotopes

No interaction between the radiation field and the isotopes produced during the irradiation pe-
riod are taken into account. This means that the amount of nuclei of the isotopes produced during
the irradiation period has to be very small compared to the amount of initial material of the com-
ponent.
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Figure 1: Flow of information within the JEREMY code for the computation of the induced activity.

2.5 No depletion of the initial material

It is assumed that there is no depletion of the initial material due to the interactions with the radi-
ation field. This means that the amount of nuclei of the isotopes produced during the irradiation
period has to be very small compared to the amount of initial material of the component. As a
consequence, the capabilities of the JEREMY code to describe breeding reactions are very limited.

3 Computation of the induced specific activity

This section is devoted to the computation of the induced specific activity. After the description
of the information flow within the JEREMY code in Sec. 3.1, the mathematical formulation of the
computation of the induced specific activity is given in Sec. 3.2. The necessary input data are
described in Sec. 3.3 and normalisation issues are discussed in Sec. 3.4.

3.1 Flow of information

The flow of information within the JEREMY code for the computation of the induced activity is
shown in Fig. 1. The fluence spectra together with the isotope production cross sections as well
as the material composition of the component are used to compute the isotope production rates.
The isotope production rates together with the irradiation history yield the specific activity. In case
a normalisation of the specific activity is needed (see Sec. 3.4), a dose rate measurement or the
measurement of the specific activity of a certain gamma emitter can be used to obtain a proper
normalised specific activity.
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3.2 Matrix formalism

The specific activity of isotope b induced by a loss rate of one primary beam particle per second is
given by

Ab =
∑
r

∑
e

Tbr Pre me (1)

where me denotes the weight fraction for element e, r denotes all isotopes that are directly pro-
duced and e the elements of the material. The matrix Tbr describes the time evolution and is
defined later (see Eq. 3).

The production rate of isotope r from element e for a loss rate of one primary beam particle
per second is given by the matrix

Pre =
NA

Me

∑
i=p,n,γ,π+,π−

∫
Φi(E)σi,e,r(E) dE (2)

where NA is Avogadro’s constant and Me is the atomic weight for the element e. The sum is
extended over protons (p), neutrons (n), charged pions (π+, π−) and photons (γ). In this formu-
lation, the natural isotope abundances for each element e are taken into account, i.e. the cross
section σi,e,r(E) is an abundance weighted average of the cross sections of each isotope of el-
ement e. Furthermore, Φi(E) denotes the radiation fluence for the various secondary particles
(i = p, n, γ, π+, π−) generated by one primary beam particle per second. The expression

∑
e Pre me

corresponds to the production rate of isotope r in the whole component for a loss rate of one pri-
mary beam particle per second.

The time evolution of the specific activity of isotope b, i.e. the build–up of isotope r and the
full decay chain leading to isotope b, is described by the matrix Tbr. For an irradiation profile of
a constant irradiation period of duration tirr followed by a cooling time of duration tcool, the time
evolution Tbr is given by

Tbr(tirr, tcool) =
∑
c,r→b

∫ tirr

0

jc∑
m=1

ccm e
−λcm ((tcool+tirr)−t0) dt0

=
∑
c,r→b

jc∑
m=1

ccm
λcm

(
e−λ

c
m tcool − e−λcm (tcool+tirr)

)

=
∑
c,r→b

jc∑
m=1

ccm
λcm

e−λ
c
m tcool

(
1− e−λcm tirr

)
(3)

where c runs over all decay chains starting from isotope r leading to isotope b and jc is the number
of isotopes in a given decay chain c. λcm denotes the total decay rate of the mth isotope in decay
chain c. λ̃cm denotes the partial decay rate of the mth isotope in the given decay chain c and the
coefficient ccm is the bateman coefficient [8, 9] of the mth isotope in decay chain c given by

ccm =

jc∏
i=1

λ̃ci

jc∏
i=1
i 6=m

(λci − λcm)

. (4)
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In order to avoid numerical instabilities in Eq. 3 and 4, these expressions might be evaluated
in multiple-precision arithmetic.

The computation of the time evolution for arbitrary irradiation profiles is discussed in Sec. 2.1.

3.3 Input data

The fluence spectra for various secondary particles, mainly p, n, γ, π+ and π−, per primary beam
particle are critical inputs for the calculation of the induced activity. They can be obtained by
Monte Carlo simulations with codes like FLUKA [1], Geant4 [2] or MCNPX [3].

The isotope production cross sections are also needed. For JEREMY, the isotope production
cross sections for neutrons below 20 MeV have been extracted from the JEFF 3.1.1 library [10]
including the energy dependent branching ratios between ground state and isomeric states when
available. The isotope production cross sections for neutrons above 20 MeV as well as for p, π+ and
π− have been calculated with FLUKA [11] where a branching ratio of 50%/50% between ground
state and the first isomeric state has been assumed for isotopes with isomeric states. The isotope
production cross sections for photons up to 200 MeV have been extracted from the TENDL2010
library [12] that is based on the TALYS code.

The decay data used in JEREMY has been extracted from the JEFF 3.1.1 library [10]. No time
cut–off is applied in the time evolution, even for very short lived isotopes.

3.4 Normalisation

If the absolute scale of the flux of primary particles is not known, the computed specific activity
has to be normalised. There are several normalisation methods, including the normalisation to a
dose rate measurement [6] or to the activity of a certain gamma emitter [7].

4 Error propagation

Standard error propagation assuming Gaussian errors with a given covariance matrix can be used
to estimate the uncertainty of the induced activity. For this method, the derivatives with respect to
the parameters of interest are required. This sections describes the computation of the derivation
with respect to the material composition (Sec. 4.1), to the parameters describing the irradiation
history (Sec. 4.2) and to the particle spectra and the isotope production cross sections (Sec. 4.3).
The error estimation is discussed in Sec. 4.4 for the induced activity and in Sec. 4.5 for derived
quantities.

The uncertainty of the induced activity can also be estimated by means of dedicated Monte
Carlo simulations. This approach is presented in Sec. 4.6.
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4.1 Material composition

The derivative of the induced activity (Eq. 1) with respect to me is given by

∂ Ab
∂ me

=
∑
r

Tbr Pre. (5)

4.2 Irradiation history

The derivative of the induced activity with respect to tcool is given by

∂ Ab
∂ tcool

=
∑
r

∑
e

∂ Tbr
∂ tcool

Pre me (6)

with
∂ Tbr
∂ tcool

=
∑
c,r→b

jc∑
m=1

−cm,c
(
e−λm,c tcool − e−λm,c (tcool+tirr)

)
. (7)

The derivative of the induced activity with respect to tirr is given by

∂ Ab
∂ tirr

=
∑
r

∑
e

∂ Tbr
∂ tirr

Pre me (8)

with
∂ Tbr
∂ tirr

=
∑
c,r→b

jc∑
m=1

cm,c e
−λm,c (tcool+tirr). (9)

4.3 Particle spectra and isotope production cross sections

Often, the particle spectra and the isotope production cross sections are only available as tabulated
values, i.e. histograms. As a consequence, the integral of the folding of the particle spectrum and
the isotope production cross section in Eq. 2 transforms into the sum

Pre =
NA

Me

∑
i=p,n,γ,π+,π−

Ni∑
l=1

Φi(l)σi,e,r(l) ∆Ei(l) (10)

provided that the binning of the spectrum histogram and the isotope production cross section
histogram are identical for each particle type. The index l iterates over the Ni common bins for
particle type i. If the binning of the spectrum histogram and the isotope production cross sec-
tion histogram are not identical, these histograms are rebinned to a common binning. The new
binborders, i.e. {q̄l}l∈[0,Ni], are the union of the binborders of the spectrum histogram and the bin-
borders of the isotope production cross section histogram. The details of the rebinning including
the calculation of the covariance matrix for the rebinned histograms are given in the Appendix.

Assuming that the common binning is described by the binborders {q̄i,l}l∈[0,Ni], the derivative
of the induced activity with respect to the l-th bin Φi(l) of the spectrum histogram is given by

∂ Ab
∂ Φi(l)

=
∑
r

∑
e

Tbr
∂ Pre
∂ Φi(l)

me, (11)
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where
∂ Pre
∂ Φi(l)

=
NA

Me
σi,e,r(l) ∆Ei(l), (12)

with ∆Ei(l) = q̄i,l+1 − q̄i,l.

The derivative of the induced activity with respect to the l-th bin σi,e,r(l) of the isotope pro-
duction cross section histogram for isotope r by shooting particle type i onto element e is given
by

∂ Ab
∂ σi,e,r(l)

=
∑
r

∑
e

Tbr
∂ Pre

∂ σi,e,r(l)
me, (13)

where
∂ Pre

∂ σi,e,r(l)
=
NA

Me
Φi(l) ∆Ei(l). (14)

4.4 Error on the induced activity

In most cases, the irradiation history, material composition, the particle spectra and the isotope
production cross sections will not be pair–wise correlated apart from the material composition
and the particle spectra. However, the impact of small changes in the material composition on the
particle spectra will be very low in general.

Neglecting this small impact, the variance of the induced activity is therefore given by

σ2
Ab

=
∑

ti,tj=tcool,tirr

∂ Ab
∂ ti

σti,tj
∂ Ab
∂ tj

+
∑

mei ,mej

∂ Ab
∂ mei

σmei ,mej

∂ Ab
∂ mej

+ (15)

∑
i=p,n,γ,π+,π−

∑
Φi(l),Φi(j)

∂ Ab
∂ Φi(l)

σΦi(l),Φi(j)
∂ Ab
∂ Φi(j)

+

∑
r

∑
e

∑
i=p,n,γ,π+,π−

∑
σi,e,r(l),σi,e,r(j)

∂ Ab
∂ σi,e,r(l)

σσi,e,r(l),σi,e,r(j)
∂ Ab

∂ σi,e,r(j)

where σti,tj is the covariance matrix of tcool and tirr, σmei ,mej
the covariance matrix for the material

composition, σΦi(l),Φi(j) the covariance matrix for the spectrum of particle type i and σσi,e,r(l),σi,e,r(j)

the covariance matrix for the isotope production cross section for isotope r by shooting particle
type i onto element e.

Since the derivatives involved in the computation of the variance on the induced activity are
available to the user, the impact of the uncertainty of single input parameter, e.g. the cooling time
tcool or the cross section for a specific process, on the total variance on the induced activity can be
assessed.

4.5 Error on derived quantities

The uncertainties can be propagated further for derived quantities since the derivatives involved
in the computation of the variance on the induced activity are available to the user. This is illus-
trated for the computation of the exemption limit value according to the Swiss legislation (which
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is a weighted sum of the specific activities). Furthermore it is assumed that the nuclide inven-
tory has been normalised to the measured specific activity of 60Co, denoted Am

60Co, before. This
yielded a normalisation factor ofAm

60Co/A
p
60Co

whereAp
60Co

is the specific activity of 60Co predicted
by JEREMY before normalisation. The normalised specific activity for a certain isotope b is then
given by

Anorm
b =

Am
60Co

Ap
60Co

Ap
b , (16)

where Ap
b is the specific activity of isotope b predicted by JEREMY before normalisation. The

exemption limit value LE is the sum over all isotopes where each isotope b is weighted with a
predefined factor LEb

LE =
∑
b

Anorm
b

LEb
=
Am

60Co

Ap
60Co

∑
b

Ap
b

LEb
. (17)

The derivative of LE with respect to the measured specific activity of 60Co Am
60Co is simply given

by
∂ LE

∂ Am
60Co

=
1

Ap
60Co

∑
b

Ap
b

LEb
. (18)

To provide a second example, the derivative of LE with respect to tcool is given by

∂ LE

∂ tcool
=

∂

∂ tcool

(
Am

60Co

Ap
60Co

) ∑
b

Ap
b

LEb
+
Am

60Co

Ap
60Co

∑
b

∂
∂ tcool

Ap
b

LEb

=−
Am

60Co(
Ap

60Co

)2 ∑
r

∑
e

(
∂ T60Co r

∂ tcool

)
Pre me ·

∑
b

Ap
b

LEb
+

Am
60Co

Ap
60Co

∑
b

(
∂ Tbr
∂ tcool

)
Pre me

LEb
, (19)

where the definition of Ap
b (Eq. 1) has been used. The derivative ∂ Tbr/∂ tcool is given in Eq. 7. The

variance on the exemption limit value LE is then computed similar to the variance of the induced

activity (Sec. 4.4, Eq. 15) by exchanging Ab for LE and the addition of the term
(
∂ Tbr
∂ tcool

)2
σ2
Am

60Co

that takes the uncertainty σAm
60Co

of the measured specific activity of 60Co into account.

In the JEREMY code, the propagation of the uncertainties is implemented for the two normali-
sation methods mentioned in Sec. 3.4. Furthermore, the user is able to propagate the uncertainties
for arbitrarily complex arithmetic expressions via the scripting interface (see Sec. 5).

4.6 Monte Carlo simulation

Another possible way to estimate the uncertainty of the induced activity is to attribute a probabil-
ity density distribution to every parameter of interest. These probability density distributions are
used to perform a Monte Carlo simulation which yields a distribution for the induced activity Ab.
This approach has also been implemented in JEREMY.

Since the induced activities Ab are available to the user at an event–by–event base, the distri-
butions of derived quantities can easily be obtained.
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Figure 2: Distribution of the ratio of the specific activities of 55Fe and 44Ti obtained with JEREMY
Monte Carlo simulations for two different irradiation histories. The irradiation histories are de-
scribed in the text.

As an example for the estimation the uncertainty arising from the uncertainty of the irradiation
history using Monte Carlo simulations, the distribution of the ratio of the specific activities of
55Fe and 44Ti is shown in Fig. 2 for two different irradiation histories. For the first irradiation
history, the irradiation time tirr is distributed as a Gaussian with a mean of 10 years and a standard
deviation of 4 years. For the second irradiation history, the irradiation time tirr is also distributed
as a Gaussian with a mean of 10 years but with a standard deviation of only 2 years. For both
irradiation histories the sum of the irradiation time tirr and the cooling time tcool is set to 34 years.
The isotope production rates have been computed from spectra of the radiation field of the CERN
SPS (Super Proton Synchrotron) and can be considered as arbitrary since they only influence the
scale of the x axis in Fig. 2. The distribution is asymmetric because the half-life of 55Fe is 2.73 years
whereas half-life of 44Ti is 60 years. Indeed, a 2 year change in the cooling time has a significant
impact on the specific activity of 55Fe and a negligible impact on the specific activity of 44Ti. The
prediction of the ratio of the specific activities of 55Fe and 44Ti is important since 44Ti is a gamma
emitter whose specific activity can be measured in–situ using gamma spectroscopy. On the other
hand, 55Fe is an almost pure beta emitter whose specific activity is difficult to measure in–situ. The
specific activity of 55Fe can be predicted by first computing the nuclide inventory with JEREMY
and then scaling the whole nuclide inventory (including 55Fe) such that the predicted specific
activity of 44Ti is equal to the measured one [7].

5 Implementation

The JEREMY code has been implemented in PYTHON [13] using the NumPy package [14]. Se-
lected core routines have be optionally coded in ANSI C to reduce the computation time.

Because PYTHON is a scripting language and the JEREMY code has been implemented in
PYTHON, JEREMY automatically provides a scripting interface to the user. Therefore it is rather
simple to implement custom parameter distributions or dedicated post–processing routines for
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example. Furthermore the user has full access to all computed quantities for further data explo-
ration.

6 Conclusions

The JEREMY code computes the induced radioactivity from the fluence spectra of the radiation
field generated by the beam loss. These fluence spectra are folded with isotope production cross
sections obtained from FLUKA models [11] except for neutron below 20 MeV for which they have
been taken from the JEFF 3.1.1 library [10].

The JEREMY code provides extensive uncertainty estimation capabilities using either error
propagation assuming Gaussian errors or dedicated Monte Carlo simulations. For Gaussian er-
ror propagation, the full covariance matrices of the isotope production cross sections and of the
fluence spectra are taken into account. For the estimation of the uncertainty of the induced ra-
dioactivity via dedicated Monte Carlo simulations, the uncertainty of input parameters can be
modeled by arbitrarily complex probability density distributions.

The JEREMY code is fully exposed to the user in the PYTHON language. This facilitates in–
depth data exploration since all quantities involved in the computation of the accelerator radiation
induced activity are accessible to the user.
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Appendix

This appendix describes the rebinning of a histogram including the computation of the covariance
matrix mentioned in Sec. 4.3 for Eq. 10.

The histogram to be rebinned is assumed to consist of M bins. This means that there are
{hi}i∈[0,M−1] bin values, {qi}i∈[0,M ] bin borders with qi < qi+1 and a covariance matrix ci,j , i, j ∈
[0,M − 1]. This histogram is rebinned to N bins (N > M ) with binborders {q̄i}i∈[0,N ] by adding
new binborders, i.e. {qi}i∈[0,M ] ⊂ {q̄i}i∈[0,N ].

Then the values {h̄l}l∈[0,N−1] for the rebinned histogram are given by

h̄l = hi(l) (20)

where i(l) denotes the bin i(l) in the original histogram where the new bin l is contained, i.e.
[h̄l, h̄l+1] ⊆ [hi(l), hi(l)+1].

The covariance matrix for the rebinned histogram c̄j,k, j, k ∈ [0, N − 1] is given by

c̄j,k = ci(j),i(k)

√
∆qi(j)

∆̄qj

∆qi(k)

∆̄qk
(21)

where ∆̄qj = q̄j+1 − q̄j and ∆qi = qi+1 − qi. Eq. 21 ensures that the correlation between bins
remains unchanged while the errors are scaled assuming poissonian statistics, i.e. by the square
root of the ratio of the bin widths.

Instead of selecting just the corresponding bin value of the original histogram as bin value
for the rebinned histogram (Eq. 20) more sophisticated interpolation schemes could be chosen for
increased numerical precision. However, the computation of the corresponding covariance matrix
for the rebinned histogram is much more difficult and therefore time consuming in this case.
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