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The ion injectors of the CERN accelerator chain, in particular the Super Proton Synchrotron (SPS) and the
Low Energy Ion Ring (LEIR), operate in a strong space charge (SC) and intrabeam scattering (IBS) regime,
which can degrade beam quality. Optimizing the ion beam performance requires thus to study the interplay
of these two effects in tracking simulations by incorporating both SC and IBS effects interleaved with lattice
nonlinearities. In this respect, the kinetic theory approach of treating IBS effects has been deployed. A new,
modified approach has been introduced using the formalism of the Bjorken and Mtingwa model and the complete
elliptic integrals of the second kind for faster numerical evaluation. This IBS kick is implemented in PyORBIT
and extensive benchmarking cases against analytical models are shown. Results of combined space charge and
intra-beam scattering simulations for the SPS and LEIR are presented and compared with observations from

beam measurements.

I. INTRODUCTION

Incoherent effects like Intrabeam Scattering (IBS) and
Space Charge (SC) can significantly limit the beam perfor-
mance of hadron synchrotrons and have therefore been inten-
sively studied in several accelerators and regimes. In particu-
lar, IBS plays an important role in ion and proton storage rings,
in which the beam is stored for many hours [1H7], in damping
rings, light sources and linear accelerators [[8H16]] and in very
low energy ion machines [17H19]. On the other hand, SC ef-
fects have been studied in many low-energy machines [[20H31]]
and damping rings [32H335]], as the SC induced tune shift can
result in particle losses and transverse emittance increase due
to periodic resonance crossing.

The interplay between IBS and SC can further enhance par-
ticle diffusion in phase space in the presence of excited reso-
nances, as was shown in simulation studies for the Compact
LInear Collider Damping Rings (CLIC DRs) [36]. In rings,
that operate below the transition energy, IBS can lead to emit-
tance exchange between the longitudinal and the transverse
planes. This mechanism could not be simulated with the sim-
plified IBS kick implemented in the tracking simulations de-
scribed in Refs. [4,136]. Thus, a more general implementation
of the IBS kick is required to take into account the exchange
of momenta in all planes.

The most commonly used numerical method for simulat-
ing the three-dimensional IBS effects is the “binary collisions”
model (BCM). In this model, a distribution of macroparticles
is divided into cells and each macroparticle is considered to
interact with any other neighboring macroparticle during a
specific time window. The probability of this interaction de-
pends on the macroparticle density in each specific cell. The
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BCM model is implemented in various tracking codes, e.g. the
MOnte-CArlo Code (MOCAC) [37], the Software for IBS and
Radiation Effects (SIRE) [38]] and the IBStrack [39] found in
the collective effects simulation tool CMAD [40, 41]]. Some
of these codes include other effects like electron cooling and
radiation damping as well.

The downside of the BCM model is that a large number of
macroparticles is required (typically > 5 x 10%) in order to
have sufficiently populated cells. In the case of turn-by-turn
calculations in the presence of additional dynamical effects,
this translates to a high demand on computational resources.
To overcome this challenge, a three-dimensional approximate
model (AM) was introduced in the past [42H44]], rising from
the general Kinetic Theory of gases. This model is based on
the Fokker-Planck partial differential Equation (FPE) that de-
scribes the evolution over time of the probability density func-
tion of the velocity of a particle that experiences friction and
random forces [45]].

To progress in the understanding of the performance limita-
tions of the heavy ion injector chain at CERN, it is important
to have a reliable tool to simulate IBS together with other ef-
fects. Such a simulation tool will also be crucial for studies
of future collider projects. In [36]], a simple kick was used to
simulate the IBS effect in tracking simulations for rings that
operate above transition where no equilibrium can exist [40].
This means that all three planes growth indefinitely in the pres-
ence of IBS alone, if no other limitations are exceeded. How-
ever, for rings operating below transition, equilibrium among
the three planes can exist. Thus, simulating the IBS effect en-
tails the additional complexity that the momenta exchange due
to IBS can lead to damping of the emittance in one or more
planes [46]. In this case, a simple diffusive kick is not suf-
ficient and a friction force is needed to simulate the particle’
momenta exchange. In this paper, we introduce a general IBS
kick based on the Kinetic Theory [42H44] and the Nagaitsev’s
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formalism [47], which is capable of dealing with rings that
operate below transition as well. Using this kick, a simula-
tion campaign was performed for the CERN ion injectors, in
particular the Low Energy Ion Ring (LEIR) and the Super Pro-
ton Synchrotron (SPS). The goal of these simulations is to un-
derstand and recreate experimental observations of transverse
emittance growth, that so far could not be explained by stand-
alone IBS and SC simulations, by studying the interplay be-
tween SC and IBS.

This paper is organized in the following way. After this In-
troduction, in Sec. [[I} the analytical model of Bjorken and Mt-
ingwa [48] will be recaptured. Their formalism will be useful
in Sec. [Illl| where the Kinetic Theory approach and the approx-
imate model introduced in [42-44] will be recalled. Then, our
generalized and simplified IBS kick will be discussed in detail
using both the formalism of Bjorken and Mtingwa [48]] and
the formalism of Nagaitsev [47], which uses the complete el-
liptic integrals of the second kind. In Sec. the simulation
setup will be discussed and a thorough benchmarking of the
introduced IBS kick will be shown for different configurations
in LEIR as well as the SPS. Section [V| summarizes the study
case of LEIR. First the operational aspects of LEIR are dis-
cussed. Then, stand-alone tracking simulations with SC and
IBS, as well as combined SC and IBS simulations are shown.
Similarly, in Sec. a case for the SPS is presented where
beam measurements are compared with tracking simulations
in the presence of the two effects. The main conclusions of
this work are presented in Sec.

II. THE BJORKEN AND MTINGWA FORMALISM

After the classical IBS model of Piwinski [46]], Bjorken and
Mtingwa (BM) came up with a quantum model [48]] to analyti-
cally estimate the effect that IBS has in beams of charged parti-
cles. Their model is based on the Fermi’s relativistic ”Golden
Rule” for the transition rate due to a 2-body scattering process
and includes the effect of strong-focusing lattices.

In the BM model, all that is needed to characterize the emit-
tance growth rates due to IBS are the auxiliary matrices L),
L), L) After some years, these matrices have been gen-
eralized to include non-relativistic factors and vertical disper-
sion [49,50]. The updated matrices are given by:
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The sum of these three matrices gives the general auxiliary
matrix L, defined as:
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where vy is the Lorentz factor, &, , are the transverse emit-
tances, o5 is the momentum spread, S, , are the beta func-
tions of the lattice, 7y y, n;,y the dispersion function with its
derivative and ¢y, H,,, are functions of the optics parame-
ters and are given by the following expressions:
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The growth rates can be expressed through the diffusion ker-
nels IS.M (K;;j in [48]), defined as:
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with 6; being the scattering angle in plane i, and the constant
Apm defined as:
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where Cjog is the Coulomb logarithm, 8 and y are the relativis-
tic parameters, c is the speed of light in vacuum and ry is the
classical radius of the particle.

To make the integral expressions simpler, the kernels can be
expressed explicitly in terms of the tensor & = L + A1, with [
the unit matrix, following [48]]:
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Then, the growth rates are given by the the summation of the
diffusion kernels and the auxiliary matrices L withi = X, ¥,2
from the formula:
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which, if we simply extend the summation, leads to the follow-
ing expressions for the growth rates in each plane:
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where the brackets denote averaging around the ring circum-
ference.

III. KINETIC KICK

Following [42144]], we introduce the vector 7 and the di-
mensionless momentum vector p

A
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with z being the longitudinal particle coordinate, z, the longi-
tudinal coordinate of the bunch center, x and y the horizontal
and vertical transverse coordinates, p the particle momentum,
Ap its deviation from the equilibrium value and x" = p,/p,
¥y = py/p (px, py being the horizontal and vertical momen-
tum components). The FPE in phase space has the following

form (summation over indices m and m’):
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Here @ is the distribution function in phase space, F},, are the
components of the friction force F , Dy are the diffusion co-
efficients. Both the friction and diffusion coefficients depend
on the Twiss parameters of the ring and the beam parameters,
making their evaluation an arduous procedure. To simplify
the model, the components of the friction force are considered
to be a linear function of the momentum F,, = —K,,p,, with
constant coefficients K,,, and all components of the diffusion
tensor are considered constant. Furthermore, it is assumed that
most of the IBS interactions take place inside the beam core,
which is usually similar to a Gaussian distribution.

Averaging over all particles and following the aforemen-
tioned approximations of the AM model [42,44], the friction
and diffusion coefficients are given by the following expres-
sions:
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In the AM model, it is assumed that (p) = £./Bx. (p3) =
gy/By and <p§> = o-é. The integrals J; ; are given by:
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Further derivations and formalisms for the coefficients and the
integrals of this model are neglected here since they are out of
the scope of this paper.

In order to simulate the IBS effect in a particle distribution,
the momentum kick to be applied to each particle is being de-
rived by the Langevin Equation (LE):
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where ¢; are three random numbers with Gaussian distribu-
tion and unity standard deviation, and the coefficients C; ; are
functions of the friction and diffusion coefficients, taking into
account correlations between coupled transverse and longitu-
dinal degrees of freedom. The C; ; are the coeflicients of a 3x3
matrix which can be found by solving the equations derived by
averaging over the possible values of the random numbers ¢ ;
and over the test and field particles, as shown in [42].

A. Modified Approximate Model

The AM was benchmarked successfully against the BCM
for the TWAC storage ring [42]]. On the other hand, for the
CERN Ion injectors, the simulation results obtained with the
AM model [42} 44]] were significantly different from the ex-
pected results, especially in the horizontal plane, when com-
paring to the results obtained by other analytical models like
BM [48]], or the method of Nagaitsev [47]].

Inspired by the AM method and following the same main
structure of the theory, an alternative approach was imple-
mented, including vertical dispersion as well. Instead of solv-
ing the system for the C; ; coefficients, a more general set of
diffusion and friction coeflicients was calculated. Following
the same simplification steps of [48], as were used to derive
Eq. (O) from Eq. (7). the friction and diffusion coefficients of
Eqs. (T6][T7), respectively, can be rewritten as:
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where again & = L + Al, with [ the unit matrix. In this form,
it is evident that the diffusion kernels IB.M of Eq. () can be re-
written as a function of the friction and diffusion coefficients

of Egs. (20} 21, as follows:
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Substituting the diffusion kernels in the IBS growth rates
given above with the diffusion and friction coefficients of the
AM model using the relation of Eq. (22)), leads to the following
expressions:
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where the expressions including diffusion and friction terms
have been separated for each plane to G, ., and Fy , ., re-
spectively. It should be emphasized that these coefficients have
been derived based on the formalism of the BM model.

To apply the IBS kick to the momenta of each particle i in
the distribution for each plane u = x,y, z using the general-
ized G, and F,, coefficients in place of the original diffusion
and friction coefficients of the AM model (Eqs. (20} 21))), a
modified LE is proposed in the following form:
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where ¢, is a random number following a normal distribu-
tion with zero mean and unit standard deviation, p(z) =
20, A(z), where A(z) stands for the normalized longitudinal
line density at position z within the bunch, and o, is the bunch
length. Last, o, is the RMS momentum of plane u. For the
transverse planes, the momenta p, , have to be corrected in
terms of the off-momentum position of each particle i, and the
optics at the position of the kick, as
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After applying the kick, the transverse momenta have to be
converted back to the physical reference system with their cor-
responding off-momentum position.

The modified LE was inspired by the simple IBS kick
that was first introduced to include the longitudinal line den-
sity [514152] that was later used for IBS studies [4! 36]].

B. Using the complete elliptic integrals of the second kind

A limitation of long tracking simulations with many
macroparticles comes usually from the required computing re-
sources. Including collective effects with heavy computations,
such as IBS, can further increase the processing power re-
quirements. To make the calculations of the IBS growth rates
more efficient, Nagaitsev [47] expressed the integrals of the
BM model through closed-form expressions with the use of

the complete, symmetric, elliptic integral of the second kind
Rp(x,y,z) (with the drawback of ignoring the vertical disper-
sion). Following Carlson’s definition, this integral is given by
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and can be solved without the need of an approximation func-
tion. Instead, it relies on a very efficient integral calculation
algorithm, based on the duplication theorem [S3].

Following the formalism of Nagaitsev [47], the IBS growth
rates can be expressed through the following three integrals:
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where A1, A5, A3 are the three eigenvalues of the auxiliary 3 x3
matrix L, defined in the BM model [48], as was previously
shown in Eq. {@). The three eigenvalues are given by:
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Here, the goal is to express the diffusion and friction coeffi-
cients of the AM model with the extension to our generalized
model, through the same elliptic integrals of the Nagaitsev’s
formalism. For convenience, the friction and diffusion coeffi-
cients of the AM model given by Egs. (Z0) and 1), respec-
tively, are written as
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where Ay is the constant term preceding the integrals, follow-
ing the formalism of Nagaitsev [47] and the integral ©; ; is
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Following the same procedure as before, the diffusion ker-
BM . .
nels ;7" in the IBS growth rates given in Egs. (1), (12)
and (T3) are substituted by the diffusion and friction coeffi-
cients of Eq. (4I) using again the relation given by Eq. (22).
This yields the following expressions:
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Comparing Eqs. (@3), #4) and @) with the partial IBS
growth rates given by Egs. (30), (31) and (32) in [47]], yields
the following system of equations that expresses the integrals
©; ; in terms of the elliptic integrals Ry, R, and R3:

G)x,x +®Z,Z =R2+R3, G)y,y =Ry, (46)
1
Oy = = [R2(1+2)+R3(1—“—2)], 47)
2 qx qx
2 2
@ZZ:—[RZ(I——)+R3(1——)], (48)
2 qx x
3 2 42
Or. = L0 (R Ry, (49)
X
where we defined g, = /a3 +y?a%¢% to simplify the formu-

las.

Using these expressions, we can now reverse back to the
initial diffusion and friction coeflicients of AM, this time ex-
pressed in terms of the elliptic integrals R;, R, and R3. The
new expressions are:
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Following the same method, the new elliptic diffusion and
friction coefficients are placed in Egs. (T1), and (13)) and
separated to form the new Gy . and F , . kick coefficients
based on elliptic integrals, given by:
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Note that the expressions for the coefficients Fy y ., Gx.y.;
are for a lattice element of length L. For the average coef-
ficients, integration over the full circumference C of the ring
is required, similar to most of the IBS models. It should be
emphasized that the coefficients G; and F; have been derived
using the formalism of the Nagaitsev method. To simulate the
IBS effect for a coasting beam, the bunch length has to be re-
placed by o, = C/2+/rr in these expressions and one has to

consider that TIC,Ongting = 2T1},’““ChCCl [46].

IV. SIMULATION SET-UP AND BENCHMARKING OF
THE IBS MODEL

The simulations studies of the incoherent effects of SC and
IBS were performed using the Polymorphic Tracking Code
(PTC) [54] in the PyORBIT [55] simulation library. PyOR-
BIT is a well-known simulation tool that has been intensively
benchmarked and used for SC studies for many different accel-
erators [24} 156H60]. It provides the possibility to use various
models for the SC potential, e.g. a fully self-consistent 2.5 D
Particle-In-Cell (PIC) solver, a slice-by-slice SC solver and an
analytical frozen potential solver.

For the presented studies, the SC effect is included using
the SC frozen potential solver, where the SC kick at a given



position in the ring is analytically calculated from the lattice
functions, the beam intensity and the transverse beam sizes us-
ing the Bassetti-Erskine formula [[61]. This space charge kick
is weighted by the line density at the longitudinal position of
the particle being tracked. The kick is applied at multiple lo-
cations around the ring, known as SC nodes. A benchmarking
case for the number of SC nodes used in the presented simu-
lations can be found in Appendix [A]

The term "frozen potential" in SC simulations refers to a
model where the electrostatic potential generated by a bunch
of charged particles is assumed to be static or "frozen", mean-
ing it does not evolve as the beam parameters evolve. In studies
that also account for excited resonances or IBS, the assump-
tions underlying the "frozen" space charge potential may no
longer hold. In order to achieve a quasi self-consistent evalua-
tion of the SC kick during the simulation run, the SC potential
was recomputed every 500 turns according to the evolution of
the transverse beam parameters and the longitudinal line den-
sity. This method is known as the "adaptive frozen model",
which allows for a more accurate representation of dynamic
effects while reducing noise effects from the limited number
of macroparticles.

In order to perform the studies of the interplay between the
incoherent effects of SC and IBS, an additional module was
implemented inside PyORBIT. This module follows the for-
malism of the modified AM using the elliptic integrals of Na-
gaitsev, as described in the previous section. It was success-
fully benchmarked against analytical calculations for the LEIR
and the SPS. In this paper, benchmarking cases for different pa-
rameter regimes in the LEIR and the SPS, with Pb-ions, will
be presented. As performed for SC calculations, the IBS kick
is applied once per turn. However, to make the IBS calcula-
tions more efficient, in all the benchmarking and study cases
that will be shown here, the IBS kicks are re-evaluated every
500 turns according to the evolution of the transverse beam
parameters and the longitudinal line density (as in the case
of SC). The total duration of the simulation is 250000 turns,
which is slightly shorter than the full cycle of the ring. The
initial macroparticle distribution is initialized as Gaussian in
the transverse planes. To reproduce the experimental obser-
vations, the initial longitudinal distribution is generated as a
binomial distribution g(x) = (1 — x?)* of exponent u = 15,
which is not far from a Gaussian distribution.

Figure [I]shows the horizontal normalized emittance (blue),
vertical normalized emittance (green) and the momentum
spread (red) comparing the IBS kick from the modified AM
(light colors) and the analytical predictions using Nagatisev’s
model (dark colors) for the nominal parameters of the LEIR,
as described in Table[ll The transverse emittances and the mo-
mentum spread are evaluated using the second-order moments
of the macroparticle distribution, following a similar approach
as described in [23]]. In particular, a Gaussian fit is applied to
the beam profile, and then the weighted RMS emittances are
calculated from the actual beam profile up to the 8¢ extent of
the Gaussian fit. Excellent agreement is observed in all three
planes.

To further benchmark the IBS kick, another benchmarking
case was performed in the regime of a round beam with small

TABLE 1. The LEIR Parameters

Ring and Beam Parameters

Circumference [m] 78.54
Pb5* rest energy [GeV] 193.7
Injection Kinetic energy [GeV/u] 0.0042
Relativistic gamma, 7y, 1.0045
Gamma transition, y;, 2.8384

Harmonic number, & 2

RF voltage [MV] 0.0011
Momentum compaction factor 0.1241
Total number of charges, N, 2.1x1010
Normalized horizontal emittance, £ [um] 0.282
Normalized vertical emittance, &y, [um] 0.282
Bunch length, oz [m] 4.2
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FIG. 1. Comparison of the momentum spread (red), the horizontal
(blue) and vertical (green) emittances, between analytical IBS pre-
dictions (dark colors) and tracking IBS simulations (light colors), for
the nominal parameters of the LEIR as described in Table[l]

normalized transverse emittances of €, = 0.056 um. The
rest of the parameters remain the nominal ones. A similar
comparison between the tracking simulation including the IBS
kick and the analytical estimations is shown in Fig.[2] As ex-
pected, IBS becomes stronger in this case. More blow-up is
produced in the horizontal plane while the momentum spread
is damped more. However, good agreement is observed again.
The largest discrepancy is obtained in the longitudinal plane,
where the longitudinal distribution tends towards a more Gaus-
sian shape compared to the initial binomial distribution as a re-
sult from the IBS kicks. In particular, Fig. [3]shows the initial
(red) and final (blue) beam profiles as produced from the sim-
ulations (crosses) and are compared with Gaussian fits (solid
lines). The difference with respect to the analytical calcula-
tions (that assume Gaussian distributions in all planes) is prob-
ably caused by the fact that the simulated distribution is not
exactly Gaussian.

Figure [] shows a comparison for the regime of short
bunches. That is, the momentum spread and the bunch length
in this benchmarking case are 5 times smaller than the opera-
tional ones, while in the transverse planes the beam is round
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with the nominal normalized emittances &y y = 0.282 um. In
this scenario, the horizontal and the longitudinal planes expe-
rience very strong IBS effect, while the vertical emittance is
slightly damped and then increased. Again, very good agree-
ment is observed between the tracking simulations and the an-
alytical calculations.

The last benchmarking case of the LEIR is the regime where
the LEIR operates above transition. To accomplish that, the ki-
netic energy of the ions was increased to E = 2.6075 GeV/u,
more than 600 times of the nominal one. At higher energies,
the strength of the IBS effect subsides. To enhance it, in this
case the transverse emittances were chosen to be very small
(ex,y = 0.056 um) to result in a sizeable horizontal emit-
tance growth. Figure [5] shows the comparison between the
tracking simulations with the IBS kicks and the analytic cal-
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FIG. 4. Comparison of the momentum spread (red), the horizontal
(blue) and vertical (green) emittances, between analytical IBS pre-
dictions (dark colors) and tracking IBS simulations (light colors), for
around beam with £ , = 0.282 ym and o, = 0.9 m, in the LEIR.

culations, with these modifications. Excellent agreement be-
tween the simulation and the analytical prediction is observed.
The relative difference between the analytical and the track-
ing simulations at the end is smaller than 2%. In this case,
even though there is no growth in the longitudinal plane, some
minor fluctuations can be observed. Because of the much
higher energy, the synchrotron period becomes about 20000
times slower making the synchrotron oscillations of the bunch
clearly visible in these results.
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FIG. 5. Comparison of the momentum spread (red), the horizontal
(blue) and vertical (green) emittances, between analytical IBS predic-
tions (dark colors) and tracking IBS simulations (light colors), when
the LEIR operates above transition with kinetic energy £y = 2.6075
GeV/u for around beam with transverse emittances €,y ~ 0.056 pm.

To have a reliable IBS model, it is crucial to benchmark it
successfully for different ring models with different layouts
and beam parameters. In this paper, two additional bench-
marking cases for the SPS are presented. The ring parame-
ters of the SPS are shown in Table As before, the IBS kicks
are evaluated every 500 turns according to the evolution of the



transverse beam parameters and the longitudinal line density
and the total duration of the simulations is 8 - 10° turns, which
corresponds to 20 seconds of the actual SPS cycle.

TABLE II. The SPS Parameters

Ring Parameters

Circumference [km] 6.9
Pb3% rest energy [GeV] 193.7
Injection Kinetic energy [GeV/u] 5.9
Relativistic gamma, 7y, 7.34
Gamma transition, y;, 18.14
Harmonic number, & 4653
RF voltage [MV] 3.2
Momentum compaction factor  0.1241

The first benchmarking case is for a beam with number of
charges per bunch N. = 2.9 x 10'°, normalized transverse
emittances £y = 1.3 um, £, = 0.9 um and a bunch length
of 0, = 0.23 m. The comparison between the tracking simu-
lations using the modified AM (light colors) and the analyti-
cal predictions using Nagatisev’s model (dark colors) is shown
in Fig. [6] with the color-coding of blue for the horizontal nor-
malized emittance, green for the vertical normalized emittance
and red for the momentum spread. Very good agreement is ob-
served in all three planes with the largest difference in the final
parameters of 2% for the longitudinal plane.
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FIG. 6. Comparison of the momentum spread (red), the horizontal
(blue) and vertical (green) emittances, between analytical IBS pre-
dictions (dark colors) and tracking IBS simulations (light colors) for
the SPS and for initial beam parameters £x = 1.3 um, &, = 0.9 um
and a bunch length of 0; = 0.23 m

To further enhance the IBS effect, a second case of the SPS
was done for 5 times smaller emittances than the ones men-
tioned above. The comparison between the tracking simula-
tions and the analytical predictions are shown in Fig.[7] where
again very good agreement is observed, despite the more se-
vere emittance exchange between the longitudinal and trans-
verse planes due the IBS effect. The reason for this small dif-
ference is that the longitudinal phase space was initialized as a
binomial distribution, like in the case of LEIR discussed above,
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FIG. 7. Comparison of the momentum spread (red), the horizontal
(blue) and vertical (green) emittances, between analytical IBS pre-
dictions (dark colors) and tracking IBS simulations (light colors) for
the SPS and for initial beam parameters £x = 0.26 um, &y, = 0.18 um
and a bunch length of o, = 0.23 m.

and the longitudinal distribution tends towards a more Gaus-
sian shape as a result from the IBS kicks.

Six different benchmarking cases were shown, for different
regimes in the LEIR and the SPS. In all six cases, there is ex-
cellent agreement between macroparticle tracking simulations
with the modified AM IBS kick and the analytical predictions
using Nagaitsev’s analytical IBS model. Thus, this IBS model
can be tested against experimental data from machine mea-
surements and dynamic studies that include other collective
effects, such as SC. For completeness, the invariant of Piwin-
ski [46]] using this IBS kick is compared for two of these cases
against the analytical predictions in Appendix [B]

V. SPACE CHARGE AND INTRA-BEAM SCATTERING
STUDIES IN THE LEIR

The Low Energy Ion Ring is the second accelerator and
the first synchrotron of the CERN heavy ions injectors chain
for the Large Hadron Collider (LHC). The main ring param-
eters of the LEIR are summarized in Table [} as shown ear-
lier. LEIR’s magnetic cycle has a long injection plateau dur-
ing which seven beam pulses are injected from the upstream
LINACS3, at a kinetic energy of 4.2 MeV/u. The seven pulses
are stacked in the longitudinal phase space following an in-
jection scheme which is based on a combined betatron and
momentum phase space painting [62]. Between the individual
pulses, the stored coasting beam is compressed in the 6D phase
space using electron cooling. At the end of the injection phase,
the beam volume reaches an equilibrium between the electron
cooling and the heating processes, such as IBS and SC. When
the electron cooler is turned off, the coasting beam is captured
by the Radio-Frequency (RF) cavity into two bunches. Con-
sequently, the longitudinal line density is increased due to the
bunching, which in turn leads to the enhancement of the SC
and IBS effects resulting in particle loss.



To understand the mechanism for these losses and how SC
and IBS influences the degradation of the beam performance
of the LEIR, studies were performed for different working
points (WP) in controlled conditions injecting only a single
pulse from LINAC3 [63]. These studies showed that the ver-
tical emittance evolution along the duration of the magnetic
cycle could not be explained by IBS only. Following up on
these studies, in order to understand this discrepancy between
measurements and simulations, a simulation campaign with
combined IBS and SC tracking simulations was performed, to
investigate the impact of the interplay between the two effects,
especially in the vicinity of excited resonances, as discussed in
the following.

Due to the high complexity of the machine, a set of measure-
ments for low beam intensity (one injection), similar to [63]
was chosen in order to benchmark the simulations. For these
simulations, the initial parameters that were used are shown in
Table [T} They correspond to the measured parameters right
after the end of the RF-capture.

TABLE III. Beam Parameters for the LEIR simulations

Beam Parameters

Total number of charges, N 1.74x1010

Normalized horizontal emittance, €, [um]  0.162
Normalized vertical emittance, &y [um] 0.189
Bunch length, o, [m] 4.5

A tune scan was performed in simulations using PyORBIT
with the "frozen" potential SC kick and the ideal LEIR lat-
tice, i.e. without machine imperfections apart from the resid-
uval lattice perturbations remaining after the compensation of
the electron cooler magnetic fields. The horizontal tune was
set to O, = 1.82 in all cases, while the vertical tune was var-
ied, as indicated by the black stars in Fig. [§] For reference,
the SC tune footprint was calculated for these beam parame-
ters and is shown together with all the normal (full lines) and
skew (dashed lines) systematic (red) and nonsystematic (blue)
resonances up to 5" order [64]]. The beam distribution is ini-
tialized as Gaussian in the transverse planes and as binomial in
the longitudinal plane and it consists of 5000 macroparticles,
which is sufficient to perform such simulations as shown by the
convergence study for SPS in the Appendix [A] as well as the
convergence study under extreme conditions reported in Ap-
pendix A of [36]. The aperture restrictions of the actual ring
are considered [65]], to accurately simulate the beam losses.
Results are presented in terms of the ratio between final over
initial values for intensity and transverse emittances. The ini-
tial values are measured 675 ms after the start of the magnetic
cycle, while the final ones are measured 1600 ms after the start
of the magnetic cycle (for comparison, the total cycle duration
including the full ramp is 3600 ms, and injection takes place
at 245 ms).

Even in the case of this ideal lattice, the nonlinear SC poten-
tial can drive systematic resonances of even order. In the case
of the LEIR, SC simulations shown with light colors in Fig.[9]
revealed four SC driven resonances: the sixth order coupling
resonance 20 +4Q, = 14, the sixth order vertical resonance

FIG. 8. Illustration of the space charge induced tune spread for the
WP (Qx,Qy) = (1.82,2.80) in LEIR as calculated analytically for
normalized emittances £ = 0.16 um and &y, = 0.19 um, a bunch
length of 0; = 4.5 m, and an intensity N, = 1.6 X 108 jons. The
colored rhomboid indicates the tune shift for on-momentum parti-
cles with different transverse oscillation amplitudes, as indicated by
the black lines. An example of a vertical tune scan as performed
in the simulations is indicated by the black stars. In addition, nor-
mal (full lines) and skew (dashed lines) systematic (red) and nonsys-
tematic (blue) resonances are shown up to 5 h order.

60, = 16, the eighth order vertical resonance 8Q, = 22 and
the fourth order coupling 20 — 20, = —2 resonance [37,66].
In these studies, we focus to the working points indicated by
the grey shadowed area of the plots.

To study the interplay between SC and IBS, IBS was in-
cluded in the simulations using the modified AM described
above. The results are summarized in Fig.[9)and are compared
to the cases where only SC and only IBS are taken into ac-
count. It is evident that in the absence of excited resonances,
IBS dominates the emittance evolution, while the interplay of
the two effects clearly enhances the beam response to the res-
onances, resulting in larger emittance blow-up and increased
particle losses.

To benchmark the combined SC and IBS simulations with
experimental observations, a set of measurements of a vertical
tune scan with a low intensity beam was used, as shown in
Fig.[I0] For this set of measurements the horizontal tune was
set to O, = 1.83 and the results are presented in terms of the
ratio of final over initial values of the transverse emittances
and the intensity. As before, the initial values are measured
675 ms after the start of the magnetic cycle, i.e. the end of the
RF-capture, while the final ones are measured 1600 ms after
the start of the magnetic cycle. For each measurement a fresh
beam was injected.

Due to the low lattice periodicity (2-fold) of the LEIR and
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due to random magnetic errors, various resonances are ob-
served to be excited in the measurements, including the third
order vertical 30, = 8 and the third order coupling O, +20,, =
7 resonances. Attempts have been made to compensate the
30, = 8resonance by using two independently powered skew
sextupole correctors with the appropriate phase advance [63]].
The compensation was optimised by maximizing the beam
transmission while crossing the excited resonance dynami-
cally. The results are shown in Fig.[TT]in terms of the current of
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the skew sextupoles and the resulting beam transmission dur-
ing the resonance crossing. Corrector settings could be found
that restore a beam transmission of more than 90% compared
to 30% without compensation.
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FIG. 11. Beam transmission in LEIR while crossing the 30, = 8
resonance as a function of the currents in the skew sextupoles [63].

To re-create the uncompensated resonance of the experi-
ment in the simulation study, skew sextupole errors were added
in the ideal lattice to excite the 30, resonance. A suitable error
for this case is to use the optimal settings of the skew sextupole
correctors that compensate the 3Q, resonance in the real ma-
chine, but with inverted polarity. This error mostly affects the
30, resonance and thus will have similar behavior between
simulations and measurements.

Combined simulations of IBS and SC were performed using
this configuration for a horizontal tune of QO = 1.83 and a sim-
ilar simulation duration as the 925 ms time window of the mea-
surements. For clarity, simulations with only SC and only IBS
are ignored in this case. The macroparticle distribution was
again initialized as Gaussian in the transverse planes and bino-
mial in the longitudinal plane, consisting of 5000 macroparti-
cles. The results are presented in Fig. [I0]in comparison with
the measurements. Quite good agreement is achieved around
the 30, = 8 resonance and for vertical tunes that are not af-
fected by other resonances. However, in the real machine there
seem to be errors exciting additional resonances in the mea-
surements that do not clearly appear in the simulation. Thus,
these resonances seem not to be caused by the space charge
potential itself, but rather from additional unknown magnetic
errors present in the ring, but not reflected in the correspond-
ing model.

VI. SPACE CHARGE AND INTRA-BEAM SCATTERING
STUDIES FOR THE SPS

The SPS is the largest accelerator of the LHC ion injector
chain, with a circumference of around 7 km. A more detailed



list of parameters was shown earlier in Table [} Despite the
thousandfold higher kinetic energy of the Pb ion beam at the
SPS injection compared to the LEIR injection, SC induces a
considerable tune shift of AQ, , = (=0.2,-0.29) due to the
short bunch length and the large machine circumference, mak-
ing the beam susceptible to resonances.

In the operational conditions of 2016, an emittance ex-
change between horizontal and vertical planes, followed by a
large emittance blow up in both planes was observed along the

flat bottom of the SPS acceleration cycle, as shown in Fig.[T2]

(lines with point markers). A campaign of standalone IBS and
SC simulations was performed in 2020 [67] as an attempt to
explain the behavior of the observed emittance evolution. The
results of the SC simulation shown in solid lines with error bars
and the IBS analytical calculations using Nagaitsev’s method
in light colors, are also shown in Fig.[T2] It is evident that the
observed emittance behavior cannot be explained neither from
standalone SC or IBS simulations.
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FIG. 12. Evolution of the horizontal (blue) and vertical (green) emit-
tance as observed in operation (dotted lines), from IBS analytical cal-
culations using the Nagaitsev’s method (light colors) and from SC
simulations (solid line with errorbars) in PyORBIT (averaged over 3
different runs). The error bars correspond to the one standard devia-
tion.

To this end, a simulation campaign was initiated to inves-
tigate the impact of the interplay between SC and IBS and
whether this interplay could explain the observed emittance
behavior. The simulations were performed using the same
configuration as for LEIR, with the difference that the SC po-
tential is re-evaluated every 1000 turns based on the evolution
of the tracked particles. Additionally, the coefficients of the
IBS kicks are evaluated every 1000 turns, while each particle
receives a change in its momenta depending on the beam pa-
rameters and the particle’s longitudinal position at every turn.

The generated initial distribution is Gaussian in all planes
and comprises 1000 macroparticles—a necessary compromise
given the high complexity of these simulations, yet sufficient
as demonstrated in the convergence studies in Appendix [A] In
addition, a quadrupolar error is included in the ideal lattice,
inducing a 5-10% beta-beating, similar to what is observed in
the real machine under operational conditions. To accurately
simulate the beam losses, the realistic physical aperture of the
SPS is taken into account in the simulations [68]].
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Using the aforementioned setup, a combined simulation
with SC and IBS was performed. Figure [T3] shows the evo-
lution of the normalized horizontal (blue) and vertical (green)
emittances in time, as observed from the measurements (lines
with point markers) and as predicted by the combined simula-
tions (solid line). For the first time, a good agreement could
be achieved in both planes, demonstrating the importance of
the interplay between the two effects in this case. In the ver-
tical plane the agreement is truly excellent while, in the hori-
zontal plane some minor discrepancy is observed in the trend
of the evolution. It has to be noted that the experimentally
observed particle losses were of the order of 10 % and they
were not recreated in these simulations, which might explain
the slightly larger emittance growth. Although no data were
stored for the evolution of the longitudinal beam profile dur-
ing these measurements, there is typically a reduction in bunch
length observed experimentally. In contrast, in the simulations
presented here there is instead an increase of the bunch length
by about 6 %. These differences need to be addressed in more
detail in future studies.
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FIG. 13. Evolution of the horizontal (blue) and vertical (green) emit-
tance as observed in operation (dotted lines) and from combined SC
and IBS simulations (solid line with errorbars) in PyORBIT (averaged
over 3 different runs). The error bars correspond to the one standard
deviation.

VII. CONCLUSIONS AND FUTURE PLANS

In this paper, an IBS kick was implemented in a tracking
code, to study the interplay between SC and IBS in the con-
text of the LEIR and SPS accelerators for Pb ion beams. Both
accelerators operate below transition which makes the imple-
mentation of IBS in tracking simulations not trivial.

The existing IBS approximate model based on the kinetic
theory of gases, implemented by Zenkevich, Bolshakov and
Boine-Frankenheim, is capable of simulating the IBS effect in
macroparticle tracking simulations using significantly smaller
number of macroparticles compared to the BCM model, which
requires a large number of macroparticles to sufficiently popu-
late all the cells. Inspired by this model, a more general exten-
sion is presented in this publication that is able to simulate the
IBS effect for a wider range of accelerators, using the formal-
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simulations.

ism of Nagaitsev and including the longitudinal line density to
modulate the kicks for the particles according to their longi-
tudinal position along the longitudinal profile. Benchmarking
cases for the LEIR and the SPS are presented, for different
parameter regimes. All benchmarking cases show excellent
agreement with the analytical predictions of IBS.

For the case of the LEIR, standalone SC and IBS simula-
tions as well as simulations combining both effects were per-
formed using the ideal lattice (i.e. without machine imperfec-
tions). In the LEIR, several SC driven resonances are ex-
cited due to the low lattice periodicity and the nonlinear po-
tential from SC for a Gaussian transverse distribution. The
combined simulations show a clear enhancement of the par-
ticles’ response to the resonances, leading to larger emittance
blow-up and increased particle losses. An attempt was made to
compare the combined simulations with experimental data by
adding an error to the ideal lattice in the simulations to excite
the 30, resonance, equivalent to the residual nonlinear error
remaining after the correction applied in the real machine to
compensate it. The comparison between these simulations and
the measurements in which the 30, = 8 resonance is uncom-
pensated, revealed that the interplay of IBS and SC can explain
very well the emittance behavior in both transverse planes for
the tunes that are mostly affected from the present resonance
components. In addition, particle losses appear to be generally
larger for all working points in the real machine.

For the SPS, standalone SC and IBS simulations as well
as combined simulations were performed in the presence of
a quadrupolar errors to induce a 5-10% beta-beating, similar
to what is observed in the real ring, in operational conditions.
The standalone simulations of SC and IBS could not explain
the beam behavior that was observed in the measurements of
2016. On the contrary, the combined simulations of SC and
IBS produced promising results, explaining for the first time
the experimental observations from 2016, revealing the impor-
tance of the interplay between SC and IBS effects.

Our study shows that the interplay of SC and IBS effects
need to be taken into account in order to reproduce experi-
mental observations of beam degradation close to lattice res-

onances for both the LEIR and the SPS. In addition, a good
knowledge of the lattice imperfections in both rings is impor-
tant for obtaining an accurate performance prediction and op-
timization.
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Appendix A: Convergence studies

Choosing the appropriate number of SC kicks around the
lattice of the ring and the number of macroparticles in track-
ing simulations is crucial to minimize computational resources
without sacrificing accuracy. To address this, a convergence
study was performed for two cases. These cases involved scan-
ning different numbers of SC kicks or macroparticles in the
SPS to determine the optimal parameters. The ideal lattice of
SPS was used for both study cases, including a quadrupolar
error that induces a 5-10% beta-beating, with the initial beam
parameters similar to those in Sec. [VI| The duration of the sim-
ulations corresponds to 100000 turns around the SPS ring.

In the first case, the number of SC kicks around the ring was
varied, with the distribution initialized using 1000 macroparti-
cles for all cases. Figure[T4]presents the transverse emittances
and momentum spread, normalized to their initial values, for
32, 125, 512, and 1090 SC nodes. These values correspond
to approximately 0.005, 0.02, 0.075, and 0.16 SC nodes per
meter around the ring, or 1.25, 5, 20, and 42 SC nodes per
betatron wavelength, respectively, based on the integer part of
the transverse tunes of Q = 26.

The results indicate that only the case with the smallest num-
ber of SC nodes (32) shows a significant divergence from the
other three scenarios. While the case with 125 SC nodes ex-
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simulations.

hibits a slight deviation from the two cases with larger num-
bers of SC nodes, it remains within acceptable limits. The
cases with 512 and 1090 SC nodes show complete agreement
with each other. Moreover, increasing the number of SC nodes
does not significantly impact the simulation runtime. There-
fore, 1090 SC nodes were selected for all subsequent studies
in the SPS.

In the second study, the number of macroparticles was var-
ied while the number of SC nodes was fixed at 1090. Fig-
ure[T3|shows the transverse emittances and momentum spread,
normalized to their initial values, for distributions initialized
with 1000, 50000, and 100000 macroparticles. In the horizon-
tal and longitudinal planes, all three cases agree perfectly, al-
though the standard deviation over three different simulations
is noticeably larger for the case of 1000 macroparticles. In the
vertical plane, the two cases with larger numbers of macropar-
ticles agree very well, while the case with 1000 macroparti-
cles shows a 3% difference, with error bars covering this mar-
gin. Therefore, a distribution with 1000 macroparticles is suf-
ficient to produce accurate results while significantly reducing
the simulation run time.

Appendix B: Piwinski’s invariant

Following Piwinski’s model [46]], there is an invariant quan-
tity given by the equation:

(H) (L% _y%zr)+ <;z> +<;—z> = const., (B1)

where H is the longitudinal invariant. This equation shows that
the behavior of particles under the influence of IBS is differ-
ent when the ring operates below or above transition. Above
transition (y, > vy;,), the coefficient of H is negative and the
oscillation energy can increase indefinitely as long as it does
not exceed other limitations. This means that no actual equi-
librium can exist in the presence of IBS alone.

Below transition (y, < v;,), all three coefficients are posi-
tive and their oscillation energy is bounded. Thus, equilibrium

can exist by the redistribution of the momenta among the three
planes. This means that in the below transition case, in one or
more planes emittance damping can be observed.

To test the accuracy of this theory, two cases from the bench-
marking examples of LEIR and the SPS were selected. The
Piwinski invariant was computed, along with the evolution of
the emittances, over the duration of the simulation. For sim-
plicity, the invariant was calculated using Eq. (30) from [69]],
and analytical IBS predictions were used to avoid fluctuations
caused by the statistical nature of macroparticle simulations.
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FIG. 16. Piwinski’s invariant, as calculated from the macroparti-
cle tracking results using the introduced Kinetic kick (blue), and the
results from analytical predictions (red) corresponding to the case
shown in Fig. [I] starting from the nominal parameters of LEIR as
described in Table[ll

The first case, shown in Fig. E corresponds to the sim-
ulation in Fig. [I] where the nominal parameters of LEIR, as
described in Table [ were used. This is a below-transition
case, where slight damping in the longitudinal plane was ob-
served, along with growth in the transverse planes. The com-
parison of the total Piwinski invariants between the macropar-
ticle tracking simulations (blue) and the analytical calcula-



tions (red) show excellent agreement. Evidently, the Piwinski
invariant does not remain constant but instead follows an in-
creasing trend in both cases. This behavior is expected since
the model assumes the "smooth" lattice approximation while,
in reality, the derivatives of the beta and dispersion functions,
B’ and 17, have non-zero values in LEIR [70].

The second case corresponds to Fig. [6] where the beam is
initialized with transverse emittances of &, = 1.3 um and
&y = 0.9 ym, and a bunch length of o, = 0.23 m. Fig-
ure [17|compares the total Piwinski invariants from macropar-
ticle tracking simulations (blue) and analytical IBS predictions
using Nagaitsev’s formalism (red), showing good agreement.
The invariant calculation is highly sensitive to statistical fluc-
tuations in beam sizes, leading to minor discrepancies, which
are negligible relative to the scale of the vertical axis. Similar
to the previous case, an increase in the invariant is observed,
which is attributed to the non-zero derivatives of the beta and
dispersion functions, 3, and 7.
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FIG. 17. Piwinski’s invariant, as derived from the macroparticle
tracking results using the introduced Kinetic kick (blue), is compared
with the analytical predictions (red) for the case depicted in Fig. [
This case involves a Pb-ion beam initialized with transverse emit-
tances of ex = 1.3 um and &y = 0.9 um, and a bunch length of
oz = 0.23 m, in the SPS.
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