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We consider extensions of General Relativity based on the non-local function f(R, 07! R), where R is the
Ricci curvature scalar and the non-locality is due to the term (1~ R. We focus on cosmological minisuperspaces
and select viable models by the Noether Symmetry Approach. Then we find viable exact solutions pointing out
the role of non-locality in cosmology.
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I. INTRODUCTION

Einstein’s General Relativity (GR) gives the best description of gravitational interaction. It was proposed in 1915 and gained
a wide success thanks to several experiments and observations which continuously confirm its validity. These confirmations
occurred at several scales of energy, ranging from Solar System up to cosmology. For instance, the expansion of the universe
and the description of large scale structure were a formidable probes at cosmological level. Furthermore, the detection of
gravitational waves and the final evidences of black holes existence provided exceptional test-beds for the theory.

Nevertheless, several shortcomings arose both at ultraviolet (UV) and infrared (IR) scales questioning the validity of GR as
the final theory of gravity. In other words, they suggest that GR could be an effective theory not working at any energy scale.

A first type of shortcomings is represented by the space-time singularities. For example, the Kruskal-Szekeres maximal exten-
sion of the Schwarzschild solution exhibits a true space-time singularity at the gravitational center, which cannot be removed by
coordinate transformations. At the astrophysical level, the so called “Galaxy rotation curve problem” occurs [1, 2]. It consists of
the discrepancy between the theoretical and the observed speed of stars orbiting around galaxies. In order to properly address this
issue, Dark Matter was introduced. It represents a hypothetical fluid supposed to account for the 26% of the Universe content.

Similar problems are suffered by standard cosmology. Current observations show an accelerated expansion of the Universe
at late times. This effect can be taken into account by introducing in the Einstein-Hilbert action the cosmological constant
A. Tt can be physically interpreted as an anomalous fluid with negative pressure, dubbed Dark Energy, which should drive
the cosmological expansion [3, 4]. However, so far, there is no final experimental evidence explaining Dark Matter and Dark
Energy at fundamental level as further particles beyond the Standard Model. The puzzling situation is that the ACDM model
is compatible with precision cosmology observations [5] but it suffers several conceptual shortcomings at theoretical level. For
instance, the observed value of A is 120 orders of magnitude lower than the vacuum energy density predicted by Quantum Field
Theory (QFT) in curved space-times.

Regarding UV scales, GR turns out to be renormalizable up to second-loop level [6], which means that incurable divergences
arise in the attempt to merge GR with Quantum Mechanics. Furthermore, GR cannot be treated under the standard of Yang-Mills
theories, so that it cannot be unified to the other fundamental interactions. Furthermore, the absence of a Hilbert space and the
lack of a probabilistic interpretation of the wave function yield several obstacles so far unsolved. In other words, a quantum
theory of gravity is not yet available at the moment.

These problems suggest that GR needs to be generalized to a more complete theory capable of overcoming low and high-
energy issues. In this framework, extended theories of gravity (ETGs) can be taken into account [7]. They introduce higher
order terms in the curvature invariants or non-minimal couplings between scalar field and geometry into the Einstein-Hilbert
action. These additional terms come from the one-loop effective action predicted by the semi-classical approach of QFT on
curved space-time [8—11]. In this approach, metric is considered as a classical field, while matter is treated as quantum fields.
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It comes out that the effective Lagrangian contains geometrical UV-divergent terms, proportional to R?, R*R,,, and other
curvature invariants [8]. See also [7, 12—15].

These effective corrections involve local fields, thus the related theories are described by local actions, according to the
principle of locality of the interactions. It is important to distinguish between kinematical and dynamical locality/non-locality.
The former refers to the states of the theory: classical theories are kinematically local while quantum theories are kinematically
non-local. Instead, the latter refers to the interaction, so that any theory can be dynamically local or non-local depending on the
locality/non-locality of the action.

To date, no local ETG is a candidate for a ultimate theory of gravity, mainly because the associated quantum theories are not
fully renormalizable and unitary.

An attempt to overcome GR shortcomings is based on the breaking of locality principle by means of dynamically non-local
ETGs. In the last years non-local theories of gravity spread out in the context of Quantum Gravity, especially due to their
capability to provide a quantum description for the gravitational interaction. It is a matter of fact that dynamical non-locality
is a property shared by all the other fundamental interactions when their one-loop effective actions are considered [16]. In
fact, renormalizable one-loop effective Lagrangians arise after integrating out massive fermions. This is the case of Quantum
Electrodynamics. Here, non-locality is due to the intrinsic non-local nature of integration, which can be recast as the inverse of
a differential operator. Another significant example is provided by the Yukawa theory with a massive scalar field ¢, where the
non-locality is due to the integral operator (C] 4+ m?)~. See, e.g. [17].

Non-local ETGs bring non-locality in the gravitational interaction, i.e. they describe gravity by non-local effective actions. In
general, two classes of non-local ETGs can be considered: Infinite Derivative Theories of Gravity (IDGs) and Integral Kernel
Theories of Gravity (IKGs).

IDGs consider analytic transcendental functions of some differential operator, mainly exponential functions of the covariant
d’Alembert operator []. An example of such theories is provided by the action [18]:

H(7DS) _ 1
S= g /d% V=g <R - GWQTR‘“’) : (D)

where Kk = % and H (—[J,) is an entire analytic function of (J; = [J/M?2, being M a mass/lenght scale. It is worthwhile to

note that the integral kernel 1/0] = (I~ operator is employed only for dimensional reasons since, after a Taylor expansion of
the exponential, the denominator [J cancels out. This theory can cure classical Black Hole and Big Bang singularities as shown
in [19, 20].

IKGs generally employ integral kernels of differential operators, but mainly the inverse operator [~ (see [21]). A straight-
forward non-local extension of GR is

S = g/d4x\/—_gR [1 + F(D*R)} + 8 )

The term (1~ R can account for the late-time cosmic expansion without invoking any Dark Energy. From a fundamental physics
point of view, IDGs emerges in view to obtain fully renormalizable and unitary quantum gravity models [22]. On the other hand,
IKGs are inspired by IR quantum corrections coming from QFT on curved space-time [16].

Here we will consider higher-order curvature IKG models described by the general Lagrangian density F' (R, D_lR). This
effective theory is a generalization of the IKGs considered in literature so far, e.g. in Refs. [23-26]. Since this model is a non-
local extension of F'(R)-gravity, it could account, in principle, for both UV and IR quantum corrections at once. Specifically, it
could be useful for achieving both inflationary behavior (UV) and the today cosmic acceleration (IR).

In this paper, we will study cosmological solutions of F(R, D_lR) gravity using a spatially flat Friedman-Lemaitre-
Robertson-Walker (FLRW) metric as a cosmological background. The main purpose of the analysis is to select physically
relevant cosmological models. Nnon-local gravity models are selected by the so called Noether Symmetry Approach, whose
main aspects are outlined e.g. in [27, 28]. As shown in literature (see e.g. [29-37]), the approach allows to reduce dynamics by
the existence of symmetries and to find out, eventually, exact solutions.

In Sec. II we overview the foundations of curvature based non-local theories of gravity. Sec. III is devoted to the application
of the Noether Symmetry Approach to non-local ETGs depending on functions of the scalar curvature and the operator (1! .
In Sec. IV, we find analytic cosmological solutions coming from the functions selected by the Noether symmetries. Sec. V is
devoted to the discussion of the results and the conclusions.



II. NON-LOCAL CURVATURE BASED THEORIES OF GRAVITY

Let us introduce now the main properties of non-local theories of gravity based on curvature invariants'. Let us start from
IKGs. The most general gravitational action in four dimensions, quadratic in the curvature, which can be made ghost-free, must
contain infinite covariant derivatives [22, 38—40]. It reads:

s== /d4x V=9 [R " a(RFl( R+ Ry Fy(O)R™ + RWUFB(DS)RWWH , 3)

where o = (Mj;)~? is a dimensional constant, My a mass/lenght scale and F;(CJ;) transcendental entire analytic functions of
the adimensional covariant d’ Alembert operator [, = [J/M 2. Being entire functions, they have no pole on the whole complex
plane, preventing the occurrence of ghosts. Furthermore, being analytic functions, they can be generally expressed in terms of
Taylor expansion as:

)= fin(@)". )
n=0

An interesting class of IKGs can be found in Ref. [18]. The corresponding action reads:

H(7DS) fl
S= g/d4$\/—g (R — GWQTR‘“’) : 5)

where H(—J;) is an entire analytic function of [J,. The associated field equations at the order O(R?) are
L -0 m
G +O(R?) = e H(=0.)  (m) (6)

and reduce to GR equations at the zeroth order. In a spherically symmetric space-time, the field equations (6) yield regular black
hole solutions without singularities [ 19]. In cosmology, the theory admits bouncing solutions [20]. The mechanism of resolution
of the singularity is clearly explained in [41, 42]. It basically consists of a non-local smearing of the point-like (Dirac delta)
source of the Schwarzschild metric induced by the infinite derivatives. This non-local effect implies that the metric is no longer
a vacuum solution. In fact, far from the source, gravity is well described by GR, but once approaching the non-local region
r < 2/Mj the smearing effects of the source (induced by the non-locality) start being relevant. In particular, all the curvature
scalars turn out to be non-singular into this region, so that no singularity occurs even at the gravitational center.

Another relevant example can be found in [43], where the authors provide the maximal super-renormalizable and unitary
UV-completion of the Starobinsky model, whose action is:
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with H; and p("2) being entire analytic functions (for details see [43]). Any further extensions of the action (7) can be proved to
be non-unitary.

IDGs are the ultimate consequence of the higher order UV quantum corrections, as discussed in the introduction. The local
corrections come from an expansion around s = 0 of a Schwinger proper time integral [8], which is therefore valid for small
times. On the contrary, to get IR corrections, an expansion around s — oo is needed. However, the Schwinger proper time
integral is meaningful only when the masses of the matter fields are larger than the potential and the space-time curvature. In
the massless limit, the proper time integration becomes divergent for late times (s — o0). This is due to the perturbative nature
of the approach, thus a non-perturbative technique to calculate the Schwinger proper time integral is necessary to overcome the
issue. This would allow to take into account both UV and non-local IR effects, for every values of potential, curvature and mass.
Such technique can be found in [16] and provides the following non-perturbative action of some QFT in curved space-time:

Wo= - [dley=5 [V(0) + V@O - V) V()] + 5 2, ©)

I As discussed in [23], it is possible to formulate non-local theories of gravity based on other geometric invariants as the torsion scalar considering a teleparallel
approach.



where V() is the potential of the theory and ¥ is the following surface term:
Y= /d4x«/fg {R — R, O07'G™ +27'R(O7'R™)O 'R+

— R™(O7'R,)O0 'R+ (O 'R*P) (VL. O 'R)Vs O 'R+
—2(VFO'R"™)(V, 07 'Ry )07 ' R
—2 (07 R (Y, 07 RY)V, 07 Ras + O[R4] }.

(10)

Further details can be found in [16]. It is worth stressing that the late-time effective action strongly depends on the integral
operator [J~1, which is thus able to grasp late-time quantum corrections to GR. As mentioned above, it was suggested in [21].
The considered action is

S= g/d‘lx\/_—gR[l—i-F(D*lR)} + 8 (11
with I (DflR) being an arbitrary function of [J~! R. The associated field equations are

G+ AG,, = %T#([,”) : (12)
where
MG = (G + g 0= V¥, {F +07'[RF] } + [@fﬂ 5,7 — %gwgp”} 0,(07'R) 0, (D—l [RF’D . (13)
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o0 1R)

It can be showed that the operator (1~ ! can naturally trigger the current late-time cosmic acceleration. Therefore the non-local
quantity (! R generates the large numbers required by the current cosmic acceleration avoiding the fine tuning of parameters.
Note that these corrections only occur at late-times: during the radiation dominated era the Ricci scalar vanishes and the non-
local effects are thus negligible. In general, non-local ETGs are considered in literature to address shortcomings of GR in
cosmological [24, 44—-46] and spherically symmetric [47, 48] backgrounds. Specifically, in the latter references, the authors take
into account non-local corrections to the Newtonian potential and check how these additional terms can be detected at Galactic

scales [47] or at scales of galaxy clusters. Also gravitational waves, coming from non-local gravity, have been considered
[49, 50].

with the definitions F = F (D*lR) and F' =

III. NOETHER SYMMETRY APPROACH FOR F (R7 I:I_lR) GRAVITY

Let us now introduce a class of non-local IKG models which we want to select by the existence of Noether symmetries. The
approach can be seen as a physical criterion to select viable models. For a discussion see [35].
The starting action is:

S = /d4xs/—g F(R,O7'R). (14)

This effective theory is a generalization of F'(R)-gravity including non-local terms. A point-like Lagrangian, useful for cosmo-
logical considerations, can be constructed by the auxiliary local scalar field ¢, defined as:

6=0"1'R or R=00¢. (15)

In such a way, the action can be "localized" and the starting model can be recast in terms of a scalar-tensor theory, described by
the action

S:/d4x\/—_g F(R, ). (16)

Using the Lagrange multipliers method in a FLRW background (with Lagrange Multipliers A; and A2) both with the cosmolog-
ical expressions of the Ricci scalar and the higher-order term [, it is possible to recast the action as

a

S = 27 /dta3{F(R,¢) “M(R—$—3HE) — M {R+6<% + (5)2)] } (17)



By varying the action with respect to R we immediately find

'3
Azigj%%Q*Ah (18)

thus, by promoting A; to a scalar field and setting A\; = A(t), Eq. (17) can be recast as:

s /dtaB{F(R, ¢) — AR — ¢ — 3HS) — <% - >\> {R+6<% + (2)2)] } (19)

After integrating out the second derivatives, the cosmological point-like Lagrangian in the minisuperspace Q = {a, R, ¢, \}
reads as

L= a®F — ¢\ — a>RORF 4 6aa’0rF — 6aa’\ + 6a*aROppF + 6a%a¢ Opy F — 6a2al, (20)

where F' = F (R, ¢) and the subscript R denotes the derivative with respect to R. Eq. (20) is the point-like Lagrangian that will
be taken into account for the application of the Noether approach discussed in details in the Appendices.
In the above minisuperspace Q of configurations, the first prolongation of the Noether vector reads

o 9 9 o .9 ... D .. D ... D
m_ 9 v o 9 IR _ v o o _ o
X a6a+ﬂaR+78¢+5a)\+(a ga)aaﬂﬂ gR)aRJr(w §¢)a¢+(5 fA)aX (1)
Imposing the existence of Noether symmetry
XWL+Lé=y, (22)

we obtain a system of 28 PDEgs, listed in App. B. Neglecting linear combinations, the system reduces to six differential equations:

aOrF — a4+ aB OrrE + ayOreF — ad + 2a OrF Oqcx — 2a\ Og0+
+ a?0pRF 0.8 + a263¢F Day — 20,0 — a OpF 06 + aX D& =0
2000rrF + af OrrrF + avy 8RR¢F + a0, Opp F+
4+ a0rBIOrrE — a0 OrpF =0
12« 8R¢F + 60 O0rrsF + 60y OrppF + 6a 0qcx Opgy F'+
+6a 0y OrpE + 6a 04y Ope F' — a28a5 —6a0peF 06 =0
—12a — 6a Oqx + 6a OxB OrpF — a28a'y —6a0)\0 +6a0:£ =0
—3a—adgy—a0d\d+ad€ =0
3aF —3aRORF — aR BOgrrE + avy (9¢F —aR~yOpeF+
+ aF 0§ — aRORF O£ = 0.
(23)
The above system admits the following solution for the infinitesimal generator
E(t) = (3ky + E3)t + ko, afa) =kia, B=—2(C+3k)R, ~v=ca O\ =3+ sc, (24)

with ¢;, k; constants. Moreover, it turns out that two different functions F (R, ¢) are selected by the Noether symmetries and
both of them correspond to the above generator. They read:

(25)

~ 3 log|2(¢ k
Fi(R,6) = ~euR + 20 + 3F) R 0 (.4 2B T SRR

2(é3 + 3k1)
Fii(R,¢) = —&1R+ G(R)e=? (26)

Co 10g[2(53 + 3/;’1)R]
2(és + 3k1)

Co 10g[2(&3 + 3]€1)R]
<¢ " 2(é5 + 3k1)

where F (qﬁ—i— ) is an arbitrary integration function which depends on the argument

). The first function is a solution of the system (23) if and only if the condition ¢3 + 3k1 # 0
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holds, while the second relies on the condition ¢35 + 3121 = 0. These results show, in a straightforward way, how the Noether
symmetries select models. -
For the sake of simplicity, let us set m = 2(¢3 + 3k1), so that F; can be rewritten as

e log(mR)) |

Fi(R, ¢) = —51R+m1—i—?R1—i—?f(¢+ @7

In order to get exact cosmological solutions, the yet unknown function F must be carefully chosen. Considering that all those
Co 10g[2(&3 + 3]€1)R]
2(é3 + 3k1)

functions which depend on the argument (gb + ) admit Noether symmetries, we consider the simplest

choice, namely:

7 (¢ N Co 1og(mR)) _ st co log(mR) Iy
m

m

with k being any arbitrary constant. Under this assumption, we get

c

@ _1_a calog(mR)

Fi(R,¢) = &R+ km =R % +mlm " RS2 ¢+ ml~ %R (28)
m
(29)
The model F; is particularly interesting because, by setting ¢s/m = —1, it reduces to
Fi(R, )|, =-aR+k m2R?* + m*R? ¢ + com R*log(mR) (30)
L. |
which represents a non-local extension of the Starobinsky cosmological model.
Regarding the second function FJy, by setting G(R) = kR", with k, n real constants, we obtain the s model

~ n, 2o

Fy(R,¢) = —¢1R+ kR"e=2", (€28

which is a slight generalization of the model considered in [23]. The model F5 indeed, contains the exponential non-local factor
appearing in the super-renormalizable and unitary IDGs discussed in Refs. [18, 43]. In other words, the existence of symmetries
selects super-renormalizable models.

Notice that both F} (R, ¢) and F5(R, ¢) contain higher order curvature invariants and local scalar fields, which can trigger, in
principle, the early-time inflation and the late-time cosmic acceleration by means of extra geometric terms.

IV. COSMOLOGICAL SOLUTIONS

We write now the cosmological Euler-Lagrange equations associated to a general F'(R, ¢) model. Then we replace into
the system the functions selected by the Noether symmetry and find out the corresponding exact cosmological solutions. The
equations of motion coming from the Lagrangian (20) yield a system of five differential equations:

1 1 .. . . 2
SF(R.0) = 5 oA+ (H + 3H?)OpF + (2H + 3H*)\ + (QH% + %) (—OrF +X) =0 (32.1)
R=—6(2H*+ H) (32.2)
¢+ 3H¢+12H? +6H =0 (32.3)
A+3HAN+04F =0 (32.4)
1 1., .

5F(R, ?) + 3 OA (3H2 + 3H%) A+ [3(1{ + H?) — SH%} OpF =0 (32.5)

The last equation is the energy condition Ey, = ¢° qui — L, which corresponds to the (0,0) component of the field equations.

Egs. (32.2), (32.3) and (32.4) are the cosmological expression of R and the two Klein-Gordon equations for the scalar fields ¢
and ), respectively. The Euler-Lagrange equation with respect to the scale factor is the cosmological Friedmann equation.




By replacing the first function F (R, ¢) into eqs (32.1)-(32.5), it is possible to find the following sets of solutions:
I):

03673At

a(t) = ape™  R(t) = —12A% ¢(t) = %(40 +3k) —4At  A(t) = 5T6m>A°t — A

- &15
with

A=q/—

T9me (m <0), ¢é3=—2m.

1)

In this case, the equations of motion provide further constraints to the form of the function F; (R, ¢), which turns out to be
reduced with respect to Eq. (28). One possible solution is given by GR minimally coupled to a scalar field, namely

Fl(Ra¢) = 761R+¢5

while, in the other case, the free parameters are constrained such that the function takes the form

Fi(R,¢) = —a R+ 4V2(~6&) TR (¢ + k). (33)
III) Finally, we have

a(t)=apt™" R(t) ~ t72 $(t) ~ Ca +log(t) Ait) = —é + C3t*t + Cym3t™*,

Specifically, it turns out that the only function associated to solutions I) and IIT), which contains symmetries and is compatible
with the system in Eqgs. (32.1)-(32.5) reads

_ log(mR
Fi(R,¢) = —&1 R + km3R® + m*R3¢ + m3R® ez log(mR) (34)
m

Replacing the second function (given by Eq. (31)) into the system (32.1)-(32.5), both exponential and power-law solutions
occur. As before, depending on the solution considered, the function F5 turns out to be further constrained by the equations of
motion, with the result that the integration constants are constrained according to given additional relations (see App. C). The
set of solutions reads as:

D

a(t) = ag e™
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In the latter case, the parameters n, p, s are dependent according to the relations provided in App. C.
As an example, by setting n = 1 from the beginning, the two solutions take the form:

I)n:l
a(t) = ag e™
R(t) = —12A%
o(t) = —4At + Co
Oy C e*BAt ~
At) = —3ke 2“2 _ ST —C
corresponding to the model:
Fy(R,¢) = —&1R + kRe? (35)
D=1
a(t) = at?
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corresponding to the model
F3(R,¢) = —& 1R+ kRe@ 0% (36)

It is worth noticing that all physically interesting cosmological behaviors can be recovered, in particular accelerating behaviors.
They are strictly related to the existence of the symmetry that allows to reduce dynamics selecting the form of the interacting
Lagrangian.

V. DISCUSSION AND CONCLUSIONS

We considered effective higher-order IKG models described by the function F'(R,[J"!R), a non-local straightforward ex-
tension of F'(R) gravity, showing that these models can potentially allow both early and late-time accelerated expansion. In



particular, inflation would be triggered by higher-order curvature invariants, while late-time expansion by non-local scalar field
¢ = O~ R. This prescription allows to interpret dark energy as a geometric contribution, without introducing any exotic fluid
which, to date, has never been observed directly.

We used as a criterion to select viable models the existence of Noether symmetries for point-like Lagrangians describing
cosmological dynamics. The Euler-Lagrange equations, associated to the symmetries, yield first integrals of motion which allow
to reduce dynamics and, eventually, to find out exact solutions.

A key step towards the search for symmetries in non-local theories, is the introduction of the auxiliary local scalar field
¢ = O7'R. It implements a formal “localization process” for the field [J=! R, so that the theory can be recast in terms of a
local scalar-tensor theory F'(R, ¢), with the constraint ¢ = R.

Noether Symmetry Approach can be applied to the point-like Lagrangian, by using the existence condition (A12), which
leads to a system of 28 PDEs. We selected two different models containing symmetries and studied the associated cosmological
behaviors. Both exponential and power-law solutions occur for the scale factor and the applicability to realistic cosmological
behaviors depends on the energy ranges related to the parameters.

As a general remark, it is clear that local and non-local contributions work at different scales and this could be a consid-
erable input to address parameter tensions in cosmological behaviour recently reported, in particular the Hy tension, namely
the discrepancy in the value of the Hubble parameter as obtained from Cosmic Microwave Background data and kinematic
measurements related to Cepheids and Supernovae. This issue, not due to systematic experimental errors, can represent a real
weakness of the ACDM model. A possible explanation for such an incompatibility is to include further degrees of freedom in the
gravitational sector. These further degrees of freedom, coming from local modifications of GR (see e.g. [51-53]) or non-local
modifications [54], can alleviate the H( and the other tensions. In particular, the combination of local and non-local corrections
could address UV and IR behaviors of cosmic history.

Specifically, the two general models (28) and (31) can be seen as viable effective non-local ETGs matching the different
cosmological behaviors. In a forthcoming study, the above results will be matched with observations.
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Appendix A: Noether Symmetry Approach

Noether symmetries of the Lagrangian are useful to reduce dynamics and analytically solve systems of differential equations.
In what follows we briefly introduce the formulation of the Noether Symmetry Approach used in Sec. II1.
Let us consider the point transformation (x,y) — (Z,§) and let £ be an arbitrary real parameter such that

T =Z(v,y;¢), y =9z, y;€). (A1)

The first-order Taylor expansion of the infinitesimal transformation (A1) around € = 0 yields

Haye)=aten| =z+e(r,y) (A2)
86 e=0

_ Jy

g, yie) =y+egn)  =yten(ay). (A3)
€ =0

The functions £(z, y), n(x,y) are the components of the tangent vector X to the orbit of the transformation at the point (z, y),
ie.

0 0
X :S(JC,ZJ)% +77($7y)8—y-

(A4)
Since (z,y) is an arbitrary point, Eq. (A4) provides the tangent vector field to the group orbits, the so called infinitesimal
generator of the one-parameter group of point transformations. The prolongation of the tangent vector, involving the n — th
derivatives, can be computed by means of the following relations:
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dij(z,y;e)  y'(0y/0y) + (0y/0x) ,
dz(z,ye)  y(0z/dy) + (0z/aw) U DV YiE) (A5)
o, dy

V=== 7' (z,y,y,y";€), (A6)

g/

The prolongations of the generator X can be obtained through a first-order Taylor expansion around € = 0. Replacing Eqgs. (A2)
and (A3) into Egs. (AS) and (A6), the nt" derivatives of the transformed coordinates (up to the first order) read:

d d
7=y +e <d_77 y’—g) =y +enlll, (A7)
T dx
dn(n=1) d
G =y o (B BEY ) il (A8)
dx dx
where
 _ dn"TDyde dn / (n+1)
= ——-y"== (n—9¢)+y 13 (A9)

dx dr  dam™

is the n'" prolongation function of 7). Therefore, the nt" prolongation of Noether’s vector can be written as:
XM =X + 5o, + ... +9"o,m (A10)

Starting from Eq. (A10) and considering a point-like Lagrangian L = L (¢, q(t), G(t)), with ¢* being the coordinates and ¢ the
time, the first prolongation of Noether’s vector can be written as

0 - 0 s O
X =&t o)z, +nz(t,q)6—qi+(n 75(1)8(}“ (A1)

The first Noether Theorem states that the one-parameter group of point transformations generated by X is a one-parameter group
of Noether point symmetries for the dynamical system described by L, if and only if there exists a function g(t7 q(t)) such that

XWL4+¢L =g, (A12)

whose associated first integral of motion is:

. 0L oL
I(t7q,q)=£(qa—(f—L)—na—¢+g- (A13)
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Appendix B: System of Differential Equations Coming from Noether’s Symmetry Existence Condition

The system of differential equations coming from the symmetry existence condition is:

12a OrF Oy — 12a\ Oy + 6a*OrpF 0,3 + 6a°Opg F Oy — 6a% 040 + a*F 0,6 — a® RORE 046 = Oug (B1.1)
6a’0rrF O + a®F Oré — a>ROpF Oré = Org (B1.2)
6a20psF Orx — a®0;0 + a*F 046 — a® RORF 0p& = D49 (B1.3)
—6a20;0 — a2y + aPF 006 — a®>RORF 0)& = Org (B1.4)

aOpF — a4+ aB OrprE + ayOreF — ad + 2a OrF Oy — 2a\ Og0+

) ) ) (B1.5)
+a“OrpEF 0.0 + a”OrgpF 0y y — a” 0,0 — aOrF O +aX0:{ =0
6a%0rrF Opa =0 (B1.6)
6a*0ry F Oy — a*046 = 0 (B1.7)
6020 a4+ a*0yy =0 (B1.8)
66 OpF 9,6 — 6aX D& =0 (B1.9)
126 OrrF o + 6a*OrprF B + 6a*0rpy F v + 64> Opr F Ouc + 12a Og F Opat BL10)
— 12a\ Ora + 6a*OrpF OpB + 6a*0py F Ory — 6a*0Rd — 6a*0prF 0,6 = 0 '
12a OppF a + 6a*0pre F B+ 6a°0ppe F v + 6a° Opg F Oua + 12a OpF Oga+ BLID
—12a)\ yor + 6a*OprF g + 6a°0rg F Ogy — a2046 — 60200 — 6a>0pyF 1€ = 0 '
—12aa — 6620, +12a O F Oxov —12a)\ Ora+6a20rpF O+ BL1D)
— @20,y + 60% Org F Oxy — 6 \6 + 60> 0,6 = 0 ‘
6a263¢F Opa + 6a%0pp F Opax — a*0pd =0 (B1.13)
—6a%0pa + 6a?0rrF Oxa — a®*Opy =0 (B1.14)
—3a*a — 60y + 6a°Opy F Ora — a®0yy — a®0\6 + a9 = 0 (B1.15)
60°0,& — 6a20pyF O\E + 6a20sE = 0 (B1.16)
—6a2OrpF OXE + 6420 =0 (B1.17)
—6a*0prF 0s¢ — 6a*Opg F Opé = 0 (B1.18)
a0r€ =0 (B1.19)
a*0y,6 =0 (B1.20)
alo\é=0 (B1.21)
6020, =0 (B1.22)
—6a*0pg F 046 = 0 (B1.23)
—6a?0rrF ORE =0 (B1.24)
—6a OpF ORE + 6aX\OrE — 6a>0rrF 0,6 =0 (B1.25)
—6a OrF 04& + 6a)\ 0p& — 6a20rg F 0y = 0 (B1.26)
—6a O F O\E 4 6aX O\E + 6a20,6 =0 (B1.27)

3aF —3RadrF — aR BOprF + ay0yF — aR~y OpyF + aF & — aRORF 01 = a™ 20,g (B1.28)
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Appendix C: Relations Among Free Parameters in the Power-Low Solution of the Model F>(R, )

The two equations which determine the relation among the three free parameters n, s, p, corresponding to the model F, of
section III, are:

An*(3p — 1)® + 2n*(1 — 3p)*(6p°(6s — 1) — p(18s + 13) + 5)+

+n2(3p—1) (9p4(48s2 ~ 165 — 3) — 3p°(1445% + 805 — 33)+

+3p%(365 + 925 + 5) — 3p(205 + 13) + 8) + n (54p05(165% — 85 — 3)+

— 9p° (14453 + 565% — 395 — 27) 4 9p* (725> + 1325% 4 315 — 51)+

— 9p®(125® 4 665> + 615 — 27) + 3p?(30s* + 77s — 9t) — 10p(3s + 1) + 2)+

— 3(1 — 3p)?p(2p — 1)(3p2s(4s — 3) — p(65 + 5 — 3) + 25 — 1)} —0,

[2n3(1 —3p)% +n2(3p — 1)(3p*(8s + 1) — 4p(3s +4) + 5)+
+ n(18p4s(4s +1) — 3p3(24s% + 355 + 9) + 6p*(3s% + 135+ 9) — 3p(55 + 9) + 4)+ (C1)

—(1—3p)2(2p — 1)(3ps — 1)] —0.
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