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We recently presented a new mechanism for primordial black hole formation during a first-
order phase transition in the early Universe, which relies on the build-up of particles which are
predominantly reflected from the advancing bubble wall. In this companion paper we provide
details of the supporting numerical calculations. After describing the general mechanism,
we discuss the criteria that need to be satisfied for a black hole to form. We then set out
the Boltzmann equation that describes the evolution of the relevant phase space distribution
function, carefully describing our treatment of the Liouville operator and the collision term.
Finally, we show that black holes will form for a wide range of parameters.
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1 INTRODUCTION

The possibility that our Universe contains a population of primordial black holes (PBHs) —
black holes formed during the Universe’s infancy just after the Big Bang — has recently received
tremendous attention. While this recent surge in interest has mostly been sparked by the advent of
gravitational-wave astronomy and thus of a new tool to search for black holes [1], there is a broad
theoretical motivation for considering the potential existence of primordial black holes. In particular,
depending on their mass and abundance, primordial black holes could constitute the dark matter
(DM) in the Universe [2-6] or produce it through Hawking radiation |7-18]. They can modify the
expansion history of the Universe [13, 19|, destroy unwanted monopoles and domain walls [20, 21|,
evolve into the supermassive black holes found at centre of most galaxies [22], or seed large scale
structure formation [23-27].

Similarly, the physics of early Universe phase transitions has become a popular topic in recent
years, again driven by the prospect of observing gravitational waves from these phase transitions in
upcoming experiments [28-34|. Besides significant advances in our understanding of the dynamics of
these phase transitions [35-39] and in our computational techniques [40-46|, phase transitions have
been widely used as phenomenological tools, for instance to explain the baryon asymmetry of the



Universe via electroweak baryogenesis [47-59] and other mechanisms [60-66], to form DM “nuggets”
[67-69], or to set the abundance of particle dark matter [70-73|. Most recently, several groups,
including the authors of this paper, have explored the possibility that matter compressed by the
advancing bubble walls in a first-order phase transitions may collapse into black holes [68, 74, 75].
These mechanisms offer an interesting alternative to PBH production via the more widely studied
collapse of density perturbations created during inflation [76-82], a mechanism that requires special,
in particular very flat, inflaton potentials. Other proposed PBH production mechanisms include the
collapse of topological defects [83-89] or scalar condensates [90, 91|, as well as collisions of bubble
walls during a first-order phase transition [92-98|.

In the present paper, we expand on the mechanism proposed in ref. [74] which posits that at
some temperature 7;, the early Universe underwent a strong first-order phase transition, and that
during this phase transition the mass of a particle species x changed substantially from being nearly
massless (m, & 0) in the false vacuum phase to being very massive (m, > T},) in the true vacuum
phase. Due to this large gain in mass, very few y particles were able to enter the true vacuum phase
(due to energy conservation). Instead, they were pushed ahead of the bubble walls that separate
the two phases, such that towards the end of the phase transition their energy density within the
remaining false vacuum pockets was significantly enhanced compared to their thermal equilibrium
energy density. In some of the pockets, it may have become large enough to trigger black hole
formation.

In the following we describe in detail the numerical calculations we carried out to simulate this
PBH formation mechanism. After setting down our notation, introducing a simple toy model, and
discussing the mechanism qualitatively in sections 2.1 and 2.2, we describe the various criteria for
the formation of black holes in sections 2.3 and 2.4. Either the pocket, or bubble, containing the x
overdensity must shrink below its own Schwarzschild radius, or it has to satisfy the Jeans instability
criteria to initiate collapse, while at the same time the collapse must not be stopped by either
degeneracy pressure or by the outward pressure that x exerts on the wall. In section 3 we derive the
Boltzmann equation that describes the dynamics of x during the phase transition, and we explain
how we solve it numerically. We present our results in section 4 and discuss the dependence on the
phase transition properties in section 5. We conclude in section 6.

2 BrLAcCK HOLE FORMATION DURING COSMOLOGICAL FIRST-ORDER PHASE
TRANSITIONS

2.1 General Mechanism

To illustrate the mechanism of PBH formation during a first-order phase transition, we introduce
a minimal toy model which extends the Standard Model (SM) with a Dirac fermion x and a real
scalar field ¢. Both x and ¢ are gauge singlets. Their Lagrangian contains a Yukawa interaction
and the scalar potential,

LD —ydxx — V(e H), (1)

where y, is the coupling constant (assumed to be real for simplicity), and V' (¢, H) is the scalar
potential which depends on ¢ and the SM Higgs field H. To remain as general as possible, we do not
assume a specific potential and only assume a few properties which are necessary for our purpose:

1. The phase transition, occurring at nucleation temperature 7;,, must be first order to ensure
that the true and false vacuum phases coexist at the same time and that they are separated
by domain walls.



FIG. 1. A schematic picture of the first-order cosmological phase transition: regions of true vacuum (blue)
are expanding with speed v,, and have coalesced, resulting in a shrinking, approximately-spherical bubble of
false vacuum (light red). Very high momentum y particles pass through the bubble wall and convert kinetic
energy into a large mass, while lower momentum yx particles are reflected due to energy conservation. The
reflected y particles build up inside the bubble, creating an energy overdensity which may lead to a black
hole. The local coordinate system and the bubble wall thickness, [,,, are also shown.

2. The vacuum expectation value (vev) of ¢, (¢) = (0|¢|0) is < T}, above the temperature 7T},
(we also assume that m, < T;, in this regime), while (¢) > T;, after the transition (giving x
a mass my, = Yy (¢) > T,). This ensures that the domain walls separating the two phases are
all but impermeable to x particles.

3. The phase transition should proceed very slowly. That is, the time derivative of the bounce
action should be small. This feature is often realised in supercooled phase transitions [99] (see
also refs. [100-102]).

First-order phase transitions are triggered by the nucleation of true vacuum bubbles in a Universe
that is still in the false vacuum. The bubbles expand since their walls are driven forward by the
latent heat release associated with the phase transition (that is, the effective potential difference
between the false and true vacua of ¢). The bubbles collide and merge until the whole Universe
has transitioned to the true vacuum state. As we will see, in our scenario it is more appropriate
to describe the system of interest as a shrinking false-vacuum bubble rather than a population of
expanding true-vacuum bubbles as in most other papers on phase transitions. Such a shrinking
bubble is illustrated by the light-red region in fig. 1.

We will assume that at the onset of the phase transition, there is an equilibrium population of
relativistic y particles that is not in thermal contact with the SM bath.! These particles could
have been in thermal contact at a higher temperature and, as they are still relativistic, would have
maintained the same temperature as the SM bath as the Universe expanded and they decoupled.
Since x particles have a typical kinetic energy ~ T, at the time of the phase transition, and since
their mass would change by an amount > T, if they traversed the wall, conservation of energy
implies that most x particles are reflected from the wall (solid orange path in fig. 1). This means
that an overabundance of x will form inside the shrinking bubble. A x particle also receives a kick
on reflection from the wall, increasing its momentum. We will show that the energy overdensity
inside the shrinking bubble, due to both the y overabundance and their increased momenta, may
become sufficiently large to form a black hole.

! Here and in the following, x is meant to refer to both particles and antiparticles, except when we refer to ¥ explicitly.



Note that in our mechanism a shrinking bubble can only yield a black hole if no new bubbles
nucleate in its interior, up to the point when the black hole forms. Otherwise, the overdense regions
would be split up, and each of these smaller regions may not obtain a large enough overdensity
to trigger black hole formation. For any given region, the probability of producing a black hole is
typically tiny because of this constraint. However, even if black hole formation is rare, it can still
lead to a sizeable PBH abundance today [74].

2.2 Properties of the Phase Transition

Since we do not specify the scalar potential, we will describe the phase transition by its overall
properties: the bubble nucleation temperature T},, the scalar vev in the true vacuum (¢)>,? the
wall velocity v,, and the wall thickness l,,. In our numerical calculation we make several simplifying
assumptions:

1. We assume that the portal couplings ¢|H | and ¢?| H|? are small enough so the phase transition
in ¢ can be treated independently of the electroweak phase transition, but large enough that
¢ remains in thermal and chemical equilibrium throughout the phase transition. When the
phase transition occurs at temperatures greater than ~ 1 GeV, portal couplings as small as
1073 are sufficient to keep ¢ in thermal contact with the SM bath [71]. If the phase transition
occurs at temperatures > 1TeV, these portal couplings may give large contributions to the
SM Higgs mass parameter. However, smaller portal couplings are also viable if ¢ has couplings
to additional new particles that keep it in equilibrium.

2. The shrinking region is spherically symmetric. While this may not be the case to begin with,
surface tension in the bubble walls will tend to pull the bubble into a sphere so it will become
a better approximation as time passes.

3. The latent heat of the phase transition is large enough to sufficiently compress the y particles,
but less than the energy density of the thermal bath. This ensures that the Universe remains
radiation-dominated throughout the phase transition, and we do not need to take into account
a possible intermittent phase of inflation.

4. The wall profile, velocity v, and thickness [,,, as well as the temperature T}, are constant
throughout the phase transition.

These assumptions do not need to be satisfied for the general mechanism to work. However, re-
laxing them will typically require a more detailed analysis than we perform here. We will discuss
assumptions 3. and 4. in detail in section 5.

2.3 Forming a Primordial Black Hole — The Schwarzschild Criteria

The most straightforward condition for black hole formation is that an energy overdensity is
contained in a region smaller than its Schwarzschild radius. In this case, the gravitational force
which the overdensity exerts on a test particle is so great that an event horizon forms. A test
particle entering this horizon will never be able to escape. Note that it is the energy overdensity
that is relevant here, not the total energy contained in the region, because a homogeneous background

2 Since we will consider (¢) as a function of position near the wall, we use (#)*° to denote its value deep inside the
true vacuum.



density does not cause a net gravitational force on a test particle. In this section we will determine
the x energy density required to satisfy this condition. Since the time scale of gravitational collapse
can be significantly shorter than the phase transition completion time, in section 2.4 we will also
consider several conditions that together would lead to an overdensity of particles collapsing into
a black hole in the absence of the bubble wall: the internal pressure must be weak enough so as
not to prevent gravitational collapse (the Jeans instability criteria), Fermi degeneracy pressure must
not prevent collapse (as for white dwarf stars below the Chandrasekhar limit), and the particles
must have a way of shedding angular momentum efficiently. We will see that the Fermi degeneracy
pressure criteria is typically satisfied only after the region has become smaller than its Schwarzschild
radius, while the rate of angular momentum shedding depends on the y interaction strength. We will
therefore use the Schwarzschild criteria outlined in this section as our main criteria for determining
black hole formation.

The spherical region containing the energy overdensity is smaller than its Schwarzschild radius
when

T (t) < ry = ZGE,E(;M) , (2)

where Et(;m) is the energy overdensity contained in a bubble of radius r,,(¢) at time ¢. Conservatively
taking only the energy density carried by y into account (and not that, for instance, in the bubble
wall itself), a black hole thus forms when®

2 o T ?
Ap, (t) = py(t) > —g, T, 3
0% py(0) > Toon T (L) )
where g, is the total effective number of relativistic degrees of freedom in the Universe at temperature
T, , and where we have introduced the Hubble radius at an initial time ¢y via the Friedmann equation,

1 3 30 1
0
=) 4
" H(tp) 881G 72, T2 @)

Note that since the phase transition does not complete instantaneously, the Hubble radius will be
somewhat larger at the time of black hole formation than at tg. To track physical distances, we
write them in terms of the Hubble radius at this time, r%.

Although the Friedmann equation implies that the temperature will also reduce during the phase
transition, we neglect this effect since T;, VH in a radiation-dominated universe and we find that
if black holes form, they do so after not much more than one Hubble time.

We can get an idea of how much a bubble needs to shrink to satisfy the Schwarzschild criteria by
using a naive relation between energy density and bubble radius. Assuming that no y particles pass
through the bubble wall, the number density would be proportional to [r) /7., (¢)]3, where 70 = r,,(t0)
is the initial bubble radius. The x particles gain kinetic energy each time they are reflected from
the bubble wall, where dF = 2v,,F for non-relativistic wall velocities. The time between reflections
for a purely radial x trajectory is dt = 2r,(t) = 2(r), — v,t). Solving [dE/E = [dtvy/ry(t) =
— [ dry /1w, we find that E o 79 /r,(t). Taking these two effects together, we would expect the
energy density to roughly scale as [0 /7, (t)]*. Taking the x particles to initially be in equilibrium,
py(to) = 5t = (7T72/240)g, T2, we then obtain the x energy density as a function of time,

0 \*7x2
t) ~ w — g, T4 5

3 Since p, = 0 outside the bubble, we approximate Ap, (t) as the x energy density inside the bubble, p, (t).



where g, = 4 is the number of degrees of freedom of x + . We can use this result to express the
Schwarzschild criteria as a condition on the bubble radius,

2

T’wét) 5 79)((%9}) . (6)
T V 8 g, T
Interestingly, this criteria is independent of any physical scale, except through g,. As an example, if
r = 1.57% and T,, > 100 GeV, the Schwarzschild condition is satisfied once r,,(t) ~ 0.47%. That
is, after the bubble radius has decreased by a factor of just 3.7. Note that for bubbles this large,
the Schwarzschild criteria is satisfied soon after the bubble has entered the Hubble horizon. In this
case, black hole formation will not be immediate due to causality, which implies that a test particle
cannot be affected by the whole energy overdensity until a signal travelling at the speed of light has
had enough time to traverse the bubble. Still, once the Schwarzschild criteria is satisfied, black hole
formation is practically unavoidable, so we can safely use eq. (3) as our main black hole formation
criteria.

2.4 Forming a Primordial Black Hole — The Jeans Instability Criteria

2.4.1 Jeans Instability

In principle, black holes can also form via gravitational collapse, that is via a Jeans instability.
However, we will ultimately find that this mechanism is not relevant in the scenarios we consider.
We here discuss the calculations that support this conclusion. The Jeans instability criteria requires
that the free-fall time for a spherically symmetric volume falls below the sound-crossing time,

/ 3 rw(t)
tg = P vara—— ts )
i 32GApy (1) < Cs Q

where G is the gravitational constant, ¢s = 1/1/3 is the speed of sound for ultra-relativistic particles,
and Ap,(t) is the local energy overdensity with respect to the surrounding plasma. Using the
Friedmann equation to introduce the Hubble radius, the Jeans instability criteria then becomes

71_4 TO 2
Apy(t) = py(t) > 3607 Té(r;{t)) . (8)

Comparing with eq. (3), we see that a black hole may be formed via collapse when the energy
density is just a factor 12/72 a2 1.2 smaller than the energy density where the Schwarzschild criteria

is satisfied.
Rephrased as a condition on the bubble radius, eq. (8) can be rewritten as

ru(t) o V12 [Toy <7“3>2

0~ 0
Ty T 8 g« \Th

where we have assumed that p, scales with 74 based on the arguments given above eq. (5).



2.4.2 Degeneracy Pressure

As x is a fermion, gravitational collapse into a black hole may be inhibited by degeneracy pres-
sure. We formalise this condition by computing the total energy of the system,

Etot = Egrav + Ekin ) (10)

where Egay is the total gravitational energy and Ei;, is the kinetic energy of the relativistic x gas.
For ultra-relativistic particles occupying a sphere of radius R,

3 GEl%in

=g (11)

Egrav =
Note that R does not need to be equal to the bubble radius r,(t): collapse could in principle start
at R = ry(t) and then be stopped when the population of x particles reaches a smaller radius
R < 14(t). We emphasise that Fyi, and Egray are both functions of R. The system will be stable if
dFEiot/dR is negative because then a decrease in the radius R leads to an increase in energy. If, on
the other hand,

dEtot
dR

>0, (12)

further collapse is energetically favourable.

We can make further analytical progress once the dark matter forms a degenerate Fermi gas: in
this case, Fiyi, can be calculated by multiplying the phase space distribution function (which is just
a step function in the degeneracy limit) by the energy (which equals the momentum for m, = 0),
integrating over momentum, and multiplying by the volume of the bubble. The result is

1/3 rr4/3
By = 3 (97 / M (13)
4 \ 2gy R’

where IV, is the total number of particles collapsing. The condition dE;q/dR > 0 then becomes

dEtot . QGEﬁm . Ekin

= >0 14
dR 5 R2 R ’ (14)
or, equivalently,
N3
Gi’i/s > 0.31. (15)
R2gy

We can now use N, = 3[¢(3)/n?|g, T3 - %W(TO )3 (assuming that loss of y particles through the

w

bubble wall is negligible), the Friedmann equation 7% ~ 1/[1.661/9.GT?] and g, ~ 100 to write the
collapse condition as
PO\ 10\
2 ) () z23x10%. 16
() ()2 o

4 While gravitational collapse may also be inhibited by slow angular momentum shedding, we do not investigate
this further since we find that degeneracy pressure alone inhibits collapse at the parameter points we consider in
section 4.



This condition is most stringent at the largest R, when y particles first form a degenerate Fermi
gas. Typically, this point is reached some time after collapse has started, but to be conservative, we
will set R = r,,(f) when evaluating eq. (16) in section 4.

We see that the degeneracy criteria is difficult to satisfy. A bubble with an initial size r0 ~ 7“%,
needs to shrink by a factor of around 10. By the time this happens, it will either have accumulated
a very large y overdensity, or lots of x particles will have been lost through the bubble wall or
to annihilation. In the former case, the enormous pressure generated by the x overdensity would
need to be compensated by an equally large latent heat release from the phase transition (see also
section 5.1 below). In the latter case, the loss of x particles will reduce the energy overdensity and
preclude black hole formation. The difficulty in satisfying eq. (16) while simultaneously maintaining
an overdensity large enough to trigger a Jeans instability is the main reason why we find, in section 4,
that black holes form due to the bubble shrinking below its Schwarzschild radius (eq. (3)) rather
than via a Jeans instability.

3 THE BOLTZMANN EQUATION

To determine whether it is possible to form black holes via our proposed mechanism, we need
to calculate the energy density of the y particles as a function of space and time during the phase
transition. The energy density is given by the integral over momentum of the phase space distribution
function of x, fy(«, p,t), multiplied by the energy and the number of degrees of freedom of x (g, = 4
for a Dirac fermion).

As discussed above, we consider the scenario where the remaining region of false vacuum (where
(¢) = 0) can be approximated as spherical, see fig. 1. As a consequence, f) possesses a spherical
symmetry and depends on only one spatial coordinate: the distance r to the centre of the spherical
region. The momentum dependence of f,, on the other hand, cannot be reduced to one dimension:
we have to keep track of the radial component p, and the tangential component p, separately. Due
to the spherical symmetry, a given x particle will stay within a plane (ignoring collisions), so the
third momentum variable, which indicates the orientation of that plane, can be dropped. Overall,
we therefore write fy, = fy (v, pr,po, ).

To calculate the evolution of the phase space distribution function, we start from the general
form of the Boltzmann equation,

Lify] = ClA], (17)

where the Liouville operator L[f,] captures the kinetic evolution of y, while the collision term C[f,]
describes scattering and annihilation. Both terms will be discussed in detail below.

For our calculations, it will be useful to express the phase space distribution function in terms of
the equilibrium Fermi-Dirac distribution, i.e.,

Fx(r,prs pos t) = A1, pr, Do, t) [T, Dry Doy B) (18)
with

2(r 1) + p2 + p2)/2\ 1!
my(r,t) +p; + p5) )] 7 (19)

(
LN, prypost) = {1 + exp< T
n

5 Note that while we take a spherical coordinate system in real space, the coordinate system in momentum space
is cylindrical. Our choice of basis in momentum space depends on the position in real space, so that the radial
direction in coordinate space aligns with the axial direction in the cylindrical system in momentum space. The
momentum component in that direction is p,, while p, is the momentum component orthogonal to it.
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and where T, is the temperature of the thermal bath at the time of the phase transition. Note
that we define f, and fy" to be the phase space distributions of a single degree of freedom of x.
In eq. (18), we introduce the phase space enhancement factor A, where A = 1 corresponds to an
equilibrium distribution. A measures the departure of x from equilibrium induced by interactions
with the bubble wall, and it will be the main subject of our numerical calculations.

The change in m,, across the bubble wall is modelled as

mx(r, t) = Yx <¢> (Ta t) ) (20)

where the wall profile — that is, the coordinate- and time-dependent vev of ¢ — is given by

($)(r 1) = % (6 [1 + tanh<3%(7’_“"(t>)ﬂ . (21)

b

We denote the relativistic gamma factor associated with the wall velocity 7, and
ro(t) =10 — vt (22)

is the time-dependent position of the bubble wall in the plasma rest frame at time ¢. Equation (21)
describes a spherical, contracting bubble wall reaching the origin after a time 70 /v,,. In what follows,
we will often shorten m, (r,t) to m,, and we will use the notation m$° to denote the mass of x in
the true vacuum.

Once we have numerically solved the Boltzmann equation to determine f,, we can calculate the
number density and energy density of x as a function of r and ¢ by integrating over momenta. In
momentum space, p, and p, correspond to the axial and radial coordinates of a cylindrical coordinate
system, so the number density and the energy density are

dprpcrdpa

ny(r,t) = gx/(27r)2 S0, Do s t) (23)
dprpodpa

px(rst) = gy / S (2m)? [m2(r,t) + p} + P22 fy(r, pr, Do t) - (24)

The energy density p, is the relevant quantity for BH formation, and we make use of the number
density n, to validate our numerical results, as described in section 3.4.

3.1 The Liouville Operator

The Liouville operator is the total time derivative of the phase space distribution function
fX(r7pT‘7p07t)7
_ de _g%_'_dprafx _|_dpl%+%

L = X _ .
A dt dt or  dt Op, dt 9p, Ot

(25)
Since we are interested in the scenario where [,, < 7,(t), the Liouville operator can be approximated

in different ways near the wall and in the bulk of the bubble. We will first discuss the near-wall
regime, before turning to the bulk.

3.1.1 Near-Wall Regime

Near the wall the y particles have a non-negligible mass which can vary significantly with r and
t, and this provides the dominant contribution to the Liouville operator. Since l,, < 7,,(t), we can
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treat our spatial coordinate system in the near-wall regime as quasi-Cartesian. Moreover, since most
particles will spend very little time near the wall, we also neglect gravitational effects and collisions
in this regime.

The radial velocity dr/dt in eq. (25) can be written as p,/E, and the forces dp,/dt and dp,/dt
which act on the particle can also be rewritten as functions of position and momentum space coor-
dinates. To do so, we start with the relativistic Lagrangian of a non-interacting massive particle,

m
£free == 5 (26)
Y

with the Lorentz boost factor (in spherical coordinates)
v =(1—72 —r%sin0 p? — r26%)71/2. (27)
We can then use the relations
E=vym,, pr=FE7, po=Ero0, pp=FErsinf¢, pgng—i—pi, (28)
together with the Euler-Lagrange equations® to give

dp, My om, lé

dt E Or rE’
dpo _ dpepe | dpope _ _1popr (30)
dt dt po dt p, r E

(29)

The term o< dm, /Or in the first line changes a particle’s radial momentum p, as it interacts with
the bubble wall. The terms o« p, represent a Coriolis-type force, encoding the rotation of the
momentum-space coordinate system as a x particle moves non-radially. The Liouville operator then
takes the form

rE E oOr

op, r E Ops, ot

e Oh (10 om0 Lpep. Oty O an

LA = E or

Close to the wall the Coriolis-type terms o< 1/ are very small compared to the terms oc dm, /0r o
1/1,." As such, we can drop these terms so that

_ P Ofx  my Omy Of | Ofx
LA = E or E Or Op, + ot (32)

Finally, we insert our ansatz for f,, eq. (18), to find

eq |Pr O my Om, O 0 ey My Omy
Lif] = fea|2r 2 M Z (1= fea X
=5 Ear ~E ar o Tar T E g,

A(r, pr, Doy t) (33)

where we have used dm, /0t = v,0m,,/Or.

5 Note that p,, pg, Dy, and ps denote physical momenta, not the canonical momenta in the Euler-Lagrange formalism.
7 While this may not be true for particles with very large tangential momenta, ps > my_, this population is heavily
Boltzmann suppressed.
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3.1.2 Bulk Regime

In the bulk of the bubble a reparameterisation of the momentum components is useful. Deep
inside the bubble, we can assume m, ~ 0. Furthermore, barring hard x—x collisions, the energy F
of a x particle is almost constant in time, with only minor changes caused by the gravitational term.
This motivates trading p, and p, for

E =\/p?+p2 and £= arctan(pT> . (34)

Po
The Liouville operator then becomes

_drofy  dEOf | dEOf | Ofx
LiAd = & or T@woE @ oc ot

The prefactor dr/dt can simply be written as sin§. However, we need to take gravitational effects
into account to determine dE/dt and d§/dt. Ignoring particle scattering and annihilation, which are
accounted for by the collision term, a spherically symmetric gravitational field changes the energy
of a y particle moving from radius r to radius r’ by a factor

(35)

p_ fiow
D) 1-I’

r

(36)

where the Schwarzschild radius rs is given by eq. (2). Considering an infinitesimal shift ' = r + dr

and E' = E + dE, we obtain
dE rek sin &
dt — 2r(r—rs) (37)

To determine d¢/dt, we use the gravitational deflection of a massless particle due to a spherically

symmetric gravitational field,
dr 1 1 r
— 42, - (1= 38
de " \/b2 T2< r > ’ (38)

where ¢ is the polar angle of x with respect to the bubble centre (setting the azimuth angle § = 7 /2
without loss of generality) and the relativistic impact parameter is

b L 1 _ rcos§ (39)

Ey1-1 /1"
Using the relations in eq. (28) and setting § = 7/2, we can write dr/dy = r7/r$ = rp,/ps = rtané.
We then take the time derivative to find

d¢  [sing] 2} —rb? (1 v -1\ »
dt 2 P2 \B2 0 '
Putting everything together, the Liouville operator in the bulk of the bubble becomes®
L[/ = f1 sing2 _ rsBsing 9 n sing[2rd —rb® (1 r—r, —1/23
X or  2r(r—rs) OF 22 1342 \ B2 = 5
9 1*f§q rssiné
ot E. & ). 11
' ot ! Tn 2T(T - Ts) A(r7 & ) ( )

8 In our implementation, we work with logarithmic reparametrisations of the  and ¢ coordinates in the bulk. This
is required to maintain numerical accuracy in late stages of the simulation, where 7, (t) may be < rJ,.
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3.2 The Collision Term

The right-hand side of the Boltzmann equation, eq. (17), describes the effect of xx — ¢ and
XX — ¢¢ annihilation, as well as scattering of y particles with each other and with the scalar ¢.
In our simulation we only include the collision term in the bulk of the bubble, where m, ~ 0, since
its impact near the wall of width [, < 7, is negligible. We now discuss the contributions to the
collision term in the bulk one by one.

3.2.1 The Inverse Decay Term Due to xx <> ¢

The general collision term for the process x(p) + x(q) + ¢(k) is [103]

CUAI 2 ~555 2 [ dilydil (22)5p g = ) [P
pspins
% | Fenfra(+ For) = for( = Fep) (1= fra)| (42)

where M is the matrix element; p, ¢ and k are the momenta of the incoming and outgoing particles
with corresponding energies Ej, = (mé+\kz|2)1/ 2 (and analogously for E, and E,); and the integration
measure for each 3-momentum integral is dIl, = d3k/(16m3E}). For the phase space distribution
functions, we have introduced the short-hand notation f, , = fy (7, p;, po,t) and fyr = f(';q(k:).g The
prefactor 1/2 comes about because f, stands for the phase space distribution function of a single
degree of freedom of x.

Even with the large deviations from equilibrium that will arise in our calculations, it is safe to
neglect Bose enhancement and Pauli blocking by setting 1 & f = 1.1 Using

> IMP =4yi(p-q), (43)
spins
we arrive at
2
Y
C[fx] ) _FX dII,dIT} (27r)4(5(4) (p +q—k) (P : Q) [fx,pff(,q - fcb,k} (44)
p

fxp/ 1/2)
- 7 dapedgrdgs S(E,+ E,— (m2+|p+ / 45
327r2 E, pgCdraq Eq(m +|p+q| )1/2 (Ep g ( ¢ lp q\ ) (45)

/5

X [A(T’p7"7p0'7 ) (T qrgqU,

t) —

2m2 fed 2E,E, — 2 2\2]7?

_yX Mg fXJ) dQTdQU ( Drdr — m¢>
3272 E,p, 2olo

X [A(T,pmpa,t)A(r,qr,qa, t)— 1] o (46)

where oy is the angle between the tangential components of p and g (or, alternatively, the angle
between the planes containing the trajectories of x(p) and x(q)). To integrate over k, we have made
use of detailed balance, fyr = fyp f The integral over a,, implies the kinematic requirement
’2E E = 2prqr — m¢| < 2psqo-

9 While in our code we ultimately express the collision term in terms of E and ¢ according to eq. (34), we use the
more intuitive momentum variables p, and p, in the following discussion.

10 The overdensities that build up due to reflections off the wall are localised around large momenta ~ my_ . For this
reason, we observe fy? < f, but f, < 1.



14

In the scenario we are considering, where the y particles are compressed by the bubble walls, the
phase space enhancement factor A is always larger than or equal to one. The collision term, eq. (46),
is then always negative, corresponding to annihilation (rather than production) of xx. Therefore,
this contribution to the collision term counteracts y build-up due to compression.

3.2.2 The Annihilation Term Due to xx < ¢¢

The x(p) + x(q) <> ¢(k) + ¢(1) contribution to the collision term is given by [103]

Ol 2o 3 [ dmdman e '@ + g - & — 1) | MP
pspins
% [Fepfrall+ ford U+ Fo1) = Fanfor(l = Fep) (1= fra)] (47)

After again setting 1+ f = 1 and making use of detailed balance, f;qk ;
eq. (47) over k and [ to arrive at

q __ req req .
1 = fxpfx.q we can integrate

eq
C[fx] 2 _ELZ) dll, AF o(xx — ¢¢) [./4(7“, Prs Doy ) AT, Gry 70, T) — 1] ;?q7 (48)

where the kinematic factor,

1
F = Ey Eylvy, —vg| = 5\/(8 —2m2)% —4m] , (49)

comes from rewriting the squared matrix element in terms of the cross section o(xx — ¢¢) [103].
Note that an extra factor of two arises as the cross section is defined in terms of an average over
both initial spin states, whereas the Boltzmann equation requires an average over only one of them,
see eq. (47).

In the bulk of the bubble, where m, ~ 0, the annihilation cross section is

4
o (XX = 60) = 5. [2log(s/m2) — 3] + O(m3/s), (50)

with the squared centre-of-mass energy

s =2(EpEy — prgr — Doqo COS Qg ) - (51)
Neglecting terms suppressed by powers of mi) /s is justified in eq. (50) because the overdensities
appear at energies > T, ~ mg. Inserting egs. (50) and (51) into eq. (48) and integrating over g,
we arrive at
y4 eq q
X X-P o eq
C[fx] o - 12873 E, dgrdgs Eq [A(Tapmpm AT, Gry oy t) — 1] X,q
E,E, — —
X [2 log<poq20> —i—4arsinh< prg — Prir po'qo'> — 3] . (52)
md) 2p0'q0'

This contribution to the collision term also counteracts x build-up due to compression.

1 Integrating over apq before integrating over the other momenta is, strictly speaking, incorrect because the integration
limits for these momenta in eq. (48) depend on a4 (that is, the integral should only extend over the region s > 4m<2b).
However, we ignore this and instead approximate the integration region in eq. (52) to be Ep Eq — prgr — poqo > Qmi.
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3.2.8 The Momentum Redistribution Terms Due to x Scattering

While the annihilation terms discussed above reduce the y number density, the scattering pro-
cesses XX < XX, XX & xXx and xy¢ <> x¢ conserve the total number of xy + y. The only effect
of these processes is the redistribution of phase space density from large momenta ~ m,, where
overdensities build up due to the reflections off the wall, towards smaller momenta. This boosts
annihilation, which is most efficient for small energies, but at the same time reduces the amount of
particles that enter the true vacuum by passing through the wall. However, we will see in section 4
that parameter points that lead to successful black hole formation are those for which the xy an-
nihilation rate is small. Since the 2-to-2 annihilation and scattering rates scale in the same way as
functions of the model parameters, this implies that momentum redistribution will also be negligible
at the parameter points of most interest to us.

3.3 Numerically Solving the Boltzmann Equation

Putting together the Liouville operator and the collision term, the Boltzmann equation in the
near-wall regime takes the form

Qr—+Q, — + — =Qy,
or Ty, T or T (53)
where
Pr
QT‘ y Ty 0'7t 577 4
(r,prypost) = (54)
m, Om
Q Do, t) = — =X — X
pr(rvp yPos ) E 8?" ) (55)
m om
Q.A(T?pr;pmt)A) = (1 o ;q) <T Xva 8TX>A' (56)

Equation (53) is a partial differential equation (PDE) for the function A(r, p,, ps,t). Since the Q
coefficients on the left-hand side of eq. (53) are independent of A, and since 24 does not contain
any derivatives of A, the method of characteristics can be used to reduce the PDE to an infinite
set of ordinary differential equations (ODEs) that are coupled only through the collision term C[f,]
(see ref. |73] for an analogous application). This method involves first solving the coupled ODEs

dpr(t) dp, (t)
dt dt

dr(t)
dt

:Qra

:Qpr7

~0, (57)

for a large set of different initial conditions, to construct a set of curves in r—p,—p, space. Each
curve (r(t),pr(t),po(t)) can be interpreted as a particle trajectory in the absence of the collision
term (which we set to be zero in the near-wall regime in any case). Curves incident on the wall
with a momentum much smaller than the y mass gain are reflected while curves with much larger
momenta will pass through the wall. The solution for A(t) along each curve can then be found by
solving the ODE

dJ;lit) = Qu(r(t), pr(t), po(t), t, A(t)) . (58)

When a curve leaves the near-wall regime and enters the bulk, which we take to occur when
r(t) < rw(t) — 3ly, we switch to the Boltzmann equation relevant for the bulk. In the bulk the
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Boltzmann equation takes the form

~ 0A ~ 0A ~ 0A O0A ~
Q——+ Q==+ Q=+ — =Qu, 59
or TEeE T e T T (59)
where the Q’s can be determined from egs. (41), (46) and (52). We again use the method of
characteristics to solve this equation. Using the left-hand side of eq. (59) we determine a large set
of particle trajectories in the absence of the collision term. We then solve

QAW _ 00 (r(t), B, 000, 1. A) o

dt
using a logarithmic reparametrisation of r and ¢, to find A(¢) along each curve.

To evolve egs. (58) and (60) in time, we start with the initial condition A(tp) = 1 for all r, p,
and p,. The values of A along these curves can then be used to determine the full A(r, p,, ps,t). In
practice, we do this by discretising the r—p,—p,—t and r—E—-£—t spaces and averaging over all curve
segments which pass through a given grid cell. When a curve passes from the near-wall to the bulk
regime (or vice versa), we use the final A in the previous regime as an initial condition in the new
regime.

Note that in the annihilation terms the interaction partners are x or ¥, so have the same phase
space distribution as the primary particle. The phase space integrals in eqs. (46) and (52) therefore
couple the ODEs in eq. (60) through the y momenta. To deal with this, we evolve all ODEs simul-
taneously in time, using A(r, ¢, s, t — At) as an approximation for the phase space enhancement
of the interaction partner in the integrals of the collision term at time ¢.

There are four different types of trajectories that interact with the bubble wall:

(A) Particles starting inside the shrinking bubble, with initial p, < ms’. These particles will
be reflected by the wall, leading to an energy overdensity. At some point this may be large
enough for a black hole to form, at which point these particles are lost inside.

o0

(B) Particles starting inside the shrinking bubble, with initial p, < mS°. Since the x particles
gain momentum on every reflection, some particles will eventually have enough momentum
to pass through the bubble wall.!> They then leave towards r — co. As they now move
relatively slowly, since they are massive, they could still end up inside the black hole once it
forms. However, we conservatively neglect this contribution in our simulations.

(C) Particles starting inside the bubble, with initial p, 2 m3°. When these particles reach the
bubble wall, they will be able to pass through it while gaining mass and losing momentum.
They then leave towards r — co. When mg$° > T,,, there will be almost no particles of this
type since the high energy tails of the equilibrium distribution are exponentially suppressed.
Particles of this type therefore do not play a significant role for black hole formation.

(D) Particles starting with mass m$® outside the shrinking bubble in the (¢) # 0 phase and moving
towards the bubble wall. If they reach the wall before the bubble has collapsed, they will enter
the bubble, losing their mass and gaining an equivalent amount of kinetic energy. From then
on, they belong to category (C). When ms’ > Ty, there will again be almost no particles of
this type due to Boltzmann suppression of their initial abundance.

12 The momentum threshold below which particles are reflected is not exactly ms, but smaller due to the wall’s
motion. For p, = 0, for instance, the threshold occurs at p, = m$°/[yw(1 + vw)]. It would be exactly m3° in the
wall’s rest frame.
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We include categories (A) and (B) in our simulation, although trajectories of type (B) are only
tracked until they pass through the bubble wall. The repeated reflection of these particles off the
wall results in a gradual increase of the phase space enhancement factor A and the energy density
inside the shrinking bubble.

Two example trajectories are shown in fig. 2. On the left we show trajectories in position space,
and on the right we show the same trajectories in the r—p, phase space. When in equilibrium, at
the start of the simulation, most of the x particles have p, ~ p, ~ T},, so the top row shows the
evolution for a representative region of phase space. In panel (i) we see a trajectory that starts on
the left, just inside the bubble wall, and moves in the (—1,1) direction in the (z,y) plane before
being reflected several times by the bubble wall. The position of the bubble wall at the time of
each reflection is indicated by black circles. The colour of the trajectory indicates the enhancement
factor A at that position and time. We see that A increases as the trajectory spirals in, until a black
hole finally forms. For the parameters chosen, there is negligible annihilation, so A predominantly
increases with time. Shortly before the black hole forms, we can see the bending of the trajectory
due to gravity. This trajectory is of type (A).

In fig. 2 (ii) we show four sub-panels. The top row shows the trajectory from (i) in r—p, phase
space, and the lower row shows the bubble wall profile at each reflection. In the left sub-panels we
show the trajectory inside the bulk of the bubble, while on the right we zoom in on its interaction
with the bubble wall (notice that the right sub-panel is plotted as a function of r — 7,(t); the wall
does not move in this frame). We see that the overdensity A slowly increases, and that on each
reflection the trajectory gains radial momentum. Although the momentum is increasing, it does not
become large enough to escape the bubble by the time the black hole forms.

For the bottom row of fig. 2, we have chosen a trajectory with a larger initial momentum,
P = p) = 4T,, corresponding to a particle which reflects twice before gaining enough momentum
to pass through the bubble wall. This trajectory belongs to category (B).

For illustration we have chosen m;O = 10T, wall velocity v,, = 0.2, and wall thickness l,, ~ 1/T,
in fig. 2, as indicated in the plot. For the Yukawa coupling, we choose a value

T,
PeV '

gy = 1077 (61)
With this choice, fig. 2 (and all subsequent results, unless indicated otherwise) are essentially inde-
pendent of T}, as long as T}, is not too high. The rate for the main annihilation process xx — ¢
scales as yiTn, while 7% scales as 1/T?2 in a radiation-dominated Universe. Equation (61) then
ensures that the number of annihilations per Hubble length 7% remains invariant. If 7;, is higher
(T,, 2, 10'° TeV, for the value of Y, chosen in fig. 2), annihilation via xx — ¢¢, whose rate scales as
yiTn, becomes important as well, and the results are no longer independent of 7T;,.

3.4 Consistency Check

To ensure the validity of our numerical results, we checked that the continuity equation is fulfilled.
We compute the total particle number trapped inside the compressing bubble as a function of time,

rw(t)
Ny (t) = 471'/ dr r? ny(r,t), (62)
0

from our simulation results, and we check that any change of this quantity is accounted for by the
particles escaping through the bubble wall and the particles lost to annihilation. In other words, we
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FIG. 2. Two example trajectories in position space and phase space. Panels (i) and (ii) both show the same
type (A) trajectory, which is reflected by the bubble wall several times and remains inside the bubble until
a black hole forms (grey disc). Panels (iii) and (iv) show a type (B) trajectory, which passes through the
bubble wall before the black hole forms. We show the trajectories in position space on the left, in (i) and
(iii), while on the right, in (ii) and (iv), we illustrate the same trajectories in r—p, phase space. The top two
sub-panels in (ii) and (iv) show the r—p, plane far away from (left) and near to (right) the wall. The small
coloured arrowheads show where the trajectories pass between the bulk regime and the near-wall regime. In
the lower sub-panels of (ii) and (iv) we show the wall profile at the time of each reflection. The colour of
the trajectories represents the phase space enhancement factor A. The starting position of the trajectories
is indicated with a large blue arrowhead, while a black dot or a large red arrowhead indicates the moment of
black hole formation or when the trajectory leaves the simulation, respectively.
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check that
t
Nolt) = [ (185 hcnpin + L mitation) = N 1) (63)
0
with
: d3p Dr + Uy B
[N (t)]esca ing = —9 {47"7’2/ f] ) (64)
X pme X @m)E B N st
and
. rw(t) d3
[Nx(t)]annihilation = Jgx 477/ dr TQ/pg,C[fX]a (65)
0 (2)

is satisfied. Note that, to obtain the rate at which particles escape, we evaluate the phase space
distribution function at a distance of 3[,, from the wall centre in the true vacuum, where Om, /Or
is approximately zero and reflections occurring beyond this point are negligible. Also note that to
obtain eq. (64), we compute [NX (t)]escaping in the wall’s rest frame and then transform back to the
plasma frame. This ensures that particles that are moving inwards (p, < 0 in the plasma frame),
but that have been overtaken by the wall, count as escaping, as they should.

We will present and discuss the results of this consistency check for several benchmark parameter
points in section 4.

4 RESULTS

We are now ready to present our numerical results for the evolution of the y population inside a
shrinking bubble, and to demonstrate black hole formation. We will first illustrate the evolution of
the x phase space density during the phase transition, followed by results for the y energy density
for a number of illustrative benchmark points. The properties of the resulting black hole population,
in particular the black hole mass and cosmological abundance, can be found in ref. [74].

4.1 The y Phase Space Distribution

In fig. 3 we show two snapshots of the phase space enhancement factor A(r,pr,ps,t) in the
vicinity of the wall, for the benchmark parameters r = 1.5 r(}{, my =101y, yy = 1075,/T,,/PeV,
vy = 0.5 and l, ~ 1/T,,. On the left we show A shortly after the beginning of the simulation, at
rw(t1) &= 1.5rg. On the right we show A at a later time when the bubble has shrunk by a factor
of three, ry(t2) =~ 0.5 ry. When in equilibrium, most x particles have p, ~ p, ~ T, so the top row
shows the evolution for a representative p,, while the middle row shows a higher momentum slice
with p, ~ 7T,,. The bottom panels in fig. 3 show the y energy density near the wall, the average
energy density in the bulk of the bubble, eq. (24), and the average energy density required to satisfy
the Schwarzschild criteria for a bubble of radius r,,(¢). The horizontal axis in all plots is in units of
r — 1w (t;), so the centre of the wall is located at the origin and is moving to the left.

On the left of fig. 3, which shows the phase space density shortly after the start of the simulation,
we see for both p, ~ T, (top) and p, ~ 7T, (middle) that, by assumption, A = 1 for particles
approaching the wall (p, > 0, r — 7(t1) < ly). These particles are reflected from the wall leading
to an overdensity, A > 1, in the p, < 0, 7 — ry(t1) < 1y, region of phase space. This increase in A
as x particles reflect from the wall is the key driver of the increasing x energy density as the bubble
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FIG. 3. The phase space enhancement factor A = f, /fy4 in slices of fixed p, and at a fixed time (upper and
middle panels), and the energy density of x at a fixed time (lower panels), as a function of radius r near the
wall. On the left, we show the initial situation shortly after the start of the simulation. An overdensity has
already been generated in front of the wall, caused by reflected particles that were previously in equilibrium.
On the right, we show the same scenario at a later time, after the radius of the bubble has shrunk by a factor
of three, so that large overdensities have accumulated in front of the wall and the Schwarzschild criteria
(grey region in the bottom panels) is almost met. The black contours in the top and middle panels depict
illustrative phase space trajectories.

shrinks, which will ultimately lead to black hole formation. There is also a slight overdensity at
r —ryw(t1) 2 1y due to x particles which have fully traversed the wall. However, recalling that A is
the relative overdensity compared to fy? and that fy? is very small beyond the wall due to the large
x mass, far fewer particles traverse the wall than are reflected. The black contours indicate that
|pr| is larger after a reflection, showing the momentum boost a x particle receives from the wall.
In the bottom-left panel we see, as expected, that the energy density is much larger than py' ~ T, iy
inside the shrinking bubble (r — r,(t;) < 0), but much smaller than T/ outside the bubble wall
(r—ry(t1) > 0). The average energy density in the bulk of the bubble is still close to its equilibrium
value, py' ~ T4, even though A is much larger than one near the wall, as the overdensity has not
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yet had time to fill the whole bubble.

The right side of fig. 3 shows a snapshot at a later time, where 7, (¢) has shrunk by a factor
of three. We see that there is now a large overabundance of particles approaching the wall. This
increase has occurred both because most particles are trapped inside the shrinking bubble, and
because they receive a momentum boost on each reflection. The enhancement is more pronounced
at p, &= 77T, than at p, = T),, as can be understood as follows. Firstly, particles with larger p, are
reflected more frequently. Secondly, more energetic particles receive a larger boost on each reflection.
Therefore, at large p,, reflections populate phase space regions with smaller fy? than is the case
for small p,, leading to a larger enhancement of A. We see, however, that the overdensity does not
extend far beyond p, ~ mJ’ since particles with such large momenta are able to pass through the
wall and escape the bubble. We see from the scale of A that the overdensity inside the bubble is
now very large, and that reflection again substantially increases the overdensity (and so the energy
density inside the bubble). Indeed, the bottom-right panel shows that (p,) ~ 100 T, now, and that
the black hole formation criteria is almost satisfied.'® It also shows that, while a significant number
of particles can now traverse the wall, their overall energy density is still small. This is again because
A is the overdensity relative to fy", which is heavily suppressed outside the bubble.

Overall we see that as the bubble shrinks, the majority of x particles are reflected by the wall
and a large energy overdensity builds up inside the shrinking region.

4.2 The x Energy Density

Shifting our focus from the local phase space density in the vicinity of the wall to the global density
in the whole bubble, we plot in fig. 4 the x energy density averaged over the bubble as a function
of time, parameterised in terms of the shrinking bubble’s radius. We again fix the wall velocity and
wall thickness, deferring discussion of variations in these quantities to section 5.2. In the left-hand
panel, we plot in blue the curve corresponding to the parameters used in fig. 3, while the orange,
green, and red curves show how varying the model parameters affects our results. As discussed
below eq. (61), the curves are independent of the phase transition temperature T;,, as long as v, is
scaled with temperature according to eq. (61) and as long as 0.1 TeV < 7;, < 10'° TeV. At higher
temperatures, it is no longer possible to plot our results in a Tj,-independent way. Therefore, we
show in the right-hand panel of fig. 4 two illustrative curves at a fixed temperature, 7,, = 10'2 TeV.
At lower temperatures, there is a dependence on g,. To gain more insight into the dynamics of the
phase transition, in fig. 5 we also compare the number of y particles inside the shrinking bubble
(solid) to the number that have left the bubble and entered the true vacuum region (dashed), or have
annihilated (dotted and dot-dashed). We also show the sum of these four curves (thin black). The
horizontality of this curve serves as a consistency check of our simulation, as discussed in section 3.4.
In fig. 5 we use the same parameter points as in fig. 4.

Focusing first on our main benchmark parameter point (solid blue curve in the left-hand panel
of fig. 4 and top-left panel in fig. 5) we see that (p,) increases rapidly until the bubble radius has
shrunk by about a factor of three, at which point the Schwarzschild criteria is satisfied and a black
hole forms (as roughly expected from eq. (6)). As anticipated, the Jeans instability criteria is only
satisfied shortly before the Schwarzschild criteria. However, at this point the gravitational force is
not sufficient to overcome degeneracy pressure, so increases in the energy density still rely on the
compression from the wall and a black hole is not formed until the Schwarzschild criteria is satisfied.

3 The reader may wonder why (p,) in the bubble (horizontal blue line) is larger than p,(r) (red curve) at any r
near the wall in the bottom-right panel of fig. 3. This is because some of the particles approaching the wall at this
particular point in time have not yet reflected off the wall and are therefore still missing out on the associated A
enhancement and momentum boost. In the bulk, however, there is a large population of once-reflected particles
travelling approximately radially that have not yet had time to cross the whole bubble, but which contribute to (py).
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FIG. 4. The x energy density averaged over the bubble, (p,), as a function of the bubble radius for several
parameter points at T;, < 1019 TeV (left) and T,, = 102 TeV (right). The blue, orange, and brown curves

~

lead to black hole formation once the Schwarzschild criteria is satisfied (grey region), while the dashed green,
dot-dashed red, and dot-dashed purple curves do not. The gravitational force is large enough to overcome
degeneracy pressure at radii smaller than the position of the blue diamonds.

As is evident from the top-left panel of fig. 5, black hole formation is successful because essentially
all of the initial x particles remain trapped in the bubble, with only a per cent-level fraction being
lost via annihilation or escape through the bubble wall.

The solid orange curve in fig. 4 (left) shows the evolution of the average energy density for a larger
bubble starting with 70 = 2 r%. We see that the average energy density again increases rapidly until
a black hole is formed. Once again, satisfying the Jeans instability criteria is not sufficient for black
hole formation because gravity cannot overcome degeneracy pressure. Consequently, a black hole
forms only after the Schwarzschild criteria is satisfied. The bubble radius must shrink by a factor
of two before this is the case (again, as roughly expected from eq. (6)). At that time the bubble
radius has shrunk to around r,(t) ~ r%. Note, however, that in the meantime the Hubble radius
has increased, so the bubble is well within the causal horizon at the time the Schwarzschild criteria
is satisfied, and causality does not prevent black hole formation. More precisely, the time it takes
the bubble to shrink from 70, = 2% to 7, (t) ~ rY% is t — to ~ r% /v,,. During this time, rg(t) grows
linearly with time, implying that 7y (t) ~ r% (1 + 1/v,) = 3r%. This is larger than 2r,(t) ~ 2%
at the time the Schwarzschild criteria is first satisfied, so the bubble’s full diameter will be inside
the Hubble horizon and a black hole will quickly form.'# In the top-right panel of fig. 5 we see that
for the orange parameter point nearly all x particles once again remain trapped inside the bubble.
Annihilation and losses through the bubble wall are again negligible. The number of particles inside
the bubble, NV, , increases slightly shortly before black hole formation due to the onset of gravitational
collapse where our simulation becomes numerically unstable. This does not have any impact on our
conclusions.

Bubbles whose initial radius is smaller than ~ 1.5y would need to reach an even larger over-
density before satisfying the black hole formation criteria. The immense pressure of such a large
overdensity would need to be compensated by a very large latent heat release in the phase transition.
The latter would violate one of our simplifying assumptions, for reasons that will be discussed in

4 Similar arguments can be made for all parameter points shown in this paper. For smaller v, or smaller r, the
bubble will be even deeper inside the horizon at the time the Schwarzschild criteria is first satisfied.
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FIG. 5.  Particle number N, of x inside the shrinking bubble as a function of the bubble radius r,(¢)
(solid), compared to the number of particles that have left the simulation before the wall has shrunk to a
given radius by either entering the true vacuum (dashed), or by annihilation (dotted and dot-dashed). Each
panel corresponds to a curve in fig. 4. The sum of all coloured curves, shown as a thin black line, is almost
constant in each panel, indicating that our simulation fulfils the continuity equation up to small numerical
artefacts, mostly from discretisation.

section 5.1.
The dashed green curve in fig. 4 (left) illustrates the evolution of the energy density for a smaller

x mass gain, mS° = 5T}, than for the blue reference curve. We see that the green curve flattens
out before the Schwarzschild or Jeans instability criteria are satisfied. It does satisfy the criteria
for overcoming degeneracy pressure (blue diamond), but as this criteria only leads to black hole
formation in combination with a Jeans instability, we conclude that black holes cannot form for
this parameter point. The middle-left panel in fig. 5 reveals that this is because, for m3® = 5T, a
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significant fraction of y particles can build up sufficient momentum to escape through the wall.

Finally, the dot-dashed red line in fig. 4 (left) has been calculated under the assumption of a
larger Yukawa coupling y,. Once again, the curve flattens before either criteria is satisfied, and
the energy density does not become large enough for black hole formation. As we can see in the
middle-right panel of fig. 5, this is predominantly caused by xx — ¢ annihilation, which is now more
efficient than for the blue, orange, and green curves.

Moving to the right-hand panel of fig. 4, the solid brown curve shows that black hole formation
can occur for high phase-transition temperatures just as well as for low ones. In fact, the brown
curve is nearly identical to the blue reference curve in the left panel.

The dot-dashed purple curve, however, introduces a novel feature: the annihilation channel yx —
¢¢, which is only relevant for O(1) Yukawa couplings y,. In low-temperature phase transitions (7}, <
10'° TeV), such large Yukawa couplings would completely prevent the build-up of a y overdensity.
At higher temperatures, the Hubble radius is much smaller, the phase transition proceeds much
faster, and therefore even large Yukawa couplings can lead to black hole formation. The importance
of 2 — 2 annihilation at the purple parameter point is seen in the bottom-right panel of fig. 5, where
this annihilation process accounts for the majority of the particle loss.

We now analyse the shape of the curves in fig. 4 in more detail. For all curves, the density increase
initially roughly follows the power law {p,) o [ry(t)/r9]%. This scaling can be understood from the
scaling of the number density, o [r,(t)/79]3, combined with the energy gain that particles experience
on reflection from the moving wall, see the discussion above eq. (5). Actually, at early times, just
after the start of the simulation, the density grows even faster because of relativistic corrections that
are no longer negligible at the chosen wall velocity v,, = 0.5. In particular, the energy gain in each
reflection is larger for 7,, > 1 than in the non-relativistic case. The behaviour of relatively tangential
modes (p, > py) is also important. These x particles experience two counteracting effects: on the
one hand, they gain radial momentum during each reflection, so in each reflection they become
less tangential and the time between reflections increases. On the other hand, they become more
tangential between reflections since the wall is moving inwards. The angle of reflection is important
because the energy gain in each collision is larger for head-on reflections than for grazing reflections.
All of these effects are more pronounced for faster walls. Their interplay leads to the oscillating
behaviour visible in the curves in fig. 4: at the start of the simulation, a population of once-reflected
particles builds up inside the bubble, but because initially tangential modes become more radial
after reflection, the number of reflections per unit time and thus the bubble’s energy gain per unit
time intermittently decrease, leading to a slight flattening of the (py) curves. Once the wave of
once-reflected particles has had enough time to traverse the bubble and begins to experience its
second reflection, the pace of increase picks up again.

In fig. 4 we have purposefully chosen parameter points that are near to the critical values for
black hole formation, to provide some insight into the physical processes at play. Smaller Yukawa
couplings, larger mg’ /T, or larger 70 than used in the blue and orange curves also lead to black
hole formation. We have thus demonstrated that bubbles initially larger than ~ 1.5 7y with Yukawa
couplings smaller than ~ 1075,/7,,/PeV and mass jumps larger than ~ 107}, will generate energy
overdensities large enough to trigger collapse into a black hole. In ref. [74] we discuss the resulting
black hole population from the full phase transition.

Although we have studied the case of a particular toy model with a single Dirac fermion, the
mechanism is expected to work in more general cases. The new particle responsible for the over-
density could equally be a vector or scalar particle (in which case degeneracy pressure could not
halt collapse after the Jeans instability criteria is satisfied). In our model we assumed that ¢ was in
equilibrium with the SM bath throughout the phase transition. If this is not the case then the phase
space distribution function of ¢ would also need to be tracked. While we assumed that the Universe
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was radiation dominated when relating the Hubble parameter to the temperature in our estimates
in sections 2.3 and 2.4, the mechanism is also expected to work in phases of matter domination.
Finally, although we have studied the case where x obtains a large mass due to a Higgs mechanism,
the mechanism could also work in other situations, for instance during a confining phase transition.

5 DiscussioN

Having demonstrated successful black hole formation at first-order phase transitions, we now
discuss in detail the conditions under which our mechanism is expected to work and the assumptions
that go into our calculations. We will address in particular constraints on the strength of the phase
transition (expressed through the latent heat release AV'), as well the evolution of the wall velocity
and wall thickness.

5.1 Required Strength of the Phase Transition

An obvious precondition for successful black hole formation is that the bubble can keep shrinking
while a sufficient x overdensity builds up. This implies that the pressure that drives the bubble wall
forward, Py = AV, should be greater than the pressure from particles interacting with the wall.
Here, AV denotes the effective potential difference between the true and false vacua (that is, the
latent heat release associated with the phase transition). The pressure from particle interactions will
be dominated by interactions of x particles, P,, since all other particle species are equally abundant
on both sides of the wall. The pressure P, is given by [104, 105]

3
_gx/dr/ dp O 8mx5fx, (66)

2m)3 Om,, Or

where 6 fy, = f, — fy " is the deviation of the phase space distribution function fy(r, p;,ps,t) from
an equilibrium dlbtrlbutlon X r,prypo,t), and E(r,pr,ps,t) is the energy of a x particle. Note it
is only the x overdensity that enters P,, not the total density, because the contribution from an
equilibrium population of x is already accounted for by the effective thermal potential difference
AV [106]. An equivalent way of stating the condition

P (t) < Py = AV (67)

is to say that the work which a surface element dA of the wall has to perform against the pres-
sure P to advance a distance dr should be smaller than the potential energy released due to the
corresponding expansion of the true-vacuum phase.

However, AV should not be arbitrarily large. If the latent heat of the phase transition is greater
than the energy density due to radiation, then the interior of the bubble, where the false vacuum
persists, will be vacuum energy dominated and the scale factor will undergo a period of exponential
growth. The x particles inside the bubble will then be significantly red-shifted, reducing the energy
density. This will make it harder for black holes to form. Although this does not necessarily mean
that black holes cannot form, for simplicity we require that the latent heat is small enough so that
there is no period of vacuum energy domination,

2

359 g:.T2, (68)

AV S prad (tO) =
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where g, is again the effective number of relativistic degrees of freedom, including x and ¢. Since p,,
grows as the bubble shrinks, satisfying the condition AV < praq(to) ensures that there is radiation
domination at all times.

Taking the two conditions together, we require that the pressure due to x is less than the initial
radiation energy density,

PX(t) < prad(tO) ) (69)

at all times, and assume that the phase transition has a latent heat satisfying P, (t) < AV < prad(to)-

Quantitatively, eq. (69) is indeed satisfied for the successful parameter points presented in fig. 4.
For the blue and brown lines, with 70, = 1.5r%, we find P, /pra1(to) < 0.6 at all times, so AV does
not need to be fine tuned. For the orange curve, with r0 = 21"9{, an even wider range of AV is
allowed since P /prel(to) S 0.03. This ratio is so small since the main wave of once-reflected particles
has not had time to traverse the bubble by the time a black hole forms, so the pressure due to x
remains low throughout. As mentioned in section 4, initial bubble radii ) > 1.5 r% are required
to avoid large energy overdensities which would in turn imply a period of inflation, violating our

simplifying assumption.'®

5.2 Wall Velocity and Wall Thickness

Up to now, we have assumed the bubble wall to advance at a constant velocity v,,. However, the
discussion above, in particular eq. (67), suggests that this will not strictly hold: the pressure pushing
the wall forward, P,y = AV, remains constant throughout the phase transition, while the pressure in
front of it, P, increases as a x overdensity gradually builds up. This leads to potentially significant
(and highly model-dependent) changes in v,, during the build-up of the y overdensity. Moreover,
Hubble expansion also modifies v,, by counteracting the advance of the bubble wall. Fortunately,
as we will discuss below, our conclusions are nearly independent of v,, for moderate wall velocities
0.1 < vy < 0.5 and conservative for ultra-relativistic walls as long as 7, < my’ /T,. The case of
very small v,, < 0.1 is of little practical interest as it would require substantial tuning between the
latent heat release that drives the wall forward and the retarding forces, in particular P,. We will
also argue that our results are independent of the wall thickness [,,, as long as [, < 1.

After the onset of the phase transition, the latent heat release will typically accelerate the bubble
wall to relativistic velocities. If the wall were able to reach a boost v, ~ m;O /Ty, it would become
transparent to y particles because then the average x energy, which in the wall’s rest frame is of
order v, 1;,, would be large enough to allow y particles to enter in spite of their large mass gain. In
this case, no overdensity and thus no black holes could form. One possibility of avoiding this could
be to demand that, by the time the wall reaches v, ~ mg’ /T, the x overdensity is already large
enough to counteract the latent heat pressure. The wall would then slow down and eventually stop,
with y particles remaining confined inside. Eventually, they might then still form a black hole via a
Jeans instability. However, based on dimensional grounds, we estimate that the wall accelerates over
distance scales of order T3 /AV. Assuming T,, < Mp) and AV < (72/30)g, T, to avoid a period of
vacuum domination, this distance scale is much shorter than the distance ~ 1/H ~ Mpy/T? which
we have found the wall must cover to accumulate an overdensity large enough to trigger black hole
formation.

Therefore, for the mechanism to work, additional friction forces should be at play. This is, in
fact, typically the case in complete models, where other new fields (in addition to ¢ and x) are

15 Note that assuming a larger radiation density (due to extra degrees of freedom beyond the SM) would not solve
this problem as it would also make the Schwarzschild criteria more stringent, see eq. (3).
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present. In particular, transition radiation emitted by particles traversing the bubble walls can
be crucial [36, 107]. We imagine for instance the presence of an extra vector boson A’ that can
be radiated off particles that pass through the bubble wall. The retarding pressure due to this
transition radiation is of order Py ~ v2T2 [107], where 7, is the Lorentz boost of the wall. If
m‘;(o ~ 107, then before the bubble wall reaches ,, ~ m;" /T, — the critical value beyond which
the x particles can escape through the bubble wall — transition radiation becomes dominant and
generates a pressure that is sufficient to counteract Pys. This will prevent the wall from accelerating
further, so the y overdensity continues to grow, slowing down the wall again. Eventually, transition
radiation will become subdominant again and it will be the x overdensity alone that balances Py .'6

For ultra-relativistic walls, the significant momentum gain that y particles experience upon being
reflected off the wall implies that the overdensity inside the bubble grows even faster than for
non-relativistic walls. In other words, the fast-moving wall injects extra energy into its interior
through the reflected x particles.!” This will make black hole formation even more likely. These
considerations justify our choice v,, = 0.5 in our benchmark scenarios. For models in which v,, ~ 1,
it means we will overestimate the amount of compression required to form a black hole.

It remains to demonstrate that our numerical results are independent of the wall velocity v,, for
0.1 S vy <0.5. In fig. 6 we show the y energy density averaged over the bubble as a function of
the bubble radius for several wall velocities. The curves in the left-hand panel correspond to the
same parameter point as the blue curve in fig. 4, but with v, € {0.5,0.2,0.1,0.01}. Comparing
the curves, we see marginal differences from changing v, from 0.5 to 0.2 or 0.1. Larger v,, leads to
somewhat earlier black hole formation because the energy gain in each reflection is larger. When
the wall velocity is < 0.1, there is more time for particles to annihilate before a black hole can form,
which is why the dotted blue curve in the left-hand panel of fig. 6 never reaches the threshold for
black hole formation. This problem can be avoided by choosing a smaller y,, as in the right-hand
panel of fig. 6.

We have so far neglected Hubble expansion, which stretches the space inside the bubble while the
advancing bubble wall strives to shrink the bubble. It does not, however, change the relative velocity
at which the wall travels through the plasma, so the dynamics in the vicinity of the bubble wall are
unaffected. Only the time it takes the bubble to shrink to a given radius becomes larger, but since
we show our results as a function of r,,(t)/r%, our plots would remain unchanged. Hubble expansion
also leads to redshift, which we neglect as we have focused on scenarios in which black holes form in
not much more than one Hubble time. (At small wall velocities, v,, < 0.5, this approximation may
no longer be justified, and Hubble expansion during the phase transition would need to be included
in our calculations.)

Finally, we note that our results are independent of the wall width [,,, as long as l,, < ry,. This
holds when T}, < Mpj since we have I, ~ 1/T}, and 7, ~ rg ~ Mp/T2. As discussed in section 3.1,
the Boltzmann equation can then be approximated in different ways in the bulk of the bubble and
near the wall. While [,, affects the phase space trajectories close to the wall, it does not change
the way x particles are reflected or transmitted, when viewed far from the wall. Since black hole
formation depends only on quantities in the bulk of the bubble, it is independent of the wall width.

16° A similar argument can also be made based on the earlier ref. [36], which found Pys ~ Ywg?m TS, where m 4 is
the mass of A, by choosing mas < my and g ~ 1.

17 One may worry that, after several reflections, most y particles will then be able to pass the wall and leave the
shrinking bubble. However, for bubble walls moving nearly at the speed of light, there is simply not enough time
for multiple reflections to occur before the bubble shrinks to zero.
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FIG. 6. The average energy density of x, (py), as a function of radius for different wall velocities vy,.

6 CONCLUSIONS

We have presented a detailed discussion of black hole formation during cosmological first-order
phase transitions due to the build-up of particles which obtain a large mass during the phase tran-
sition. We have described the bulk properties of the phase transition required for the general
mechanism to work, and the simplfying assumptions we make in our numerical simulations. We
have discussed in detail the criteria for forming a black hole, of which the most important is the
Schwarzschild criteria. We have discussed the Boltzmann equation for the phase space distribu-
tion function of the affected particles and outlined the steps we take and approximations we make
to perform our numerical simulations. Finally we have presented and discussed the results of our
simulation, highlighting the regions of parameter space that lead to successful black hole formation.

The mechanism requires relatively few ingredients to potentially form black holes. There needs
to be a first-order phase transition, which could be driven by either a scalar or a confining sector.
There also needs to be a particle whose mass in the false vacuum state is significantly smaller than
the one in the true vacuum. As the phase transition completes, these particles are confined to small
regions, leading to large energy overdensities that may collapse to form black holes. To demonstrate
that black holes may form, we make further assumptions that, while not strictly required for the
mechanism to work, simplify our numerical simulations. We assume that the phase transition is
independent of the electroweak phase transition, but that the new scalar remains in thermal contact
with the Standard Model bath. We further assume that the shrinking regions of false vacuum are
spherically symmetric and that the wall profile, velocity and thickness are constant throughout the
phase transition. Of these, the constant wall velocity is perhaps the hardest to justify. However, we
have demonstrated that black hole formation is mostly independent of the actual wall velocity, as
long as the wall’s relativistic gamma factor is less than the mass gain divided by the temperature.
We finally assume that the Universe remains radiation-dominated throughout.

We showed that the key criteria for black hole formation is the Schwarzschild criteria (that is, the
requirement that the region containing the energy overdensity becomes smaller than its Schwarzschild
radius). Using this criteria, we saw that simple estimates could provide a guide as to what to expect
from the full numerical simulation. We also considered weaker black hole formation criteria, where
the overdensity forms a Jeans instability and overcomes degeneracy pressure. However, we found
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that these conditions do not typically lead to earlier black hole formation than the Schwarzschild
criteria.

To make the Boltzmann equations tractable, we exploited the approximate spherical symmetry
to remove two spatial and one momentum component from the problem, simplifying the Liouville
operator. In the collision term we included the dominant effects due to annihilation. We then
numerically solved the Boltzmann equation using the method of characteristics. This method also
provides an intuitive picture of the trajectories of particles, in the absence of collisions.

Finally we presented our numerical results. We described in detail the overdensity at different
times for different slices in momentum space for a particular choice of parameters, showing the
energy overdensity building up inside the shrinking bubble. We then varied the parameters, showing
in fig. 4 that black holes could be formed for large initial bubbles, 7% > 1.57%, and for large mass

gains, m3® 2 10T, for a wide range of Yukawa couplings and wall velocities.
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