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Abstract 

We present a linearized method to study transverse instabilities due to electron clouds. 
It is based on a compact characterization of the cloud dipolar and quadrupolar forces, 
that can be easily obtained from quick single-pass numerical simulations. The long-term 
stability properties of the bunch are predicted by solving the linearized Vlasov equation, 
taking into account the dipolar forces introduced by the e-cloud along the bunch as well 
as the betatron tune modulation with the longitudinal coordinate due to the e-cloud 
quadrupolar forces. The identification of the beam coherent eigenmodes is achieved by 
solving an eigenvalue problem. An expression for the tune shift of the rigid-bunch mode 
is also derived. 



1 Introduction

In this note we describe in detail the derivation of the Vlasov method applied in
Ref. [1] for the study of transverse instabilities driven by electron clouds. The method
is derived by extending the classical approach used for impedance-driven instabili-
ties, as described in Refs. [2, 3], in order to handle:

• quadrupolar forces dependent on the longitudinal position of the particle along
the bunch;

• dipolar coherent forces characterized by a discrete set of response functions.

2 First order Vlasov equation for arbitrary detuning

We consider the linearized Vlasov equation including a detuning term depending on
the longitudinal phase space coordinates ∆Q(r, φ):

∂∆ψ

∂t
−ω0 (Qx0 + ∆QΦ(r, φ) + ∆QR(r))

∂∆ψ

∂θx
+ ωs

∂∆ψ

∂φ
=

− d f0

dJx
G0 (r)

√
2JxR
Qx0

sin θx
Fcoh

x (z, t)
m0γv

, (1)

where we have used the following notation: ∆ψ is the perturbation to the bunch phase
space distribution; polar coordinates in the longitudinal phase space (r, φ) are defined
such that:

z = r cos φ , (2)

δ =
ωs

vη
r sin φ ; (3)

polar coordinates in the transverse phase space (Jx, θx) are defined such that:

x =

√
2JxR
Qx0

cos θx , (4)

x′ =

√
2JxQx0

R
sin θx ; (5)

with Jx being the horizontal action; ω0 is the revolution angular frequency; Qx0 is
the unperturbed betatron tune; ωs = ω0Qs is the synchrotron angular frequency; η
is the slippage factor, m0 is the particle mass, v is its velocity and γ the correspond-
ing relativistic factor; R = 2πv/ω0 is the accelerator radius; the unperturbed bunch
distribution has been factorized as:

ψ0(Jx, r) = f0(Jx)G0(r) ; (6)

Fcoh
x (z, t) is the transverse dipolar force due to the e-cloud:

Fcoh
x

m0γv
= −∂∆H

∂x
=

(
dx′

dt

)coh

=
1

m0γv

(
dPx

dt

)coh
, (7)
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with ∆H being the corresponding perturbation to the Hamiltonian and Px being the
transverse momentum.
Generalizing the method discussed in [4], we search for solutions in the form:

∆ψ (Jx, θx, r, φ, t) = ejΩt
+∞

∑
p=−∞

f p (Jx) ejp(θx−∆Φ(r,φ))
+∞

∑
l=−∞

Rp
l (r)e

−jlφ , (8)

where the complex frequency Ω, the phase shift ∆Φ(r, φ) and the distribution func-
tions f p(Jx) and Rp

l (r) are to be found.
We compute the derivatives appearing in Eq. (1):

∂∆ψ

∂t
= jΩ ejΩt

+∞

∑
p=−∞

f p (Jx) ejpθx · e−jp∆Φ(r,φ) ·
+∞

∑
l=−∞

Rp
l (r)e

−jlφ , (9)

ω0 (Qx0 + ∆QΦ + ∆QR)
∂∆ψ

∂θx
=

ejΩt
+∞

∑
p=−∞

(jpω0 (Qx0 + ∆QΦ + ∆QR)) f p (Jx) ejpθx · e−jp∆Φ(z,δ) ·
+∞

∑
l=−∞

Rp
l (r)e

−jlφ ,

(10)

ωs
∂∆ψ

∂φ
= ejΩt

+∞

∑
p=−∞

f p (Jx) ejpθx ·
+∞

∑
l=−∞

Rp
l (r)

∂

∂φ
e−j(p∆Φ(r,φ)+lφ)

= ωsejΩt
+∞

∑
p=−∞

f p (Jx) ejpθx ·
+∞

∑
l=−∞

Rp
l (r)

∂

∂φ
e−j(p∆Φ(r,φ)+lφ)

= ejΩt
+∞

∑
p=−∞

f p (Jx) ejpθx ·
+∞

∑
l=−∞

Rp
l (r)e

−j(p∆Φ(z,δ)+lφ)
(
−jpωs

∂∆Φ
∂φ
− jlωs

)
. (11)

Substituting Eqs. (9)-(11) into Eq. (1) we obtain:

ejΩt
+∞

∑
p=−∞

f p (Jx) ejpθx ·
+∞

∑
l=−∞

Rp
l (r)e

−j(p∆Φ(z,δ)+lφ)

×
(

jΩ− jpωs
∂∆Φ
∂φ
− jlωs − jpω0 (Qx0 + ∆QΦ + ∆QR)

)
= −d f0

dJx
G0 (Jz)

√
2JxR
Qx0

sin θx
Fcoh

x (z, t)
m0γv

. (12)

We can choose the function ∆Φ in order to match the phase shift introduced by the
term ∆QΦ(r, φ), by imposing:

∂∆Φ
∂φ

= −ω0

ωs
∆QΦ(r, φ) . (13)
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Assuming that such a function can be found (a practical procedure for cases of inter-
est will be illustrated in the following Sec. 3), we can substitute Eq. (13) into Eq. (12)
obtaining:

ejΩt
+∞

∑
p=−∞

f p (Jx) ejpθx e−jp∆Φ(r,φ)
+∞

∑
l=−∞

Rp
l (r)e

−jlφ (jΩ− jpω0 (Qx0 + ∆QR)− jlωs)

= −d f0

dJx
G0(r)

√
2JxR
Qx0

(
ejθx − e−jθx

2j

)
Fcoh

x (z, t)
m0γv

. (14)

As discussed in Refs. [3] and [5], it is possible to identify term by term the harmonics
in θx, showing that all terms with |p| 6= 1 vanish. Assuming that the transverse beta-
tron tune is much larger than the synchrotron tune, we can neglect the fast-oscillation
term p = −1, as discussed in Ref. [4]. This allows retaining only the term p = 1, and
leads to:

f 1(Jx) ∝
d f0

dJx

√
2JxR
Qx0

. (15)

Therefore Eq. (8) becomes

∆ψ(Jx, θx, r, φ, t) = ejΩtejθx
d f0

dJx

√
2JxR
Qx0

· e−j∆Φ(r,φ) ·
+∞

∑
l=−∞

Rl(r)e−jlφ (16)

(where the proportionality constant in Eq. (15) is absorbed in the unknowns Rl(r)),
and Eq .(14) simplifies into

+∞

∑
l=−∞

Rl(r)e−jlφ (Ω−Qx0ω0 −ω0∆QR − lωs) = e−jΩtej∆Φ(r,φ)G0(r)
Fcoh

x (z, t)
2m0γv

. (17)

3 Description of detuning sources

We consider detuning sources in the form:

∆Q(z, δ) =
N

∑
n=0

Anzn + Bnδn , (18)

which can be written in polar coordinates as:

∆Q(r, φ) =
N

∑
n=0

Anrn cosn φ +

(
ωs

vη

)n
Bnrn sinn φ . (19)

This expression is valid for several sources introducing a detuning along the bunch
(e-cloud, detuning impedance, RF quadrupoles) as well as for non-linear chromaticity
of any order.
The detunding given by Eq. (19) can be decomposed in two terms, one responsible for
detuning with longitudinal amplitude, and one responsible for head-tail phase shift:

∆Q(r, φ) = ∆QR(r) + ∆QΦ(r, φ) , (20)
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where the longitudinal amplitude-detuning term is defined as:

∆QR(r) =
1

2π

∫ 2π

0
∆Q(r, φ)dφ (21)

and therefore the phase shift term ∆QΦ(r, φ) averages out over a full synchrotron
period:

1
2π

∫ 2π

0
∆QΦ(r, φ)dφ = 0 . (22)

From Eq. (20), the term responsible for the head-tail phase shift can be written as:

∆QΦ(r, φ) = ∆Q(r, φ)− ∆QR(r) = ∆Q(r, φ)− 1
2π

∫ 2π

0
∆Q(r, φ)dφ . (23)

Using Eq. (19) we can write:

∆QΦ(r, φ) = ∑
n

Anrn

(
cosn φ− Cn

2π

)
+

(
ωs

vη

)n
Bnrn

(
sinn φ− Sn

2π

)
(24)

where:

Cn =
∫ 2π

0
cosn φ dφ , (25)

Sn =
∫ 2π

0
sinn φ dφ . (26)

Under these conditions we will show that Eq. (13) can be satisfied by a function ∆Φ
in the form:

∆Φ(r, φ) = −ω0

ωs

N

∑
n=1

rn
[

An

(
Cn(φ)− Cn

φ

2π

)
+

(
ωs

vη

)n
Bn

(
Sn(φ)− Sn

φ

2π

)]
.

(27)
This can be proven by substituting Eqs. (19) and (27) into Eq. (13), obtaining:

N

∑
n=1

Anrn cosn φ +

(
ωs

vη

)n
Bnrn sinn φ =

N

∑
n=1

rn d
dφ

(
An Cn(φ) +

(
ωs

vη

)n
Bn Sn(φ)

)
.

(28)
Such a condition is automatically verified if:

Cn(φ) =
∫

cosn φ′ dφ′ , (29)

Sn(φ) =
∫

sinn φ′ dφ′ . (30)

These integrals can be computed recursively using:∫
cosn φ dφ =

cosn−1 φ sin φ

n
+

n− 1
n

∫
cosn−2 φ dφ , (31)∫

sinn φ dφ = −sinn−1 φ cos φ

n
+

n− 1
n

∫
sinn−2 φ dφ , (32)
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which can be rewritten in a compact form as:

Cn(φ) =
cosn−1 φ sin φ

n
+

n− 1
n

Cn−2(φ) , (33)

Sn(φ) = −
sinn−1 φ cos φ

n
+

n− 1
n

Sn−2(φ) . (34)

The first terms of the sequence are:

C0(φ) = φ , C1(φ) = sin φ , C2(φ) =
φ
2 + 1

2 sin φ cos φ ,

S0(φ) = φ , S1(φ) = − cos φ , S2(φ) =
φ
2 −

1
2 sin φ cos φ .

(35)

The constants in Eqs. (25) - (26) can be written as:

Cn = Cn(2π)− Cn(0) , (36)

Sn = Sn(2π)− Sn(0) , (37)

which gives:

C0 = 2π , C1 = 0 , C2 = π , Cn = n−1
n Cn−2 ,

S0 = 2π , S1 = 0 , S2 = π , Sn = n−1
n Cn−2 .

(38)

Substituting the Eqs. (36) and (37) into Eq. (27) shows that ∆Φ(r, φ) is periodic in φ:

∆Φ(r, 2π) = ∆Φ(r, 0) , (39)

which means that the accumulated phase shift over a single synchrotron period is
zero.
In the case of first-order chromaticity there is only one term that is non-vanishing
(B1 = Q′). This gives:

∆Φ(r, φ) = −ω0

vη
rB1 S1(φ) =

Q′

ηR
r cos(φ) , (40)

which coincides with the expression used in Refs. [3] and [4].
For the implementation in PyHEADTAIL, it is useful to express ∆QΦ (Eq. (24)) in
Cartesian coordinates:

∆QΦ(z, δ) =
N

∑
n=1

An

(
zn − Cn

2π
rn

)
+ Bn

(
δn − Sn

2π

(
ωs

vη

)n
rn

)
(41)

where:

r =

√
z2 +

(
vη

ωs
δ

)2

. (42)
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4 Description of the coherent force

To describe the coherent force from the e-cloud, we choose a set of real functions hn(z),
satisfying orthogonality condition:∫

hn (z) hn′ (z) dz = H2
nδn,n′ (43)

where Hn is the norm of the function hn (z).
We expand the average transverse position along the bunch as:

x̄ (z) =
N

∑
n=0

anhn (z) . (44)

Using the orthogonality condition, the coefficient an can be written as:

an =
1

H2
n

∫
x̄ (z) hn (z) dz . (45)

Replacing Eq. (45) into Eq.],44, we can write the following identity:

x̄ (z) =
N

∑
n=0

hn (z)
H2

n

∫
dz̃ x̄ (z̃) hn (z̃) (46)

As discussed in Ref. [1], we call kn(z) the dipolar response resulting from all e-clouds
along the ring to the test function hn(z). For sufficiently small amplitude of the trans-
verse distortion, the response of the e-cloud can be assumed to be linear and the re-
sulting transverse kick along the bunch can be written using the superposition prin-
ciple:

∆x′ (z) =
N

∑
n=0

ankn (z) =
N

∑
n=0

kn (z)
∫

x̄ (z̃)
hn (z̃)

H2
n

dz̃ . (47)

A suitable set of test functions is:

hn (z) =


An cos

(
2π

n
2

z
Lbkt

)
, if n is even

An sin

(
2π

n− 1
2

z
Lbkt

)
, if n is odd .

(48)

where An are arbitrary constants and Lbkt is the length of the RF bucket.
Assuming that ∆x′ is the integrated effect over one turn (in the smooth machine ap-
proximation [3]), we can write:

Fcoh
x =

dPx

dt
= m0γv

dx′

dt
= m0γv

∆x′

∆t
=

m0γv2

2πR
∆x′ . (49)

Using Eq. (47) we can write:

Fcoh
x (z, t) =

m0γv2

2πR
∆x′ =

m0γv2

2πR

N

∑
n=0

kn (z)
∫

x̄ (z̃, t)
hn (z̃)

H2
n

dz̃ , (50)
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where x̄ (z′) is the average transverse position of the bunch at the longitudinal posi-
tion z, which can be written as:

x̄ (z, t) =
1

λ0(z)

∫∫
dx̃dx̃′

∫
dδ̃ x̃∆ψ

(
x̃, x̃′z, δ̃, t

)
, (51)

where λ0(z) is the longitudinal bunch profile.
Substituting Eq. (51) into Eq. (50), we obtain:

Fcoh
x (z, t) =

1
λ0(z)

m0γv2

2πR

∫∫
dx̃dx̃′

∫∫
dz̃dδ̃′ x̃∆ψ

(
x̃, x̃′, z̃, δ̃, t

) N

∑
n=0

kn (z)
hn (z̃)

H2
n

. (52)

To express it in polar coordinates we recall the following identities [3]:∫∫
dx̃dx̃′ =

∫∫
dJ̃xdθ̃x , (53)∫∫

dz̃dδ̃ =
ωs

vη

∫∫
r̃dr̃dφ̃ , (54)

and we define ĥn(z) = hn(z)/λ0(z). This allows rewriting Eq. (52) as:

Fcoh
x (r, φ, t) =

m0γvωs

2πηR

∫∫
dJ̃xdθ̃x

∫∫
r̃dr̃dφ̃

×

√
2 J̃xR
Qx0

cos θ̃x∆ψ
(

J̃x, θ̃x, r̃, φ̃
) N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (55)

We substitute the expression of ∆ψ from Eq. (16):

Fcoh
x (r, φ, t) =

m0γvωs

2πηR

∫∫
dJ̃xdθ̃x

∫∫
r̃dr̃dφ̃

√
2 J̃xR
Qx0

cos θ̃x

ejΩtejθ̃x
d f0

dJx

√
2 J̃xR
Qx0

· e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

(56)

and we reorder:

Fcoh
x (r, φ, t) =

m0γvωs

πηRQx0
ejΩt

∫
dJ̃x J̃x

d f0

dJx

∫
dθ̃x ejθ̃x cos θ̃x∫∫

r̃dr̃dφ̃ · e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (57)

From [3] we recall:∫ 2π

0
dθ̃xejθ̃x cos θ̃x = π, (58)∫ +∞

0
dJ̃x J̃x

d f0

dJ̃x
=
[

J̃x f0
(

J̃x
)]+∞

0 −
∫ +∞

0
dJ̃x f0

(
J̃x
)
= − N

2π
(59)
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which allows writing the final expression for the coherent force:

Fcoh
x (r, φ, t) = −Nm0γvωs

2πηQx0
ejΩt

∫∫
r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃)

×
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (60)

5 Integral equation

We substitute the expression of the coherent force from Eq. (60) into Eq. (17) obtaining:

+∞

∑
l=−∞

Rl(r)e−jlφ (Ω−Qx0ω0 −ω0∆QR − lωs) = −
Nωs

4πηQx0
ej∆Φ(r,φ)G0(r)

×
∫∫

r̃dr̃dφ̃ · e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (61)

We multiply both sides by ejlφ and integrate with respect to φ. Using the orthogonality
condition ∫ 2π

0
dφ ejlφe−jl′φ = 2πδl,l′ (62)

we obtain:

Rl(r) (Ω−Qx0ω0 −ω0∆QR − lωs) = −
Nωs

8π2ηQx0
G0(r)

∫
dφejlφej∆Φ(r,φ)

×
∫∫

r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (63)

Using the re-normalization of G0(z) given by Eq. (110) in Appendix A:

g0(r) =
ωs

vη
G0(r) , (64)

we obtain the following integral equation:

Rl(r) (Ω−Qx0ω0 −ω0∆QR − lωs) = −
Nv

8π2Qx0
g0(r)

∫
dφejlφej∆Φ(r,φ)

×
∫∫

r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (65)

6 Radial expansion

We expand the radial function Rl(r) as follows:

Rl(r) = Wl(r)
+∞

∑
m=0

blm flm(r) , (66)
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where Wl(r) is an arbitrary regular function and the functions flm(r) satisfy the or-
thogonality condition: ∫

flm(r) flm′(r)wl(r)dr = Flmδm,m′ (67)

with wl(r) being a suitable weight function.
Using the orthogonality condition we obtain:∫

dr wl(r) flm(r)
Rl(r)
Wl(r)

= blmFlm . (68)

7 Eigenvalue problem

In this section we consider the special case in which ∆QR = 0, while more general
cases will be treated in Sec. 8.
Applying the integral ∫

dr wl(r) flm(r)
(∗)

Wl(r)
(69)

to both sides of Eq. (65) we obtain:

blmFlm (Ω−Qx0ω0 − lωs) = −
Nv

8π2Qx0

∫∫
drdφ wl(r) flm(r)

g0(r)
Wl(r)

ejlφej∆Φ(r,φ)

×
∫∫

r̃dr̃dφ̃ e−jl′φ̃e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (70)

Using Eq. (66) we can write:

blmFlm (Ω−Qx0ω0 − lωs) = −
Nv

8π2Qx0

∫∫
drdφ wl(r) flm(r)ejlφej∆Φ(r,φ) g0(r)

Wl(r)∫∫
r̃dr̃dφ̃ e−jl′φ̃e−j∆Φ(r̃,φ̃)Wl′(r̃) ∑

l′m′
bl′m′ fl′m′(r̃)

N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (71)

Reorganizing, we obtain the following eigenvalue problem:

blmFlm (Ω−Qx0ω0 − lωs) = −
Nv

8π2Qx0

×∑
l′m′

bl′m′
N

∑
n=0

∫∫
dr dφ wl(r) flm(r)ej∆Φ(r,φ) g0(r)

Wl(r)
ejlφkn (r cos φ)

×
∫∫

r̃dr̃dφ̃e−j∆Φ(r̃,φ̃) Wl′(r̃)
λ0(r̃ cos φ̃)

fl′m′(r̃)e−jl′φ̃ hn (r̃ cos φ̃)

H2
n

, (72)

which can be rewritten in the compact form:

blm (Ω−Qx0ω0 − lωs) = ∑
l′m′

Mlm,l′m′bl′m′ , (73)
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where the matrix elements are expressed as:

Mlm,l′m′ = −
Nv

8π2Qx0Flm

N

∑
n=0

∫∫
dr dφ wl(r) flm(r)ej∆Φ(r,φ) g0(r)

Wl(r)
ejlφkn (r cos φ)

×
∫∫

r̃dr̃dφ̃e−j∆Φ(r̃,φ̃) Wl′(r̃)
λ0(r̃ cos φ̃)

fl′m′(r̃)e−jl′φ̃ hn (r̃ cos φ̃)

H2
n

. (74)

7.1 Laguerre polynomials

Following the approach implemented in the DELPHI code [3, 2], for each value of l,
we expand Rl(r) as:

Rl(r) =
(

r
rb

)λ|l|
e−ar2

+∞

∑
m=0

cm
l L|l|m

(
ar2
)

(75)

where L|l|n are the generalized Laguerre polynomials and a and λ are tunable param-
eters.
The orthogonality condition for the Laguerre polynomials is:∫

d(ar2) e−ar2
(

ar2
)|l|

L|l|m

(
ar2
)

L|l|m′

(
ar2
)
=

(|l|+ m)!
m!

δm,m′ , (76)

which, by explicitly writing the differential becomes:∫
dr 2ar e−ar2

(
ar2
)|l|

L|l|m

(
ar2
)

L|l|m′

(
ar2
)
=

(|l|+ m)!
m!

δm,m′ . (77)

Equations (75) and (77) coincide with Eqs. (66) and (67) if we define:

Wl(r) =
(

r
rb

)λ|l|
e−ar2

, (78)

wl(r) = 2ar e−ar2
(

ar2
)|l|

, (79)

flm(r) = L|l|m

(
ar2
)

, (80)

Flm =
(|l|+ m)!

m!
. (81)

We assume that the unperturbed distribution is Gaussian:

λ0(z) =
N√
2πσb

e
− z2

2σ2
b , (82)

g0 (r) =
1

2πσ2
b

e
− r2

2σ2
b , (83)
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and we use Eqs. (78) - (83) to compute the integrals in Eq. (74):∫∫
r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃) Wl′(r̃)

λ0(r̃ cos φ̃)
fl′m′(r̃)e−jl′φ̃ hn (r̃ cos φ̃)

H2
n

=

√
2πσb
N

∫∫
r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃)

(
r̃
rb

)λ|l′|
e
−ar̃2

(
1− cos2 φ̃

2aσ2
b

)
L|l
′|

m′

(
ar̃2
)

e−jl′φ̃ hn (r̃ cos φ̃)

H2
n

=

√
2πσb
N

∫
r̃dr̃
(

r̃
rb

)λ|l′|
L|l
′|

m′

(
ar̃2
) ∫

dφ̃ e−j∆Φ(r̃,φ̃) e
−ar̃2

(
1− cos2 φ̃

2aσ2
b

)
hn (r̃ cos φ̃)

H2
n

e−jl′φ̃ ,

(84)

∫∫
dr dφ wl(r)ej∆Φ(r,φ) g0(r)

Wl(r)
flm(r)ejlφkn (r cos φ) =

1
πσ2

b

∫∫
dr dφ ej∆Φ(r,φ) ar

(
ar2
)|l|

e
− r2

2σ2
b

(rb
r

)λ|l|
L|l|m

(
ar2
)

ejlφkn (r cos φ) =

a
πσ2

b

∫
r dr a|l|rλ|l|

b r(2−λ)|l|L|l|m

(
ar2
)

e
− r2

2σ2
b

∫
dφ ej∆Φ(r,φ) kn (r cos φ) ejlφ . (85)

This allows obtaining an explicit expression for the matrix of the eigenvalue problem:

Mlm,l′m′ = −
va

4π2
√

2πQx0σb

m!
(|l|+ m)!

×
N

∑
n=0

∫
r̃dr̃
(

r̃
rb

)λ|l′|
L|l
′|

m′

(
ar̃2
) ∫

dφ̃ e−j∆Φ(r̃,φ̃) e
−ar̃2

(
1− cos2 φ̃

2aσ2
b

)
hn (r̃ cos φ̃)

H2
n

e−jl′φ̃

×
∫

r dr a|l|rλ|l|
b r(2−λ)|l|L|l|m

(
ar2
)

e
− r2

2σ2
b

∫
dφ ej∆Φ(r,φ) kn (r cos φ) ejlφ , (86)

which can be computed using numerical integration.

8 Effect of detuning with longitudinal amplitude

We now consider the more general case in which the term ∆QR in Eq. (65) does not
vanish:

Rl(r) (Ω−Qx0ω0 − lωs − ∆QR(r)ω0) = −
Nv

8π2Qx0
ej∆Φ(r,φ)g0(r)

×
∫

dφejlφ
∫∫

r̃dr̃dφ̃ e−j∆Φ(r̃,φ̃)
+∞

∑
l′=−∞

Rl′(r̃)e−jl′φ̃
N

∑
n=0

kn (r cos φ)
ĥn (r̃ cos φ̃)

H2
n

. (87)

We apply the integral 1
Flm

∫
dr wl(r) flm(r)

(∗)
Wl(r)

to both sides of Eq. (87) obtaining

blm (Ω−Qx0ω0 − lωs)−
ω0

Flm

∫
dr wl(r) flm(r)

Rl(r)∆QR(r)
Wl(r)

= ∑
l′m′

Mlm,l′m′bl′m′ , (88)
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where the matrix Mlm,l′m′ is given by Eq. (74)).
We substitute the expansion of the radial function from Eq. (66)

Rl(r) = Wl(r)
+∞

∑
m′=0

blm′ flm′(r) (89)

obtaining:

blm (Ω−Qx0ω0 − lωs)−
ω0

Flm

+∞

∑
m′=0

blm′

∫
dr wl(r)∆QR(r) flm(r) flm′(r) = ∑

l′m′
Mlm,l′m′bl′m′ .

(90)
By defining an auxiliary matrix:

M̃lm,l′m′ = δl,l′
ω0

Flm

∫
dr wl(r)∆QR(r) flm(r) flm′(r) (91)

we can rewrite the eigenvalue problem from Eq. (90) as:

blm (Ω−Qx0ω0 − lωs) = ∑
l′m′

(
Mlm,l′m′ + M̃lm,l′m′

)
bl′m′ . (92)

Using the expansion in Laguerre polynomials defined in Eqs. (79) - (81), we can write
the following expression for M̃lm,l′m′ :

M̃lm,l′m′ = δl,l′
ω0

Flm

∫
dr 2ar e−ar2

(
ar2
)|l|

∆QR(r)L|l|m

(
ar2
)

L|l|m′

(
ar2
)

. (93)

where the integral can be evaluated numerically.

9 Rigid bunch tune shift

The average transverse position along the bunch can be expressed using Eq. (51):

x̄ (z) =
1

λ0(z)

∫∫
dx̃dx̃′

∫
dδ̃ x̃∆ψ

(
x̃, x̃′z, δ̃

)
. (94)

We substitute into Eq. (94) the expression of the perturbation from Eq. (16), obtaining:

x̄ (z) =
1

λ0(z)
ejΩt 2R

Qx0

∫
dJ̃x Jx

d f0

dJx

∫
dθ̃x cos θx ejθx

∫
dδ̃ · e−j∆Φ(r,φ) ·

+∞

∑
l=−∞

Rl(r)e−jlφ .

(95)
Using Eqs. (58) and (59), we obtain

x̄ (z) = −NR
Qx0

1
λ0(z)

ejΩt
∫

dδ̃ e−j∆Φ(r,φ)
+∞

∑
l=−∞

Rl(r)e−jlφ . (96)

We substitute the expansion of Rl(r) from Eq. (75) into Eq. (96), obtaining:

x̄ (z) = −NR
Qx0

1
λ0(z)

ejΩt ∑
lm

blm

∫
dδ̃ e−j∆Φ(r,φ)Wl(r) flm(r)e−jlφ . (97)
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We consider the special case in which we have an eigenvector having as only non-zero
element b00, and we assume that there is no head-tail phase shift ∆Φ(r, φ) = 0. In that
case:

x̄ (z) = −NR
Qx0

1
λ0(z)

ejΩtb00 f00

∫
dδ̃W0(r) . (98)

If we choose:
a =

8
r2

b
=

1
2σ2

b
(99)

we have that W0(r) is proportional to g0(r) and therefore:∫
dδ̃W0(r) = K

∫
dδ̃g0(r) = Kλ0(z) . (100)

We substitute Eq. (100) in Eq. (98): obtaining:

x̄ (z) = −NR
Qx0

KejΩtb00 f00 = x0 ejΩt . (101)

This shows that, under the mentioned hypotheses (in particular ∆Φ(r, φ) = 0), if
an eigenmode corresponding to a rigid bunch oscillation exists, the corresponding
eigenvector will be in the form:

blm = b00 δlδm . (102)

The corresponding complex frequency can be found substituting Eq. (102) into Eq. (92)
obtaining:

Ω−Qx0ω0 = M00,00 + M̃00,00 . (103)

Summary

We have derived a linearized approach for the study of transverse beam instabilities
driven by e-clouds using the Vlasov method. For this purpose the quadrupolar forces
introduced by the e-cloud along the bunch are described using a polynomial, while
the dipolar forces are described using a discrete set of response functions. With these
assumptions, the identification of the beam coherent eigenmodes is achieved by solv-
ing an eigenvalue problem. An expression for the tune shift of the rigid-bunch mode
is also derived.
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Appendix A g0 renormalization

The function G0 is normalized such that [3]:∫ ∞

0
dJzG0 (Jz) =

1
2π

. (104)

Taking into account that:

r =

√
2Jzvη

ωs
, (105)

Jz = r2 ωs

2vη
, (106)

dJz =
ωs

vη
r dr , (107)

we obtain: ∫ ∞

0
rdrG0 (r) =

vη

ωs

1
2π

. (108)

We can introduce a renormalized function:

g0(r) =
ωs

vη
G0(r) . (109)

Using Eq. (108), we obtain:∫
rdr g0(r) =

ωs

vη

∫
rdr G0(r) =

1
2π

, (110)

which is the normalization condition used in DELPHI [2].

A.1 Gaussian beam

For a Gaussian beam, we can show that the distribution

g0 (r) =
1

2πσ2
b

e
− r2

2σ2
b (111)

satisfies Eq. (110):

∫ ∞

0
rdrg0 (r) =

1
2π σ2

b

∫ ∞

0
re
− r2

2σ2
b dr =

1
2π

∫ ∞

0

r
σ2

b
e
− r2

2σ2
b dr

= − 1
2π

∫ ∞

0
d

(
e
− r2

2σ2
b

)
=

1
2π

. (112)
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Appendix B Perevedentsev formalism as a special case

E. Perevedentsev in Ref. [6] describes the dipolar effect of the e-cloud using a gener-
alized wake field:

∆x′ =
2πR

m0γv2 Fcoh
x =

e2

m0γv2

∫
dz̃λ0(z̃)x̄(z̃)Wdip

x (z, z̃) (113)

or the corresponding generalized impedance defined so that:

Wdip
x (z, z̃) = − j

4π

∫∫
dωdω̃Zdip

x (ω, ω̃) ei(ωz−ω̃z̃)/v . (114)

We can show that such a description is mathematically equivalent to the one intro-
duced in Eq. (47):

∆x′ (z) =
N

∑
n=0

ankn (z) =
N

∑
n=0

kn (z)
∫

x̄ (z̃)
hn (z̃)

H2
n

dz̃ . (115)

In fact, Eq. (115) can be rewritten as:

∆x′ (z) =
∫

dz̃ x̄ (z̃)
N

∑
n=0

kn (z)
hn (z̃)

H2
n

=
e2

m0γv2

∫
dz̃ λ0(z̃)x̄ (z̃)

(
m0γv2

e2λ0(z̃)

N

∑
n=0

kn (z)
hn (z̃)

H2
n

)
. (116)

Comparing Eq. 116 with Eq. (113) we obtain:

Wdip
x (z, z̃) =

m0γv2

e2λ0(z̃)

N

∑
n=0

kn (z)
hn (z̃)

H2
n

, (117)

which allows to write Perevedentsev’s generalized wakefield using our set of re-
sponse functions.
Conversely, the set of response functions kn(z) can be written in terms of Wdip

x by
simply substituting x̄(z) = hn(z) in Eq. (113):

kn (z) =
e2

m0γv2

∫
dz̃λ0(z̃)hn(z̃)W

dip
x (z, z̃) . (118)

We want to show that Perevedentsev’s coupling matrix is a special case of the one
derived in this work. We recall our matrix from Eq. (74), which can be rewritten as:

Mlm,l′m′ = −
Nv

8π2Qx0Flm

∫∫
dr dφ wl(r) flm(r)ej∆Φ(r,φ) g0(r)

Wl(r)
ejlφ

×
∫∫

r̃dr̃dφ̃e−j∆Φ(r̃,φ̃)Wl′(r̃) fl′m′(r̃)e−jl′φ̃

[
1

λ0(r̃ cos φ̃)

N

∑
n=0

kn (r cos φ)
hn (r̃ cos φ̃)

H2
n

]
.

(119)
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The expression in the square brackets can be rewritten using Eq. (117):

Mlm,l′m′ = −
Ne2

8π2m0γvQx0Flm

∫∫
dr dφ wl(r) flm(r)ej∆Φ(r,φ) g0(r)

Wl(r)
ejlφ

×
∫∫

r̃dr̃dφ̃e−j∆Φ(r̃,φ̃)Wl′(r̃) fl′m′(r̃)e−jl′φ̃Wdip
x (r cos φ, r̃ cos φ̃) . (120)

Using Eq. (114) we obtain:

Mlm,l′m′ =
j

4π

Ne2

8π2m0γvQx0Flm

∫∫
dr dφ wl(r) flm(r)ej∆Φ(r,φ) g0(r)

Wl(r)
ejlφ

×
∫∫

r̃dr̃dφ̃e−j∆Φ(r̃,φ̃)Wl′(r̃) fl′m′(r̃)e−jl′φ̃
∫∫

dωdω̃Zdip
x (ω, ω̃) ei(ωr cos φ−ω̃r̃ cos φ̃)/c .

(121)

We reorganize the expression as:

Mlm,l′m′ =
j

4π

Ne2

8π2m0γvQx0Flm

∫∫
dωdω̃Zdip

x (ω, ω̃)

×
∫

dr wl(r) flm(r)
g0(r)
Wl(r)

∫
dφ ej∆Φ(r,φ)+jωr cos φ/cejlφ

×
∫

r̃dr̃ Wl′(r̃) fl′m′(r̃)
∫

dφ̃ e−j∆Φ(r̃,φ̃)−jω̃r̃ cos φ̃/ce−jl′φ̃ . (122)

To proceed, we need to make the same assumptions as in Ref. [6], limiting ourself
to the head-tail phase shift from linear chromaticity and neglecting the quadrupolar
effects of the e-cloud, obtaining:

Mlm,l′m′ =
j

4π

Ne2

8π2m0γvQx0Flm

∫∫
dωdω̃Zdip

x (ω, ω̃)

×
∫

dr wl(r) flm(r)
g0(r)
Wl(r)

∫
dφ ej(ω−ωξ)r cos φ/cejlφ

×
∫

r̃dr̃ Wl′(r̃) fl′m′(r̃)
∫

dφ̃ e−j(ω̃−ωξ)r̃ cos φ̃/ce−jl′φ̃ (123)

where ωξ is the chromatic frequency shift:

ωξ = − Q′

ηR
. (124)

By exploiting the following identity [3]:∫ 2π

0
dφe−jlφejY cos φ = 2π jl Jl(Y) (125)

we can write:∫ 2π

0
dφ̃e−jl′φ̃ej(ω̃−ωξ)r̃ cos φ̃/v = 2π jl′ Jl′

(
(ω̃−ωξ)r̃

v

)
∫ 2π

0
dφ ejlφe−j(ω−ωxi) r cos φ

v = conj
(∫ 2π

0
dφ e−jlφej(ω−ωξ)

r cos φ
v

)
= 2π j−l Jl

(
(ω−ωξ)r

v

)
(126)
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Substituting these results into Eq. (123) we obtain:

Mlm,l′m′ = j
Ne2π

8π2m0γvQx0Flm
jl′−l

∫∫
dωdω̃Zdip

x (ω, ω̃)

×
∫

dr wl(r) flm(r)
g0(r)
Wl(r)

Jl′

(
(ω̃−ωξ)r̃

v

) ∫
r̃dr̃ Wl′(r̃) fl′m′(r̃)Jl

(
(ω−ωξ)r

v

)
. (127)

Specializing for Gaussian beams and generalized Laguerre polynomials (Eqs. (78) -
(83)), with the choice of constants made in DELPHI:

λ = 1, a =
1

2σb
, rb = 4σb , (128)

Eq. (127) coincides with the coupling matrix obtained by Perevedentsev, i.e. Eq. (26)
in Ref. [6].

Appendix C Impedance case

For the case of an impedance (assuming zero chromaticity) the dipolar coherent force
can be written as:

Fcoh
x (z, t) =

e2

2πR

∫∫
dz̃dδ̃

∫∫
dx̃dx̃′ψ

(
x̃, x̃′, z̃, δ̃, t

)
x̃Wdip

x (z̃− z) (129)

=
e2

2πR

∫
dz̃Wdip

x (z̃− z)
∫

dδ̃
∫∫

dx̃dx̃′ x̃ψ
(
x̃, x̃′, z̃, δ̃, t

)
(130)

=
e2

2πR

∫
dz̃λ0(z̃)x̄(z, t)Wdip

x (z̃− z) . (131)

Using Eq. (49):

∆x′ =
2πR

m0γv2 Fcoh
x =

e2

m0γv2

∫
dz̃λ0(z̃)x̄(z̃)Wdip

x (z̃− z) (132)

the response to a generic test function hn(z) can be written as:

kn(z) =
e2

m0γv2

∫
dz̃λ0(z̃)hn(z̃)W

dip
x (z̃− z) . (133)

From the definition of impedance:

Wx(z) = −
j

2π

∫ ∞

−∞
dωejω z

v Zx(ω) (134)

we can write:

kn(z) =
e2

m0γv2

∫
dẑλ0(ẑ)hn(ẑ)

−j
2π

∫ ∞

−∞
dωejω ẑ−z

v Zx(ω)

=
−je2

2πm0γv2

∫
dωZx(ω)e−jω z

v

∫
dẑλ0(ẑ)hn(ẑ)ejω ẑ

v . (135)
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This can be substituted in Eq. (74), obtaining:

Mlm,l′m′ =
jNe2

16π3m0γvQx0Flm

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)

×
∫

dφ ejlφ
∫

dφ̃
1

λ0(r̃ cos φ̃)
e−jl′φ̃

N

∑
n=0

hn (r̃ cos φ̃)

H2
n

∫
dωZx(ω)e−jω r cos φ

v

∫
dẑλ0(ẑ)hn(ẑ)ejω ẑ

v

=
jNe2

16π3m0γvQx0Flm

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)

∫
dφ ejlφ

∫
dφ̃

1
λ0(r̃ cos φ̃)

e−jl′φ̃

×
∫

dωZx(ω)e−jω r cos φ
v

N

∑
n=0

hn (r̃ cos φ̃)

H2
n

∫
dẑλ0(ẑ)hn(ẑ)ejω ẑ

v . (136)

Using Eq. (46), we can write

λ0(ζ)ejω ζ
v =

N

∑
n=0

hn (ζ)

H2
n

∫
dz̃ λ0(z)ejω z

v hn (z̃) . (137)

Substituting into Eq. (136) for ζ = r̃ cos φ̃ we obtain:

Mlm,l′m′ =
jNe2

16π3m0γvQx0Flm

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)

×
∫

dφ ejlφ
∫

dφ̃
1

λ0(r̃ cos φ̃)
e−jl′φ̃

∫
dωZx(ω)e−jω r cos φ

v λ0(r̃ cos φ̃)ejω r̃ cos φ̃
v

=
jNe2

16π3m0γvQx0Flm

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)

×
∫

dφ ejlφ
∫

dφ̃e−jl′φ̃
∫

dωZx(ω)e−jω r cos φ
v ejω r̃ cos φ̃

v . (138)

Exploiting the following identity [3]:∫ 2π

0
dφ̃e−jlφ̃ejξ cos φ̃ = 2π jl Jl(ξ) (139)

we can write:∫ 2π

0
dφ̃e−jl′φ̃ejω r̃ cos φ̃

v = 2π jl′ Jl′

(
ωr̃
v

)
∫ 2π

0
dφ ejlφe−jω r cos φ

v = 2π j−l J−l

(
−ωr

v

)
= 2π j−l(−1)l Jl

(
−ωr

v

)
= 2π j−l Jl

(ωr
v

) (140)

and therefore:∫
dφ ejlφ

∫
dφ̃e−jl′φ̃

∫
dωZx(ω)e−jω r cos φ

v ejω r̃ cos φ̃
v =∫

dωZx(ω)
∫

dφ ejlφe−jω r cos φ
v

∫
dφ̃e−jl′φ̃ejω r̃ cos φ̃

v

= 4π2 jl′−l
∫

dωZx(ω)Jl′

(
ωr̃
v

)
Jl

(ωr
v

)
. (141)

19



Equation (141) can be substituted into Eq. (138), obtaining:

Mlm,l′m′ =
jNe2

4πm0γvQx0Flm
jl′−l

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)

×
∫

dωZx(ω)Jl′

(
ωr̃
v

)
Jl

(ωr
v

)
, (142)

which can be reorganized as:

Mlm,l′m′ =
jNe2

4πm0γvQx0Flm
jl′−l

∫
dωZx(ω)∫

dr wl(r) flm(r)
g0(r)
Wl(r)

Jl

(ωr
v

) ∫
r̃ dr̃Wl′(r̃) fl′m′(r̃)Jl′

(
ωr̃
v

)
. (143)

With the assumptions described in Sec. 7.1, we can write:

∫
dr wl(r) flm(r)

g0(r)
Wl(r)

Jl

(ωr
v

)
=
∫

dr 2ar e−ar2
(

ar2
)|l|

L|l|m

(
ar2
)

g0(r)
(

r
rb

)−|l|
ear2

Jl

(ωr
v

)
= 2a|l|+1r|l|b

∫
dr r|l|+1 L|l|m

(
ar2
)

g0(r)Jl

(ωr
v

)
, (144)

∫
dr̃ r̃Wl′(r̃) fl′m′(r̃)Jl′

(
ωr̃
v

)
= r−|l

′|
b

∫
dr̃ r̃|l

′|+1e−ar̃2
L|l
′|

m′

(
ar̃2
)

Jl′

(
ωr̃
v

)
. (145)

Substituting into Eq. (143) we obtain:

Mlm,l′m′ =
jNe2

4πm0γvQx0Flm
jl′−l

∫
dωZx(ω)2a|l|+1r|l|b

∫
dr r|l|+1 L|l|m

(
ar2
)

g0(r)Jl

(ωr
v

)
× r−|l

′|
b

∫
dr̃ r̃|l

′|+1e−ar̃2
L|l
′|

m′

(
ar̃2
)

Jl′

(
ωr̃
v

)
, (146)

which can be rewritten as:

Mlm,l′m′ =
jNe2

2πm0γvQx0

m!
(|l|+ m)!

jl′−la|l|+1r|l|−|l
′|

b

∫
dωZx(ω)∫

dr r|l|+1 L|l|m

(
ar2
)

g0(r)Jl

(ωr
v

) ∫
dr̃ r̃|l

′|+1e−ar̃2
L|l
′|

m′

(
ar̃2
)

Jl′

(
ωr̃
v

)
. (147)

C.1 Check against DELPHI

We want to compare Eq. 147 against the matrix used in the DELPHI code, which is [2]:

Mln,l′n′ =
−jl′−ln!κτ

|l|−|l′|
b

2|l|(n + |l|)!

+∞

∑
p=−∞

Zx
(
ωp
)

Gln
(
ωp
)

Il′n′
(
ωp, a

)
, (148)
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with:

κ = −j
Nω0e2

4πγm0cQx0
, (149)

Gln(ω, a) = (2a)|l|+1
∫ +∞

0
τ1+|l|L|l|n

(
aτ2
)

g0(τ)Jl(ωτ)dτ , (150)

Iln(ω, a) =
∫ +∞

0
τ1+|l|L|l|n

(
aτ2
)

e−aτ2
Jl(ωτ)dτ . (151)

In the single-bunch approximation

ω0

+∞

∑
p=−∞

=
∫

dω (152)

Eq. (148) can be rewitten as:

Mln,l′n′ =
jl′−ln!τ|l|−|l

′|
b

2|l|(n + |l|)!
j

Ne2

4πγm0cQx0

∫
dωZx (ω) Gln (ω) Il′n′ (ω, a)

=
jl′−ln!τ|l|−|l

′|
b

2|l|(n + |l|)!
j

Ne2

4πγm0cQx0
(2a)|l|+1

∫
dωZx (ω)

×
∫ +∞

0
dτ τ1+|l|L|l|n

(
aτ2
)

g0(τ)Jl(ωτ)
∫ +∞

0
τ1+|l′|L|l

′|
n′

(
aτ2
)

e−aτ2
Jl(ωτ)dτ

=
jNe2

2πγm0cQx0

n!
(n + |l|)! jl′−la|l|+1τ

|l|−|l′|
b

∫
dωZx (ω)

×
∫ +∞

0
dτ τ1+|l|L|l|n

(
aτ2
)

g0(τ)Jl(ωτ)
∫ +∞

0
dτ τ1+|l′|e−aτ2

L|l
′|

n′

(
aτ2
)

Jl(ωτ) , (153)

which indeed coincides with Eq. (147).
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