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Abstract: In this paper, symmetries and spectral-dependent so-
lutions of colored Yang-Baxter equation with six-vertex are dis-
cussed. It is shown that each six-vertex type solution of colored
Yang-Baxter equation is equivalent to one of the six basic solu-
tions up to five solution transformations and all solutions can be
classified into two types called Baxter type and Free-Fermion type.
The unitary condition of the solutions is also discussed.

§1. Colored Yang-Baxter equation and its symmetries

It is well known that the Yang-Baxter equati;')n
qu(u)Ru(‘u + ‘U)Ru(’v) = Rn(ﬂ)ku(‘u + ’U)Rg:;(u). ) (1‘1)

plays an important role in the theory of two-dimensional integral system of quantum
field theory and quantum statistics on two-dimensional lattice.[1-4] It ensures commu-
tativity of the transfer matrices in the systems and models.

As one of generalization of the Yang-Baxter equation, the colored Yang-Baxter
equation is defined as:{5]

Rl'l(ur E, n)R23(u + 1’»6) A)i{lﬁ("’) 7, )‘) = RT:’(‘": yh A)RIZ(u + v, 51 /\)R;;,(u, E! T’)) (12)
where £, 7 and X are color parameters, u, v and u 4 v are spectral parameters and
Rl?(u) 61 7’) = R(‘ll., fl 7’) ® Er R?S(uv Er "l) =E ® R(u, E: 7]))

here E is unit matrix of order n, ® means the tensor product of two matrices. Recently,
much attention has been attracted to the colored Yang-Baxter equation (1.2) and its
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solutions. Some subjects, such as the close relation of the colored Yang-Baxter equation
with the free fermionic model in magnetic field, the connection between solutions of the
equation and the multivariable invariants of links as well as representations of quantum
algebras and so on are also discussed.[6-11]

In this paper, we will focus on the discussion of the symmetries and non-degenerate
six-vertex type solutions of the colored Yang-Baxter equation (1.2). The case of the
eight-vertex type solutions will be discussed in a coming paper. The first section of
this paper is applied to introduce the symmetries of six-vertex type solutions of (1.2).
In the second section we give the differential equations that solutions of the colored
Yang-Baxter equation satisfy. In the third section we will construct all six-vertex type
solutions of Yang-Baxter equation only with colored parameters. Based on the second
and third sections we present six basic solutions of the equation (1.2) in section four
and classify the obtained solutions into two type: the Baxter type and Free-Fermion
type. These basic solutions, in fact, give all non-degenerate six-vertex type solutions
of the colored Yang-Baxter equation (1.2) up to five solution transformations.

The six-vertex type solution of colored Y-B equation is the solution of (1.2) in the
following form:

al(‘u,f,fl) 0 0 0
T s aswmém) 0
Ru&m=| o b awmem 0

0 0 0 ai(u)f)ﬂ)

If the weights functions a;(x,£,n) F0 (i = 1,2,---,6) are satisfied additionally, the
solution is called the non-degenerate six-vertex type solution of colered Y-B equation.
Otherwise, it is called the degenerate six-vertex type solution. In the case of six-vertex
type solutions, the Free-Fermion condition can be expressed as(6}

a,(u, f: T’)GJ(uv Er 7’) - al(u» E» 7’)“4(‘“': E: 7’) - a’5(u: Er 7’)“6(“) El 7’) =0. (13)

For the six-vertex type solutions of Y-B equation, the matrix equation (1.2) is
equivalent to the following 13 equations:

Py a.(zl)a(:)ag:) - a.gl)a.gz)a.ga) =0, (1-43)
P a(ll)a(lz)aga) - agl)a(:)a(la) - agl)a(sz)a(zs) =0,
Pri a0 e o, 4

Pyr aala _ a0aal® _ (e o,
Py a(l)a?)a(:) - agl)a(,z)a(f) - agl)a(:)a(,a) =0,

4
Poo a1 D) <, (149
Py a(zl)agz)aga) - a(zl)a(sz)ags) - agl»)agz)a(:) =0,



Py a(ll)a(z)a(a) - agl)a(;)aga) - a(‘)ag’)aga) =0,
Py : q(ll)agz)a(sa) - a(s‘)a(;)aga) - agl)a(z)ags) =0,
Py agl)a(lz)aga) - a(;’a(’)aﬁ” - agl)a(,z)a.ga) =0,
Pyo: a(:)a(f)ag:’) - a(;)agz)a(:) - agl)a(sz)a(a) =0,
Py e a&l)a(:)a(:) - a(ol)ag’)a(.a) - a(,l)a(:)ags) =0,
Py a.gl)a(‘z)aga) - agx)agz)a(‘a) - a(sl)a(:)uga) =0,

(1.4d)

where for simplicity we denote
“El) = ai(y,§, ), ag?) = af(v: 7,2), ”’Sa) =ai(u+v,é, A), i=12,---,6. (1'5)

Assume R(x,£,n) is a solution of (1.2). Detailed study of the system of equations
(1.4) shows that there are five symmetries of six-vertex type solution of Y-B equation
as follows.

(A) Symmetry of exchanging indices.

The system of equations (1.4) is invariant if we exchange the two sub-indices 2 and
3 or 1,5 and 4, 6 respectively. :

(B) The scaling symmetry.

f(u,f,n)R(u,f,n) is also a solution of Y-B equation (1.2), where f(u,£,7n)is an
arbitrary function.

(C) Symmetry of weights as(u,§,7n), and ag(u, €,7)

If the weights as(u, ¢,7) and ag(u, £, n) are replaced by the new weights as(u, £, n) =
ptas(w, £,n) and ds(x, £, n) = pas(u, £, 77) respectively, where 4 is a non-zero constant,
the new R(u,£,7) is also a solution of (1.2).

(D) Symmetry of weights as(u,¢,1), and aa(y,§,7)

If the weights aa(u, £, ) and a3(u, ¢, ) aze replaced by the new weights d2(u, ¢, )=
e““%%ﬂﬂ)a;(u,f,n) and d3(u,€,7) = e“‘“%a;;(u,f,n) respectively, where f({) is an
arbitrary function and pu is a constant, the new R(u,f,n) is also a solution of (1.2).

(E) Symmetry of spectral and color parameters.

If we take the new spectral parameter % = pu and new color parameters a = (&),
B = f(n), where f({) is an arbitrary function and g is a constant, the new matrix
R(«, a,B) is also a solution of (1.2).

The five symmetries (A), (B), (C), (D) and (E} are called solution transformations '

A, B, C, D and E of six-vertex type solutions of colored Y-B equation (1.2) respectively.

§2. The differential equation related to the Colored Yang-Baxter
equation )

Since we only consider non-degenerate solutions of (1.2), from the equation (1.4a)
and the assumption of non-degeneration we have

Bubm= Dt w63/ 2w.) (2.1)

due to az(u,£,7) #0. Let { =7 = A in (2.1), we have

(1w, §,6) = ep(C () (22)
By letting 7 = X in (2.1), we find
2(u,6,m) = 2(u+v,¢, neap(~Cln)o). (2.3)
2 as
Therefore, the combination of (2.1), (2.2) and (2.3) gives
5 (u,6,m) = expCON) 200,63/ 2(0m. ) (24)

Noticing that left hand side of (2.4) is independent of X and considering the solution
transformations B and D, we can assume as(u,§,7) = aa(w,£,1) = 1 in the following
discussion of non-degenerate solutions without losing generality. Therefore equations
(1.4) can be reduced to following six equations:

al(u' £» ﬂ)al(", 7 A) - h’l(u +v, Et A) - as(u, Er 7’)“’5(”1 N A) =0
d](‘u, Er 77)‘15(“ + v, Er A) - Gs(‘u, £| T’)al(u + vva A) - 05(1:', kh ’\) =0 (258')
61("), N A)as(u + v, E' >‘) - a’ﬁ(vl 7, A)‘7'1("‘ + v, 61 A) - aG("’v El 77) =0 v
aq(1, €, maa(v,m, A) — ag(u+ v,€,2) — as(w, €, n)ag(v,n,A) = 0
a4(uv f’ Tl)ﬂs(" +v, 61 A) - as(uv f) 7’)“4("‘ +v, Er A) - G-e(‘ll, N A) =0 (25b)
04(‘0, mn A)"’5("' + vvﬁ; A) - aS(") 7 A)a‘i(u +v, f: A)._ aS(ul El 77) =0

In order to solve (2.5), we will use a;(x + v,£,)) and ai{v,m, M) (i=1,2,---,6) to

represent a;(u,§,7) (i = 1,2,--+,6). from (2.5a) we have

al(u + vvfr )‘)

a‘l(uva”): ax(v.ﬂ )\) (1 - “5("-71: A)“G(vvﬂrA))
+a5(1’1 7 A)"'G(u + v, El A)!

as(u, &,1) = Ei‘—(l—i%—?)—)‘)(l ~ ag(v, 7, Aas(v,7, A)) (2.6)
_a-ltzsu(_i’g_:'%(l - a5(u + urfr A)as(u + Vrfr A))1

as(u, E' ") = a;(v, ub A)as("‘ + v, El A) - al(u + v, El A)aﬁ(vl ™ A))
and from (2.5b) we have

aq(u,€,7) = %%%\2(1 — as(v, 7, \as(v,m, X))
tag(u+v,€, N)as(v,7,}),
as(u, &, 1) = as(v,m, N)as(u + v,§, A) - aq(u + v, €, Nas(v,m, ), @1
‘16(1-‘1 £, 7]) = %{;—:i}&(l - as(v,q, A)as(v'n, )‘))
asv,n,/\_)_ —as{v + v ag(u + v
_a4(u+ v,E,A)(l 5( + ‘f’A) 6( + lfy)\))



By comparing the expressions of as(u,£, 1) and ag(u,£,7) in (2.6) and (2.7), we have

0.1(11 + lel A)a'-“i(u + vrfr ’\)(1 e al(u: /1 A)a4(u» 7, A) - as(v, 7, A)aﬁ(vl 7, A))
= ‘11(",77, '\)‘15("»7). A)(]' - al(u + ‘Urfv /\)(14(14 + ”»El)‘)
. _as(u + 1"16) A)a‘ﬁ("" + vlfl A))v
at(u + 1’16: A)“S("’ +v, Et A)(l - a‘(vl D A)‘1'4(1” B A) - a.5(‘U, T /\)lle(v, 7, ’\))
= ‘14("17’1 ’\)ae(vn"’l A)(1 - al("’ + "16:’\)‘14(1" +v,§, ’\)
—as(u +v,§, Mae(u +v,£, ),

(1= ay(u+v,§,M)ag(utv,6,2)-as(ut v, €, Nas{u +v,£,1)) =)
al(u+v:E1A)aﬁ(u+u|£»A) ! ! (2 8)
(1= ai(u+ 72,6 N)ag(u+v,€,A) ~ as(u + v,§ Aas(u + v,§, 1)) _ ) .

a4(u +v, Et A)aﬁ(u + ‘U,E, A)
where Cy(}), Ca()) are functions of A. Therefore, from the combination of (2.6), (2.7

and (2.8), the expressions of a;(u,£,7) (i = 1,4,5,6) by ai(u +v,£,2),aiv,7,4) (i =
1,4,5,6) are as follows

ar(x,6,m) = (v +v,€ ) (@(v, 7, 2) + C1(A)as(v, 7, 1))
+a5('l), 1 A)"'6("‘ +v, f: A)r

ai(“sf)”) = 0'4(1‘ + ")En A)(a'l("er,| A) + C1()\)as(v, ™ A))
+as(u + v,£, Aag(v,n, A), (2.9)

ﬂs('“-: 61 7’) = (14(11, m A)aﬁ(u + v, El A) - a‘(u +v, En )\)0.5(’!), U )‘)1
de(’u., f) 7’) = al(”: 7, A)‘7'6('"' + ‘U,E, A) - a.‘(u + v, E: A)"'6(1’: 7, ’\)x

From the expression of as(u,£,n) and ag(x, £,7) in (2.6) and (2.7), it is easy to
show that

as("yfﬂl) = —‘IS(_uynif)l a6(u»£)f’) = -aﬁ(—uv 77:5)~ (210)

Letting u = 0, n = £ in (2.5) and then solving the equation with respect to
{al(oa flf)l "'4(01 E' E)x “5(01 £| E)r as(or E’ £)} we obtain

al(o)fle):al(olfvf)‘: 1, aS(OIE)e)zaS(OIE)E): 0. (211)

(2.11) can be regarded as initial condition of Y-B equation (1.2).
In following context, the differential equations of a;{(u, £, 7) is developed and we will

use the following notations for simplicity:

X = ay(, 6\, X' = -———-——3“‘(;;5”\), X" = a——-——z“‘é‘:f’ A,

W = ay(s,£,3), W' = -——a““;f"\), W = a___mg;,zg ),

Y =as(v,§,2), Y= ?a—s(g’f'—'\), Y= a—zi"‘é%g—’i\), (2.12)
Z = ag(u,§,2), Z'= —-—a“‘(;f"\), 7" = ‘9-————2"6;:;5' A)

aff) = a—a"%'TE’—A—) ot i=1,4,5,6.

If we differentiate the system of equations (2.5) with respect to the variable u and
then letting v = 0, n = £. We can obtain following group of differential equations with
appropriate arrangement of the arguments

X' = Xey(§) - Yes(£), Y’ = ~Ye(€) + Xes(§),
W' = Wea(§) - Zes(§), Z' = —Zey(€) + Wes(£), (2.13)
cs(é) = —(X'2)+ X Z', es(§) = ~-W'Y + WY

Differentiating once more (2.13) with respect to the spectral variable u, we have four
differential equations in the same form,

X" = (e1(€)? — cs(£)es(E))X, Y = (e1(€)? — es{€)es(§))Y, (2.14)
W = (cq(€)? — es(£)es(€))W, 2" = (ca(€)? — es(€)eal£)) 2. ’

With the similar process, doing the differential with respect to the variable v, we
can also have

X' = Xe(N) = Zes(N), 2’ = —Zai(M) + Xes(M),
W' = Weg(A) — Yee(R), Y' = ~Yeq(A) + Wes(D), (2.15)
(X)) = -(X'Y)+ XY/, (A= -W'Z+W2Z'.
and
X" = (e1(A)? — es(A)es(A)) X, Y” = (ca(N)? - es(A)es(A))Y, (2.16)
W" = (Cq(A)z - Cs(A)Cs(A))W, Z" = (Cl(/\)z - Cs(A)Cs(A))Z :

From the equations (2.15), we can obtain a system of compatibility relations for the
Y-B equation (1.4) as follows:

XY(e1(A) + (X)) = sA) (-1 + WX +Y2),

(2.17)
WZ(cr(2) + ca(A)) = cs( A -1+ WX + Y Z).
Comparing (2.17) with (2.8), we have
_ a(d) +e(d) _ a) +ea(})
Ci(\) = oy Ca(X) oy (2.18)



Hence by comparing.(2.l4) with (2.16) we see
(€)= es(§es(§) = ex(3) — es(N)es()

is a constant independent of colored parameters £ and A and
' er(€)* = ca(§)™. (2.19)
So What we only need to do is to solve the differential equations of degree 2
U"(u,€,m) = KU (%, &,1), , (2.20)

where k2 = (c1(£)? — es(£)es(£)). I k # 0, by solution transformation E to the spectral
parameter u, we can assume k = 1. Therefore the general solutions of the equation are

ai(u,€,7m) = Ai(€,n) cosh(u) + Bi(¢,7) sinh(u), (2.21a)
for the case k£ # 0 and

ai(w, €)= A, n) + Bié,m,  (1=1,2,5,6) (2.21b)

for the case k = 0, where

aem=a@en,  Bien= 200 =125 @21

§3 The solutions of the Y-B equation only with colored parameters

In this section, we consider the Yang-Baxter equation only with colored parameters
as follows.

Rn(f. U)Rn(f, )\)Ru(m '\) = Ru('l; /\)Ru(f, )\)Rn(f, ), (3-1)

This equation can be reduced from the Yang-Baxter equation of colored parameters
(1.2) if we take the spectral parameter u = v 2. Clearly, if R(x,£,7) is solution of
(1.2), then R(0,¢,7) is a solution of (3.1). So in roughly speaking, a solution of (3.1)
gives the initial values of a solutions of (1.2). This implies Ai(€,m), (i = 1,2,5,6) in
(2.21a) and (2.21b) must be a solution of the Y-B equation only with colored param-
eters. For the Y-B equation only with colored parameter definition of non-degenerate
and degenerate six-vertex type solutions are similar to that of (1.2). Generally, five
solution transformations and the formulas given in the first section are also true for
the six-vertex solutions of Y-B equation (3.1) except for the spectral parameters being
replaced by 0.

We first consider the non-degenerate solutions. Similarly, by considering with so-
lution transformation B and D, we can assume az(£,7) = a3(£,7) = 1 in the following

discussion of non-degenerate solutions without losing generality. Therefore 13 equations
in (1.4) for spectral parameters u = v = 0 are equivalent to following six equations up
to solution transformations B and D:

} {3.2a)

ay(€,m)ax(n, X) ~ a1(€, 2) — ag(€,m)as(n, A)
al(£| 71)05(5, >‘) - aS(Ev 7’)“1(6) A) - 0.5(11, >‘)
ax(’h A)“G(Er A) = '16(77, A)"’l(fx ’\) - aﬁ(fl n
a‘(EI 7’)44(771 }‘) - d4(f, A) - a5(£1 "I)as(’?. A
a4, n)as(€, ) — as(€, Ma(é, A) — as(n, A (3.2b)
34(71, A)"‘S(E: A) - as(ﬂ: A)“'4(£l A) - ds(f, n

Similar to the discussion in section 2, from equations (3.2) we have the expressions
of ai(€,7) (i = 1,2,--,6) in forms of a;(€, \) and ai(m, X)) (= 1,2, -,6) as follows

T - —

ax(6,m) = Z—:Ef;—i;(l — aa(m Aas(m, A)) + as(n, Nas(£:A),
e = 21—l Ntr D+ e Nln ) @)

aS(Ev 7’) = 44(77’ A)“5((! A) - 44(5» A)'15(7’1 A)v
as(€, 1) = ar(m, N)as(é, ) — ar(§, Nag(m, A).
And we also have the algebraic relations

(1 — ay(€, Maa(és 2) — as(€, N)as(€, M) ci()

al(El A)"’5({1 A) . ’ (34)
(1 - al(fr A)al(fl A) - 0.5({, A)‘1'6(67 A)) — CQ(A)

44(6) A)ae(f, A) !

where Cy,C; are functions of A. Now we fix A to a value and take 0 as the fixed
value without losing gerality. If we denote f:(6) = ailé,2) (i = 1,4,5,6), then fi(£)

" (i = 1,4,5,6) satisfy

1 - f(€)fa(€) — fs(6)fs(€) = CLAEf(8),
1 - filE)Fal€) — Fs(£)fe(€) = Cafal€)fs(£),

where Cy, Cy are constants. Therefore, from the combination of (3.3) and (3.5), we can
write a.'(f:ﬂ) (i= 1,4,5,6) by ft({): fi("’) (i =1,4,5,6) as

ar(&,m) = F(OUSa(n) + Cafs(n)) + fs(m)fe(£),
aa(&,7) = F(€)(f(m) + Cafe(m)) + fs(€) fe(m),
as(€,7) = fa(n)fs(€) — fa(§) fs(n),
as(€,m) = fi(n)fe(€) — fi(§)fs(n)-

(3.5)

(3.6)



Since we consider non-degenerate solutions, there are only two cases for C; and Cy,

one is Cy = C3 = 0, the other is Cy # 0 and C7 # 0. And by solution transformation
C, we can assume Cy = C3 = —2¢os(C).

1. The case C, =C3 =0
For this case, we have
1~ A(E)fa(€) - fs(&) fs(€) = 0.
Equivalently, fi(¢) (i = 1,4,5,6) can be parameterized as
fil€) = (F(£) + 1)G(£),
-~ Ja(€) = (= F(£) + 1)/G(8),

f:(€) = F()H(6), (3.7)
fo(8) = F(E)/H(E),

where F,G, H are arbitrary functioas of one variable. And corresponding expressions
of ¢;(§,m) (1=1,2,---,6) are

(€)= (B + (- FOr) + DG + FOF() )

42(617’) = 43(5,7]) = l)

aulfom) = (Fn) + 1)-F(0) + 1 G0 + FOF() e, (3.8)

as(ts) = FE(-Fln)+ DEE - Fa)-F(6) + 1),

as(6sm) = FE)F() + 1)%’5’—2 - PP + )5 Es

This solution is called Free-Fermion type solution because it satisfies the Free-Fermion
condition (1.3).

2. The case Cy #0 and C; #0

For this case, by solution transformation C, we can assume C; = C = ~2cos(C) #
0,

L= fil€) fal€) — fs(€)fa(€) = —2cos(C) i(£) fs(€) = —2cos(C) fa(§) fe(€)-  (3.9)
Since ~2cos(C) # 0,

fil€)fs(€) = fa(€) fe(£). (3.10)
By (17), fi(€) (i = 1,4,5,6) can expressed as follows
()= HO/GE),  F(6) = HEGE), a1
f5(8) = F(OGE),  fsl£) = F(£)/G(&) '
Then we can rewrite (3.9) as
H(€) - 2cos(C)H(§)F(£) + F*(§) -1 =0. (3.12)
9

Considering (3.12) as a second order equation of H(£), we have the solutions as

H(§) = cos(C)F(£) £ /1 - sin?(C)F3(£). (3.13)

So we have following two sub-cases. .
Subcase 1. If cos(C) = %1, then sin(C) = 0,

H(E)= 2 F(€) £ 1.

After considering fi(§) (i = 1,4,5,6) and H(£), F(£) with the influence of solution
transformations B,C,E and other equivalent conditions, we find that we need only
assume

cos(C) = 1, H()=F()+ 1

The RO = (FEO+ /GO, £(6) = FEG(E), 1)
FiE) = (FE)+ DGO, 6(6) = FE/GLE)

The solution of (3.1) is

ar(£,m) = (F(€) - F(n) + 1)%‘(2’—;,
a?(frﬂ) = dg(f,"}) = 1!
aué,m) = (F(E) — F(m) + 1)%%. (3.15)
as(€,m) = (F(€) - F(m)G(E)G(n),

as(€,1) = (F(§) - F(n))a(f)lam'

Subcase 2. If cos(C) # %1, then sin(C) # 0. Up to solution transformation E, we
can replace F(€) by sin(F(£))/ sin(C). Thus

H(¢) = ﬁ%?:%,(f‘—ﬁn + cos(¢) = sin(F(£) £ C)/ sin(C).

After considering the influence of solution transformations B,C,E and other equivalent
conditions, we find that we need only assume

H(&) = sin(F(£) + C)/ sin(C).

Therefore

_sin(F(§)+C) _ sin(F(£))G(E)
o et e ey @
sin + sin
no=——e o 5O oy

10



The solution of (3.1) for this case is
_ sin(F(¢§) - F(n) +C) G(n)
ai(§,n) = sin(C) E(f—)'
Cla(f, 7]) = 0'3(61 7’) =1,

sin(F(£) - F(n) + C) G(£)

aa(€,n) = . ) )’ (3.17)
astem) = SED T g(60),

in(C) GG’

where C is arbitrary constant.

Therefore, up to solution transformations A,B,C,D,E, any non-degenerate six-vertex
type solution of YBE (3.1) with color parameters is equivalent to one of the three sets
of basic solutions: (3.8), (3.15) and (3.17).

Remark 1. If we take F(£) = £, G(€) = H(£) = 1 in (3.8), solution (3.8) becomes

al(fvn) ={-n+1,
42(617’) = 43(6’ 7’) = 1:

as(€,n)=n-£€+1, (3.18)
as(€,n) =€ -,
ag(é;n)=¢-n

If we take F(£) = sin(£)/ sin(C), G(£) = sin(¢ + C)/(sin(zi) +sin(C)) and H(£) = 1
in (3.8), solution (3.8) becomes

afe )= ETEE),

as(m) = a6, = 1,

ad(ém) = im%ﬁm (3.19)
asltm) = S22,

oalf,m) = eI

If we take F(£) = £, G(£) = 1 in (3.15), solution (3.15) becomes

al(fﬂl):f-ﬂ‘*‘ 11
a?(fvﬂ) = a'3(£| 7)) = 11 !

ag(é,n}=€-n+1, (3.20) -
as(é,n) =¢{ -,
05(6,7]) = £ =7

11

If we take F(£) = £, G(£) = 1 in (3.17), solution (3.17) becomes
sin(§ ~ 1+ C)

aln) = —arey

a(§,m) = as(§,m) =1,

as(é,m) = ’—m—(il—;{%ﬂ (3.21)
as(é,n) = %{f—(;—;’)

caltym) = S22,

In (3.18), (3.19), (3.20) and (3.21), ai(§,n) (i = 1,2,+--,6) are in forms of functions
of two variables, but they can also be regarded as one-variable functions of § — 7.
Therefore from three basic solutions (3.8), (3.15) and (3.17) of (3.1), we obtain the four
basic solutions of (1.1). In fact, (3.20) is the solution given by Yang(1], (3.21) is just
the trigonometric one for ice model [2], (3.21) and (3.19) are just the type-I and type-II

six-vertex solutions given by Sogo et al[12], (3.18) can be obtained by taking limit in
(3.19).

Now that we have discussed the non-degenerate solution, we come to the degenerate
six-vertex type solutions of Y-B equation (3.1).

Case 1. If az(£,7) = aa(é,n) = 0, then a1(£,7), aa(€,7), as(£,7), as(£, 1) can be
arbitrary functions.

Case 2. If a;(£,7) = 0 or a3(§,7) = 0, then up to solution transformation A, we
assume az(£,1) #0, a3(€,7) = 0 without losing generality, equation (2) is equivalent to
following six equations:

ar(€, mar(m ) — ar(é, A) — as(£, )as(n, A) = 0,
ar(€,m)as(€,2) ~ as(€,n)ar(€,A) = 0,
ar(n, A)ag(€, ) — as(n, N)ar(§,A) = 0,
aa(é,m)aa(n, X) — aa(é,X) — as(§,mas(n, A) = 0,
ay(é,m)es(€,A) = as(é,n)aq(€, ) = 0,
aq(n, Aas(€, A) ~ as(n, )ag(é,A) = 0.

Subcase 2.1 If we have as(£,%) = as(£,%) = 0 additionally, then up to solution
transformations, the basic solutions for this case are

a;(€,7) = e1 fi(€)/ A(m),

ax(€,m) =1,

a4(€,1) = eafa(€)/ fa(m),

aS(E) 77) = a5(£v 7’) = aS(E| 17) = 0;

where f1, fa are arbitrary functions, €1,€4 are 1 or 0.
Subcase 2.2 If we have as(£,7) = 0 or ag(£,7) = 0 additionally, then up to solu-
tion transformation A, we assume as(€,7) %0, as(£,7) = 0 without losing generality,

(3.22)

(3.23)

12



therefore for this case there are four sets of basic solutions up to the solution transfor-
mations:

i) a1(€,n) = aa(€, 1) = aa(§,n) = as(€,n) = 0, a2(€, 1), as(€,n) are arbitrary func-
tions,

“) al(En"’) = a3(£l 77) = as(fx 7’) = 0) aQ(E) 7’) = fd(f)/ﬂ(’l)- a?(fl 7’) = 1: a’S({r 7’) =
fa(€) fs(n)

iii) aa(€,n) = au(€,n) = as(€,n) = 0, a1(£,7) = Li(€)/ fuln), a2(€,m) = 1, as(€,m) =
fs(€)/ fu(n), -

iv) aa(£,7) = a6(€,7) = 0, ax(£,7) = fu(€)/ filn), aal§,m) = fa(€)/ falm),.
aa(€,7) = 1, as(§, 1) = fa(€)/ hi(n),

where fi, f4, fs are arbitrary functions.

Subcase 2.3. If we have ag(£,n) #0 and ag(¢,7) 30 additionally, up to solution
transformations, the basic solutions for this case are

e _ fal€)
W(é,m) = fs(n)(y(f,n)+ 1/2),
a?(fr 7’) = 11
(13(6, 7’) = 01
aultn) = 58 st m) 172, (3:24)
aul€.m) = o6, + 1/2),
aaltom) = - S gt n) + 172,
and .
an(E,n) = CiCy  fo(€)
W= TY0C; folm)’
ax(é,n) =1,
a3(f, 17) = 0:

s(¢
1+ C1Cy fs(n)'
Cs__ fs(€)
14+ CiCq fo(m)'
Cy  fel§)
1+ CiCq fs(n)’
where fi, fu, fs are arbitrary one-variable functions, g is arbitrary two-variable function,
C\, C4 are non-zero constants. And solution (31) satisfies Free-Fermion condition (1.3).
Case 3. If a;(£,1) #0 and aa(é,n) #0, we also have following cases,
Subcase 3.1 If we have as(€,7) = as(€,7) = 0 additionally, then up to solution

a5(£l T') =

as(€,n) =

13

transformations, the basic solution for this case is

al(fi 7') = fl(&)/fl(n))
u?(Er T’) = a3(€1 7’) = 11
as(€,7) = fa(€)/ fuln),
as(f.’l) = aG(Ex"I) =0,

where fi, fq are arbitrary functions. .

Subcase 3.2 If we have ag(£,7n) = 0 or ag(£, 1) = 0 additionally, then up to solu-
tion transformation A, we assume as(£,7) F0, as(£,7) = 0 without losing generality,
equation (2) is equivalent to following six equations:

a(§,m)ar(n, ) — ar(€,2) = 0,
al(f: 71)‘15(5»)‘) - “5(5,71)411(5. A) - “5(71» A) =90,
aQ(Ev 7’)“4("! A) - a‘(Er A) =0,
aq(m, Nas(€,A) — as(n, A)aa(§, A) — as(§,m) = 0.

Then up to solution transformations, the basic solutions for this case are

wemy = 58
I(Ei") h fl(rl)’

ax(€,n) = aa(§,n) =1,

(3.26)

a = hlny 3.27
S o
_ Isl8)  Jsin)
as(&) = 70y~ Ry
aﬁ(fx"’) = 01
and 5 (£)
L Hhl)
ax(f»ﬂ)'— fl(7l)'
‘12(61 7)) = 43(6)7]) = 11
ay(€,m) = ;:(E). (3.28)
as(6,m) = fa(m)(1 = AE)f(6))  F(6)(L = Ailm)faln))
s Chi®) Chlmy
‘16(617’) = 01

where fi1, fa, fs are arbitrary functions, C is non-zero constant. And solution (3.27)
satisfied Free-Fermion condition (1.3).

Subcase 3.3 If we have as(£,7) 50 and ag(§,n) 50 additionally, there is no
degenerate solution for this case. Otherwise, let aq = 0 for example, then from equations
(1.4c) one can see at least one of ag(f,n),u3(f,q),as(f,r)),as(f,'r]) must be zero, that
gives the contradiction, i.e. there are only non-degenerate solutions for this case.

14



In fact, from above discussion, we give all the six-vertex type degenerate solution
only with color parameters up to solution transformations A,B,C,D E.

Remark 2. In both references [8,9], a solution of equations (2) is mentioned and
can be expressed in the notations of this paper as:

p(¢) 0 0 o

o PO-1 .
R= . % o o , (3.29)
»(n)
1
0 0 0 5

If we let

2
_ _pm+1 __ 1 __#O
9(&") 2(?2(7])"‘1)' fS(E) pg(e)_ 1’ fﬁ(f)_ C(PZ(E)"‘ 1)1
in the degenerate basic solution (3.24) discussed in this paper, the above solution (3.29)
is obtained.

§4. Solutions of colored Yang-Baxter equation

Based on the results of first three sections, we are going to give all non-degenerate
six-vertex type solutions of colored Yang-Baxter equation(1.2). In section 2, we have
already obtained the general form of solutions for the Yang-Baxter equation (1.2) in
(2.21a) and (2.21b), ax(u, €, 7) = a3(u, £, 1) = 1. And in section 3, we present A;(¢,7)in
(2:212) and (2.21b) as solutions of Y-B equation only with colored parameters (3.1). So
in order to construct a non-degenerate six-vertex type solutions of colored Yang-Baxter
equation, what we remain to do is to find Bi(z,¥)(i = 1,4,5,6).

Based on the discussion in section 2, from (2.9) and (2.18), we have the expressions
of a;(u,&,n) (i=1,2,.--,6) as

O O R R e e )
+aS(”1771 ’\)aﬁ(u + ‘U1£l A)1
a0+ )

aalwbn) = au(ut o€ A) (ax(v,mr\)’r
+0.5(11. + "vf: A)as(vl , ’\)y
as(,£m) = au(v,m Aas(u + 9,6, A) — aa(u + v,€, Nas(v,7, \),

cs(M) “5(""””) (4.1)

as(“vfl Tl) = ‘11(“1»7). )\)ﬂ-s(u + v, E» A) - d‘('u. + v, Er A)‘16(1)1 7, ’\)1

Since A;(¢,7) = ai(0,¢,1) (i = 1,4,5,6), from the initial values of a(x,§,7), we

have
A6 8) = A£,6) =1,  As(§,€) = 4e(€,£) = 0.

Of all the solutions, only solutions (3.8), (3.15), (3.17), (3.26), (3.27) and (3.28) satisfy
these conditions. And A;(£,7) should also satisfy (4.1) with u = » = 0 and ai(0,£,7)
replaced by A;(£,7) (i = 1,4,5,6). Therefore, only four basic solutions (3.8), (3.15),
(3.17) and (3.27) are suitable to be chose as 4;(,7) (i = 1,4,5,86).

Next, we are going to give B;(¢,7) (i = 1,4, 5,6). Firstly, from the differential equa-
tions (2.15) and the general form of solutions (2.21a), (2.21b), Bi(¢,n) (1 =1,4,5,6)
can be expressed as

Bl(f) 77) = cl(n)Al(fr 77) - 65(71)‘46(61 7’)'
Ba(¢,m) = ca(m)Ad(&, ) — ca(n)As(¢, ),
Es(f: 77) = —04("7):45(51 T’) + c5(17)A4(Er 77).
Bs(£,1) = ~ei(n)As(€1 1) + co(n)Au(§, 7).

Secondly, by letting v = 0 in (4.1) and from the general form of solutions, we have

a0 + e
cs(})
Bu(em = Bute ) (im0 + LB agn ) 4 Bie 0N, )
Bs(€,1) = Bs(€, \)Aq(n, 2) — Ba(€, \)As(n, A),
Bal,m) = Bo£, \As(n, ) — Bi(£, ol ),

We will first use (4.2) to obtain Bi(£,0) from Ai(£,0), then use (4.3) to obtain
Bi(£,n) from A;(£,0) and B;(£,0) (i = 1,4,5,6). For simplicity, we denote c; for ¢(0)
(i = 1,4,5,6). All the solutions can be classified into two type. Solutions satisfying
Free-Fermion condition (1.3) are called the Free-Fermion type solutions, and others are
called the Baxter type solutions. '

(4.2)

Bi(en) = Bul, ) (Adn, N + As(n ) + Ba(€, M) As(m, A,

Free-Fermion type solutions

.From (3.8) and (3.27), we can obtain four basic solutions satisfying (1.3). Since
Ai(€,7) of (3.8) and (3.27) satisfy the Free-Fermion condition, ¢; = —cq. By solution
transformation C, we can assume cs = cg. If the solutions are in the form as (2.21a),

- d')(‘u,f, 7’) = 0.3(11,6,7]) =1, (4 4)
ai(“vf:”)z Ai(fv") COSh(u)+ B-(f-'l) sinh(")v i= 1v4v51 6, ’
¢} — ¢ = 1, we denote
1 = cosh(C), ¢4 = —cosh(C), es = ¢6 = sinh(C). (4.5)

If the solutions are in the form as (2.21b), i.e.

ﬂz(u.f,ﬂ) = aJ(u)EI") =1, ai(“;f. 7’) = A-(f:'l) + Bi({rn)uvi =1,4,5,6, (46)
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¢} - ¢ = 0, by solution transformations we can assume
ag=cs=¢ce=1, cqg=~1 (4.7)
For solution (3.8),

Ai(£,0) = (F(§) + 1)G(4), A4(§,0) = (F(§) + 1)/G(6), (4.8)
45(£,0) = F(§)H(E), As(§,0) = F(§)/H(E), ’

and

As€om) = (F(§) + 1)(~F(n) + >2§ ))+F(£) ()HEZ;

G(n) H(f)
AalEsm) = (Fln) + 1)(=F() + 1) e + F(§)F(n) 1)
' E6) H(n)’ (19)

As(€,n) = P(€)(- F(n)+1)G((£; F(n)(-F(6) + )-gg—?)).

As(6,) = FIENF() + D FCD - FXFE) + 1) P
From (4.8) and (4.9), we have two basic solutions up to solution transformations. One
is in the form (4.4) with A;(€,7) (¢ = 1,4,5,6) expressed by (4.9) and Bi({,n) (i =
1,4,5,6) by

6= ((+ FON - F(n»gf; + FIOF() ) cosh(C)

+ (=P - PN gy + (1 + FEOFIG(OA(n)) ink(©),

G(n) H(£)
Eo + FOFmEE) cosh(C)

e = (-0- K+ Fa) S

+ (O + FIGME(E) + (1 = FENF(0) ) inh(C),
Ba(an)= (PO - P G = F(n)(1 = PO G ) cosh(©)

1 .
+ (= PO - o) gy + FOFMEOE() ) sinb(©),

Ba(tm) = (~F(E)1+ F) Gl - Fn)1 + F(E) 55 cosh(C)

a(e) H(n)
F(o)F(n) A
(T + (1 + FEN + FC()G(n) ) sink(©).

(4.10)
The other is in the form (4.6) with 4;(£,%) (i = 1,4,5,6) expressed by (4.9) and
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Bi(£,m) (i=1,4,5,6) by

G(E) H('I)

F)(1 - F(n))G( )H(f) +(1+ F(E)F(mG(£)H (n),

Bi(§im) = (1+ F(O)1 - F(m) 7=

Byt = —(1- FO)(1+ F(n))gg’; + PP 2 Efg

+ = P+ F)GE() + (1 - FENF( aragim

BiEm= FE- <n>>g§f;-p<n>u-m>>g<—"

&)
+H(1 = FN1 = F)) e + FEF(n)H(E)H(n),
Gn) _

G(f)G( )
G(E)

+(1+ FEN(1+ F(fl))G(E)G(n)-

1
COEM

Bs(6m)= ~F(E)(1+ F(m)Zrm

F(§)F(n)
H(€)H(n)

where F(£), G(£) and H(¢) are arbitrary functions with F(0) = 0,G(0) = 1.
For solution (3.27)

+

A(E,0) = F(€),  Au£,0) = As(£,0) = G(€), As(£,0)=0,  (4.12)

L
F(¢)’
= F(g)
1(61 )— (7])'
F(n)
58 oo 9
=26 =)
AS(&»T)) = F(”) F(e)x
AG(E: 77) = 01
From (4.12) and (4.13), we have two basic solutions up to solution transformations.

One is in the form (4.4) with A;(§,7) (i = 1,4,5,6) expressed by (4.13) and B;(£,7)
(i =1,4,5,6) by

Aa(f. T’) -

Bu(E,) = i cosh(C) + F(E)G(m)snkl(C),

Bu(€, 1) = = g0y cosh(C) = F(n)G(E) sinh(C), 14)
£) , Gn) sin

Bal6m) = (it + F8) <oeh(©)+ (g + CLOGD) sin(©)

Bg(£,m) = F(§)F(n)sinh(C).
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The other is in the form (4.6) with Ai(¢,7) (i = 1,4,5,6) expressed by (4.13) and
Bi(¢,1) (i=1,4,5,6) by

Bie,) = 28 4 meye),

F(;‘/)
Ba(é,n) = —;% - F(n)G(¢), (4.15)
Bem =2 S, L, GE)G(),

T F(n) " F(§) T F(E)F(n)
Be(§,n) = F(€)F(n).

where F(£) and G(£) are arbitrary functions with F(0) = 1,G(0) = 0.
The above four basic solutions satisfy the Free-Fermion condition (1.3).

Baxter type solutions

From (3.15) and (3.17), we can obtain two basic solutions. Since Ai(€,71) of (3.15)
and (3.17) do not satisfy the Free-Fermion condition and & =cl,c14+eq #0and
therefore ¢, = ¢. By solution transformation C, we can assume cs = cg.

For solution (3.15), (¢1 +¢4)/es = 2¢cos(C) = 2, e? — ¢ = 0, therefore the six-vertex
type solution corresponding to (3.15) must be in the form of (4.4). And

F)+1

ae0="EE2 460 = (FO +10(),
As(f)o) = F(f)G(f), AS(Ero) = G(e)r
and
A(€,7) = (F(€) - F(n) + 1)%.
A, m) = (F(€) - F(n) + 1)2—%, i

As(&,m) = (F(§) - F(n))G(€)G(n),

As(ém) = (F(§) - F(ﬂ))ZJTE)lG—(n).

From (4.16) and (4.17), we have one basic solutions up to solution transformations as

@ €m) = (L+ u+ F(Q) ~ Fn) S

(e’
aa(u,€,1) = aa(u, £,7) = 1,
au(u,€,m) = (14w + F(E) - F(n))%, | (4.18)
as(u,€,m) = (u + F(€) ~ F(n))G(6)C(n),
oals 1) = (u + F(E) = Flo)) gz,
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where F(f) and G(§) are arbitrary functions with F(0) = 0,G(0) = 1.
For solution (3.17), (e1 + c4)/es = 2cos{C) # £2, c? — 3 # 0, therefore the six-
vertex type solution corresponding to (3.17) must be in the form of (4.6). And

Ai(§,0) = —Si:éfg))c?ec)‘)- Ad€,0)= ‘““—Sin(F(ii(Jrcc)‘)G(f)’ (4.19)
oS o2l
and ,
leyn) = HEEEEAGE,
asten) = HEE=T D60,

' sin(F(§) - F(n)) 1
Ag(é,n) = T ’
OV =" cmom
where C satisfy (¢1 + c4)/cs = 2c0s(C) # £2.
From (4.19) and (4.20), we have one basic solutions up to solution transformations

as

_sin{u+ F(§) - F(5) + C) G(_'r_[)
a(wé,n)= 5a(C) c)
as(u, &, 7) = aa(n,§,m) =1,

in{u+ F(§) — F(7)+ C) G(¢

ae(nb,7m) = s. (ot A T2 QIS (4.21)
as( ¢, ) = L= FO gy,

_sin(u+ F(§)~-F(q)) 1
as(w,{,7) = #n(C) GG

where F(£), G(£) are arbitrary functions with F(0)=0,G(0)=1.

Ifwelet F(§) =¢,G(¢) =1,v = £~nin (4.18) and (4.21), (4.18) and (4.21) become
the solutions with two spectral parameters z and v. These solutions are essentially same
as the solution in ice model. They are called Baxter type solutions.

Therefore, up to solution transformations A,B,C,D,E, any non-degenerate six-vertex
type solution of colored YBE (1.2) is equivalent to one of the six sets of basic solutions:
four free-fermion type solutions by (4.4), (4.6), (4.9), (4.10), (4.11), (4.13), (4.14) and
(4.15) and two Baxter type solutions by (4.18) and (4.21).

Remark 3. In [8], a solution of colored Yang-Baxter equation is mentioned and



can be written in the notation of this paper as

ay(u,€,7) = cosh(§ ~ n)COS(——)+smh(E+n)sm( K),

az(w, §,m) = a3(u,§,7) = 1,

a4(u,£,7) = cosh{{ - n)COS(H) —sinh(£ + n)sin(ﬂ) (4.22)
as(u,§,7) = sinh(£ - n) cos( K) + cosh(§ + 7l)sm(QK)

ag(w,§,m) = —sinh(£ - n)wS(ﬁ) + cosh(§ + 7) sin( 2—1?),

By taking solution transformation E to the coefficient of spectral parameter u and
changing cos, sin to cosh,sinh, (4.22) is equivalent to

a1(u, €,7) = cosh(€ — ) cosh(u) ~ i sinh(£ + 7) sinh(u),
ay(, &,1) = as(u, €,7) = 1,
a4(u,€,7) = cosh(€ ~ ) cosh(w) + i sinh(€ + 1) sinh(w), (4.23)
as(w, €,7) = sinh(€ — 1) cosh(u) - i cosh(€ + 1) sinh(u),
as(x, §,7) = = sinb(§ ~ n) cos(5=) — i cosh(¢ + n) sinh(u),
By letting

F(§) = 1sinh(§),  G(6) = 135:;51?(5) =* —ccjsstil(l?)(f)’

cosh(C) =0, sinh(C) = -

H(E) =

we can derive (4.23) from (4.4), (4.9) and (4.10).

Remark 4. In [i11] Yang-Baxterization of colored R-matrix was discussed and
some six-vertex type solutions were presented as examples. One of the solution can be
expressed as follows in the notations of this paper with some correction to the misprints:

ar(u,&,m) = f(€,n)(q -
aa(u,€,1) = f(€,n)e wy“(E)y( Ja(£)a™(n),
as(u,&,1) = f(£,n)wg(€)g~'(n),

as(u,&,m) = f(€,n)a()a™ (n)(g— g7 e*),
a5(u)61 7]) = f(f; 77)‘1(5)(1 - eu),

ag(u,€,7) = f(f.n)_a"(n)(l —e),

where w = ¢ — ¢~!. By taking solution transformation D with ¢ = —1/2 and f(¢) =
g(&)a~*(€) , solution transformation B with

flw,&n) = fHE w e 2aT R (£)a A (y),

(4.24)

1

21

and solution transfomration E with p = -2, f(§) = £, solution (4.24) is equivalent to

_ sinh(u + C) fa(n)
a(wén)= =286 V'
aZ(u)fr 7’) = ds(u-fﬂl) = 1:

sinh(u + €) [a() (4.25)

ai("’y 5: 7’) = smh(C) a(n))
as(un€,7) = b a(E)ata),

_sinh(u) / 1
H-G('u'nft 7’) _. sinh(C) a(f)a(n)'

where ¢ = . By letting

FE) =1, G&)=yaf),

we can derive (4.25) from (4.21). Similarly, other six-vertex type solutions in [11] can
also be derived from six basic solutions.

(B
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