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Abstract

The relativistic Boltzmann-Langevin equation is reduced to a stochastic
multi-fluid model and the corresponding transport coefficients, i.e. the in-
terflow friction force and the interflow diffusion tensor, are extracted. The
model is applied to fluctuation phenomena in the equilibration process for
two counter-streaming nuclear fluids.
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1 Introduction

Many aspects of nuclear collisions can be described in terms of relativistic
single-particle transport models based on effective quantum-field theories. In these
transport models the system is represented by its one-body density matrix or its
Wigner transform (Wigner function) rather than by its many-body density matrix.
In the semi-classical limit the Wigner function reduces to a single-particle phase-
space distribution function which is determined by a transport equation containing
self-consistent mesonic mean fields and a binary collision term of the Boltzmann-
Uehling-Uhlenbeck (BUU) type [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Such equations have
been recently applied to heavy-ion collisions at intermediate energies [11, 12, 13].

As an alternative to the simulations by kinetic equations, mean-field multi-fluid
models have been developed for describing nuclear collisions [2, 3, 14, 15]. In these
multi-fluid models the local momentum distribution is parametrized by a set of
relevant collective quantities. Using local equilibrium distributions for each fluid,
one obtains a closed set of equations for the collective variables. By keeping only
the description of gross properties of the phase-space distribution, these multi-fluid
models have the great advantage of being fast numerically solvable [14, 15].

Many-body correlations, other than those leading to the binary collision term,
are neglected in all these single-particle models. As is evident, e.g., from the
“molecular chaos assumption” in the derivation of such kinetic equations, these
models describe an average evolution of an ensemble of systems. Therefore, these
models are not appropriate for treating fluctuation phenomena. For the description
of fluctuations in the ensemble, an extension of the BUU-type equations is required.
Such extensions have been performed in a statistical approximation [16, 17, 18,
19, 20, 21}, giving rise to generalized fluctuating forces of the Langevin type in
the BUU equation. This stochastic BUU equation, referred to as a Boltzmann-
Langevin equation (BLE), provides a consistent basis for treating dissipation and
fluctuation properties of a collision process. For relativistic nuclear collisions this
approach was generalized on the basis of the Walecka-type mean-field theory [22]
(cf. sect. 2).

Whereas it is with some effort possible to obtain numerical solutions of the BUU
equations [11, 12, 13], it is rather impossible to compute results with sufficiently
small statistical errors within the BLE approach. Therefore, we have reduced
the relativistic BLE to a stochastic two-fluid model (cf. sect. 3) and a stochastic
three-fluid model (cf. appendix). The interflow friction and diffusion coefficients,
associated with the collective variables, have been derived. The resulting equations
are illustrated by studying effects of fluctuations in the equilibration process for
counter-streaming nuclear fluids (cf. sect. 4). The fluctuations are found to be
large, the local variances of the relative 4-momentum becoming comparable to its
square mean values for intermediate times during equilibration.



2 Relativistic Boltzmann-Langevin Equation

A derivation of the relativistic BLE in the framework of the Walecka-type
effective-field theory was presented in ref. [22]. Here we give a brief survey and
the main results of the model. Binary collisions play a twofold role during the
dynamical evolution of a system: (i) they produce dissipation by randomizing
the momentum distribution of the constituent particles and, in addition, (ii) they
induce fluctuations by propagating correlations in the phase space. These two
effects of the binary collisions, i.e. dissipation and fluctuation, can be incorporated
into the equation of motion yielding a stochastic transport equation for the single-
particle density. For the sake of simplicity, we restrict our treatment to elastic
binary collisions and consider the semi-classical evolution of a spin-isospin averaged
phase-space distribution function *

F,p) = (22;"—;’ (o) (0 — M3?) f(z,p), (1)

where f(z,p) (a function of the time z° space # and 3-momentum p) is a con-
ventional occupation number, My and dy stand for an effective nucleon mass and
the nucleon spin-isospin degeneracy factor, respectively. In the semiclassical limit
we obtain a stochastic BUU-type equation

D'F(:I:,p)=K(Z,p)+5K($,p), (2)

for the fluctuating distribution function F(z,p) with

~ 6 * * a
D =p,0* — gup.w* ap + MN(auMN)ap . (3)
m

The left-hand side of eq. (2) describes the Vlasov propagation in terms of the
scalar field o(z) and the vector field w,(z). The o- and w-fields enter the kinetic
equation (2) via the effective nucleon mass My = My — g,0 and the field-strength
tensor w* = G*w’ — 0¥w*, cf. [24, 25]. They are determined by the equations

(G +m?)o + dU/do = g,p, (4)

(D + mi)wu = ngu- (5)

The source terms in eqs. (4) and (5) contain the scalar density p and baryon
current J, which are self-consistently defined in terms of the distribution function,

p(z) = Mj, [ d'p F(z,p), (6)

Iu(z) = [d'pp. F(z,p). (7)

* A generalization to inelastic interactions and to an explicit treatment of isospin degrees of free-
dom can be naturally performed according to refs. [2, 3, 14, 15, 23]



Equation (4) includes a self-interaction of the o-field, which is described by U(¢) =
%ba3 + ica“.
The collision term, in general, can be written in terms of gain and loss terms,

K(za p) = F(it,p)G(I, P) - F(:c,p)L(z,p) (8)

where

F(z,p) = 26(p) 6(p* — MY) (1 - f(z,p)) (9)
is the Pauli factor. An additional term, §K(z,p), in eq. (2) presents a fluctuating
part of the collision term. Such a contribution always arises in a transport theory
whenever one deals with a reduced treatment. It describes a coupling to remaining
degrees of freedom, which are not explicitly considered. By analogy with the
treatment of the Brownian motion, it is assumed that eq. (2) describes a stochastic
process, in which the entire distribution function F(z,p) is a stochastic variable
and 6 K(z, p) acts as a random force. In such a description the fluctuating collision
term is characterized by a correlation function,

(6K (z,p) 6K(z',p')) = C(z,p;2',p') 6¥I(z — 2'), (10)

which is assumed to be local in space and time.

In the weak-coupling limit together with a quasi-particle approximation, the
collision term and the correlation function can be explicitly calculated. The colli-
sion term takes a usual BUU form. The gain and loss rates read

G(1) = [ d'p d'ps d'p, W(12 | 34) F(2) F(3) F(4), (11)

L(1) = / d*ps d*ps d'ps W(12 | 34) F(2) F(3) F(4), (12)

where F(j) = F(z,p;) etc., and W(12 | 34) denotes a Lorentz-invariant transition
rate. This transition rate is expressed in terms of the scattering cross-section. In
the case of elastic scattering, to which we confine ourselves in the present paper,

it reads ) p
o

where s12 = (p1 +p2)?, and do /dQ., is the differential cross-section in the nucleon-
nucleon c.m. frame. The correlation function (10) can be expressed as

5(4)(.1’1 + p2 — p3 — ps), (13)

c(1,1) = F(1)L(1,1) FQ1') + F(1) GQ1,1) F(1')
FQ) LQ,1) F(1") - FQ1) G(1,1') F(1")
+ §9(p - p) [F(1) L(1) + F(1) G(L)]. (14)

Here, F(1) and F(1) represent locally averaged distribution functions with (1) =
(z,p) and (1') = (2/,p'). The correlation coefficients, G(1,1’), L(1,1'), G(1,1")



and I~}(1, 1'), are given by variational derivatives of the gain and loss rates of egs.
(11) and (12) with respect to F(1) and F(1):

G(1,1) = [6G(1)/6F(1))gp,
G@1,1) = [50(1)/517“(1')]1?'#,
L(1,1) = [6L(1)/8F(1) g, (15)

L(1,1) = [51:(1)/51%"(1')]‘?’#,

evaluated with the locally averaged distribution functions. The correlation func-
tion is closely related to the collision term and is entirely determined by average
properties of the single-particle density. The fluctuation and dissipation proper-
ties, described by the collision term and the correlation function, are related to
each other through a “fluctuation-dissipation theorem”. Therefore, the close rela-
tionship between the correlation function and the collision term can be regarded
as a fluctuation-dissipation theorem associated with the stochastic evolution of
the phase-space distribution. The stochastic BUU eq. (2) provides an extended
single-particle transport description of the collision process by incorporating the
dynamical fluctuations in a statistical approximation. Below, it is referred to as a
relativistic BLE.

In order to prepare a basis for a multi-fluid model as in refs. [2, 3, 14, 15, 26,
27, 28, 29, 30, 31, 32|, we introduce a multi-fluid decomposition of the nucleon
phase-space distribution function,

F(z,p) = 3 F)(z,p), (16)

where F(*)(z,p) denotes a partial distribution function for an a-fluid with & = p
and t, respectively, for the projectile- and target-like particles in the two-fluid
dynamics [14, 26, 27, 28, 29, 30], and in addition a = s for “stopped” particles in
the three-fluid model [15, 31, 32]. It is worthwhile to note that the relativistic BLE
in the form of eq. (2) describes a system of identical particles. The decomposition
(16) means that at each spatial point we subdivide the identical nucleons into
different groups according their position in the momentum space. This approach
is similar to a kinetic treatment of a mixture of different (nonidentical) particles,
when each species is characterized by its own distribution function. An essential
difference of the present case consists in the fact that we cannot decompose the
Pauli factors F(z, p) in the same way as that in eq. (16), since the Pauli blocking is
determined by all the a-components due to the identity of particles. Nevertheless,
for the sake of convenience we shall use notation ﬁ’(")(m, p) for the Pauli factors,
keeping in mind that F(®) = F. The following set of coupled BLE’s for the
fluctuating partial distribution functions F(®)(z,p) can be obtained:

D - F®(z,p) = K®)(z,p) + §K*)(z,p), (17)
where the D operator is defined by eq. (3) and the collision term is given by
K©)(z,p) = —F®(z,p)L"(z,p) + F*)(z,p)G"*)(z,p) (18)

5



with the gain and loss rates

GO(1) =Y [ d'ps d'ps d'p. W(1a 28 | 3y 46) FP(2) F(3) FO(4),  (19)
Bvé

L(1) = X [ d'ps dips d'py W(la 26 | 3y 46) FO/(2) FO)(3) FO(4).  (20)
B~6

Here W(1a 2§ | 3y46) denotes the transition rate between a pair of single-particle
states with momenta p; and p; from the a- and #-components of the system, re-
spectively, and another pair of states from the - and §-components with momenta
ps and ps. The decomposition of the total transition rate into partial rates,

W(1la28|34) =) W(la28 | 3y49), (21)

7]

is necessary in the further formulation of multi-fluid models (cf. sect. 3 for the
two-fluid model and the appendix for the three-fluid model).
The fluctuating part of the collision term in eq. (17) is specified by a correlation
matrix
(6K®(z,p) K", p)) = CP(a, p;2',p') 69z — o). (22)

Its elements are defined as follows

cP(1,1) = FE(1) LEA(1,1) FPOIY + F(1) é(aﬁ)(l,l') F®(11
: F(")(l) f(aﬂ)(l’ll) ﬁ(ﬁ)(l') — [71(0)(1) GP)(1,1") F(ﬂ)(ll)
+ 6(p = ') b [F(1) LO(1) + F(1) G(1)]. (23)

Similar to egs. (15), the correlation coefficients are defined in terms of the gain
and loss rates

GeA(1,1) = [JG(Q)(I)/‘SF(M(:[I)]F,F"
GEA(1,1) = [6G(°)(1)/5F(m(1')]p,i ’
LeO(1,1) = [L@W)/6FO), .
ien 1y = [6L(“)(1)/5F(6)(1I)]F,F’

(24)

evaluated with the locally averaged partial distribution functions.

3 Stochastic Two-Fluid Model

So far the set of kinetic equations (17) is equivalent to the original equation (2)
and the solution of the set of eqs. (17) is not easier than that of the original eq.
(2). To simplify the problem, we introduce a Fermi-Dirac ansatz for the partial
distribution functions,

2dn

F(a)(‘r’p) = (27!')3

8(p* — Mi?) 6(5°) [exp{(u® - p— v/ T@} +1] 7, (25)




where & = p, t (as well as s in the case of a three-fluid model). The quan-
tities u(®)(z), T(*)(z) and v(*)(z) denote the local 4-velocity, temperature and
effective nucleon chemical potential of the a-fluid, respectively, and have to be
determined from the kinetic equations. The 4-velocities are normalized by the
condition ufj")u(")“ =1.

In this section we perform a reduction of the relativistic BLE to a stochastic
two-fluid model. The results of the same reduction to a stochastic three-fluid
model are presented in the Appendix.

Taking the first two moments of eqs. (17)

/ d'pD . F@ (26)

/a"‘pp,, D.F® (27)

with respect to the 4-momentum, we have the required number of linearly inde-
pendent equations for the parameters of the model distribution functions (25).
With the explicit form of the D operator, we obtain these equations in the form

I =0, (28)

PTE) — g,J @b, + ¢,p¥8,0 = R + §RE), (29)

where p(®), J ‘(“’) and T;Sf,‘) are, respectively, the scalar density, baryonic current and
energy-momentum tensor of the a-fluid: )

p(e) = My [ d'p F@(z,p), (30)

I (@) = [ d'pp, F)(z,p) = n®)(z) ule)(2), (31)

TO() = [d'ppup FO(z,p)
= (E@ 4 Pyl — plg . (32)
These quantities are defined via the model distribution functions (25) in terms
of their parameters. The pressure P(®) | the internal energy density E(*) | the
partial scalar density p(®) and the local-rest-frame density n{*) of the a-fluid are
expressed by standard statistical relations in terms of the corresponding tempera-

ture, effective chemical potentials and effective baryon masses, cf. [33]. The terms
of collisional interfluid interaction are expressed as

R® = [ d'pp, K, (33)

(6RP)(z) 6RP(2')) = 6(z — z’)/d“p /d“p'py p,C®)(z,p;a’,p').  (34)

Equations (28) and (29) have a conventional hydrodynamical meaning. They
describe the local balance of the number of particles and the 4-momentum in the

7



interacting fluids. To make this set of equations a closed one, one should express
the interfluid interaction, R{*) and §R{*, in terms of the parameters of the partial
distribution functions (25). By using the explicit forms of the collision term K{)
and the correlation matrix C(®#), cf. egs. (18)-(24), one obtains the following
expressions for the average friction force, R(®), and the corresponding correlation
matrix of the stochastic force (34):

R9(z) = / d*pid*p; d*ps d*ps W(la 2a | 3a 4&)
x  (ps — p1), F)(1) F®(2) F(3) F(4), (35)

(§R™(z) RM)(z")) = 6W(z —2") / dip1dip, dips dips W(la 2a | 3 4@)

X (P3—pP1)u(Ps—p1)s F(a)(l) F(&)(z) F(3) F(4)’ (36)
(6R{")(z) §R{V(2")) = —(6R{")(z) 6R) ('), (37)
wherea =tifa=p,whilta=pifa=1.

In principle, egs. (35)-(37) solve the problem of relating the interfluid cou-
pling to the characteristics of the fluids. One can calculate the multidimensional
integrals of eqs. (35) and (36) at each step of the two-fluid simulation and, thus,
determine the interfluid coupling. To simplify this task, a further approximation is
introduced according to [2, 3, 14, 26, 27, 28, 29, 30]. Proceeding from the conser-

vation laws for the nucleon-nucleon scattering and from symmetry considerations,
the friction force (35) and the correlator of its stochastic part (36) is expressed as

BP(z) = =My, [ d*pid'p: D (p1 = pa), F2(1) FO(2), (38)

1 ~
(8R(z) 6RP)(z")) = E5(4)@ —z') My, ; / dip,d*p, FP(1) FP)(2)

X

{(A1 = A0)(@1 = P2)u(pr — P2 + Argu(pr — P2)*}
(39)

MF .
N é sin? 6.,

D 1 ; ) 1 — cos b,
( 4 ) = / d'ps d*ps W(1p 2t | 3p 4t) F(3) F(4) ( 7(1 = cosb.m)? )
(40)

and 0., is the scattering angle of two nucleons in their center-of-mass frame. By
means of the explicit form of the transition rate, cf. eq. (13), we transform these
transport coefficiens to a more transparent form

/11) 1 1/2 74r(3) 41
= s12(812 — AM? 1o(s ,
A oy [l )] gaﬂ(@-’) (41)
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where the corresponding cross sections are defined as follows

Or 1 —cosf.,
( o ) = [ ., o fG) - f®) ( (1 = c0s 6on? ) )

sin? 8.

The transport coefficients D, A and A, can be approximately treated as functions
of one variable 312 = (p; + p2)?, only, thereby neglecting the weak dependence on
the individual momenta p; and p; from the Pauli factors (1 — f(3)) (1 — f(4)) in
the integrals of eq. (42). Assuming the cross-section to be a sufficiently smooth
function of the incident energy, we find that the transport coefficients D, A) and
A, appear to be slowly varying functions of s;; as compared to the F(1) F(2)
product. Due to this slow variation we replace D, A) and A, in the integrals by
constants obtained for some intermediate value,

§=M? {(u(r) +u®)? 4 2u® . ) [(n(”)/p("))(n(‘)/p(‘)) - 1]} . (43)

of the s;2 argument. Such a choice for § was analyzed in refs. [14, 15] and found
to be reasonably good. With this approximation the integrals can be immediately
calculated. The result reads

R)(z) = ~D(I{p® — o 7), (44)

(6RO(z) 6RD(2")) = 6W(z —2') Y {(A) — AL)(TEp® — My TP IEY
g8

+ filgu.,M&(p(mp(B)— J®) . gy (45)

with D = D(3), etc.

Now we can summarize the derived equations of the stochastic two-fluid model.
The average interfluid friction force (44) and the correlation matrix of the stochas-
tic force, as given by eqs. (37) and (45), are completely determined by the trans-
port coefficients and the p(®), J ‘(f") and TIS‘:) variables of the two-fluid model. Thus,
we have obtained a closed set of stochastic equations consisting of egs. (4), (5),
(28), (29), (37), (44) and (45). The transport coefficients are determined by eq.
(40) in terms of cross sections and Pauli-blocking factors at the value of the s;,-
argument specified by eq. (43). Like the BLE the stochastic two-fluid model only
needs the mean-field parameters and the cross sections as input.

The derived model presents a multidimensional stochastic problem, since here
we have more than one random force. To treat such a problem, one should, first,
diagonalize it in the space of random forces [34], i.e. transform the variables in
such a way that the correlation matrix [see egs. (37) and (45)] becomes diagonal.
The diagonalization in the space of “fluids” can be done straightforwardly. Let us
define new stochastic variables as follows

p) = pP) 1y, (46)

JE) = g+ g (47)

9



TE =TE £ T, (48)

Equations in terms of these new variables can be obtained by taking sums and
differences of eqs. (28) and (29) fora = p and a =t:

*J@ =0, (49)
FTE - g, J Pt + g,pM8,0 = RE) + 6R(D). (50)
In this (+)-representation we have
R =R =0, (51)
R() = 2R (52)
(6R()(z) R)(2")) = 4 (6RPP) () RY(2')). (53)

The (+)-subset of equations takes care of the global conservation laws in the sys-
tem. Hence, it does not include any terms of the collisional interfluid coupling. The
(—)-subset describes the dissipative interaction of two fluids and, hence, contains
random forces. The correlation tensor (53) is diagonalized in the 4-dimensional
space. Note that in the particular case of two interacting fluids of the same den-

sity and temperature, this tensor is already diagonal in the equal-velocity frame
(u(p) —_ _u(t)).

4 [Equilibration of Counter-Streaming Fluids

To illustrate the stochastic two-fluid model of sect. 3 and to study qualitative
effects of fluctuations, we consider the equilibration in a homogeneous nuclear
system. It is assumed that initially there are two cold (T® = 0 and T®* = 0)
spatially homogeneous counter-streaming nuclear fluids of normal nuclear density
(no). We follow the time evolution of the system starting from the moment the
collisional coupling between the fluids is turned on. Such a simplified problem has
already been treated within multi-fluid models [14, 15] in order to compare the
multi-fluid description with the complete solution of the kinetic equation [6, 7]. For
the sake of simplicity, we consider here the case of zero mean fields (g, = g, = 0).

In general, auto-correlation functions of the fluid variables can be directly
calculated by a numerical simulation of the stochastic multi-fluid equations. From
these auto-correlation functions one can deduce a correlation volume, i.e. the
volume in which the fluctuations of the fluid variables are correlated. Here we do
not solve the multi-fluid equations to a full extent, but rather want to estimate a
magnitude of the local fluctuations. For this purpose, we perform a coarse graining
of the system in cells of the correlation volume in the equal-velocity frame. This
volume is estimated proceeding from the fact that the correlation length is of the
order of the mean free path. In our case the mean free path is determined by the
drift coefficient D or, equivantly, by the transport cross section o,,, cf. eqs. (41)
and (42),

Il =1/(noy,), (54)

10



where n = Jéa) is the density of one of the fluids. (Note, the densities of both
fluids are equal in the equal-velocity frame in our case.) Here we take only the
density of one fluid, since only collisions between particles of different fluids are
relevant to the two-fluid evolution. The longitudinal size of the correlation volume
is estimated as

l” = I(COS 9cm>, (55)

where (cos 0.m) = (0tot — 0tr)/Ttot, cf. €q. (42), and o4y is the total Pauli-blocked
cross section. Correspondingly, the transverse area of the correlation volume is

Sy = wi*(sin® O.) (56)

with (sin 6.,) = 041 /010, of. eq. (42). Thus, the correlation volume is estimated
as a cylinder with area S, and length |, yielding the volume
Viors % Syl = mp 2t =2 2L (57)

Otot Otot

Because of the original anisotropy of the system in the momentum space, the
correlation volume is streched along the “beam” direction.

Having such a coarse graining, we can employ the technique of refs. [35]. We
integrate equations of motion (28) and (29) over the cell volume in the equal-
velocity reference frame. Thus, we have the following integral variables of the cell:
the number of nucleons in the cell,

NG = /V &Pz I8, (58)

corr

and the energy-momentum flux,

1

() —
Py N N(a) VCOTT

Pz T = @yl (59)

where €(®) is an average internal energy per nucleon in the a-fluid and u{® stands
for an average a-fluid 4-velocity. The corresponding equations of motion are

d
E;N(") =0, (60)

N("‘)%Pj“) = —D(P®) — P 4+ §R(. (61)

The correlator of the random force in the cell, §R(®), is obtained straightforwardly
as

(BREE) SRONE)) = [ &z (8RO (2) RE)))

= §t—t) {(/ill — A )(P® — p®) (P® _ pt)y, 4 24, g,,(M% — PP . p(t))} ,
(62)

(6R(1) SRO(t)) = —(6R((2) SREN(E)). (63)

11



The appropriate transport coefficients are

D ®).y 700 D
( 312 ) P(P)P“) / Bz JP(z) J(z) ( ﬂ ) (64)

In deriving egs. (61) and (62) the approximate relation, p{® ~ Myn(®)/e(®) was
used, which is valid at not too high excitation energies (e(*) — My < My).

When performing the averaging over a cell, we have assumed that fluctuations
in different cells are statistically independent. As seen from eq. (60), the numbers
of particles in the cell, N(®), do not fluctuate. They could fluctuate only due to an
exchange between neighbouring cells but they do not, since the fluctuations in the
neighboring cells would, otherwise, be correlated. Hence, we have N® = N() =
N, since we consider interpenetration of two fluids of equal density. One can see
that due to relation (63) eq. (61) gives the exact conservation law

%(P,SP) + P = 0. (65)

Below, we solve eqs. (60) - (64) up to linear order in the fluctuations. In addition,
we neglect the terms of the order of (¢/*) — My)/My as compared to 1, if this does
not violate the conservation law.

First, let us consider the quantity Pép )Pét) , since it is included in the definition
of the new transport coefficients (64). ;From egs. (61) one obtains

d _ _ _
N—(PPP) = ~D(P — PY + (P{6RY + PVSRY). (66)
The correlator of the random force in eq. (66) is

(PPSRY + P{6RD)?) = (PP — P ((BRPY). (67)

Due to the fact that we have two interpenetrating fluids, which are identical, it
follows that (( Py, 2 Pét))) = 0. Therefore, the r.h.s. of eq. (66) is of second order

in the fluctuations, and hence in linear approximation, the (Pép)Pét)) product is a
conserved and nonfluctuating quantity,

PR = (PR _ = Bl (68)

t=0

where E, is the initial energy per nucleon in the equal-velocity (center-of-mass)
frame. Now, using the definitions of transport coefficients of eqs. (41) and (64),
we obtain the following expressions

D o (3)
7 Nng L
(&) (B) @
with

5= (PP 4 POY + (2M} — e — %) (70)

12



for the s5-argument of the transport coefficients, defined by eq. (43).

Below we assume that D is constant as a function of the § argument. The
quality of this approximation is illustrated in fig. 1. The transport coefficients D
and A are calculated from eq. (69). We use eq. (42) for the calculation of the cross
sections of interest. In doing so, we use the Cugnon parametrization [36] of the
elastic and inelastic nucleon-nucleon cross sections and replace the factor cos .y,
by P . * Pl/P%, Where p., and pl,,. are 3-momenta of the incident and scattered
particles in the center-of-mass frame, respectively. For inelastic scattering such
a modification of the cross sections is a natural extension [14, 15, 28, 29]. The
transport coefficients D and ./i“ calculated with and without Pauli blocking, are
presented in fig. 1 as functions of an effective kinetic energy Ei, = (§—4M%)/2My
in the laboratory frame. Whereas 3;, is an initial value corresponding to the true
initial energy Ej,, = 1 GeV/u, 3yip is a final value of the § argument, corresponding
to complete stopping. It is calculated by means of the conservation law (65) and the
expression (70). The calculation, taking into account the Pauli blocking, assumes
that there are two cold Fermi distributions. This is an upper estimate of the
Pauli-blocking effect, since at finite temperatures it becomes less important. As
one can see, the D and ./i" transport coefficients are only slightly affected by the
Pauli blocking for Ei;;, > 500 MeV/u. We also see that the assumption of the
constancy of D is a rather poor approximation. However, we accept it, since it
gives us a possibility of a simple analytical treatment of our equations.

Having done this preliminary work, we can consider an equation for P, =
P®) — P() Taking the difference of eq. (61) for a = p and « = t, we find

d 1 1.
EPU = —E;Py + -]V&Ry (71)

with 7 = (4D/N)~! and
(6R.(t) 8R,(¢')) = 4 6(t — t') {(A — AL)P.P, + A.g,. P} (72)

for the correlator of the random force. The transport coefficients A4, A, and 7 in
this equation are considered to be constant in time. In deriving eq. (72) we again
have neglected all terms of order (e(®) — My)/Mn.
Multiplying eq. (71) by P*, we obtain the equation
d 1 2 _
—P*=_-P*4+ —P.§ 73
dt T + N R (73)
for P2. Here, the quantity P - R is not exactly a “random force”, because its
mean value does not vanish. Using the formal solution of eq. (71)

Pt) = ~(Pimo exp(~t/2) + 37 [ expl(# ~ t)/2r}SR(E) d',  (74)
we find 0 0 (P?)
(P-6R) = N(“‘i” +3AL)(PY = 7\715(192) =5 (75)
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Equation (73) is now written in the integral form

PA(t) = ~4pt,, exp(~t/7) + = [ exp{(t' ~0)/7) P(¥) - 6R() d¥',  (76)

where pon [= (E2, — M%)'/?] is the initial momentum per nucleon in the equal-
velocity reference frame coinciding with the center-of-mass one in our case. The
mean value and dispersion of P? is readily obtained as

(P%) = ~4p2, exp(~t/7) (1+ 1), (77)
2 z£1/2
(P - Py = TR pra (i), (78)

in linear order of the fluctuations.

An interesting feature of the solution for P%(¢) consists in a modification of its
mean evolution due to fluctuations. The solution for P?*(t) without any fluctua-
tions is given by eq. (77) without the (1 + t/N7) factor. Physically, this factor
results from squaring the fluctuating P, (t) values. As one can see from the solution
(74) for P,(t), their mean values are not shifted with respect to the nonfluctuating
ones. The (P?%(t)) value contains not only the mean evolution of the P,(t) com-
ponents but also their dispersion. Thus P%(t) is an example for a quantity, whose
mean value is affected by fluctuations. Indeed, the average values of particle pro-
duction (e.g. strange particles) and two-particle correlations, which are quadratic
in distribution functions, can be strongly affected by fluctuations [37].

Equations (77) and (78) are illustrated in fig. 2. The initial values for E., and
Pem correspond to a nucleus-nucleus collision at Ej,; = 1 GeV/u. For the calcu-
lation we have taken the transport coefficients (cf. fig. 1) calculated at 1 GeV/u
with Pauli blocking. As seen from fig. 2, the magnitude of fluctuations associated
with P? is a sizable fraction of its mean value (P?) during the interpenetration
stage of nuclear collisions. The mean-square deviation exceeds one third of the
mean value already at ¢ = 7. However, the magnitude of fluctuations is inversely
proportional to the the square-root of the correlation volume (57). Since the value
of V,,rr is not very well known, our results should be taken as a crude estimate of
the magnitude of the local fluctuations in energy-momentum space.

The fact that the fluctuations in P? go to zero at large times rather than take
there thermal value is, partially, a consequence of the approximation introduced
in the correlator (62). In this correlator the contribution due to the pressure term
in the energy-momentum tensor, cf. eq. (45), is neglected. As a result, P? does
not contain thermal fluctuations.

5 _Summary and Conclusion

The relativistic BLE approach provides a useful basis for describing the fluc-
tuation dynamics and for investigating the gross properties of the reaction mech-
anism of intermediate-energy heavy-ion collisions. However, a direct simulation of
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the BLE is difficult and requires a huge amount of numerical efforts. Therefore,
it is reasonable to look for simplified descriptions of the collision process in terms
of a few relevant, locally defined, collective variables rather than via the complete
phase-space distribution function. In this work we have considered multi-fluid
models previously developed at the mean-field level with collisions [14, 15]. In this
multi-fluid approach, the distribution function is decomposed into several equilib-
rium components. In the present work we have performed the reduction of the
relativistic BLE to the stochastic multi-fluid model and have derived transport co-
efficients, i.e. the interflow friction and diffusion coefficients associated with these
local collective variables. This model is particularly suitable for studying the ef-
fects of fluctuations during the nonequilibrium interpenetration stage of heavy-ion
collisions.

In order to illustrate the formalism and to estimate the magnitude of local
fluctuations, we have considered the simple situation of two homogeneous counter-
streaming nuclear fluids of normal nuclear density. Our calculations indicate that
large local fluctuations occur during the interpenetration stage of nuclear collisions.
It would be interesting to investigate the influence of this local fluctuations on the
particle production mechanism and on mean-field instabilities which may develop
during the interpenetration stage (3, 39].
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Appendix: Stochastic Three-Fluid Model

Here we present results of a reduction of the relativistic BLE to a stochastic
three-fluid model. Technically, this reduction is very similar to that described
in sect. 3 but is more laborious. We follow the version of the three-fluid model
developed in ref. [15]. Since there are transitions of nucleons from the projectile
and target fluids into the stopped one within the three-fluid dynamics, the number
of nucleons in a separate fluid is not a conserved quantity any more. Consequently,
the continuity equations acquire source terms in the r.h.s’s

I = 5§ 4 65, (A1)
TLe) — g,k + g,p*)8,0 = R + 6R( (A.2)

with & = p, t or s. The equations for the mean fields are
(D + mZ)U + dU/dG’ = 9(0) Z P(a)» (AB)
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(Cl + mi)wu = g(w) Z J;(;a)' (A4)

The average source terms and friction forces are expressed in terms of densities
and transport coefficients as follows

SN (z) = (364 — 1)BF)plP) o) /13 (A.5)
R{Mz) = B3 (1~ 65.)(0as = bap)p DI
B

— (1= 8p)DER(IDp - p IO, (A.6)
8

The correlation functions are determined in terms of the same densities and trans-
port coefficients

(55’(0)(:5) 55(0')(z')) = §W(z — 2')(36as — 1)(36urs — I)B(pt)p(p)p(t)/M;v’
(A7)
(55(0‘)(:):) 6R£a')(x’)) — 5(4)(1 _ I’)B(”‘)
{260860’3 z(l - 6ﬁ’)p(ﬁ)J‘£p)
8

X

+ (1= 3620)(1 = ba1s)p ) T
- 601’3(1 - 503)(/7(&)‘]5&)) + p(a)Jéa))}’ (A-S)

(6R{P)(2) SRE(e) = 89(z ~ ') {ﬂZ(l = 88y )(bary — 8ap)(aty = Sap)

x (A7 = ALNTDpD - MZTP )
+ A(f’v))gwM&(p(ﬁ)p(v) —J®. J(‘v))]
+ B(”‘)[(l —8,,)(1 — 50,3)(5(],0713);,(&) + 5a'aM1'\/J£a)J,fa))
— baa(1 = 0 )(TE P + MR TV T()
- (1= 503)60'3(T53)p(a) + MJ‘VJ;(;")J.@))
t Basbors 3 (1= 65, ) (TP + MyTPITM}.  (A9)
B
The transport coefficients are calculated according to the formulae
_ 1 .-
B = — / dps d*pa W(1s 25 | 3p4t) F(3) F(4), (A.10)
N
DfabB) L 1 — cosb.,
A4 | = / d*ps d*ps W(1a 28 | 3a 48) F(3) F(4) | 1(1 — cosbm)?
i @ My Lgin2f
1 6 cm
(A.11)

at an intermediate value
5P = M7? {(u("‘) +u®)? 4o . y®) [(n(a)/p(a))(n(ﬂ)/p(ﬁ)) _ 1]} (A.12)

of the 812 = (p1 + p2)? argument.
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Fig. 1. Energy dependence of the D and A transport coefficients calculated with

and without Pauli blocking.
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