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Abstract

We compute encounters of a realistic white dwarf model with a massive
black hole in the regime where relativistic effects are important, using a three-
dimensional, finite-difference, Eulerian, PPM hydrodynamical code. Both
disruptive and non-disruptive encounters are considered. We identify and discuss
relativistic effects important for the problem: relativistic shift of the pericenter
distance, time delay, relativistic precession, and the tensorial structure of the tidal
forces.

In the non-disruptive case stripping of matter takes place. In the surface
layers of the surviving core complicated hydrodynamical phenomena are revealed.
In both disruptive and non-disruptive encounters, material flows out in the
form of two thin, S-shaped, supersonic jets. Our results provide realistic initial
conditions for the subsequent investigation of the dynamics of the debris in the
field of the black hole. We evaluate the critical conditions for complete disruption
of the white dwarf, and compare our results with the corresponding results for

non-relativistic encounters.
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2. Equations of motion

We consider an extended test body moving in the Schwarzschild spacetime with

the metric

-1
ds? = — A - W.J 2dt? + G - Rv a2 + 12 (a2 + sin? 6dg?) , (1)

ﬂ
describing the gravitational field of a black hole of mass M}, (rg = 2GM, n/ nmv.
We choose coordinates in such a way that the trajectory of the body lies in
the equatorial plane 8 = 0. The equation of motion of a test body in the

Schwarzschild spacetime are (e.g. Novikov & Frolov Gmwvy

2 72,2

dr =9 HMV L g
= = — - 2
cdr E AH r 1+ r2 ' )
do _ Nmi.mm Am
Gl&ﬂ - ﬁM ) v

dt E

dr 1- r/rg (4)

Here 7 is the proper time of the body, E and L are dimensionless integrals of
motion which are connected with the total energy E and angular momentum L
by the relations

E =E/Mi®, L=L/Myerg, (5)
and My is the mass of the test body. In what follows we consider parabolic
motion for which E = 1, so trajectories are characterized by one dimensionless

constant L. It is convenient to introduce the following notation:

Bp = Mmﬂ? tp= Hwﬂ.m\a, p= 1= ?m\mmvg\m ) (6)

1 Sirictly speaking, the center of mass of an extended body does not move along

a geodesic. In our case, however, the difference can be neglected (Damour 1988).

6
*= T/tp, aT.J =r(7)/Rp, t* = t/tp. )

In this notation the equations of motion (2)-(4) take the form
iz\2 1 1 91

=) =r 2t (8
d¢ 1
e ®
dt* 1
= (10)

ar* T 1-u2/z’
We choose T = 0 at the pericenter, for which

r=rp= Rpzp, (11)
where

@uwcf\T?mv. (12)

At this point dz/dr* changes sign from negative (for 7* < 0) to positive (for
7% > 0). We also choose ¢(r* = 0) = 0, so ¢ is negative (positive) for ™ <0
(r* > 0).

The parameter p = (rg/ vaw\ 2 characterises the relativistic corrections. For
it = 0 the equations of motion take the non-relativistic form and Rp coincides
with the radius of the pericenter in the non-relativistic problem.

The function z(r*) is an even function of ¥, while ¢(7*) is odd. Therefore,
it is sufficient to find their values for 7* > 0. The equations of motion can be

integrated in terms of elliptic integrals. In particular, we have (for ™*>0)
v _2Vayal -zt (= +2-p)

3 T—p (13)

2 2

L i(1- —

+ w/\aNR o) F(p ) = (1 + 2u) E(yp, a)],

2

¢= 3% (¢, ),
where F and E are elliptic integrals of the first and second kind, respectively, and
2 _ 2
g o Y2z ti? (15)
T —p
4p

142

r

(14)

sina =
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9

where R § are the components of the Riemann curvature tensor calculated

afy
on the world line representing a moving body (i.e. at the origin of the comoving
reference frame). The non-vanishing components of the tidal tensor C; j in the

comoving reference frame are (c.f. Mark 1983, Luminet & Mark 1985)

GM 1
Q&. = Immwuqs.u._ (28)
P
with
2,2
=135 HT 2
o1 =1-3 ) cos® ¥,
2
- K
o990 =1+ w.sw“
2 9 (29)
=+ p” 2
733 = 1 |“w||MM|lm=~ G,
2 2
013 = 03] = Iw£| sin ¥ cos W.
T
The quantities z = z(7*) and ¥ = ¥(7*) are to be calculated on the chosen
trajectory.

The tidal gravitational potential U takes a simple form in spherical comoving

coordinates p, © and @:
X! = jsinOcos®, X2=jcos®, XO =psinOsind. (30)

In these coordinates, the tidal potential is

1GM p2 32
U= MMWlu Q._.+S|NQM N (31)

where

op=1- 3sin2 @ncmw?v -¥), o9= cos2© — mEM@oCmm?v — o). (32)

10
In the presence of pressure, Eq.(25) has to be modified by the acceleration due to

pressure mnm&manm )
d2xt 8U  _1 0P
= —— 4 4 —_—

, 33
dr2 axe ax (33)

where p is the mass density. This expression allows us to describe the effects of
relativistic tidal forces in terms of Newtonian physics.

Our approach to the tidal field is valid when the characteristic size of a body
is substantially less than the distance to the black hole. For our computations
below (Sec. 5), in the worst case the size of the body is at least ten times less

than this distance.

2 In the extreme case when a body moving with ultra-relativistic velocity passes
nearby a black hole, the body is affected by impulsive tidal acceleration. The effects
of this acceleration were considered by Mashhoon & McClune (1993) in the limit

when the tidal force is much larger than any other forces.
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13
tensor becomes diagonal in the frame 1§, wm = A%, Mm« instead of A{, A, A§.

In the new frame the tensor o takes the form

Q
=1
—

(43)

Q
Do
-4

I

1.

o

73
The extra term utM\sm which enters these relations describes relativistic effects.
These effects lead to an additional increase of the tidal acceleration in the
equatorial plane, without changing the acceleration in the perpendicular direction.
In the equatorial plane, the maximum effect is reached for the limiting value of
i { = 1/2), when at the pericenter the star is stretched in the radial direction
with a strength 5/2 times larger, and compressed in the orthogonal direction with

a strength 4 times larger than that in the non-relativistic case.

14
5. White dwarf in a relativistic tidal fleld

We consider a white dwarf of mass M,,; moving on a parabolic orbit around a

black hole of mass Mj,. As already mentioned in Sec.4, the trajectory is uniquely
defined by specifying the BH mass M}, and the angular momentum of the orbital
motion L. To characterise the relative strength of the tidal interaction we use the

dimensionless parameter

3/2
11,

m=nlsty g # ) (44)

1/2 3/2
where n = A&Aﬂw_\m&v / A%&MV / is a measure of the acceleration due to self-
W

gravity of the star at the surface of the star compared with the tidal acceleration
at the pericenter, for the non-relativistic encounter (Press & Teukolsky 1977).

The expression (44) takes into account the decrease of the pericentric value of the
radial coordinate r in the relativistic case (see Eq.(34)). The parameters n and g

are uniquely related to the black hole mass and orbital angular momentum

2GMy L .
B= n EF ) Tmcv

1 L

N = e
/ 2/3
NQEW\NN* }\

The non-relativistic limit corresponds to ¢ — oco. In this limit  — 0 according

(46)

to Eq.(45), while Eq.(46) corresponds to encounters with different L and My, but
with a fixed strength of the interaction at the pericenter.

We describe both the hydrodynamics of the white dwarf and its self-gravity
in the framework of Newtonian physics. The corresponding equations are given

in Khokhlov et al. (1993a). The white dwarf is subjected to the action of the
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the jets returns, and falls back onto the core. The return of matter begins ap-
proximately at a time corresponding to Fig.1f. Second, formation of rotation-
ally supported hole-like structures, similar to that found in our non-relativistic
computations, is clearly seen (Fig.1g-i). Fig.2a,b shows the total energy and an-
gular momentum of the WD, computed on the expanding grid, and on the grid
which expansion was halted at ¢ ~ 7. We see that the WD continues to gain
both energy and angular momentum, but both are being deposited into the jets.
Both the energy and angular momentum of the core tend to constant values, as
is seen from the behaviour of E and L on the “stopped” grid. For this encounter,
we estimate the stripped mass as ~ 0.07M(y, the remaining object has a mass
~ 0.57M(), the total energy is B ~ —2.5 X 1049 ergs, and the angular momen-
tumis L ~ 3.9 x E\Gmo_swmlf Further simulations on the stopped grid show
the separation of jets from the core, and the formation of a torus around the core
(Fig.3). Our grid was too coarse to quantitatively follow the further evolution
of the rotating object on time scales of hundreds of hydrodynamical times of the
star. The structure and behavior of the torus will be studied with better resolu-
tion in the future.

The encounters N2 to N4 are disruptive. The total energy of the WD and the
deposited angular momentum are given for these encounters in Table 1 for times
after the passage of the pericenter when the angle to the black hole ¥ (Eq.(23))
becomes ¥ ~ 2.4 radian. In all cases the total energy is positive. Both the
energy and angular momentum continue to increase at later times. The numbers
presented in Table 1 illustrate the relative strength of the interaction. This
strength increases with decreasing orbital angular momentum L. Fig.4a-c shows
the results for the strongest relativistic encounter, N4. During this encounter the
tidal forces dominate the flow. The main effect of the encounter is the formation

of a thin, jet-like debris, expanding with supersonic velocity. The core does not
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survive. Complicated hydrodynamical phenomena, which occur near the surface
of the core during non-disruptive encounters, are absent here.

Fig.4d gives the results for the non-relativistic encounter N5. The orbital
angular momentum for this non-relativistic encounter (p = 0) was chosen to
be the same as that for the encounter N4. We compare the energy and angular
momentum deposition for the relativistic and non-relativistic encounters for the
moments of time, when the angle to the black hole is ¥ =~ 2.4 radian (Figs.3c and
3d, respectively). For these moments, the energy deposited in the WD is AE ~
1.25x 1090 ergs for the relativistic case, and 9.3 X 1049 ergs for the non-relativistic
case. The corresponding deposited angular momentum is AL = 1.5 x 1051,
and 9.3 X Homcm em2s~ L. The transfer is larger in the relativistic case. This is
natural, since in the relativistic case the pericentric distance is smaller, the star
spends more time close to the black hole, and the relativistic structure of the tidal
tensor further increases the tidal acceleration (Sect.4). In our case, the decrease
of the pericentric distance is ~ 11%. This results in an increase of the overall
coefficient in front of the expression for the tidal potential Eq.(31), proportional
to H\aw, by ~ 43%. In addition, relativistic effects increase the components 93
and 55 of the tidal tensor Eq.(43) by 19% and 34%, respectively. The difference
in the energy deposited in the WD in the relativistic and non-relativistic cases is
consistent with these numbers. ;From Fig.4 we see that the S-shape is much more
pronounced in the non-relativistic case. The S-shape is mainly determined by the
strength of the interaction. It is more pronounced for relatively weak encounters.
The other two disruptive relativistic encounters, N2 and N3, are qualitatively the
same as the encounter N4 (Fig.5).

Using the data for all computed encounters we estimate the critical angular
momentum of the orbital motion which separates disruptive and non-disruptive

2

relativistic encounters to be L..;; ~ 3.7 x uommm emZs™ 1. The corresponding
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Figure captions

1.— Density contours in the equatorial (X-Y) plane, and the velocity

field for the encounter N1. The time step number, and the velocity scale
are shown in the upper left corner of each frame. The innermost contour
corresponds to 90% of the central density, and at successive contours the
density decreases by a factor of 2. The short thick line in each frame
indicates the direction to the black hole. Frames are obtained in two runs
with different spatial resolution. Frames a-e are computed on the uniformly
expanding grid. Frames f-i are computed on the grid the expansion of which
was stopped in order to get better resolution of the stellar core. The frame
j belongs to the first run, and shows the geometry of the jets at the end of
the computations. The core is not well resolved in this frame. The two last
frames, | and k, show the density contours and the velocity field in the Y-Z
and X-Z planes, passing through the center of the star, for the moment of
time corresponding to frame f. Times corresponding to the various frames
are —4.87 (frame a), 0 (b), 1.35 (c), 3.24 (d), 5.34 (), 8.18 (f), 12.52 (9),
15.34 (h), 17.62 (i) and 38.95 (j).

2.— Total energy (a) and angular momentum of the WD (b) as functions
of time. Solid lines — computed on the expanding grid. Dashed lines -
computed on the grid the expansion of which was stopped at ¢ ~ 7.

3.— Density contours in the equatorial (X-Y) plane, and the velocity field
for the encounter N1 computed on the stopped grid at late times. The time
step number, and the velocity scale are shown in the upper left corner of each
frame. The innermost contour corresponds to 90% of the central density,

and at successive contours the density decreases by a factor of 2. The short

Fig.

Fig.
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thick line in each frame indicates the direction to the black hole. Times
corresponding to various frames are 55.99 (frame a), 64.86 (b) and 73.92 (¢).
4.— Density contours in the equatorial (X-Y) plane, and the velocity field
for the relativistic encounter N4 (a-c), and non-relativistic encounter N5
(d). The time step number, and the velocity scale are shown in the upper
left corner of each frame. The innermost contour corresponds to 90% of
the central density, and at successive contours the density decreases by a
factor of 2. The short thick line in each frame indicates the direction to the
black hole. Both encounters are disruptive, and they were computed on a
uniformly expanding grid. Times corresponding to various frames are -0.711
(frame a), 1.40 (), 15.01 (c) and 19.81 (d).
5.— Density contours in the equatorial (X-Y) plane, and the velocity field
for the relativistic encounter N2 (a) and N3 (b). The time step number,
and the velocity scale are shown in the upper left corner of each frame.
The innermost contour corresponds to 90% of the central density, and at
successive contours the density decreases by a factor of 2. The short thick
line in each frame indicates the direction to the black hole. Both encounters
are disruptive. The comutations performed on a uniformly expanding grid.

Times corresponding to the frames are 14.14 (frame a) and 17.67 (b).
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