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1 • IN'PRODU(;':i'ION 

Our knowledge of collective effecta in circular accelerators 

has been reviewed successively by Teng1 ), Courant2 ), Seasler3), Neil4), 

Kolomenskij and Lebedev 5), and Courant6 ) We attempt here to extra8t 

from this Jmowledge what, i.s relevant for the longitudinal motion in the 

PSB, and to apply it nu11H~rj_cally as regards beam-equipment interactions. 

We ~hall begin by putting these particular interactions in their context. 

Through a number of different mechanisms operative on the 

longitudinal motio~,collective effects may produce the ultimate common 

result that the intensity and/or the density of the protons which can 

be accelerated are smaller than would be the case in the absence of 

these effects. While circulating in a synchrotron, protons experience 

the superposed action of the various perturbing fields and a comr1lete 

theory should therefore treat all effects simultaneously. However, 

as each effect in itself is already so complicated that it can only bo 

dealt with in an approximate fashion (due to, amongst other thinGSi 

the non-linearity of space charge and RF-fields and the different t Jme­

variation of the self-fields), it is customary to deal with them only 

one or two at a time. A better justification for this procedure is the 

fact that in some machines the perturbing fields are often small with 

respect to the external accelerating fields and can thus be taken into 

account by using perturbation methods. 

Coulomb repuloion between the protons circulating in a loss­

less (i.e. O= oo) vacuum chamber reduces the area of stable motion 

(RF "bucket") below transition energy (and increases it above transi­

tion; see Ref. 7-10 and papers quoted concerning the motion of indi­

vidual particles). This ef1'e ct can be compared to the incoherent 

space-charge detuning (Laslett tune shift) in the transverse phase 

plane. In both cases we deal with a stationary situation, i.e. inside 

the stable phase space area the charge distribution is supposed to be 

independent of time (except for adiabatic effects). As regards the PSD, 
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the potential "bucket" reduction was offset by raising the RD' voltngc 

from 10 Lo 12 kV. - Above transition energy the same Coulomb force s 

can lcacl to the neg11.tive mass instability10 , 11 ) (which affects the 

whole beam, corresponding to the coherent space-charge limit in trans­

verse phase space) but for once we obviously need not be concerned, 

the PSD working always below transition. In contrast, the related 

two-stream instability11 ) may also occur below transition, but its 

excitation requires two maxima in the equilibrium energy distribution, 

which we do not normally expect in the PSB. 

Next we list the various aspects of beam-cavity interactions, 

i.e. effects due to the voltages induced in the RF cavity(ies) by the 

circulating proton current (beam loading). We separate somewhat arbi­

trarily the stationary effects 12 , 13 ) from the dynamic effects. By 

the former we refer to those due to the unmodulated voltage induced at 

RF frequency. While these stationary effects are in their result similar 

to those of the Coulomb repulsion (i.e. a change of effective RF voltage, 

and in the present case also of RF phase), we simply rely on the AVC and 

the phase lock systems of the PSB to correct them. The coherent bunch 

~scil~ations are a special class of dynamic beam-cavity interactions. 

If all bunches tend to oscillate simultaneously in phase, this tendency 

should of course be suppressed rapidly by the phase lock system. How-

ever, in a standard synchrotron usually no deliberate damping mechanism 

is provided for longitudinal oscillations of individual bunches with 

respect to other bunches (leaving the total centre of gravity unaffected). 

Such oscillations are essentially due to a modulation of the accelerating 

voltage per turn and have been observed notably at the AGS and the cps 14 , 15 ) 

Gumowski has started a study in 1968 in view of the specifications of 

the quality factor and the impedance of the PSB RF cavity, and this work 

. b . f . 1 . d 1 6 ) F 1 t k t . th t is now e1ng ina ise . or comp e -eness sa e we men ion a some 

coherent bunch sh~ oscillations would be taken care of by the PSB phase 

lock system17 ). Finally there are the coherent beam effects which we 

shall treat as part of the general beam-equipment j_nteraction. 
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~.'hese general beam-equipment interaction::: being the substance 

of thi~ report, we shall deal with them in the followine more extended 

manner. First we present the physical mechanism in descriptive terms 

and we sketch briefly the mathematical method, and then we retrace tlie 

historical development of the subject. In Section 3 we present the 

necessary formulae and apply them to the PSB in Section 4. 

2. BASIC THEORY 

At the outset interactiollii with non-resonant and resonant equip­

ment, respectively, were treat~d completely separately. However, as 

the unifying concept of the equipment impedance with respect to the 

beam perturbation current developed (based on a number of simplifying 

assumptions),it became possible to work in terms of a single formalism 

and simply to add suitably the different contributions from resistive 

walls, cavities, fast "kicker" magnets, etc. and even from the Coulomb 

repulsion. 

Let us discuss the basic mechanism of the instabilities for 

the case of a coasting unbunched beam5). The nth azimuthal harmonic 

of a proton density fluctuation represent:; a travelling wave exp 

j(wt - ne) where w is the unknown radian frequency and e :::: w t (with 
0 

w as the angular particle velocity) is the azimuthal position. 
0 

Assuming w = nw ~ n 6 w (n) (where 6w << w ), the speed of propagation 
0 0 0 0 

of the perturbation wave along the beam in direction of increasing e is 

= [w ± 6w (n)]R , 
o o m 

where R is the mean machine radius. 
m 

In other words one has a fast 

wave with w 
0 

+ 6w and a slow wave with w - 6w . 
0 0 0 

As particles move 

up to the peak of the slow wave they are being braked by the tail fields, 

and hence the particle density increases. 

The standard mathematical method3 118 , 19 , 20 ) is based on the 

collisionle ss Boltzmann (Vlassov) equa t:Lon. The more H1po·rtan t asswnptj_on: 

and approximationn are: 
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i) PerLu.rbation theory iu applicable, i.e. the 11 equipment" 
creates only a 11 smull 11 change of the basic situab.on 

ii) enerc,y losses are small enoueh to permit the use of the 
standard Hamiltonian fonnaliom 

iii) large use is made of average fields (in particular use of 
the average electric field on the beam axis, neglectine 
any radial dependence) 

iv) the beam is unbunched in most cases. 

Assuming a distribution function, 'i'(q, p, t), the problem 

consists in .finding the complex frequency shifts of the perturbation 

waves from solving Vlassow•s equation (d'i'/dt = 0 because of ii)) 

o'l' dg_ o'i' iJ2. o'i' 
o<l d t + oP d t + ot = 0 (1) 

where q and p are a set of generalised coordinates and momenta d e s­

cribing the dynamical behaviour of a particle. To obtain the de-

rivatives dq/dt(= oH/op) and dp/dt (= - oH~ q o<: E t b ) , one s per ur . 
has to introduce into the Hamiltonian the assumed distribution fun c tion 

(along with the perturbation fields obtained from Maxwell's equations). 

This 11 loop 11 method then automatically insures approximate self­

consistency (dynamical equilibrium) of the perturbation in the sense . 
that the resulting distribution will at the same time produce the 

perturbation fields and be the result of the forces of these particular 

fields. 

In view of the difficulty in solving (1), '¥is often assumed 

to be of the form (unbunched beam) 

(2) 

where '1'
0 

is known and '¥
1 

is a small perturbation term. Furthermore 

substituting (2) into (1) and keeping terms of first order only yields 

a linear equation defining '1'
1 

• Considering in this equation w as the 
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w1known of interest leads to a dispernion relation, i . e. a relation 

c onnec tlnc; the unlrnovm frequency w with the wavclcongth 

of the per Lurbation . It is often written as 

(/-. =: 2nR /u) 
m 

d'l' d p 
1 = - (u - jV) J - 0 

-­dp w - n ~ (3) 

where (u - j V) is proportional to the perturbing force with the 
11 cons erva ti ve 11 term U mainly d e termining the threshold and V the 

growth of the instability (for v < < I u1) . 

Nielson, 

Neil and 

coasting 

10) After the basic work by Kolomenskij and Lebedev , and 
11) 21) Sessler and Symon , Neil, Judd and Las lett , and Laslett, 

Sessler
22

) studied the case of coupling instabilities in a 
*) beam due to resonant cavities . 

The details of the theory of longitudinal resistive insta­

bilities were worked out by Neil and Sessler23 ). Briggs and Nei1 24, 25) 

discuss the stabilisation of beams by means of inductive walls, and 

Sessler and Vaccaro b) means of a helical insert
26

). Vaccaro
18

), and 

Sessler and Vaccaro19 extend.ed the theory to vacuum chambers with 

walls of arbitrary electrical properties, Zotter27 ) to laminated 

chambers (also useable for stabilisation), Courant
28

) considered the . 
effect of using insulation between vacuum chamber sections, and Keil 

and Zotter29 ) worked out in detail the case of periodically changing 

chamber cross-section ("bellows"). Continuing the work of Pease 30 ) 

(who, in addition to the Gaussian and Lorentz energy distribution used 

previously, introduced four further enercy distributions: 

rectangular F
0

(s) =; 
elliptic F 

/ 
( s) = g J 1 - s2 

1 2 'Ji 

parabolic F (s) = l. (1 - i;
2 ) 

1 4 
and quartic F ( i:') 15 (1 ,:'2)2, h. 2) 

2 
~ = l6 - ~ approac ine cos , 

20) 
Ruggiero and Vaccaro studied a total of nine distributions and gave 

-l}) In this case, sufficiently small cavity impedance or a radial 
beam control system is required. to ensure the validity of ii). 
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a stability diagram in terms of the reduced quanU.ties 

(4) 

where 6E is the full energy spread measured at the half height of the 

distribution function. Keil and Schne11 31 ) linked these quantities 

to the coupling impedance (used previously by Lebedev and Zhilkov3 2 ) 

and Sessler and Vaccaro 18 , 19)) 

Z = R + j X = 
2nR E 

m a 
---- = j 

I 

2n(u - jV) ~ 

w N e 2 
A o 1-'W 

( 5) 

where I == perturbed b~am current, Es = average longitudinal electric 

field produced by I and~= reduced particle velocity), thereby esta­

blishing a physically more obvious relation with the electromagnetic 

properties of the arrangement formed by the beam and the equipment 

(such as vacuum chambers, electrodes, kicker magnets, etc.). For 

~W = ~ this relation can be expressed as3 1 ) 

Ne
2

w 
2z 

u• - jV I= - j 
0 

(6a) 2 (t.E)2 1t n dw /dE 
0 

or 

2 I ey z 
0 u• - jV'=-j (6b) 

n(6p/m c )
2 

n: E 11 0 0 

where I is the average33) proton current and 
0 

e, y, 1), 6p, m and c 
0 

have their u s ual meanings, 6p being again the full width at half height. 

The s e theories have been applied to the AGS21
' 34) and its 

proposed booster34), the Bevatron21 , 23 ), the Cambridge Electron Accele-

t 12) th c t 33) th CPS 21, 35,36) the ISR1s,20,29,37) ra or , e o smo ron , e , , 
22 23 24 25) . 38 39 40) 

the MURA electron accelerator ' 1 
' and the 300 GeV machine ' ' 

As these instabilities may occur below transition energy, 

we have to look at them for Ghe PSB (though hopefully we can be some-
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what less concerned than the ISR people with their long beam life t:imcs 

or the CPS people with their stringent requirements for uniformly de­

bunched beams). While the existing theory (for unbuncheu beams) is 

directly applicable at injection, it would be desirable to have explicit 
41 to 45) solutions of the theory for bunched beams for the other parts 

of the PSB cycle, This corresponds to using ~ (q,p) in (2) instead of 
0 

~ (p), and including the RF field in the Hamiltonian (thereby increasing 
0 

the difficulty of the problem). 

If one takes into account the internal degrees of freedom 

of a bunch one comes to a situation corresponding to the "head-tail 

effect" in transverse phase space. Hereward has made first estimates 

of possible high-order bunch-shape instabilities from longitudinal short­

memory wake field in the CPS 46 ). 

3. FORUULAE USED FOR EVALUATING BEAM-E QUIPMENT INTERACTIONS 

(MKS units are used throughout unless specified otherwise) 

3.1 ~~~~~~~~~~-!~!~~-~~~E!~~~-~~E~~~~~~ 

The standard equation3l) is used, viz 

(7) 

This equation applies to an unbunched beam and therefore to the PSil at 

injection. However, to get a "feel" for the situation, we have also 

put in numbers corresponding to a bunched beam. While aware of Ref. 33, 

we use in the latter case I = I /B where B is the bunching factor 
o mean 

(< 1). 

a) RF accelerating cavity 
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The appropriate quantity is 

z c = 
/W 

c 
lli 

b 
(8) 

where llVc is the change of cavity voltage produced by a change of 

beam current 6ib with the PA switched on and the relevant servo-

loops working. While awaiting measured values of Z for the pro­
c 

duction cavities, the following formula is used for arriving at 

approximate values 

z 
c = 

1/Rg - j w Cc[1 - (wc/w) 2 J 

1/R 2 + w
2c 2

[1 - (uJ /w) 2 12 
g c c -

whe re R = equivalent shunt resistance g 
0

0 
= equivalent resonator capacity 

wc - resonant radian frequency 

w = nw0 = radian frequency of mode considered 
(with w

0 
= angular particle frequency) 

(9) 

and the standard electrical engineering convention bas been adopted 

for the sign, i.e. j for an inductive ruid -j for a capacitive impe­

dance. 

This case is disregarded, assuming that the AVC is sufficiently 

strong to reduce Z to admissible values47), and that any remaining 
c 

tendency for self-bunching would anyway not be harmful at this fre-

quency. 

Values are taken from the measured curves Z (f). c 
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b) Sp2c0 cho..r,r;c (:Lnfinj_tely conducting wnll) 

z /n = -j g
0 

Z
0
/(20y2

) sp.c 

a vc 
where e = 1 + 2 .en --- is the usual geometric term of 

0 abeam 
the beam-chamber capacitance, and Z = (c £ )-l = 377 Q is the 

0 0 

impedance of free space, 

c ) Insulated vacuum joints 

(10) 

These joints present a complex impedance, depending on the 

earthing· of the vacuum chamber, etc. For the present purpose 

they are assumed to be purely capacitive, i.e. 

z./n = - j
2/(n2 w c.) 

J 0 J 

where C. is the capacitance of the joint. 
J 

d) Ferrite kickers 

While awaiting measurements of the production kickers we 

use the values computed by Bruckner48). 

e ) Resistive wall3 5). 

Zw/n = (l + j)~SB Rsurf/(n ave) 

. Jn w p µ 
where Rsurf = ~ 
wall resistivity (in Om) • 

f) 20 ) Bellows 

is the surface resistance with p the 

zb/n = j Z p 'I' a/a 
0 vc 

where '!' is the corrugation depth and a is the fraction of the 

circumference with bellows. 

(11) 

(12) 

(13) 
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g ) Electrodes19 ) 

where M = number of electrodes of length .£ 
e 

z .£ = characteristic impedance of electrode 
considered as infinitely long waveguide 

c = electrode capacitance 

z t = impedance of termination. 

4 . NU1'i1ERICAL RESUL'.l'S 

Input data and results are as follows. 

Injection Trru1sfer 
(before trapping) 

B 1.0 0.27 

Tl - 0 .85 - 0.24 

I [A J 
0 

0.3 2.4 

u 0.51 x lo-3 . 1.84 x io-3 
m c 

0 

I ~I LnJ 725 190 

4.2 Individual contributions 

a) RF cavity 

Values of Z /n are shown below (using C = 120 pl!' nn<l . 

in Equ. 9 and measur~d values4g) where appropria~e). 
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·-
n Zc /n[O) Zc/n[o! 

at injection at trrurnfer 

1 - 3 3 + j 130 j 35 

4 17 + j 245 j 92 

6 1 7 - j 200 - j 75 

7 4 - j 90 - j 28 

8 2 - j 55 - j 16 

18 35 

48 10 

b) Space charge 50) 

Using g = 2.9 at injection and g =4.3 at transfer we 
0 0 

obtain from Equ. 10 ; 

z 
sp ·ch = - j 1560 O and - j 280 0 respectively. 
n 

c) Vacuwn jpints (Equ, 11) 

With C. = 20 nF we have the maximum values ( n = 1) 
J 

Z ./n = - j 13 .4 O and - j 5 .1 0 respectively. 
J 

d) Kickers 

The following values of EIZKI /n at injection are used4S) 

n = 5 13 67 

r:lzKI /n 9 10 7.5 
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e) RefliDti vc wa.11 (Equ. 12) 

With -G p = 1. 2 10 On and a ·- 0 .0 5 m 
v~ 

the largest 

contriuution (n = 1) becomes at injection 

Z /n = (1 + j) 0.85 O. w 

f) ])cllows (Equ. 13) 

Taking T= 0 .003 m, a = 0 .043 m and a = 1/3, we obtain vc 

j 7.4 0, respectively. 

g) Ele~trodes (Equ. 14) 

L: Z /n ~ j 1 0 e for n < 150. 

5. GROWTH TIMES 

Assuming a monoenergetic beam (conservative case) below 

transition, and V <<IUI ,the slow wave grows with an e-folding time 
. b 21) T given y 

0 

dw
0 

w
0 

i\ 
or, with Equ. (5), dE = - E f32 y' ~W = 

0 

For injection into the PSB this becomes 

i3 and I 
() 

( 1 5) 

( 16) 

(16 a) 
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Selected values of 'T are shown in the table below. 
0 

n R x 'T 
0 

[OJ [OJ [ms J 

3 11 . 55 4290 86,6 

4 71 .4 5260 13. 5 

6 113 .o 10570 9.7 

7 33.95 11 550 31.8 

8 22.8 12920 46.6 

6. DISCUSSION Alm CONCLUSIONS 

In most cases preliminary impedance values have been used, 

to be replaced by the final values once these have been measured. Of 

the "equipment" studied, only the contri.bution from the Rl!' cavity and 

the "space charge" are really important, with the kicker magnets ancl 

the (shunted) vacuum joints still contributing noticeably. 

The most uncomfortable situation appears at injection for 

n = 6 where we have . 

L: Z/n ~ (z + z ) /n R1 - j 1800 O c sp.c. 

or more than twice the "critical" value. (At transfer, the corres-

ponding figure is - j 355 O , which is above the "criticaln value 

given but would be below if B = 1 had been used; it is understood, 

of course, that anyway the theory is not strictly appropriate to a 

bunched beam.) With respect to the coupling impedances the situation 

at the CPS is comparable (see Appendix) but the e-folding times are an 

order of magnitude smaller. To our lmowledge no longitudinal insta-
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bilities have bocn identified (at injection), though there exist of 

course ~;ome unexplained beam lo::wes. 

If it ohould turn out that the overall beam coupling impe­

dance in the PSB becomes troublesome, addition of inductive elemento 

could be considered 24 , 25 ). Using the srune ferrite rincs as for the 

wide band beam observation station (µ = 850), a ferrite cylinder of 

D - 160 mm, D = 240 nun and L = 0.7 m mounted concentrically with i - 0 

the beam (in a long straight section) would lower the total n = 6 

coupling impedance at injection to the "critical" value 51 ) (6 x 725 0) . 

A programmed decrease of this extra induction (of 47.5 µH) 

could be necessary during the acceleration in order to match the de­

crease of the 11 cri tical 11 impedance. 
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A P11mrn rx 

1 • 

2 . 

Situation at the CPS at injection 

With I - 100 mA 
0 

11 '-" - 0. 873 

(2 x 10 12 accelerated, 50°/o injection and 
trapping efficiency) 

we find for the critical coupling impedance (Equ. 7) for various 

energy spreads (due to linac and debuncher settings, and space 

charge action in the transport line) 

AE[keVJ 150 200 250 300 

IZl/n[kO] 2.24 ).98 6.20 8.96 

Vie compute the impedances for the most important components, i.e . 

the longitudinal space charge and the cavities 

Taking g
0 

= 2.8 (ave= J 72.5 x 34 ' = 50 nun, ab - 20 mm, i.e. 

E = 25 10-6 rad m) 

one has 

z 
sp. ch, . == 

n 
- j 1530 0 . 

b) RF cavities 

Assuming the cavities are an RLC parallel circuit for the 

beam with the values5 2 ) • 

C = 120 x 10-12F 

and R = 14.5 x 103 0 

we have for 14 cavities 

·'') " n 19 

z 
__£(k0) 
n 0.875 + j 3 .19 0.865 

21 

- j 3.02 

Fo r n = 20 we have to take into account an AVC reduction factor 
of 6 to 1 5 . 
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c ) Thus , we have for the mont dangeroua case (n - 2\) a total 

couplin3 impcduncc of 

z tot 
n = 0.865 - j 4.53 kO 

3. The corresponding e-folding time (for LE = o) is (Equ. 16) 

T ~ 0.65 ms. 
0 
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