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C.A. Ramm 

ABSTRACT 

The calibrations of the mass scales in tho runs of a 

K~ experiment have been intercompared from the positions of 
( + - . 0 the high mass edge. of the n n ) continuum. from the Kn 3 

decay. These results al.'e v.sed to diminish the run to run 

fluctuations in the calibrations and thus enhance the mass 

resolution in data from a number of runs. The procedure is 
0 + ~ 

illustrated .for the observation of the KL~n n decays, 

from whicb. an absolute calibration of the mass scales is 

establi.shed. Using this calibration the structure in the M µn 

spectra, attributed to the formation of heavy leptons in the 
0 KL d(3cay, appears at the same mas~; values as in previous 

observations. 

(Geneva - 6 December 1971) 
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One of the reference phenomena which can be used for the 

calibration of the mass scales in K~ experiments is the liI 
o + - o +- rm 

edge from the decay : K11J .._,.TL + n; + n The (n n ) pairs. 

with the maximum invariant masB (MK - Mno = 0.3628 GeV) are 

distinguishable kinematically because they have no resultant 

transverse momentum (pT) with respect to the line of flight of 

the KL~. Statistically, the experimental observation of the M nn 
edge is more significant for the relative calibration of mass 

scales than the observation of the line from K~~n+n-. 

A previous report (1) describes the intercomparison of the 

mean mass scales in individual runs of a K~ experiment (2) in 

spark chambers by inspection of histograms of the 11 edge. rm 
This report discusses an analytical means of using such 

histograms for the intercomparison of the mean mass scales and 

for diminishing the fluctuations. The results are illustrated 
0 + -· for the observation of the KL~n n decay and for the structure 

in the M spectrum attributed to heavy leptons. 
µn 

~ 

Principles of the analysis 

An example of a histogram of the M edge from 40 runs of nn 
the K~ experiment is shown in Fig. 1. It gives the distribution 

0 
of the invariant mass of all the charged pairs from the KL 

decay with pT< 0.040 GeV/c, assig-ned as pions : the background 

due to the K~3 decay has been reduced by selecting only those 

events associated with a Y-ray indication. 

The following procedure for calibration determines the 

relative differences between the mass scales of all the 

individual runs which contribute to Fig. 1, by intercomparing 

their M histograms in pairs. Consider the histograms from nn 
the i th J.nd j runs : if these are normal statistical distI·ibutions 

from the same physical phenomenon then the calibration of their 

mass scales can be compared by noting their relative displace­

ment in the superposition for which they show the best 
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coefficient of correlation (x2 ). This coefficient has been 

measured by the relation 

k 

x 2 = (r + J) [ 1 L 
. 1=1 

1 ---- + -
11 + Jl J 

k 

L 
1=1 

where 11 and J1 are the contents of the 1th bins of the 

superposed range of k bins of the histograms i and j. In this 

range the histograms contain totals of I and J events, respect­

ively. Asymptotically x 2 becomes X2 for k-1 degrees of freedom. 

There are two possible ways of determining the superposition 

of best correlation : either the various x2 can be calculated 

when the range of k consecutive bins of the histogram i is 

superposed in all possible positions on j and the lowest value 

X~. retained, or the same calculations can be made when the 
J.J 

range k is interchanged with respect to i and j and the lovrest 

value X~. is retained. The number of bins of displacement with 
Jl 

resp0ct to the range k of the respective mass scales for the 

superpositions which give X~. and X~. will be denoted by d .. 
J.J Jl lJ 

and d .. ; only displacements of an integral number of bins are 
J J. 

considered. 

The results from the intercomparison of all possible pairs 

of histograms of the 1>1nn edge can be represented according to 

their run number n as a square matrix 

n ~1 2 3 4 N 
~ 
1 0 d12 d13 d14 

2 d21 0 d23 d24 

3 d31 d32 0 d34 

4 d41 d42 d43 0 

0 

N 0 
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Representations of the relative calibrations of the mass 

scales in the N histograms, in terms of the bin width, are 

given by either the sums of each of the N rows or by the sums 

of each of the N colUIJL.'1.S of the matrix : 

N 

= ( L dij)/(N- 1) 
n=1 

N 
- (D)i = ( L dji)/(N - 1) 

n=1 

mass 

Thus (D 1)i is a measure of 

scale of the ith histogram 

the relative position of the 

obtained with the range k of each 

of the other histograms at the best superposition. Similarly 

(D2 )i is obtained when the range k of the ith histogram is at 

the best superposition on each of the other histograms. 

Example of the calibration 

In the determination of the (D1). and the (D,). the rang·: k 
J. ·- 1 

must be defined for each hi.stogram ; for thj_s example the 

30 bins in each histogram in the mass range 0.340 < li1 < 0.370 GeV, nn 
indicated in Fig. 1, have been used. It has been found that the 

type of results obtained is not specific to the precise choice 

of either k or the lDnit on pT. 

The set of (D1 ). and (D,,). from the 40 runs of t~e spark 
J. "- l. 

chamber experiment are shown in Fig. 2. For the puxposes of 

illustration the data from the 1970 runs have been used before 

the application of the result of a magnetic field calibration 

which leads to a momentum correction of 6p = + 0.0016 p in the 

final data reduction. The diagram shows that thr~ average 

calibration of the mass scales of the 1970 runs tends to be 

lower than those of 1969. After apply~ne the momentum correction, 

the same analysis gives the result shown in Fig. 3 ; the average 

calibrations of the 1969 and 1970 mass scales are evidently 

closer than in Fig. 2. 
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Jn thei:;e f 

(D1 ). -~ (D 2 ). , i, e. approximatel;y- the ::>a.me relo:l;j_ve posj.tion 
J. J_ 1-1- . 

f ~ l · ·.,;;.) J · <' "· r , ... "' rn · c· -f' • i · , l -· · d ' · d· ' ~- J • o. c 1e 1nass scale for the :L 1i.., vUc.;JcA .. l• i •• _,_o,cr"c' i11 epe11 Cdv .. J 

of whether the rrmgG k is in that hictoc;ram or in a11 the others. 

Therefore the re1at5.Ye changes j_n pos:Ltion, from run to run, of 

the M ruaS[3 sc0,1cs can be studj_ed :in terms of the mean (D. ) 
l 

:rhese D. from Fi.gc. 2 and 3 are shown in (a) ancl (b) of 
l 

Fig. 4. Apart from the displacem~nt associated with the mac;netic 

field correction the relative positions of the D. are siuilar 
l 

in (a) and (b) ; this indicates an insensitivity of the analysis 

to the redistribution, produced by the correction, of the 

st~tistical fluctuations due to the changes in the bin positions 

in tb.e 1970 histoc;rams. 

A comparison between the relative pooitions of the M edges 
(' ) IC'Jt 

obtained previously by inspection 1 and the results of Fig. 4a 

is shovm in :B1ig. 5. The two sets of :results have a certain 

correlation and extend over similar ~qss intervals ; a detailed 

correlation cannot be expected because of the lower precision 

0f the preliminary calibration by direct inspection of the 

Mnn edge. 

Fluctuations in the mass scale calibrations ________________ .. 
The timeB at which the changes in the relative calibrations 

of the mass scales occur during the experiment are in general 

unknown ; no correlat:i.on between the ma:Js scale calibration and 

the run numbers is evident from the diagramG. '.l'herefore, unless 

the changes in calibrat1on are always large and more frequent 

than the changes in run nunbers, it seems plausible to suppose 

that sequences of runs with similar va:!.ues of :0. might have higher 
l 

mass resolution than the others ; potentj_ally j_n such runs the 

differences between the mean mass scale calibrat:i.on and the 

instantaneouG calibrations may be less than :Ln sequences of' runs 

with larg_ er varj_o:tions :i.n ]) .• 
l 
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A test of this hypothesis with the signal due to the 
0 +- (+-) KL->1i. rt decay is shown in Fig. 6a, the n n pairs have been 

selected with Pm< 0 .010 GeV/c. The shaded histogram comes from 
:.L 

the runs with their D. joined by heavy lines in Fig. 4b, the 
l 

other histogram is from the remaining runs. Both histograms 
0 + -

show the KL-7 n n signal ; the mass resolution from tho 

selected runs is higher than in the remainder, a result which 

is compatible with the hypothesis. 

Reduction of the mass :::cale fluctuations 

The spread in the D. from the 40 runs can be diminished 
l 

by an appropriate momentum correction for each run, analogous 

to the magnetic field correction for the 1970 runs already 

illustrated in Fig. 3. Such a procedure cannot increase 

significantly the mass resolution in the individual runs 

however, in the cases where there are only small differences 

between the calibration of the mean and instantaneous mass scales, 

it may increase the.mass resolution in data collected from a 

ntunber of runs. 

A correction (t.p). = 0.007 p D. has been u;;;ed to diminish 
J.. J.. 

the differences in calibration. This has little effect on the 

mean position of the M mass edge, as is shown in the dashed 
nn 

histogram in Fig. 1. The effect on the distribution of the (D1 \ 

and the (D2)i can be seen in Fig. 7 : this should be compared 

with lhg. 3 which shows the corresponding distribution before 

correction. After correction most of the residual relative 

displacements of the M edges are ..(_ 1 MeV. 
nn 

0 + -Fig. 6b shows the effect of the correction on the KL-0- n n 

signal ; a comparison with Fig. 6a shows that the selected data 

gives a signal which is more symmetri1_;al about thG nominal I~ 
mass in (b) than in (a). This result can be advantageous for the 

study of structure in a spectrum. From (b) it can also be seen 

that near MKo the precision of absolute calibration of the mean 

mass scale in this selected data is about ± 0.002 GeV. 
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Such a precision of absolute calibration makes it interesting 

to compare the position of some of the structure in the Mµ1t 

spectra in this experiment with previous observations in K~ 

experiments with absolute c11.librations of' the mean mass scales of 

comparable precision. 

The structure in the lYIµn spectra 

The structure in the 1).in: spectra in the range 

0 .422 .( I.1 <. 0. 427 GeV (L < M < H) has been first noticed µn µn 
from a comparison of K~ data with data from neutrino experiments. 

It is attributed to the formation of a neutral heavy lepton 
( * ) 0 0 . .¥ -11 which is formed in the K1 decay : KL~ Ll .,, + v and which 

µn * - + '· µ,. 
is short lived : M ::-7 µ + n ; with corresponding processes µn 
for 11* • There are also experimental indications compatible with µn 
the existence of a charged mode of this type of particle. From 

a previous study (3) of data with a known calibration of the mean 

mass scales a weighted mean mass for the ~ (429) vvas determined 
µn: 

to be 0.429 ± 0.002.GeV. 

It is difficult in these experiments to identify muons and 

pions with certitude over a wide range of momentum. He~vy leptons 

of the type o:f M~n (429) can be detected :rn the (l'.lµn) 1 spectrum, 

which is o?tained by assigning the pairs of charged particles 
0 from the KL docays so that the member of the pair with the higher 

transverse momentum is the muon. Various types of Mµn spectra, 

obtained from samples of the 1969 data from this experiment, have 

been discussed (4 ). 

Histograms of (M ) 1 from the runs giving the shaded 
µn 

histogram in Fig. Ga, i.e. from the selected runs before the 

application of the correction (~p)i = 0.007 p Di, are shown in 

Fig. 8. Only those events are retained for which the transverse 

momentum of the assigned muon is greater than 0.75 of the 

maximum possible (4 ) for the calculated M A comparison of 
µn 

these spectra with those previously observed in the region L to H 
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sl1ov;s [J., s . However, the structure is of low statistical 

ance, as can be seen from the 2 variation of the fits 

of all _possj_ble f_;ets of five con~;ncutive bins to the least 

square;3 fitted r:1enn. 

Yiben the ms.ss scale fluctuations are diminished by the 

correction already described, the (I.I ) 1 histograms of Pig. e µn 
are transformed into those in Fig. 9. Of the various fluctu&tions 

about the fitted mcrm; tho~;c in the reg:Lon l~ to H ho.ve the least 

probability of being due to statistical fluctuations~ the largest 
v ,, 

value of 1-- L from the fit of five co:ns:eeutive bins reyJresents a 
-5 probability of N 5 x 10 • The largest fluctuation occurs in the 

bin 0.4275 < M 
~rn 

0.430 GeV, this is compatible with the previous 
~ observations attributed to the lvl 1rn (4 ) • The 1970 histogram is 

shown separately because it j_s a new observation with respect to 

those des crj_bed in ref. 4. 

~l'here is no known decay of the K~ from which (rm:) p::drs 

assigned as ( µn) pairs can give a significant baekground to the 

lJ spectrum in the region L to H. That the observed struetures 
µn 

are not due to incorrectly assigned (en) pairs is demonutrated 

in Fig. 10, for which the events in the data of Pig. 9 which are 

associated with an electron or Y-ray signal have been removed. 

These results are compatible with previous observations ; they 

also show that precision similar to that of the absolute calibration 

of the T\rn mass scale near MKo also obtains in the Mµn mass scale 

near 0.429 GeV. It is of interest to note that there should be a 

simj_lar)_ty betv1eon the shape and position of the K~ line ~Ln 

Fig. 6a and the region of the M spectra in pj_gs. 8 and 10 
µ7L 

which, after correction of the resj.dw:.1 fluctuatj.ons, transforms 

into the enhancer:icnt attributed to the M* (t~29) : all the mass 
p:ri, 

scales in the data will contain a scaling of the actual 

displacements of the M edge. The data are insufficient to reach 
rm 

a conclusion about the shapes, the positions are displaced in the 

same directions. 
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It is outside the aim of this report to discuss further 

the origins of the structure in the M spectra. 
µn 

Conclusion 

This method of calibration of the mass scales of the runs 

from the spark chamber experiment (2), with reference to the M 
1t1t 

0 
edge from the Kn 3 decay, permits the selection of a data sample 

in which the mass resolution of the line from K~ ~ n + n - is 

higher than in the remainder. By momentwn corrections proportional 

to the relative displacements of the 11 edge the mass scale 
nn 

fluctuations can be diminished ; which leads to an increase in 

the mass resolution in the selected data that is advantageous 

fOr the study of the structure in the M spectra. In principle 
µn 

a still higher mass resolution could be achieved in the collective 

data if any correlations between the occurrence of the mass scale 

fluctuations and the event sequence were known. 

Some of the reasons for the experimental difficulty of the 
0 study of the struc·ture in the M spectra from the KL decay are µn 

evident from this analysis. Run to run fluctm~tions in the 

calibrations of the mean m&..ss scales which are unimportant in 
0 the usual studies of the KL modes of decay, can reduce the 

structure in the ll\_tn spectra to statistical insignificance. 
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J?igure captions 

Fig. 1 

J!'ig. 3 

l!'ig. 4 

:Pig. 5 

M edge from K0 for p < 0 040 GeV /c. The histogram nn. •n.3 T • 
with the solid lines is from all the runs of t 11e 

experiment, the dashed.lines are referred to in the text. 

Distribution of the D .. and D~. before the application 
1J Jl 

of the magnetic field correction to the data from the 

1970 runs. 

Distribution of the D .. and D .. in the reduced data. 
1.J Jl 

a) The distribution of run number and D. corresponding 
1. 

to Fig. 2. 

b) The distribution of run number and D. corresponding 
l 

to Fig. 3. 

Comparison between the D. of Fig. 4a and the position of 
)_ 

the D. determined previously by inopection. 
)_ 
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Fig. 8 

Fig. 9 

Fig. 10 
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a) spcctrwn near for Pm< 0.010 GeV. 'L'hc shaded 
.l 

histocram is obtained from the runs joined solid 

linen in • 4b, the clear hirstogram from the 

other ru:nf3. 

b) Result of diminish the marss ricalo fluctLmtiorrn on 

the data selection of (a). 

J)istr:L but ion of the D .. and D .. afte1' dirnjnj_i3J1 the 
J. J JJ. 

mass scale fluctuations. 

a) Histogram of the (Iil ) .· spectra from the runs joined 
p.r.. I 

by solid lines in Fig. 4b. 

b) Contribution to (a) from the 1970 experiment. The 

points show lea:::>t squares fj_tted polynomial means. 

The X. 2 variation is for the fj_ t of all sets of five 

consecutj_ve bins of (a) to the mean. 

The sam.e data as in J!'ig. 8, after diminishing the muss 

scale fluctuations. 

a) The same data as in (a) in J:'ig .. 9 after removing 

the events associated With an electron or y -ray 

b) The same data as in (a) in Fig. 8 after removing 

the events assoriatcd with aD electron or Y -ray 

signal. 
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