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Introduction 

The longitudinal resistive wall instability for azimuthally uniform 

beam moving in a straight vacuum chamber has been investigated for different 

arrangements of beam and pipe but the beam was always assumed to be centered 

in the pipe. 

The case of a round and rt::1.;tc1,116u.la.J. geomet.Ly is treated in Ref. [1] 

whereas the elliptic geometry is used in Ref. [2]. 
Here we will study the case of a beam placed asymmetrically in a round 

pipe. 

2. Solution of J\'lixucll Equations 

The approach is the same as in Ref. [2]. We assune a perturbation in 

the charge distribution of the form 

e 
i(kz - wt) 

k = R/n 

2nR - length of the closed orbit 

n - harmonic nurnber. 

We use the following parameters: 

r - radius of the round beam 

b radius of the pipe 

d distance between the axis of the two parallel 

cylinders. 

Further we use Bi-cylinder coordinates TJ,9-, z (Ref. [3] ). 

The coordinate surfaces in the cartesian frame may be written 
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a) rJ = const., -CO� TJ � + 00 , 

2 2 2 
x + y + a = 2ax cotgh TJ, (1) 



- 2 -

this is a cylinder with the axis at x = a cotgh 17, y = O. 

b) 9 = con.st. ( this is not the azir,1Uthal variable along the closed 

orbit), - n � ft � n 

c) z = const. 

2 2 2 
x + (y - a cotg 9-) = �' sencG-

The pipe is represented by the cylinder 17:::. 17
0 
> O, the beam by 17 = 111 )' 0 • 

17 = + ro is identical with x = a which is chosen to be near the axis of 

the beam x = a cotgh 111
, y = 0. Using (1) we get for the radii 

r = a/senh 111 

b = a/senh 17 
0 

and 

cotgh 17
0 

- cotgh 111 = d/ a • 

As r, b and a are lmovm·for a particular problem we figure out 

a, 11
0

, 111• For CESAR with b = 5 cm and r = 0, 15 cm we get the following 

table. 

TABLE I 

d a 111 17
0 

q/n 

1 cm 12, 00 cm. 5,1 -1, 6 7;0 .. 10-3 

,-2 cm 5, 25 cm 4, 2 0, 92 3, 1 
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3 .cm 2,67 cm 3, 6 0, 52 1, 5 

4 cm 1, 12 cm 2, 7 0, 22 0, 7 

4, 8 cm 0, 14 cm. 0, 84 0,028 0, 09 

For the source of the electromagnetic field we take the following: 

the charge density 
i (kz - wt) 

= 0 

for 17 >111 

for 11.t..111 
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and the current density 

From Maxwell equations we get the Helmotz equation for the longitudinal 

field E 
z 

we can write 

T-f' T,r<=> 11 "'"" +h<=> fn 7 7 nT,ri ng PYFY'P_8Fli on for E 
. z 

where 
2ii is the length element of the bi-polar coordinates 

2 

9-nd 

Qn = ·. a .· 
2 U (cosh ri - cos 0) 

2 /( 2
) 

.. 
y = 1 1-� 
w w 

(2) 

In the region outside the bearn, 

geneous equation of (2) 

,.., <,.., we have to solve the homo-· 'I '11 9 

. . 2 
( cosh YJ - cos 0 ) 

In order to make equEttion (3) sei-:Jarable we introduce an approximation. 

'I'b.e smallest value of cosh ri occurs at the surface of the pipe and is always 

bigger than one. If we put in equation (3) 

-· ...... ........ . 

( co�h · ri - cos 0) ,v cash ri (5) 
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which is strictly valid for all n atg = ! � and which is a good 

approximation for 9.:/= ± � and n large, we obtain 

Equ. (6) now !=!Ap.<ir.<1teR. If we put 

f = H Cn)8(�) 

we get the following two equations 

(6) 

(7a) 

(7b) 

Because 

Further as E z 

E
z is a periodic function of g c1 cannot be negative. 

cannot change its sign for symmetry reasons we get c1 = 0 

and f} is a constant. 

with 

(7a) yields 

2 
q H - 0 2 -

cosh n 
(7c) 

q = ka/y (8) 
w • 

In CESAR it is y ·= 4.5 and R = 380y the quantity q/n is tabulated 
w 

in table I. 

Equ. (7c) can be solved by the series method as shown in Appendix A. 

For large value of n a first integral is given approximatively by 
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H =l+ q + 1 4 cosh2 n ••• (9) 
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Because q is very small H1 is a function always near one. 

The second integral of (?a) H2, dan be found by the Euler method. 

by 

expressions for the longitudinal field. 

The longi tudi;q.al .field E z outside the 

- - (13) 

As in the beam, ri7n1 , Ez must remain finite we hav� to drop· 

H
2.

(ri) in the honiog�;�o�s solution and we obtain the followink,general so

lution for ri,. n1• 

i(kz - wt) .
4

. P e - · ni - . k 

The last term in the< r:tght of the equ. (14) is the particular 

integr�l of the inhomogeneoµs - equation. (3), .· valid for ri 717
1 

• 

From the following• Ma:xwell equations 

-:.; . w 
rot 1'.i = i - H= 

{} C u 

� 
rot H = - i � E 

Y) C 1 

(14) 

we get a relati�ii -b��-e-en - HI;?. and E�- 'takii{riito-l'i�co@t··: .. inat··f'or•·:reasons 

of symmetry H is zero: z 

= -
• fl 2 
l ,·� y .. w w 

ak 

The boundary conditions which hav� -l;o;b� satfsfied are 

a) 

b) 

c) 

continuity of E z 
at 

continuity of Hg at -:,JJ "'.' n
1 

, __ .. and. 

normalization between E z 
and H

.g 
at n = n , which means 

0 
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(16) 

where 

. -�-·-·-· .... . 
tr - conductivity of th� walls of vacuum chamber. Condition (16) cannot 

be satisfied completely because there is the dependence on cos9,- in the 

expression (15) fo;r H'9- . But in the following we shall apply the appro

ximation (5) again. This means that the boundary condition at n = n is 

satisfied only in the regions of the surface for which cos 0- is near zero. 

In Appendix B· it is shown how the three constants �' A2 and B1 
have been evaluated from the boundary conditions a) , b) and c) . The results 

for the longitudinal field E evaluated on the polar axis n = OO P which . z 
is very near to the beam axis are 

with 

T=-

E 
z ( co) = 4ni 2 L H ' 

k 2 (n
1

) -1 + 

H2 (no) - TH I (no) 

J -H' Cn1) 2 
1 H

l 
(no) - TH I (no) 

1 

6i A 
2 

(1 + i) r'w yw cosh n
0 

= -

4. Discussion of the dispersion relation and results for CESAR. 

Following Ref. [1] we write w = nw. 
0 

For CESAR we have 

this results in 

,i,,:,-
• 1016 s-1 

V = 1,2 

T = ----- cotgh n • 
0 

(17) 

(18) 
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Introducing in (17) the re�ult� 
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2 
I T ..:::1 and n ,�:;;·s.._ 'is fulfilled. 

l"- o .4 . 
of AppeJd:i.x · A . and (ls) we obtain 

Ez (00) = - i k
2 � s enh2 

n1 [c(n
1): T (n1 .;n0) €'(n1

) + i£ (n1
) T

1] (19) 

y w ll,. • . ., ' • •- .. __ • "" .-. .  ., .. -•,, . 

€ ( n) is a function described in Appendix A. /', is the charge per 

unit length. 

· In Ref.  [1] the {v1asbv -equation- for the distribution function< 

lf ( w, 9 , t) in the beam is solved and a dispersion relation is obtained. •_;:, 

With the same procedure as applied in Ref. [1 J and Ref. [? J we g et 

for the complex quantity (u - iV) 

The results in Ref. [1] for a.round beam placed in the centre of a 

round pipe are. 

V = 2 Ne 2 If) n. /b 
C . lll, /W' • 

(20a) 

(20b) 

(21a) 

(21b) 

.· ' To check the result ( 20a) , ( 20b) we take for the excen trici ty 

d zero. As 

b . .· 
n - n ➔ ln: - for n1, · n - uO 1 o r o 

is obvious, we find that (21a), (21b) is just a special case of (20a), (20b). 
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PS/5809 

- 8 -

When the beam is moved away from the centre, the quantity U decreases 

monotonically and V increases as shown in Fig. 1. 

We can write also 

(22a) 

and 

(22b) 

For CESAR, b = 5 cm, r = 0,15 cm, (22a) and (22b) give the _following 

values: 

TABLE II 

d v/v u/u v/u • tjn. 103 

C C 

0 cm 1.0 1.00 5. 6 

1 cm 1.1 1.00 6.2 

2 cm 1. 4 0.95 8, 3 

3 cm 2.1 0. 90 13 

4 cm 4.5 0. 75 34 

4, 8 cm 19 0. 19 560 

For a small value of d we get V <::'<. U. Above transition growth 

time and stability criterion against longitudinal instability can be written 

in the form 

as shown in Ref. [1] : 

1, = [n lko I uJ-1/2 

� > [ u/ n t ko f] 1/ 2 

2 ·"' total frequency spread in the beam, 

k0 - constant related to the momentum compaction factor. 

(23a) 

(23b) 
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For a large d , V becomes large:r .. Jhari -.:U and (23a), (23b) are 

no longer valid. For V .>7U the equations for growth time and stability 

become (see Ref. [4]) 

5. Conclusions 

L = L 2/n jkol v];i./2 

'b > [v/n jk
0 
I J=�� , 

(24a) 

(24b) 

Taking into account (23) and (24) we can infer from Fig. 1 or table II 

that above a certain value of d the beam is.less stable than for the case 

d = O. The growth time is plotted against d • in Fig. 2. 

This could explain qualitatively why the beam·,i:n CESAR is_ more unstable 

at injection orbit which is very near to the plate of the pulsed inflector. 

than at central orbit. 
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Appendix A 

The functions H1� 

We consider the eg_ua tion 

iH q
2 

H 
2 - 2 � 0 # 

dYJ cash n 
(Al) 

The quantity q
2 

is very small. For CESAR and for n = 10 we get a 

q
2 

quantity of the order of 10-4 for d = 3cm. If n increases,the 

second term goes to zero. Thus we can omit the second term for n ➔ 00 

and write 

(A2) 

Two particular solutions are 

We are interested in the particular integrals of (Al) of which 

(A3) are the assymptotic expressions. 

The differential equation (Al) can be integrated by the method of 

series. We look for an integral of the type 

00 
' 
,L_ i 

o( i 

i cash n 

that, if we take c{ = 1 , for n - tends to unit. 
0 

Substitution of (.A4) in (Al) yields o<
1 

= 0 and the following 

correlation between o( . and o/. . l 1 1+ 

If q «. 1 and i > 0 is fulfilled we obtain from (A5) with good 
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approximation 

C\ . = i (i + i) c{ . , 
1+2 (i + 2)

2 1 

2 
For odd i it is o(. = O. a

2 
:=· - 9. results from (A5) .. for .i = O. 

1 
4 

It is easily verified that (A6) and'even i give 

thtm if we put 

with 

The serie 

(i - 1) ! 

2 cc 
H
1 

( n) ·= 1 + 9. � i 
4 1 

� = 1. 2 

S ::z. l: = 1
1 

u2i 

� 2i . 
2i cosh ri 

(A6) 

(AS) 

(A9) 

is convergent which was checked numerically and S is equal to:02,�-i · ·!'.fhis 

implies that the series (A9) or (A4) are always convergent. Further the 

convergence becomes very fast for· n ➔ OC'. 

For all values of n, the second term on the right-hand side in (A9) 
is always small in comparison to one. Therefore we can write 

2 
H1 (�) = 1 + ¾ c: ( n) " (AlO) 

The maximum value of c: (n) is 2,8 and the function decreases rapidly 

to zero by increasing n. · · 

PS/5809 



PS/5809 

,, - 12 -

Derivation of H1 (n) with respect to 11 is 

(All) 

. ' For rj ➔ OI,),_) R :t' ( n) , tends to ·O. . .. Note again that E I (n) , is ·.a> 
1 

negative quantity •. The second integral H2 
(n) of (Al) can be derived 

by the Euler method: 

and 

then we get 

wherein 

;�!··:O-;
·�-_,, . ..__ .. ,�-· - .... ,--�, ... .,.... 

__
__ ,.,._ . , 

2 
.. 

1 
It/·:( n) = ;1 -� 9:2 e: ( n) 

1 

H 2 ( n) 1 

2 
=- 1 - 9,.. E ( n) , 2 

g(n) = J.:::·e: (n) dn • 

o· 

Inserting (A13}•.in (A12) we get 

4 Orni tting term in q w-e get 

(A12) 

(A13) 

·. If. n goes to inf;inity the function H. ( n) tends. to 00 linearly, 
.,, • , • '. o , .  , 

•. • 
• , 2 ,. ; ', .,., I ,, • 

whereas for n = 0 the same function is zero. Thus we can write . _:·: . . i . !'' . ' 
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lim: H H ' = 0 _ - 2 1 
1l� !7u 

this quantity is �lway� nP.aT to unity and the quantity in brackets is 

always positive. 

(A15) 

From the relation above we can infer that the Wronskian W is a 

constant and. can be evaluated for 11 ::. 00. It turns out that W is 
. ' 

. ' 

equal to - one. 

Appendix B 

Evaluation of the constant . .1\1�1.:.. 

From; the-·coritinu1.tji-.9r·:the io�gitudinal field ·Ez (13) (14) at 

11 = 111, the beam bounda;y-, ;;e get 

.· .- •. - ·. y· . 
A H (�)+A H (�-) = B H (�) - 4=i' -1 .• 

1 1 ' 11 - . 2 2 ''l · 1 1 ' 11 · " k 

The continuity of H
e, 

(15) at 11 = 111 demands 

where the prime denotes derivation with respect to 11 ■ 

(B2) 

From (Bl) and B2) we obtain the constants A1 and A2 as functions 

Now we bear in mind that the wronskian of the two functions 

is one as shown in App. A. This yields 
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f1 
A = 4ni -- H' (n ) 

2 k 1 1 

B1 can now be determined applying the bo�dary conditivn (16) at n = T)
0

• 

From (13) and (15) it results 

� Hl (no)+ A2 H2 (T10
) = 

= -
•. · · · -� y 2 coshT] • -

(1 + i)Gl,-! __ !
:
-
;
----� l Al H1' (T1

0
) +A2 H2'(no�, 

Deriving .(B5) we applied the approximation (5) for the reasons 

mentioned above. Putting (B3) and (B4) in (B5) we get finally 

or 
� :·� ... 

Bl� 4ni p! [ H2' (nl) - H/ (B6) 

As H ( TJ) at.. T) = (Jv is one , using ( B6) we get the expression ( 17) 
1 

foi the longitudiri.al field. E near·the beam centre. z . . 
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