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Abstract
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A charged particle of mass m moving with velocity V, through a
continuous medium approximately parallel to a uniform magnetic field H
suffers many small-angle Coulomb scatterings. The net square displace-
ment in one traversal can be expressed as a sum of the square displace-
ments from single scatterings occurring in many independent traversals.
These single displacements have been evaluated by beam transport meth-
ods, and the ratio of the net rms displacement projected on a plane

perpendicular to the magnetic field to the zero field displacement is

6 | - sin ¢ 1
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the helical trajectory, e.g. for a single-turn helical trajectory,

found to be F = , Where ¢ = me\Aacwnv~m the angle of
F(21) = 0.4, and the effect of the magnetic field is to reduce the
multiple scattering to 40%. 7This confirms the solution of the diffusion

equation for the distribution function due to Farley, Fioreatini and

Stocks.
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A charged particle moving through a continuous medium will be
deflected by many independent small-angle Coulomb scatterings with the
nuclei of the mediuml). An estimate of the net deflection (in the
absence of large-angle scatters and assuming no energy loss) can be made
by the conventional expressions
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s:onw)\Awnv is the root mean square deflection angle, A@wﬂohv

m

Is the
root mean square deflection angle projected onto any plane containing
the initial trajectory, p is the particle's momentum, 8c is its speed,
L is the length of the trajectory in the material, and X is the radia-

tion length of the material.

In the absence of a magnetic field, the resulting rms displacement

<N:,o.mzaovv a &\Aonv _.\)\.w .

It is the purpose of this note to investigate how axpression (2) for

(2)

)gmmmw is changed by the presence of a uniform magnetic fizld parallel
wo the initial direction of the particle. Previous work on this
problem has indicated that /{u?) is reduced by a magnetic fields
Cerenkov?) and Farley et al.3) derived a diffusion zquation for tha
distribution function and solved it for the particular case of particles
Daniel") developzd a more

directed parallel to the magnetic field.

intui tive modael in which enargy losses were aiso inciudad. The prasent

work shows (in the Appandix) that the net square dlsplacawznt In one

)

traversal of the scaitering medium can be expressed as ths sum of the
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square displacements from singlc scatterings In many Independant tra~ -
versals, These displacemsnts are evaluated by beam transport methods
mmmcaﬂpm no enargy loss. The result agrees wlth previous work3). The
results are applicable te gas=filled datectors such as cloud chambers
and timez projection chambers, and alsc to higher-density detectors with
restrictions on the path lengil being imposed to approximate constant
energy conditions.

The helical trajectory of a positive particle has been conveniently
parameterized by Edwards and Rose®): taking the z-axis along the
magnetic field, the x- and y-displacements and x' = dx/dz and
y! = dy/dz at a distance L measured along the trajectory can be written

in terms of their values at an earlier point & by (see fig. 1)

X X
x. x-
; Ml , (3)
Y'/L Y'/g
1 (zsin ¢)¢ 0 z(} $)/¢
_{0 cos ¢ 0 sin ¢
where M ={ o -z(l-cos ¢)/¢ 1 (z sin ¢)/¢
0 -sin ¢ 0 cos ¢

¢ is the angle between % and L on nrm.nwmhmnn0q< projected on the xy-
plane, and z is the axial distance between & and L. Eq. (3) is exact
even for large displacements. There is only one independent variable
in (3) since ¢ and z are connected by the relation

¢ = <q~\A<~xv ) (4)
where <q = JQQWIHIQW and <N are the tangential and axial velocities,
and R Is the radius of the trajectory projected on the xy-plane. Eq. (&)

can be obtained by removing time from the equations of radial and

trensverse moetlon, Alternatlively
¢ = m:u\Aaao<~nv . (5)

where the symbols have their usual meaning.

Ve will use this formalism to ciudy single independent scatters
and subsequently combine their effects, as described in the Appendix.
But first to obtain some insight Inta the focusing effect of the magnet-
ic ficld consider a single scatter at & in the particular case ¢ = 2nm,
where n is an integer: M is seen to become the unit matrix, indicating
that there is point-to-point focusing from &2 to L. This means that a
single scatter at & will not contribute any displacement in the xy-plane
at L in the particular case of 2nm separation. .

Separations other than ¢ = 2am will not be so favourable, and we
now study the general case where a single scatter of amount mx_p and
o<.» at 2 is responsible for displacements mxr and m<r at L, viz.:

X
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Subtracting eq. (3), we obtain

8x = 2z MMW!W 6x'y + 2z (0 - cos ¢) 8y'p, and

¢
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As a measure of the displacement at L due to the scattering at £ we

e e e F

define ) .
eL. u UL

_ i .
uz [(6x)* + (8v,)7] QUL UI M SDUEIEIIE

substituting x., 8y, and using eq. (4) 2q 11 1M unype:

. u= (20 - cos o) [(sx')? + (8v*4)2])¥ v, RV . (6)
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o ateq. Amv;tn see that u vanishes at ¢ = 2nm, as expecteds eq. (2), we see that F is the ratio of the rms displacement In the xy=
A single elastic scatter changes the velocity components Vy» <<. plane with magnetic field to the zero field displacement for the same ;
!
v, but not the magnitude of the velocity V, so the angle from the ith track length. We see in fig. 2 that F is always less than unity, which w
scatter can be written as 8; = [(sVy )2 + Am<<vn + (8Vg v»gx\<. Noting means that the magnetic fleld acts to reduce the transverse displacement w
that x! = dx/dz = mm\mm = V,/Vz» etc. and restricting our attention to due to multiple scattering. F is seen to drop quickly as ¢ approaches .
b
trajectories which are approximately parallel to the magnetic field so 27 and the focusing effects become appreciable. :
that V, can be considered constant, 4 Alternatively the result (10) can be written using (5) in a form
i
8; = mﬁax.»VN + Am<.pvnux v, /V . (7 convenient for large &, :
Then from (6) the displacement at L due to a single scatter of angle ‘Acnw . Aonv «spo<n oF .
¢~ at ¢ is
: oF (@) is plotted in fig. 2, and we see that for &m, oF oscillates about
up = :m_.xﬁpv 9 (8)

0.77. Thus the effective length of the trajectory to use in eq. (2)
where c:oﬁwx = )\wﬁ, - cos ¢) VR/Vy. The net mean square displacement

at L from scatters at all previous points £ on the trajectory can then

attains the approximately constant value 0.77 <son<u\ﬁm:v at large values

of ¢ = eH/(ymVzc)z. . Thus for trajectories with ev=.)‘Ac~v Increases

be obtained from egs. (8) and A>_v as discussed in the Appendix: as L1/2, as opposed to L3/2 in the field-free case.

2y = u@.ilnv (9) : : 3 A
lu?) o:m~_xﬁpv ds. 9 Eq. (10) is the {dentical result obtained by Farley et al.d) using
quite different methods: they solved the di ffusion equation for the i

As before, <82> is the accumulated mean square angle. Using eq. (4)

distribution function in this case assuming the scattered trajazctories
and the relations 2 = 22 + (R)2 = 22 O + A<4\<Nv~v = AN<\<an.

make only small angles with the trajectory which was pziallel to the

obtain the final result: the rms displacement in the xy-plane

magnetic field.
multiple scattering along the complete track L

_ . It is a pleasure to acknowlzdgz helpful discussions with D.A,
T =D LF(8)/4f3 (10)
Bryman, H.W. Fearing, D.t. Lobb, and A. Olin.

where F(e) = A‘ - miwxw.@ (m . :

is plotted in fig. 2, and @ is the value of ¢ for the complecte trajec-

. e " - . .
tory. A similar result holds for the variable :nnou and mvﬂoh nrojected

onto any plane through tha trajectory. Comparing this rzsult with
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Consider a beam in a scattering medium with magnetic focusing

a_mammnw‘mna let the vector displacement at a distance L along the

nanmnn0q< due to a single scatter of angle Mw at a distance 2; along

the trajectory be uj = oﬁnmvmm. D(2;) is determined by the magnetic
focusing elements between &; and L. We make use of the fact that small

angles are vectors®) so that the total displacement from N scatters is

— z —
u = 0(2;)8; -
=1

Then u? = MH.U D2(x; )6} + M D(2;)D(2;)0;°9; -

i=1 i#]
Averaging over many traversals and noting mw is positive as often as it

is negative,

N
2> = Y 02(2)02> .

i=1
Noting from eq. (1) that the mean square accumulated angle 62> is

proporticnal to L, we obtain the general result suggested by Thiessen’) ,

L
> =822 [Ty (A1)

This is the basis of eq. (9).

Eq. (2), which gives the fizld-free displacement from multiple
scattering, is conventionally derived!) by sclving the diffusion equa-
tion for the Fermi qmwnﬂmucﬂmo: function. However, to danonstrate the

use of eq. {Al), we taks the one-dimensiocnal form

r
@ = 2 7 (e

and insert the fact from beam transport that for a drift length of -
magni tude L-2z
0(z) = L-z .

This immediately gives eq. (2),

V<Ex)2 = J<62 D r\/m.. .

proJj

Eq. (A1) is of general use in predicting multiple scattering by

gas in magnetic spectrometers, beam lines, etc.
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Figure Captlions

l. The profection of the hellcal trajectory of a positive
the xy-plane where the magnetic Tield is parallel to the z-axis.
The it single scatter (8; doss not lle In the xy-plane) takes
place where the track length is &, and causes a dlsplacement up In ‘ oy
the xy-planz at the end of the track where the length is L. 2 and
L are separated axlally by z and in angle by $; ¢ Is the angle for

the complete trajectory.
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