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1. Purpose:
The proposal has bsen made by the MURA group 1-3 4o prepare

tables giving the characteristlo exponent in the solution of the
Hill's equation _

a%%/at® + (A + Boos 2t + Ocos Lt + Doos 6t)Y = 0
for values of the coefficients more representative of those
cheracterizing particle motion in typical Mark V FFAG structures
than are listed In the coarse-mesh tables prepared previously.h
Although this proposal may have become less pressing as a result
of recent re-enmphasls within the MURA program, the present notes
are intanded to outline a method for preparing the tables in the
event that such tables should be felt to be of value, As a by~
product, the derlvative of the phase~function appeering in the
phase-amplitude forms of the Floquet solutions would be availsble.

2. General Method:

Although variational methods have been-devised6’7’1’8 to
relate the characteristie exponént to the coefflcients of the
differential equation, and one of these methods employed in con-
strueting the original tablea,u it 1s felt that direct integration

of the differentlial egquation may prove equally if not more satisfactory.
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By virtue of the gyrmetry of the equation the numerical integration
need be performed, for two gsets of initial conditions, only over
one half periocd: -- 1.e., for the renge from t = 0 up fo and in-
cluding & ="/5, The two solutlons which are to be found in the
interval 0,7/2 may convenlently be those solutions (¥;,Yp) for
which the following initial conditions are prescribed:

Y1(0) = m Yo(0) =0

¥, '(0) =0 ¥2'(0) =n ,
the values m . andrzx being introduced merely for possible convenlence
in scaling. The characteristic exponent ¢ is then given (for detalls
see Appendix) most direectly in terms of the solutions at & =W/2
by evaluating |

cos 0 = 'i'n%'" [Yﬂ;)‘ﬁz'(;) + Yl'(g)Yz(g)j ’

and ofe = %oos™[ (5, (5 + ¥, (33 j/‘(mw}

for the stable case /-1 < cosd <1 7.

In order to retain information concerning the nature of the so~
1lutions to the differential equetion, without printing out an excesglve
number of quantities it seems most appropriate to 1ist quentitles
representing @', the derivative of the phese function. This quentlty,
from which the amplitude functlon W and the phase functlon itself
may be obtained, is perhsps also of particular physiocal Interesat
becauss it enters diréctly in the expresaion for the digplacement
resulting from an engular soattering. If the values of the two
solutions (Yy,¥p) found at the suceessive steps of the integration are

potained in the computer memory until the integration has been
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carried through the complete rangse 0 bLo /5 , one way then

egvaluate

= 2 i Y 2 Ty s 12
e T %?'{Ya‘z)‘fa‘(i)@l”ﬁ] SR A AL AN JL

Thig quantity may be directly interpreted as desoribing the squarse
of the emplitude functlon, since waﬁl is invarisnt.

Tt is sccordingly suggemted that the following quantities be
printed out for each problerm:
(1) As table-hesdings, the values of the coefficients A, B, C, D;
(2)%%%5%, 1 =0, 1, .. ¥,

i
where Y denotes the number of steps between t = O and t = w/2

(e.z., 7 velues for B = 6)3

(3) cog €

(k) o/r , provided -1 & cos & & 1, the valuss then being selected
such that O € o/m & 1. _[If lcos oi> 1, 1t might bo of interest
to print out —{l/w)coshfl(cos @), the negative sign being a marker

to denote insteblility and the quentity itself representing the average
rate of increase for the logarlitim of the ascending aignnfunctionﬁ?

3. The Bxpected Range-of-Values of the Solutions:

For 8.H.M. solutlona, with w¢l, we would expect the magnltudes
of Y3, Y2, Y1', ¥2' not to exceed m, (w/2)n, m, and n, respectively.
In typiloal A-G problems the magnitudes may be expected to be posslbly
some three times greater than for the S.H.M. case and limits of

25m, Egn, Zsm, 25n would appear to be generally very iibveral.

. The Recommended Ranges of the goefficients:

Based on the potential application of the proposed tables to
problems concerned with Mark V FPAG synchrotron desipgns, we proposs

the following values for the coefficlents:



D = 0
gr ~0.5(0.1)0.5
B: 0{0.2)0.8(0.1)1.6(0.2)2.0

At -0.5(001)—002(0.05)-0.15(0.03)0.15(0.05)0.2(0.1)005 3

D: =0.05{0.05)0.10
¢ = 0

B: as Lefcre

A: sa before .

This proposed schedule involves 11275 different corbinations of

velucs Tor the coefficlenta.
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APPENDIX

Derivation of Relatlons Clted in Section 2

T wo denobe the metrix which carrles the motion from ¢ Lo €

by (2 g) snd Lhat which carrics the motion frem O %o thoe mid-point

w/2 by (2? g:) , then appeal to symme try pernits matrices covering

other ranges to be written. We 1ist the wetrices of Interest below.
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0 o ab
lor ™ to M4t} M F (c a
6. d - b,c Dgt - asb)
by . vl = g B
£ 5o /2 HB (csd - ds° AqB - egb

t bo wthl Hh = M Na M3 , ,
("a% +Dbeg t 2(a 0 bd - b d.0c) 2(bdge - B Cgh )

—o
-

2(ag0q02 - bgdg0s)  2ady * Pa%s ¥ 2(bydgnc - Bg0abd)).

The elemsntg ard glven in terms of the fundamental golutions, for which

yi(0) = n Yy {(0) =0
Yl'(6)=0 Yg'(o) =1n ,
by & = (1/m)Y; (%) b = (1/n)Y,(6)
o = (1/m)¥yt{%) a4 = (I/n)Ya’(t)
and o, = (1/W)¥(3) b, = (1/n)Tp{3)
oy = (/m)¥y'(3) a, = (1/n)¥p'(5) -

We then have, firstly,
: = % Te(MM
= ad + b,Cg
=

8
L [z1<g-)221(‘-;-1> ¥ Yl'(g-)yz(g-)} .

sescondly, the upper right hand slement of Mh ﬁay be indantifiedg
with %%%%% , which we may term.[fw(tlfza

22 5 = e i pil 1o
5'13211 {YZ(Z)YZ' (2) [Yl(t)J - Yl(z)Yl‘ (2) [gz(t) j’ .



