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1 Barycentric Homogeneous Coordinates

Let ABC be a triangle on the plane. For any point P, the ratio of the (signed) areas
[PBC|:[PCA]: [PAB]

is called the barycentric coordinates or areal coordinates of P.

Here [PBC] is the signed area of the triangle PBC'. 1t is positive, negative or zero according to
both P and A lie on the same side, opposite side, or on the line BC'. Generally, we use (z : y : z)
to denote the barycentric coordinates of a point P. The barycentric coordinates of a point are
homogeneous. Thatis (x : y : z) = (Az : Ay : Az) for any nonzero real number \. If x+y+2 = 1,
then (z : y : 2) is called the normalized barycentric coordinates of the point P. For example,
A=(1:0:0),B=(0:1:0),C=(0:0:1). The triangle ABC is called the reference triangle
of the barycentric homogeneous coordinate system.

A

Fig. 1: Barycentric coordinates

Theorem 1. Let [PBC| = z, [PCA] =y, [PAB] = zand [ABC] = 1sothatx +y+ z = 1. Let
the extensions of the AP, BP,C P meet the sides BC,CA, AB at D, E, F respectively. Then

(a) CE: EA=zx:z etc.

(b) AP:PD = (y+=z2):x.

(¢c) BP =zBC + xBA.

(d) If a,b,c are the position vectors of the points A, B, C respectively, then p = xa + yb + zc.
Here a = O A is the position vector of A with respect to a fixed origin O, etc.

(e) The normalized barycentric coordinates (x : y : z) of the point P is unique.

Proof. (a) CE : EA = [PBC|]: [PAB] ==z : z.
(b) Let [PDC] = o, [PBD] = 3. Then 45 = £ and 45 =

«

zZ
B.Thus
AP y+z  y+=z
PD a+B8 oz

(c) follows from (b).
dp=b+BP=b+:2BC+2BA=b+z2(c—b)+z(a—b)=za+yb+zc
(e) follows from (d).

1.1 Ratio Formula

Let Py = (z1 :y1: 21)and Po = (22 : Y2 : 29) Withxy +y1 + 21 = land 22 + y2 + 22 = 1.
If P divides P P; in the ratio PP : PP> = (3 : «, then the point P has barycentric coordinates
(axy + Bxo s ayr + Bya : az1 + f22).
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1.2 Common points

A (1:0:0)

centroid (1:1:1)

incentre (a:b:c)

symmedian point (a?: 0% :c?)

A- excentre (—a:b:c)

orthocentre (tan A : tan B : tanC) = (SgSc : ScSa : SaSB)
circumcentre (sin2A : sin2B : sin2C) = (a2S4 : b2Sp : c2S¢)
Nagel point (s—a:s—b:s—c)

Gergonne point (s=b)(s—c):(s—c)(s—a):(s—a)(s—Db))
Isogonal conjugate of (z : y : 2) | (a?/x:b%/y: c?/z) = (ayz : b2zx : Pay)
Isotomic conjugate of (z : y: z) | (1/x:1/y:1/z)

Here a = BC,b=CA,c=AB,s = 3(a+b+c),and 5S4 = 1 (> + ¢ — a?) etc.

2 Lines

2.1 Equation of a line

If P = (z:y: z)is apoint on the line joining P = (x1 : y1 : z1) and P» = (22 : y2 : 22), then
(z:y:2)=(axy + Bre : ayr + Py2 : az1 + Bz2), for some «, 5. (The normalizing factors for
P, P;, P, can be absorbed into «, 8.) Thus

T Yy =z
(—1046) 1 Y1 21 :(000).
T2 Y2 Z2
x Yy z
This implies that | 1 y; 21 | = 0. Expanding the determinant about the first row, we have
T2 Y2 =2
l Y1 2 Tl 21 y+ 1 N 5 —0.
Y2 22 T2 22 T2 Y2

Thatis (x : y : z) satisfies the homogeneous linear equation

(y122 — y221)x — (T122 — 221)y + (T1Y2 — T2y1)2 = 0.

Conversely, any point P = (z : y : z) satisfies this equation can be shown to lie on the line P} P;.

|\

We may compute the coefficients of this line by the following determinant:

rr Y1 2 _{ y1 ~1
Y2 22

T2 Y2 22

rr 2
T2 22

1 U
T2 Y2
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and represent the line using the 3 coefficients as homogeneous coordinates enclosed in a square
bracket.

The 2 representations pz + qy + rz = 0 and [p : ¢ : r| are equivalent and will be used interchange-
ably.

For example, the line BC'isx = 0or [1: 0 : 0].

2.2 Intersection of two lines

Let ) : prx+ quy +r1z = 0and {3 : pax + g2y + r22 = 0 be 2 lines. The intersection point is the
simultaneous solution to the two equations, which is

(g2 — q2r1 * —p1T2 + p2r1 : P1g2 — P2q1).

We may facilitate the computation by means of the following determinant:

:< qg T
g2 T2

P1 g1 "1
b2 G2 T2

.| P T
b2 72

1 @1
b2 Q2

)

Three points Py = (z1 : y1 : 21), Po = (22 : y2 : 22) and P3 = (23 : y3 : z3) are collinear if and
only if

2.3 Collinearity

rr Y1 21
x2 Y2 22 |=0.
r3 Y3 =3

2.4 Concurrence

Three lines ¢1 = [p1 : q1 : 1], b2 = [p2 : g2 : r2] and 3 = [p3 : g3 : r3] are concurrent if and only
if

h ©1 "
p2 g2 rz | =0.
b3 g3 T3
2.5 Common lines

BC [1:0:0]

internal bisector from A [0:—c: b

external bisector from A 0:c:b]

median from A 0:—-1:1]

perpendicular from A [0: —Sp:5c]

perpendicular bisector of BC' | [c? — b2 : —a? : a?]

Euler line [Sa(Sp — S¢) : Se(Sc — Sa) : Sc(Sa — SB)]

Gergonne line [s—a:s—b:s—]
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3 Area

If P,Q, R are points with normalized barycentric coordinates (z1 : y1 : 21), (T2 : Y2 : 22),
r1 Y1 2

(3 : ys : z3) respectively, then [PQR] = | z2 y2 22 |[ABCI].
r3 Y3 23

1 Y1 21 . .
zo Y2 22 ' Since the sum of the entries in each row of the
3 Y3 z3

Proof. Let ¢ be the determinant

determinant is 1, we have

1 oy 1 x1 (1 1
d=|ax2 y2o 1 |=|z2—21 y2—vy1 O |=(z2—21)(y3—v1)— (2 —v1)(z3 — 21).
r3 y3 1 x3—x1 ys—y1 O

Similarly, § = (y2 — y1)(23 — 21) — (22 — 21)(y3 — y1), and
0= (20— 21)(x3 — x1) — (w2 — 1) (23 — 21).

Let n be the unit normal vector to the « —y plane along the positive z direction. Let O be the origin.
Then

axb+bxc+cxa
= (|a||b| sin LAOB + |b||c| sin LBOC + |c||a|sin £LCOA)n
= 2([OAB] + [OBC] + [OCA])n
= 2[ABC|n
Here £ AOB is the signed angle measured from the vector O A to OB.

Letx = z1a 4+ y1b + z1¢, y = z20a + y2b + 20¢, 2 = w30 + y3b + 23¢. Then

2[XY Z|n
= XY - XZsindYXZn
= XY x XZ
((z2 — $1)a + (Y2 —y1)b+ (22 — 21)e) x ((x3 — x1)a + (y3 — y1)b + (23 — 21)c)
= ((z2 — =1) y3—y1)—(yz—yl)(-’ﬂ?a—xl))aXb
((y2 —y1)(23 — 21) — (22 — 21)(y3 — 1)) b X
((z2 — z1)(x3 —x1) — (x2 — 1) (23 — 21)) c X @
daxb+bxc+cxa)
— 25[ABC|n

Consequently, [XY Z] = 6[ABC).

4 Distances

4.1 Displacement vectors

Let P = (p1 : p2: p3) and Q = (q1 : g2 : q3) be two points in normalized barycentric coordinates.
The displacement vector is the vector PQ = (q1 — p1 : g2 — p2 : g3 — p3). Expressed in the terms
of a, b, c, we have PQ = (¢1 — p1)a + (¢2 — p2)b + (g3 — p3)c. Note that if PQ = (z : y : 2) is
a displacement vector, then x + y + z = 0.
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4.2 Inner product of two displacement vectors

Let PQ = (1 :y1: 21) and EF = (z2 : ya : 22) be two displacement vectors. Then

1
PQ-EF = 5 (a®(z1y2 + y122) + b (z122 + 2122) + P (Y122 + 2192)) -

Proof. Take B be the origin so that b = 0, |a| = ¢, |¢| = a. Let U and V be the points such that
BU = PQ and BV = EF as free vectors respectively. Note that PQ - EF = BU - BV Let
U= (A :p:9)and V = (A2 : g : d2) in normalized barycentric coordinates. Then BU =
()\1 spp— 1 51) = A\i1a + d1c. Since BU = PQ, we have \| = T, pu1 — 1 = y1,0 — 1 = z1.
Thus U = (21 : y1 + 1 : 21). Similarly, V' = (22 : y2 + 1 : 22). Therefore, BU = z1a + z1¢ and
BV = x9a + z9c. Then

PQ-EF = BU-BV = (r1a+2¢)- (z2a+ 22¢) = m122|a|? + 21 20|c|? + (2120 + 2122)a - ¢ =
1296 + 212002 + (2122 + 2172)a - ¢ = w1202 + 21290% + (129 + leg)%(CQ +a? - b?) =

% (a2(22122 + 2129 + 219) — b2 (w122 + 2120) + (22179 + 1129 + zlzpz)).

Note that
22120 + 120 + 2122 = 22120 + (—y1 — 21) 22 + 21(—Y2 — 22) = — (2192 + Y122).
2z129 + 2120 + 2172 = 22122 + T1(—22 — y2) + (—21 — y1)x2 = — (Y122 + T1Y2).

Therefore, PQ - EF = —% (aQ(zlyQ +y122) + b? (2129 + 2110) + (122 + xlyg)).

4.3 The length of a displacement vector
If PQ = (x:y: 2), where x +y+ 2 = 0, is a displacement vector, then PQ? = —(a?yz +b%zx +
cry).
4.4 Perpendicular displacement vectors
(a) PQ L EF ifand only if 0 = a?(z192 + y122) + b? (2122 + 2102) + 2 (y172 + T132).

(b) Let (I : m : n) be a displacement vector. A displacement vector perpendicular to (I : m : n)
is given by

(a®>(n —m) + (2 =) : 21 —n) + (a* = H)m : A (m — 1) + (b* — a®)n).

Example 4.1. A displacement vector perpendicularto AI = (—(b+c¢):b:c)is(b—c: —b: c).

Example 4.2. Let [ and G be the incentre and the centroid of a triangle ABC respectively. Then
IG is perpendicular to BC if and only if b = c or b+ ¢ = 3a.

Example 4.3. In a triangle ABC, the incircle touches the side AC at E and AB at F. The line
through B and the incentre I intersects the line EF at P. Then P = (5 : 52 : %) and PB is
perpendicular to PC.
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4.5 Conway’s Notation

Denote S4 = 1(0% 4+ 2 — a?), Sp = 1(? + a* — b?) and S¢ = J(a® + b? — ¢?). Let S be twice
the area of the triangle ABC.

Lemma 1.
(i) SA—i-SBICZ,SB+SC:a2,Sc+SA=b2.
(i) Sa—Sp=b>—a? Sg—Sc=c®—0b% Soc— Sa =a?®— 2
(iii) SaSp + SpSc + ScSa = S2.
(iv) a?Ss + b*Sp + 2Sc = 252
(v) b2c% — 5’?4 =5S%2 = SpSc + a?Sa.

Proof. Let’s prove (v). By (i) (ii) and (iii), b*c® — 5% = b*(Sa + Sg) — Sa(b* — Sc) = b2Sp +
SaSc = (SC + SA)SB 4+ S485¢c = S2,

4.6 Examples
Example 4.4. The perpendicular bisector of BC' has the equation a®(z — ) + (¢ — b*)z = 0, or

[2 —b%: —a?: a?.

Solution. The midpoint M of BC'is (0 : % : %) Let X = (z : y : z) be a point in normalized

barycentric coordinates on the perpendicular bisector of BC. Then XM = (—x : % -y % —2)
and BC = (0 : —1 : 1). By the condition on perpendicular displacement vectors, we have a?(z —
y) + (2 = v}z = 0.

Example 4.5. The barycentric coordinates of the foot of perpendicular from a point P with nor-
malized barycentric coordinates (xq : yo : 20)
onto BC'is

S S
(0: (a® +b* — *)zo + 2a2yo : (a® — b* + )z + 2a%2) = (0 : a—gwo + o, a—faﬁo + 29).

onto CAis (b2 — ¢ + a®)yo + 2b%x0 : 0 : (b* + 2 — a®)yo + 2b%2),
onto AB is ((¢? + a? — b?) 29 + 2% : (2 — a® + b%) 2z + 2c%y : 0).

Example 4.6. The barycentric coordinates of the foot of perpendicular from A onto BC' is (0 :
a2+ —c?:c?+a?—-b%)=(0:5c:Sp).

Example 4.7. The reflection of P with normalized barycentric coordinates (xq : yo : 20) across the
line BC is the point (—a*xzq : (a® + b* — )z + a®yo : (a® — b? + c)xo + a®20), or

25¢ 2S5p
(=0 : —5T0 + Yo, —5 To + 20)-
a a

Example 4.8. The reflection of the line |« 3, 7] across the line BC'is the line

|2 (Sp7+ S0B) — . f,2)



5 Circles | 8

5 Circlesl

5.1 Parallel Axis Theorem

If O is the circumcentre of the reference triangle ABC' and P has normalized barycentric coordi-
nates (x : y : z), then

R? — OP? = 2 AP? + yBP? + 2CP? = d®yz + b’zx + Pay.

Proof. Take the circumcentre O be the origin so that |a| = |b| = |¢| = R. We have p = za+yb+zc
withz+y+2=1. As AP = p—a,wehave AP? = |AP|? = |[p—al®> = |p]*+|a|*-2p-a =
OP? + R? — 2p - a. Similarly, BP2 = OP?> + R> —2p -band CP?> = OP?> + R> - 2p - c.
Therefore, tAP? + yBP? + 2CP% = (x +y +2)OP? + (x +y+ 2)R?> —2p - (za + yb+ 2¢) =
OP?>+ R?> -2p-p=0OP?+R?>-20P?=R? - OP2

Since AP =p—a = (x—1)a+yb+ zc, we have AP? = —a%yz — b?z(x — 1) - 2(z — 1)y =
—(a®yz + b2z + 2ay) + 2b% + yc?. Similarly, BP? = —(a?yz + b?zx + c2xy) + xc? + za? and
CP? = —(a®yz + b*zz + *xy) + ya® + xb?. Therefore, tAP? + yBP? + 2CP? = — (v +y +
2)(a?yz + b2z + Aay) + 2(2b? + yc?) + y(xc? + za?) + z(ya® + zb?) = a®yz + b?zx + Cay.

5.2 Power of a point with respect to the circumcircle

The power of P with respect to the circumcircle of ABC'is —(a?yz + b?zx + c2xy), where P has
normalized barycentric coordinates (x : y : z).

5.3 Circumcircle

The equation of the circumcircle of the reference triangle ABC is ayz + b%zx + c?zy = 0.

5.4 Power of a point with respect to a circle

Let w be a circle and P’ a point having normalized barycentric coordinates (z : y : z). Then the
negative of the power of P’ with respect to w can be expressed in the form

agyz +b%zx + CQZCy +(x+y+2)(px+qy+rz),

where p, ¢, 7 are constants depending only on w.

Proof. Every circle w is homothetic to the circumcircle of the reference triangle by a homothety,
say h, with a center of similitude S = (v : v : w) (in normalized barycentric coordinates) and
similitude ratio k. As the point P’ has normalized barycentric coordinates (z : y : z), we have
P=hP)=kPP+(1-k)S=klx+tulz+y+z2):y+to(x+y+z2):z+twlx+y+z)),

where ¢ = % is the normalized barycentric coordinates of P.

Let R and R’ be the radii of the circumcircle of the reference triangle and w respectively. Then
R = kR'. Let the circumcentre of the reference triangle be O and the center of w be O’. Then
O = h(0"). Also PO = kP'O'.

The power of P’ with respect to w = P'O"? — R”? = k=2(P0O? — R?) = k~2x the power of P with
respect to the circumcircle.
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The negative of the power of P with respect to the circumcircle is obtained by substituting normal-
ized barycentric coordinates of P into the equation of the circumcircle. Therefore, the negative of
the power of P’ with respect to w is equal to

> Ay +tv(@+y+2)(z+tw(z+y+ 2))
cyclic
= Z a*(yz + t(wy +vz)(z +y + 2) + tPvw(z +y + 2)?)
cyclic
= (a®yz+b?zx + oy) + t(x +y + 2) Z a?(wy + v2)+
cyclic

t2(x 4y + 2)%(a®vw + b*wu + uw)

= (a®yz+ V?zx + oy) + t(x +y + 2) Z (V*w + v + t(a*vw + b*wu + Pwv)) z

cyclic
= a?yz+b*zx+ oy + (z+y+2)(pr + qu +r2).

5.5 Equation of a circle

The general equation of a circle is a?yz + b%zz + c2zy + (x +y + 2)(px + qy + rz) = 0.

Note that the powers of the points A, B, C' with respect to the circle are —p, —q, —r respectively.
For example, the powers of A, B, C with respect to the incircle are (s — a)?, (s — b)?, (s — ¢)?
respectively. Therefore, the equation of the incircle is

a’yz +b2zx + oy — (x4 y + 2) ((s — a)’z + (s — b)*y + (s — 0)22) =0.

circumcircle a?yz +b2zx 4 Cay =0

incircle a?yz+ b2z + ey — (z+y+2) ((s—a)?z+ (s —b)2y+ (s —¢)?2) =0
A-excircle a’yz+b2zx+ Pay — (z+y+2) (224 (s — )’y + (s — b)22) =0
nine-point circle a?yz + b2z + Ry

7%(ac+y+z) ((ma?2+ b2+ )z + (a®> — b2 + )y + (a®> +b% —c?)z) =0

circle centred at A with radius p | a?yz + b%zz + c2ay + (z +y + 2) (p%x + (0% — )y + (p*> —b?)2) =0

circle through a?yz + b%zx + ry + (x +y + 2)(bex + cay + abz) =0

the 3 excentres of ABC'

mixtilinear incircle a?yz + b2zx + ay — bz§2 (x+y+2)(x+(s/b—1)%x+ (s/c—1)%2) =0
opposite to A point of tangency with the circumcircle is (—a : Sbj 7 Scjc)

Example 5.1. The centroid lies on the incircle if and only if 5(a® + b* + ¢?) = 6(ab + bc + ca).
Example 5.2. The Nagel point lies on the incircle if and only if (a+b—3c)(b+c—3a)(c+a—3b) = 0.

5.6 Radical axis

The line px + qy + rz = 0 is the radical axis of w and the circumcircle whenever w is not concentric
with the circumcircle.
For example, the radical axis of the circumcircle and the nine-point circle is the line

B+ —a)z+ (A +a® -y + (a®>+b*—P)z=0.



6 Circles Il 10

5.7 The arc BC

(a) The midpoint of the arc BC not containing A has barycentric coordinates (—a? : b(b + ¢) :
c(b+¢)).

(b) The midpoint of the arc BC containing A has barycentric coordinates (a? : —b(b — c) :

c(b—c)).

(c) The median through A meets the circumcircle at the point with barycentric coordinates (a? :
b+ b? + ).

6 Circlesll

6.1 The Feuerbach point

Consider the difference of the coefficients of = in the equations of the incircle and nine-point circle,
we have (s — a)? — $(—a® 4+ b* + ¢?) = J(a — b)(a — ). Thus subtracting the equations of the
incircle and the nine-point circle, we get

C:(a=b)a—c)z+(b—c)(b—a)y+ (c—a)(c=b) =0,

which can be written as
x y % _
b—c c¢c—a a-b
Observe that there are two points P = ((b —¢)? : (¢ —a)? : (a — b)?) and Q = (a(b — ¢)? :

b(c — a)? : c(a — b)?) on £. Using these two points, we can parameterize £, except P, as

0.

(iy:2)=((@a+t)(b—c)?: (b+t)(c—a)®: (c+t)(a—Db)?).

The centre N of the nine-point circle is the midpoint of O H, its barycentric coordinates is given by
N = (@*(0* + %) — (b® — A)? V(P 4 a?) — (2 — a®)?: A(a® + %) — (a® — b)?).
Also I = (a: b: ¢). Thus the line I N has parametric equation:
(x:y:2)=(a?(b*+ ) — (b — *)* + ak:

V2 (c? +a®) — (2 — a®)? + bk : *(a® + b%) — (a® — b?)? + ck) .
If we take k = —2abc, then x = a?(b% + %) — (b? — ¢?)? — 2a2bc = a?(b — ¢)? — (b* — ?)? =
(b—c)?(@®—(b+c)?)=(a+b+c)(b—c)*(a—b—c) = —4s(b—c)*(s — a). Similarly we get
the expressions for y and z by cyclically permuting a, b, c. Thus we have a point

(b—c)* (s—a):(c—a)’(s—D): (a—b)2(s—c))

on the line I N.

If we take t = —s in £, we obtain the same point F'. Thus F' is the intersection of the line /N and
{. F is the Feuerbach point of the triangle ABC.

We can verify by direct substitution that the barycentric coordinates of the Feuerbach point satisfy
the equation of the nine-point circle. It follows that the nine-point circle and the incircle are tangent
at the Feuerbach point.
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6.2 Excircles
The equation of the common tangent £ 4 of the nine-point circle and the A-excircle is

x y z
b—c+c+a_ a+b

There are two points P = ((b—c)? : (c+a)? : (a+b)?) and Q = (—a(b—c)? : b(c+a)? : c(a+b)?)

on /4. We parameterize £ 4 as

(@:y:2)=((ma+t)(b—c)?: (b+t)(c+a): (c+t)(a+Db)?).

Recall that 74 = (—a : b : ¢). Thus the line /4 N has parametric equation:
(x:y:2)=(a®(b*+ ) — (b — *)* —ak:
V2 (c? +a®) — (2 — a®)? + bk : *(a® + %) — (a® — b?)? + ck) .
Taking k = 2abc, we get x = a?(b? + ¢2) — (b? — )% — 2a%bc = —4s(b — ¢)* (s —a), y =
b (2 +a?) — (2 —a?)? +2ab%c = 4(c+a)?®(s—a)(s —c), z = 2 (a® +b%) — (a® — b*)? +2abc? =
4(a+b)*(s —a)(s —b).
Thus we have the point
Fa=(—s(b—c)?:(s—c)(c+a)?:(s—b)(a+Db)?
on I4N. On the other hand, if we let t = a — s in £ 4, we get the same point. Therefore F'4 is the
intersection point of £4 and I4 V.

We can verify by direct substitution that the barycentric coordinates of the point F4 satisfy the
equation of the nine-point circle. It follows that the nine-point circle and the A-excircle are tangent
at F'4. Similarly, the nine-point circle is tangent to the other 2 excircles. The points of tangency are

Fp=(s—c)(b+¢)?:—s(c—a)?:(s—a)la+b)?),
Fo=((s=b)(b+c):(s—a)(c+a)?: —s(a—0b)?).

6.3 Pedal triangle

Let P be a point with normalized barycentric coordinates (g : yo : 29). The determinant formed
by the normalized barycentric coordinates of the foot of perpendiculars from P onto the sides of
ABC'is

0 (a® +b? — 2w +2a%yy  (a® — b + )z + 2a%2
sz | (b2 — &+ a®)yo + 267 0 (b% + % — a?)yo + 2b%2
(2 +a? —b?)zp +2c%x0  (? — a® + %)z + 220 0

= 4a2}3202 (b+c—a)(c+a—b)a+b—c)a+b+c)xo+yo+ 20)(a®yozo + b2 2020 + 220Y0)
= Wzﬁlzcz s(s —a)(s — b)(s — ¢)(a®yoz0 + b*200 + xoyo)

2
ABC
— (%) (a*yoz0 + b*z010 + oyo).-

= 172 (@®yoz0 + b2 200 + Fzoyo).

This proves Simson’s theorem that P lies on the circumcircle if and only if the 3 feet of perpendic-

ulars are collinear. Also the area of the pedal triangle of P is [igzc} (a2y020 + b2zpzo + 023303/0)-
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6.4 Equation of the circle with center (o : 5 : v) and radius p

Let the normalized barycentric coordinates of the centre O be (o : 5 : 7). Let P = (z : y : 2),
where x + y + z = 1, be a point on the circle. Then OP = (x — « : y —  : z — 7). Thus the
equation of the circle is

@y = B)(z =) + (e —a)(z =) + Ha—a)(y — B) = —*
Expanding, we have

a*yz + b za + Cay — (b + EP)x + (Fa + a®y)y + (a°B + b?a)z)
+a?By + b2 ya+ ap + p? =0
& a’yz + b2z + Fay —((0Py + B)x + (Pa+ a’y)y + (a®F + bPa)2)
+(@?fy +b*ya + Faf + p*)(z +y + 2) = 0.

The coefficient of z is
—(b%y + 2B) + (a?By + b*ya + CaB + p?)

—b*y(a+ B +7) — AB(a+ B+7) + (a*By + b*ya + Faf + p?)
= —(b*y* + 28487 + 252 — p?).

Thus the equation is a®yz + b%zx + Py — Z (V242 4+ 285487 + 2B% — p?)z = 0.

cyclic
Therefore, the general equation of the circle with centre (« : 3 : ) and radius p in homogeneous
form is

<b272 + 25487y + B2 2) B
— x=0.

a2yz+622x+02xy—(1:+y+z)z CENEE

cyclic

On the other hand, the centre of the circle a?yz + b?zx + c2ay + (x +y + 2)(px + qy +r2) = 0is
(a?Sa—Sp(r—p)+Sc(p—q) : ¥*Sp—Sc(p—q)+Salg—r) : Sc—Salg—7)+Sp(r—p)),

and its radius is given by

1
p? = i ((abc)2 +2(a®Sap + b*Spq + *Scr) + Sa(q —r)* + Sp(r — p)> + Sc(p — q)2) .

6.5 Concentric circles

The equation of the circle concentric with the circumcircle with radius kR is
a*yz +bzx + Fay + (v +y + 2) (T + 7Y + 72) = 0,

where 7 = (k2 — 1)a?b%c%(2a%0? + 2b%c% + 2c?a® — a* — b* — )7L,

Proof. Let the normalized barycentric coordinates of the circumcentre be (o : 5 : ). Thus the
equation of the circle concentric with the circumcircle with radius kR is

a*(y — B)(z =) + 0 (x — a)(z =) + E(z — a)(y — B) = —(kR)?,
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where (z : y : z) is the normalized barycentric coordinates of a point on the circle. The left hand
side is equal to a?yz + b?zx + c2xy — R?. Thus the above equation can be written as a?yz + b%zx +
xy + (k? — 1)R? = 0. Note that R = %, where S is the twice the area of the triangle ABC.
Thus R? = a?b%c?(2a%b? + 2b%c? + 2¢%a® — a* — b* — ¢*) 7. Using v + y + z = 1, we may write
the equation as

a*yz + b?zx + ay + (v +y + 2) (72 + Ty + 72) = 0.

6.6 The equation of the tangent to a circle

Let w be the circle with equation
a’yz + V2zx + ay + (x +y+ 2)(pr 4+ qy +r2) = 0.

Let P be a point on w with homogeneous barycentric coordinates (xo : yo : z0). The equation of
the tangent to w at P is given by

a®(yoz + yzo0) + b2 (207 + 20) + (20y + 2Y0)
+(xo + yo + 20)(px + qy +7r2) + ( + y + 2)(pTo + qyo + 720) = 0.
That is

2pxo + (2 +p+ Qo+ (V2 +7r+p)zo: (+p+q)zo + 2qy0 + (a®> + ¢+ 7)20
D (U7 47+ p)xo + (a® 4 g+ 7)yo + 2rz0].

Proof. Let the parametric equation of the tangent line to w at P be x = x¢ + at,y = yo + [t, z =
20 + 7t, where (« : § : 7) is a displacement vector along the direction of the tangent. Note that
a+ f+ v = 0. Substituting (zo + «t : yo + Pt : 29 + ~yt) into the equation of the circle and using
the fact that (xq : yo : z0) satisfies the equation of the circle, we get a quadratic equation in ¢.

(a?By + b2 ya + ap)t? + [a®(yoy + B2o) + b2 (z0a + Y0) + (208 + ayo)
+(w0 + yo + 20) (pa + ¢B + ry)]t = 0.

Since the tangent line intersects w only at the point P, this quadratic equation has a double root
t = 0, or equivalently, the coefficient of ¢ is 0. Thus

a®(yoy + B20) + 0% (200 + o) + ¢* (20 + ayo) + (zo + yo + 20)(pa + g +17) = 0.
To find a linear equation satisfied by x, ¥, z, consider
a®(yoz + yzo) + b2 (202 + 20) + (20y + 2Y0)

+(x0 + Yo + 20) (px + qy + r2) + (z + y + 2)(pzo + qyo + T20)

(
= a®(yo(z0 +7t) + (Yo + Bt) 20)) + b* (20 (w0 + at) + (20 +t)w0) + (w0 (yo + Bt) + (zo + ot)yo)
+(z0 + yo + 20) (p(xo + at) + q(yo + Bt) + (20 + 1))
+(20 + Yo + 20 + (a + B+ v)t)(pxo + qyo + r20)

= 2a%yoz0 + ta®(yoy + Bzo) + 2b%2020 + tb? (20 + y0) + 2c220Y0 + tc (20 + o)
+(z0 + yo + 20) (pxo + qyo + 120 + t(pa + ¢B + 1))
+(z0 + Yo + 20) (PTo + qyo + 720)

= 2(a’yo20 + b%20z0 + *zoyo) + t(a*(yoy + Bz0) + b* (200 + Yx0) + (w0 + ayo))
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+t(zo + Yo + 20) (pa + gB + 1)) + 2(wo + yo + 20) (PTo + qyo + 720)
=0.

The last line is by the above relation and the fact that (z : yo : z0) satisfies the equation of the
circle.

Example 6.1. The equation of the tangent to the circumcircle at A is b*z + c?y = 0.

6.7 The line at infinity and the circumcircle

Recall that if (x : y : z) is a displacement vector which is a difference of two points A and B in
normalized barycentric coordinates, then x + y 4+ z = 0. If we identify all displacement vectors
along AB using homogeneous coordinates so that (z : y : z) = (kx : ky : kz) for any k # 0,
then the displacement vector (z : y : z) represents either direction of the line AB. A displacement
vector in homogeneous coordinates is also called the infinite point of the line AB. See [1]. The set
of all infinite points constitutes a line called the line at infinity which has the equation x +y+z = 0.

In the setting of the usual plane geometry, the isogonal conjugate of a point on the circumcircle is not
defined. More precisely, if P is a point on the circumcircle of the triangle ABC, then the reflection
of the line AP about the bisector of Z A, the reflection of the line B P about the bisector of /B and
the reflection of the line C'P about the bisector of Z( are all parallel. Thus they meet at an infinite
point. In other words, if P = (z : y : 2) is a point on circumcircle of the triangle ABC, then its
isogonal conjugate (a?yz : b%zx : c2xy) lies on the line at infinity. Thus a’yz + b?zz + c?zy = 0,
which is the equation of the circumcircle.

7 Worked Examples

1. [CentroAmerican 2017]. Let ABC be a triangle and D be the foot of the altitude from A. Let
[ be the line that passes through the midpoints of BC' and AC. E is the reflection of D over [.
Prove that the circumcentre of the triangle ABC' lies on the line AF.

Solution.

It is known that D = (0 : S¢ : Sg), £ = [1 : 1 : —1]. A displacement vector along ¢ is
(—1:1:0). A displacement vector perpendicular to £ is (Sp : S4 : —c?). Thus a parametric
equation of the line DE is (tSp : Sc + tS4 : Sp — tc?). To find the intersection point
F between ¢ and DE, we substitute the parametric equation of DFE into the equation of £.

1 _ _Sp=Sc _ Sp=Sc _ A2-b?
Solving for ¢, we gett = st = Y = S
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Therefore, F' = (‘:2_172 Sp: SC+62_b2 Sa SB—CQEbQ) = ((2=b*)Sp : B2c?+c2Sc—b?Sa -

2c2 2c2

62(253 -2+ b2)) = ((62 — bQ)SB : b2SB + C2SC : C2SB + 6250).

Here we use the relations S4 + Sp = ¢? etc. The normalized barycentric coordinates of £’ and
D are

1

 2a2¢?
Thus we can compute F as 2F — D. Thatis £ = ﬁ((c2 - b?)Sp : VS + 2S¢
CQSB+C2SC) — a2162 (0: 2Sc 0253) = ((62 —52)5’3 :b2Sp : CQSc). Since A= (1:0:0)
and O = (a2S 41 b2Sp : czSc). Clearly the determinant formed by these 3 points is zero.
Consequently, A, O, E are collinear.

1
(> = b*)Sp : b*Sp + ?Sc : *Sp + 2S¢), D = g(o :Sc : Sp).

2. Let O and G be the circumcentre and the centroid of a triangle ABC'. Prove that GA is
perpendicular to OG if and only if b + ¢ = 2a2.

Solution.
A
O
G
B C
We have GA = 1(—2:1:1) and
—(1_ a?S4 1_ b2Sp 1_ Sc — 1 (9.2

OG - (3 GQSA+bQSB+C2SC’ 3 aQSA+bQSB+CQSc’ 3 aQSA+bQSB+CQSC) - 652( 2a SA+

bQSB + CQSC : CLQSA — QbQSB + CQSC : CLQSA + b253 — 26250).

Then GA - OG = —36152 (a%(2a2S4 — b*Sp — 2Sc) + b*(—4a%S4 — b2Sp + 5c2S¢) +
c(—4a%S 4 + 5b*Sp — 2S¢)).
Therefore,

—-365°GA - OG
= 2a%(a® — 2b% — 2¢?)Sa — b*(a® + b? — 5¢2)Sp — 2(a® + % — 5b%)Se
= 2a%(a® — 2b% — 2¢?)S 4 — 2b2SpSc + 4b*c*Sp — 2c2SpSc + 4b*c2 S
= —2a%(2b2 + 2¢? — a?)Sa — 2(b% + 2)SpSc + 4b%c2(Sp + S¢)
= —2a2(b? + 2 — a®)Sa — 2a%(b? + ) Sa — 2(b* + ¢*)SpSc + 4a?b*c?
= —4a?S5% — 2(b* + ) (SpSc + a%Sa) + 4a*b*c?
= 4a?(b*c? — S%) — 2(b* + ¢*)(SpSc + a®S4)
= 4a%5% — 2(b? 4 ¢*)S?
=2(2a% - b? — ?)S2.

That is GA - OG = —15(2a*> — b*> — ¢?). Consequently, GA - OG = 0 if and only if
202 — b2 — % =0.
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3. [Donova Mathematical Olympiad 2010]. Given a triangle ABC, let A’, B’, C’ be the perpen-
dicular feet dropped from the centroid G of the triangle ABC' onto the sides BC,CA, AB
respectively. Reflect A’, B’, C’ through G to A”, B”,C" respectively. Prove that the lines
AA", BB", CC" are concurrent.

Solution.

Direct computation gives A” = (2a® : Sg : S¢),B” = (Sa : 2% : S¢),C" = (Sa : Sp :
2c2). Thus AA” = [0: —S¢ : Sg|, BB” = [S¢ : 0: —S4], CC" = [-Sp : Sa : 0]. The
determinant formed by these 3 lines is clearly zero. Thus AA”, BB"”,CC" are concurrent.

4. [JBMO Shortlist 2015]. Around the triangle ABC' the circle is circumscribed, and at the vertex
C tangent t to this circle is drawn. The line p, which is parallel to this tangent intersects the
lines BC and AC at the points D and F, respectively. Prove that the points A, B, D, E belong
to the same circle.

Solution.

Let D = (0 :1— a : «). The tangent ¢ to the circumcircle of ABC is [b® : a® : 0]. The
points (0 : 0 : 1) and (—a® : b* : 0) lie on t. Therefore a displacement vector along # is
(e % . —1) = (a® : —b* : a® — b?). We can parametrize p by (0 : 1 — o :
a)+s(a®: —b?:a? —b?) = (sa® : 1 — a — sb® : a + s(a® — b?)). Substituting this into the
line AC'=[0:1:0], we have 1 — o — sb* = 0 so that s = 1%, Thus

(1-a)a® -«
S 0iat

E=( (a®> = %) = (1 —a)a®: 0:b* — a*(1 — a)).



7 Worked Examples 17

By substituting the coordinates of A, B, D into the general equation of a circle, the equation
of the circumcircle of ABD is found to be

a’yz + b*zx + Py — (x +y + 2)a*(1 —a)z = 0.

Check that E satisfies this equation. Thus A, B, D, E are concyclic.

Remark. The result follows easily from alternate segment theorem.

5. [Mongolia 2000]. The bisectors of LA, /B, ZC of a triangle ABC intersect its sides at points
Ay, By, C1. Prove that B, Ay, By, C are concyclic if and only if

BC B AC AB
AC+ AB AB+ BC BC+ AC’
Solution.
A
1
C1

Aq

First Ay =(0:b:¢),B1 =(a:0:¢),Cy = (a:b:0). Substituting the coordinates of these
3 points into the general equation of a circle, the equation of the circumcircle of A1 B1C] is

a’yz + b2ze + Pay + (x 4+ y + 2)(pr + qy + rz) = 0, where p = ¥ (5% — 222 — 255)
b b b ~

q= %(%_ﬁ_ﬁ)’andrz az(a%rb_ﬁc_cﬁz)' Note that B = (0 : 1 : 0) lies on

this circle if and only if ¢ = 0, which gives ;% = - — ¢

6. [Benelux 2017]. In the convex quadrilateral ABC'D we have /B = ZC and ZD = 90°.
Suppose that AB = 2C D. Prove that the angle bisector of ZAC'B is perpendicular to C'D.

Solution.

T
1
1
1
1
:
1
D 174 M
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Let M be the midpoint of AB and C'E the bisector of ZC. Since M BCD is an isosceles
trapezium, D is the reflection of M across the perpendicular bisector of BC'. First note that
/4B = /C are obtuse angles. If /B = ZC < 90°, then ZCDM > 90°. Since £D = 90°,
this contradicts the given condition that ABC'D is a convex quadrilateral.

Take ABC be the reference triangle. Then M = (1 : 1 :0), E = (4 aLer : 0),
and the perpendicular bisector of BC'is [¢? — b? : —a? : a?]. We can parametrize M D as
(1:1:04+¢0:—-1:1)=(1:1—t:t). Substituting this into the equation of the
perpendicular bisector of BC, we have (c? — b%) — a?(1 — t) + a®t = 0. Solving for ¢, we
gett = P Thus the midpoint of DM is K = 1(1: 1 — €= . @®4b ) 'y

2,322 2,122 2a° 2a°
_ _ (1.1 a®+b*—c® | a®4b*—c
D=2K-M=(:1_ i o’y

Then DC = (-3 : —%—F‘IQEZZ{CQ (11— “22?122762) = (—a?: b®—c? : 2 +a?—b?). Similarly,
DA = (a® : 0®* — % : —a® — b? + ¢?). Since ZADC = 90°, we have 0 = DA - DC =
2a2(ab + b — c)(ab — b* + ).

Since /B is obtuse, we have b > ¢ so that ab + b> — ¢ # 0. Therefore, we must have
ab—b*+c2=00rb? —c* =ab. Thus DA = (a? : ab: —a® —ab) = (a: b: —a —b).

Note that CE = (%5 : aLer :—1)=1(a:b:—a+b). Consequently, DA is parallel to CE,

or equivalently, C'E is perpendicular to C'D.

7. [China 2010]. In a triangle ABC, AB > AC, I is its incentre, M is the midpoint of AC and
N is the midpoint of AB. The line through B parallel to M meets AC' at D, and the line
through C parallel to /N meets AB at E. The line through [ parallel to DE meets the line
BC at P. If Q is the foot of the perpendicular from P onto the line Al, prove that () lies on
the circumcircle of ABC.

Solution.

First IM = (%:0:%)—(a+‘;+c : a+ll’)+c Carire) = (btce—a: =2b:ra+b—c).

We can parametrize BD as (0 : 1 : 0) +t(b+c—a : —2b: a+ b — ¢). Substituting this



7 Worked Examples 19

into the line AC' = [0 : 1 : 0] and solving for ¢, we have t = 5. Thus D = (&&=2 . 0 :
atbec) Similarly, E = (Y= . o=kt . (). Therefore, DE = (b2 — bfema  achic
—%ﬁ;c) =((b—c)b+c—a):blc+a—>):—c(a+b—c)). We can parametrize I P as
(a:b:c)+t((b—c)b+c—a):blc+a—>b): —cla+b—c)). To find P, we substitute

this into the line BC' = [1 : 0 : 0] and solve for t. We have ¢ = —m. Therefore,

P:(O:b—w'C—FM):(O:—Z)(CQ—F@Q—IJQ):c(a2+62—02)):

(b—c)(b+c—a) * b—c)(b+c—a
(0:=bSp : cSc).
A displacement vector perpendicular to Al is given by (b — ¢ : —b : ¢). Thus we can

parametrize PQ as (0: —bSp : ¢Sc) +t(b—c: —b: c).
To find @), we substitute this into the line Al = [0 : —c : b] and solve for t. We have

t = —“2—2. Therefore, Q = (—LU;_C) : —b(Sp — “72) ce(Se — “2—2)) = (—QQU;_C) : —b(c22_b2) :
2 2
@) = (—=a® : b(b + c) : c(b+ c)), which lies on the circumcircle. In fact, Q is the

midpoint of the arc not containing A.
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8 Exercises

10.

11.

. Prove that in any triangle ABC, the centroid G, the incentre I and the Nagel point N are

collinear.

[Newton’s line]. Let ABC'D be a quadrilateral. Let H,I,G,J, E, F be the midpoints of
AB,BC,CD,DA, BD,CA respectively. Let I.J intersect HG at M, AB intersect C'D at
U, BC intersect AD at V. Let IV be the midpoint of UV'. Prove that E/, F, M, N are collinear.

Prove that in any triangle the 3 lines each of which joins the midpoint of a side to the midpoint
of the altitude to that side are concurrent.

In a triangle ABC, /A = 90°, the bisector of /B meets the altitude AD at the point E, and
the bisector of ZC' AD meets the side C'D at F'. The line through F' perpendicular to BC
intersects AC' at G. Prove that B, F, G are collinear.

In a triangle ABC, M is the midpoint of BC' and D is the point on BC such that AD bisects
ZBAC. The line through B perpendicular to AD intersects AD at £ and AM at G. Prove
that GD is parallel to AB.

. In an acute-angled triangle ABC, N is a point on the altitude AM. The line CN, BN meet

AB and AC respectively at F' and F. Prove that /EMN = ZFMN.

[Pascal’s theorem]. Let A, F', B, D, C, E be six points on a circle in this order. Let AF intersect
CD at P, FB intersect EC at Q and BD intersect AE at R. Prove that P, (), R are collinear.

In a triangle ABC, ZA # 90°, M is the midpoint of BC' and H is the orthocentre. The feet
of the perpendiculars from H onto the internal and external bisectors of ZBAC are N and L
respectively. Prove that M, N, L are collinear.

Let ABC' be an acute-angled triangle with orthocenter H. The circle with diameter AH inter-
sects the circumcircle of the triangle ABC' at the point N distinct from A. Prove that the line
N H bisects the segment BC.

Let ABC be an acute-angled triangle with incentre I. The circle with diameter Al intersects
the circumcircle of the triangle ABC' at the point NV distinct from A. Let the incircle of
the triangle ABC touch the side BC at D. Prove that the line N D bisects the arc BC not
containing A.

Let ABC be a triangle with circumcentre O. Points E, F' lie on C'A, AB respectively. The
line EF cuts the circumcircles of AEB and AFC' again at M, N respectively. Prove that
OM = ON.
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12.

13.

14.

15.

16.

17.

18.

19.

[IMO 2017]. Let R and S be different points on a circle €2 such that RS is not a diameter.
Let ¢ be the tangent line to €2 at R. Point 7" is such that S is the midpoint of the line segment
RT'. Point J is chosen on the shorter arc RS of € so that the circumcircle I' of triangle J.ST
intersects ¢ at two distinct points. Let A be the common point of I" and ¢ that is closer to R.
Line AJ meets {2 again at K. Prove that the line KT is tangent to I.

[IMO 2016]. Triangle BC'F’ has a right angle at B. Let A be the point on line C'F' such that
FA = FB and F lies between A and C. Point D is chosen so that DA = DC and AC is the
bisector of ZDAB. Point E is chosen so that FA = ED and AD is the bisector of ZEAC.
Let M be the midpoint of C'F'. Let X be the point such that AM X F is a parallelogram. Prove
that BD, F X and M F are concurrent.

[IMO 2014]. Let P and @ be on segment BC of an acute triangle ABC' such that /PAB =
ZBCAand ZOAQ = LABC'. Let M and N be the points on AP and AQ, respectively, such
that P is the midpoint of AM and () is the midpoint of AN. Prove that the intersection of BM
and C'N is on the circumference of triangle ABC'.

[IMO 2012]. Given triangle ABC' the point .J is the centre of the excircle opposite the vertex
A. This excircle is tangent to the side BC' at M, and to the lines AB and AC at K and L,
respectively. The lines LM and BJ meet at F', and the lines K M and CJ meet at G. Let S be
the point of intersection of the lines AF" and BC', and let T be the point of intersection of the
lines AG and BC' Prove that M is the midpoint of ST

[IMO 2010]. Given a triangle ABC, with [ as its incentre and I" as its circumcircle, AT inter-
sects I" again at D. Let E be a point on the arc BDC, and F' a point on the segment BC, such

1
that /ZBAF = /CAE < iéBAC . If G is the midpoint of I F', prove that the meeting point
of the lines £ 1 and DG lies on I'.

[APMO 2017]. Let ABC be a triangle with AB < AC'. Let D be the intersection point of the
internal bisector of angle BAC' and the circumcircle of ABC'. Let Z be the intersection point
of the perpendicular bisector of AC' with the external bisector of angle ZBAC'. Prove that the
midpoint of the segment AB lies on the circumcircle of triangle ADZ.

[IMO 2016 Shortlist]. Let ABC be a triangle with AB = AC' # B(C and let I be its incentre.
The line BI meets AC at D, and the line through D perpendicular to AC meets Al at E.
Prove that the reflection of 7 in AC' lies on the circumcircle of triangle BDE.

[Nordic 2017]. Let M and N be the midpoints of the sides AC' and AB, respectively, of an
acute triangle ABC, AB # AC. Let wp be the circle centered at M passing through B, and
let we be the circle centered at N passing through C. Let the point D be such that ABC'D
is an isosceles trapezoid with AD parallel to BC. Assume that wp and w¢ intersect in two
distinct points P and ). Show that D lies on the line PQ.
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20. [China 2017]. In the non-isosceles triangle ABC, D is the midpoint of side BC, F is the
midpoint of side C'A, F is the midpoint of side AB. The line (different from line BC') that is
tangent to the inscribed circle of triangle ABC' and passing through point D intersect line £ F’
at X. Define Y, Z similarly. Prove that X, Y, Z are collinear.
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9 Hints

1.

10.

11.

Check that the determinant formed by the 3 points is 0.

Take ABC' be the reference triangle and D = (u : v : 1 — u — v). Find the barycentric
coordinates of £, F, M, N.

Let A; be the midpoint of the altitude from A onto BC', and A5 the midpoint of BC. Show
that Ay Ay = [tanC —tan B : tan B +tanC : —tan B — tan C|.

Following the condition of the question, show that G = (a : 0 : ¢).

A displacement vector perpendicular to AD is (—=b + ¢ : b : —c). Using this, show that
E=0b—-c:b:c)andG=(b—c:c:c).

Let ¢ be the line through A parallel to BC' Let the extensions of M F’ and M E meet ¢ at P and
Q respectively. Then ¢ = [0: 1:1]Jand M = (0: Sc : Sg). Let N = (a?(1—t) : Sct : Spt),
for some ¢. Find the barycentric coordinates of P, (), and show that A is the midpoint of PQ).

Take ABC' be the reference triangle. Let D = (dy : do : d3), E = (e1 ez 1 e3), F = (f1:

f2 : f3). Then show that P = (dyifa : dafa : daf3),Q = (erf1 : eaf1 : e1fs), R = (dyes :
dses : dses). Check that the determinant formed by the 3 points is 0.

A displacement vector for HL(= NA)is (b+ ¢ : —b : —c). Then parametrize HL as
(SgSc : ScSa : SaSp) +t(b+ ¢ : —b : —c). Using this, show that L = (2bcSpSc +
c(b+¢)ScSa+b(b+¢)SaSp : —bSa(bSp —cSc) : ¢Sa(bSp —cSc)). Similarly, show that
N = (2bCSBSC + C(b — C)SCSA — b(b — C)SASB : bSA(bSB + CSC) : CSA(bSB + CSC)).

Let M be the midpoint of BC'. Take N to be the point on the circumcircle of ABC such that
LZANM = 90°. Try to show N, H, M are collinear. Let N = (z : y : z) in normalized
barycentric coordinates. The displacement vectors AN = (z —1:y: z)and MN = (z :
y—1 : z—1)are perpendicular. Thus a®(y(z—3)+(y—3)2)+b?((z—1)(2— 3 ) +2z)+c2((x—
1)(y—3)+zy) = 0. Using a’yz+b?22+ c2zy = 0, this can be simplified to Spy+ Scz = 0.

Take y = S¢, 2 = —Sp and substitute this into a?yz 4 b?>zx + c2xy = Oto get v = (;L;_S%.
2
Therefore N = (% :Sc 1 —8B) = (a®>SpSc : (b? — ) ScSa : —(b* — ?)SaSB).

Compute the barycentric coordinates of N. Show that N = (a?(s — b)(s — ¢) : b(b — ¢)(s —

a)(s—c):—c(b—c)(s—a)(s—b)).

Let E=(1—-t:0:t)and FF = (1 — s : s : 0). Show that the equation of the circumcircle
of AEB is a?yz + b2z + ?zy — (v + y + 2)(1 — t)b?2 = 0. Parametrize the line EF as
(1—t:0:t) 4+ a(t —s:s: —t). Substituting this into the equation of the circumcircle of
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12.

13.

14.

15.

16.

17.

AEBto geta = Zzziigig:z;fizg:g Denote this value of o by s, and the corresponding
barycentric coordinates of M by (zps : yar : zpr). The power of M with respect to the
circumcircle of ABC' is —(ayyrzar + Vzpxar + oyyn) = — (o + yar + 20) (1 —
t)b?zpr = —(1 — t)b%2z);. To compute the power, we only need the explicit value of zj;. Then

show that M and N have the same power with respect to the circumcircle of ABC.

Let RSJ be the reference triangle, where R = (1:0:0),S =(0:1:0),J =(0:0:1).
Thus Q : a®yz +b?zx +cPzy = 0and I' : ayz + b%zx + 2oy — 2cx(x +y + 2) = 0. The
tangent £ at R is bz +c?y = 0. We may parametrize /by x = 1,3y = —b*t, 2 = c*t. Thus A =
(1: —b%t : c2t), for some t. Since A lies on I, we have —a?b?c? +b?c?t — c?b?t — 2% (1 — b2t +
c*t) = 0, orequivalently, a?b*t>+2(c?—b*)t+2 = 0. Line AJ = [b*¢ : 1 : 0]. The tangentto T
at Tis a?(22)+b(—2)+c(—y+2z) —2c2x+ (v+y+2)(2¢*) = 0; which can be simplified to
2c2z+c?y+(2a2 —b2+2c?)z = 0. Thatis [2¢2 : ¢? : (2a®—b%+2c?)]. Compute the barycentric
coordinates of K and show that it lies on €2 using the relation a2b%t? 4 2(c? — b?)t +2 = 0.

Let F'BC be the reference triangle, where F' = (1:0:0),B=(0:1:0),C = (0:0:1).
Note that a? = b* — ¢?. Since F divides CA intheratiob: ¢, wehave A = (1 + £:0: —%).

The midpoint of AC'is N = (%€ : 0 : %5¢). Next obtain the displacement vector (c? — b :

b2 : —02) which is perpendicular to C A. Then parametrize the perpendicular bisector of C'A
by z = B¢ +t(c? — b?),y = th%, 2 = 55 — tc®. This is the line DN, whose intersection
with ABis I/, Then D' = (2040 . b . b2y Hence D = 2N — D' = (&< : 52 : 1),
The midpoint of AD is ((b+cig:r20) : 72+ 72¢). A displacement vector perpendicular to AD

is (b + ¢)(b—2c) : —b% : bc + 2¢?). Since F lies on the perpendicular bisector of AD, we
may take F = (w +tb+c)(b—2c) : 72— th? : B2 4 t(be + 2¢?)), for some

4bc
t. As DF is parallel to C'A, the second coordinate of the displacement vector D E must be
0. Therefore, Z—é’ —2tb22 + 2% = 0 giving t = . Consequently, E = (b;rfc : g—cb : 0)
Lastly, X = (be=2etb o =0 0420y From this, we find that BD = [c : 0 : —(b + ¢)],

FX =1[0:2c+bc:b*and ME = [b: b+ 2c: —b].

Note that the triangles ABC, PBA, QAC are all similar. The point of intersection of the lines
BM and ON is (—a? : 2b? : 2¢%).

Show that § = (0 : 24=(s=be . _cyang 7 = (0: & 2abloze)y

a(s—c) a(s—b

Let AF intersect BC at F’. Then F” is the isogonal conjugate of F. Let F = (0: 1 — « : ).
Then F' = (0 : ab? : (1 — a)c?). Then show that E = (a(1 — a)a® : —ab? : —(1 — a)c?),
EI = [be(ab — (1 — a)c) : ca(l — a)(c + aa) : —aba((l — a)a + b)] and GD = [—(b +
c)(ab— (1 —a)c): —a(c+ aa) : a((1 — a)a +b)]. Then X = (a(c+ aa)((1 — a)a+b) :
—b(ab— (1 —a)c)((1 —a)a+Db): c(c+ aa)(ab— (1 — a)c); and show that it lies on I'.

Let M be the midpoint of AB. Then the circumcircle of AM D has the equation ayz +b?zx +
2
Ary — S (z +y+ 2)(y — 22) = 0. Show that Z lies on this circle.
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18.

19.

20.

Let ABC be the reference triangle with b = ¢ # a. Direct calculation gives E = (a(—a%—ab+

4b%) : 263 : 2b%) and I’ = (a(a + b) : —b? : 3b% — a?). Also the equation of the circumcircle
. 2

of BDE is a’yz + b’zx + c?xy + W’m(az +y+ 2)(20%z — a®(a + b)z) = 0.

The reflection of A about the perpendicular bisector of BC'is D = (a? : ¢ —b? : b2 —c?). Let
L = V2¢% +2a? — b? and K = v/2a? + 2b% — 2. Then the lengths of the medians from B
and C are L/2 and K /2 respectively. The circle wp centred at the midpoint of C' A with radius
L /2 passes through the points B=(0:1:0),(b+L:0:b—L)and (b—L:0:b+ L).
Substituting these points into the general equation of a circle, we find that the equation of wp
equal to a®yz + b2zx + cPxy + (x + y + 2)(Spx + Spz) = 0. Similarly, the equation of w¢
equal to a®yz + b2z + 2oy + (z +y + 2)(Scx + Scy) = 0. Then show that D lies on the
radical axis PQ of wp and wc.

Let A; be the point of tangency of the incircle with the side BC, and let A; Az be a diameter
of the incircle. Let the other tangent from D to the incircle meet the incircle at As. (That is
Az # Ay). Thus LA1A3As = 90°. The extension of Ay A3 meets the side BC' at a point
Ay such that D is the midpoint of A; A4. This means that A4 is the point of tangency of
the A-excircle with the side BC. Thatis Ay = (0 : s — b : s — ¢). Also it is well-known

that A, Ao, A4 are collinear. Thus A, Ay, Aa, A4 are collinear. Use this information to find
2 2
As. Show that A3 = (((l;_jz) :s—>b:s—c). Similarly, B3 = (s —a : % iS5 —c)
2
and C3 = (s—a :s—b: %) From this, show that X = (b—c: s—c: b—s),

Y=(c—s:c—a:s—a),Z=(s—b:a—s:a—Db).
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10 Solutions

1. Prove that in any triangle ABC, the centroid G, the incentre I and the Nagel point N are
collinear.
1 1 1
Solution. This is because a b c = 0. In fact G divides the segment /N in
s—a s—b s—c
the ratio 1:2.

2. [Newton’s line]. Let ABC'D be a quadrilateral. Let H,I,G,J, E, F' be the midpoints of
AB,BC,CD,DA, BD,CA respectively. Let I.J intersect HG at M, AB intersect C'D at
U, BC intersect AD at V. Let IV be the midpoint of UV'. Prove that E/, F, M, N are collinear.

Solution.

Let A=(1:0:0,B=(0:1:0,C=(0:0:1)andD = (u:v:1—wu—wv). Then
H=(1:1:0,G=(u:v:2—u— =(0:1:1),J=(01+wu:v:1—u—wv). Direct
computation gives ' = (1:0: 1), FE=(u:1+v:1—-u—v)and M = (u+1:v+1:
2 —u—v).
1 0 1
The determinant U 1+v 1—wu—wv | =0, since the third row is the sum of the first
u+1 v+1 2—u—vw
two rows. Therefore, I/, I, M are collinear.

Similarly, we can show that N = (u —u? : v +v? : w — w?) = (u(l —u) : v(1 + ) :
1 0 1
(u+v)(1 —u — v)), and the determinant u 1+v l—u—v = 0.
u(l—u) v(l+v) (u+v)(1—u—0)
Therefore, E', F, N are collinear.

3. Prove that in any triangle the 3 lines each of which joins the midpoint of a side to the midpoint
of the altitude to that side are concurrent.

Solution.
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Take A=(1:0:0),B=(0:1:0),C =(0:0:1). Let A1, By and C be the midpoints of
the altitudes from A onto BC, from B onto C'A and from C' onto AB respectively. If Ay, By
and C are the midpoints of the sides BC, C A and AB respectively, we find that A1 Ay =
[tanC —tan B : tan B +tanC : —tan B — tanC|, B1By = [-tan A —tanC : tan A —
tan C : tan A + tan C], and C5Cy = [tan A + tan B : —tan A — tan B : tan B — tan A].

tanC — tan B tan B +tanC —tanB —tanC

The determinant | —tan A — tan C' tan A — tan C tan A +tanC | = 0, since the
tanA+tan B —tanA —tan B tan B —tan A

sum of the 3 rows is the zero row. Therefore, A1 Ay, B1Bs and C1Cy are concurrent.

4. In atriangle ABC, ZA = 90°, the bisector of £ B meets the altitude AD at the point F, and
the bisector of ZC'AD meets the side C'D at F'. The line through F' perpendicular to BC'
intersects AC' at GG. Prove that B, E, G are collinear.

Solution.
A
G
E
-
B ) 2 c

Let ABC be the reference triangle. Note that a? = b? + ¢2. Using the angle bisector theorem,
direct computation gives D = (0 : b* : ¢?), E = (ca : b* : ¢?), F = (0 : b? : ¢(a + ¢)) and

0 1 0
G=(a:0:¢).As| ca V¥ ¢ |=ac®—ac®=0,the points B, E, G are collinear.
a 0 ¢

5. Inatriangle ABC, M is the midpoint of BC' and D is the point on BC such that AD bisects
ZBAC. The line through B perpendicular to AD intersects AD at £ and AM at G. Prove
that GD is parallel to AB.
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Solution.

Let ABC be the reference triangle. Then M = (0 : 1 : 1) and D = (0 : b : ¢). The
displacement vector AD = (—1 : ﬁ D 55e) = (b+c: —b: —c). A displacement vector
perpendicular to AD is (—b+c:b: —c). Wemay write £ = (0:1:0)+t(-b+c:b:
—c) = ((=b+c)t : 1 + bt : —ct) for some t. The equation of the line AD is —cy + bz = 0.
Substituting the coordinates of FE into the equation of the line AD and solving for ¢, we obtain
t = —g. Therefore, £ = (I’Q;bC :3:5)=(b—c:b:c) From this we obtain: line
BE =[c:0: —-b+c]andline AM =[0: —1:1]. Thus G = (b—c : ¢ : ¢). Hence,
GD =(-b+c:b—c:0)=(—1:1:0) = AB which means GD is parallel to AB.

6. In an acute-angled triangle ABC, N is a point on the altitude AN . The line CN, BN meet
AB and AC respectively at F' and F. Prove that /EMN = ZFMN.

Solution.

Let ¢ be the line through A parallel to BC'. Let the extensions of M F and M E meet ¢ at P
and @ respectively. Wehave £ = [0:1:1]and M = (0 : Sc : Sg). Let N = (a?(1 —t) :
Sct : Spt), for some t. Then BN = [tSp : 0 : —a?(1 —t)], E = (a*(1 —t) : 0 : tSp),
ME = [tSpSc : (1 —1)Sp : —a®(1 —1)S¢]. Thus Q = (—a?(1 —1)(Sp +Sc) : tSpSc :
~tSpSc) = (2a*(1 —t) : —tSpSc : tSpSc).

Similarly, CN = [~tSc : a®*(1 —t) : 0], F = (a*(1 —t) : tS¢ : 0), MF = [tSpSc :
—a?(1 —t)Sp : a®(1 —t)S¢], and P = (2a*(1 — t) : tSpSc : —tSpSc). Consequently, the
midpoint of PQ is A. It follows that /EMN = /FMN.

7. [Pascal’s theorem]. Let A, F, B, D, C, E be six points on a circle in this order. Let AF intersect
CD at P, FB intersect EC at () and BD intersect AE at R. Prove that P, ), R are collinear.
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Solution. Let ABC' be the reference triangle and w its circumcircle. Let D = (dy : da :
d3),E = (e1 : ez : e3), F = (f1 : fo : f3). Direct computations give P = (d; f2 : dafa :
dife dafz dafs
daf3),Q = (e1f1 : eafi s e1fs), R = (dies : dzeg : dsez). Then | e1fi eafi eifs | =
dies dses dses
didzeses f1 fo+didaeres fo f3+dadzeres f1 f3 —didaeses f1 fs—didzeres fo fs—dadzeres f1fo
Using the relations a®dads + b?dsd; + c?dids = 0, a®ese3 + b%eser + cPerea = 0,a’ fofs +
b2 f3f1 + 2 fifo = 0, we can eliminate the terms dods, eses, faf3 and show that the above
determinant has value 0. Thus P, (), R are collinear.
dadz  dzdy dids
Alternatively, we may rewrite the expression of the above determinantas | fofs fsfi  fife |,
€2€3 €31 e1€9
which is equal to

1 a2d2d3 d3d1 d1d2 1 —b2d3d1—02d1d2 d3d1 d1d2
o) a*fofs fsfi fife | == | “Vfsh—chfe fsh fAifz | =0,

a’e R - —c?
2€3 €3€1 €1€2 €3e1 cC €1€9 €3€1 €1€9

as the first column is a linear combination of the last two columns.

8. In atriangle ABC, ZA # 90°, M is the midpoint of BC and H is the orthocentre. The feet
of the perpendiculars from H onto the internal and external bisectors of ZBAC are N and L
respectively. Prove that M, N, L are collinear.

Solution.

A displacement vector for HL(= N A)is (b+ ¢ : —b : —c). We can parametrize H L as

(SpSc : ScSa :SaSp)+t(b+c: —b: —c). The external bisector of ZAis AL =[0:c:b).
SA(bSp+cSc) )

Substituting the parametric equation of H L into the equation of AL, we gett = e
From this, we obtain

L = (2bcSpSc + c(b+¢)ScSa+b(b+¢)SaSp : —bSa(bSp — ¢Sc) : ¢Sa(bSp — ¢S¢)).
Similarly, we get

N = (2beSpSc + ¢(b—¢)ScSa — b(b— ¢)SaSp : bSA(bSp + ¢Sc) : ¢Sa(bSp + ¢Sc)).

We also know M = (0:1:1).
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To evaluate the following determinant, we add row 2 to row 3, and —row 3 to row 2.

0 1 1

2bcSpSc + C(b + C)ScsA + b(b + C)SASB —bSA(bSB — CS()) CSA<bSB — CSC)
2bcSpSc + (b —¢)ScSa —b(b—¢)SaSp  bSA(bSp +cSc)  ¢Sa(bSp + ¢Sc))

0 1 1
= CQSCSA + b2SASB —b2SASB —CQSASC
4becSpSc + 2beScS4 + 2S4S 2beScS4  2beS545B
0 1 1

= 2bcS 4 2Sc + %S —b2Sp  —c2Sc | (add (—col 2 + col 3) to col 1)

QSBSC—i-SA(Sc—i-SB) ScSa  S45B

0 1 1

= QbCSA 26253 —bQSB —C2SC

25pSc + 2545 ScSa  SaSB

0 1 1 0 1 1

=2bcSy | 2028 —b2Sp —c2Sc | =4b%cSaSp| 1 —b2Sp —c*Sc

20°Sp  ScSa  SaSh 1 ScSa  SaSp
:4bSCSASB SaSB *C2SC+SCsA+bQSB)

= 4()365’,453 SA(SC — SB) — CQSC + bZSB)

= 4b3¢S4Sp 62(5,4 +Sp) —c¢ (SC +54))
= 4b3c¢S2Sp(b2c? — c?b?) = 0. Thus M, N, L are collinear.

(—
(
= 4b3c¢SaSp((b? — c2)Sa — 2Sc + b?Sp)
(
(

9. Let ABC be an acute-angled triangle with orthocenter H. The circle with diameter AH inter-
sects the circumcircle of the triangle ABC' at the point N distinct from A. Prove that the line
N H bisects the segment BC.

Solution.

Let ABC be the reference triangle and M = (0 : % : %) the midpoint of BC'. Take N to be
the point on the circumcircle of ABC' such that ZAN M = 90°. Then we show N, H, M are

collinear.
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Let N = (z : y : z) in normalized barycentric coordinates. The displacement vectors AN =

(x—1:y:z)and MN = (z:y — & : z — ) are perpendicular. Thus

P(y(z )+ (5~ 5)) + Bz~ 1)z~ 5) +22) + Az~ Dy — 5) +ay) =0.

Using a?yz + b%2z + c2xy = 0, this can be simplified to (a? — b +c?)y + (a® + b — c?)z = 0.
Let Sy = 2(b% + ¢® — a?), etc. We may write this as Sgy + Scz = 0. Take y = Sc and
z = —Sp. Then Spy + Scz = 0. We substitute this into a?yz + b%zz + c2xy = 0 to find .
Thatis 0 = —a?2SpSc — b?Spx + c2xSc = —a?SpSc — 2(b*Sp — 2Sc) = —a?SpSc —
z(c? — b?)S4. Thus x = (1?225%' Therefore

a’SpSc

N= ((62 —c2)Sy

:Sc: —Sg) = (a*SBSc : (b* — ¢*)ScSa : —(b* — ¢*)SASB).

Since H = (SpSc : ScSa : SaSp), we check that

0 1 1
a’SpSc  (b® —cA)ScSa —(b? —c?)SaSp | = 0.
SpSc ScSa SaSp

Thus N, H, M are collinear.

10. Let ABC be an acute-angled triangle with incentre I. The circle with diameter A intersects
the circumcircle of the triangle ABC' at the point N distinct from A. Let the incircle of
the triangle ABC touch the side BC' at D. Prove that the line N D bisects the arc BC' not
containing A.

BWC

M

Solution. Let ABC be the reference triangle. Let N = (u : v : w) withu +v+w = 1. As N
lies on the circumcircle, we have a?vw + b>wu + c?uv = 0. Then AN = (u—1:v:w)and

IN =(u—4£&:v—£:w—£). Since ZANI = 90°, we have
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c b c
0= a® (w5 )+ (0= Jw)+0*((u=1) (w—o )+ (u—o o

a b a
)w)+62((u—1)(U—*)+(u—2fs)v)-
Using the relations a?vw + b*wu + c*uv = 0 and u + v + w = 1, this can be simplified to
c(s=b)v+b(s—c)w = 0. Thus we may take N = (v’ : b(s—c) : —c(s—b)). Substituting this
into the equation of the circumcircle, we get —a?bc(s—b)(s—c)—b%c(s—b)u'+c?b(s—c)u’ =

0. Solving for v/, we get u’ = a?;f%()s(:)c)-

That is

N=(a?(s=b)(s—c):bb—c)(s—a)(s—c): —c(b—c)(s —a)(s —b)).

Let M be the midpoint of the arc BC' not containing A. We know that D = (0: s —c: s — b)
and M = (—a? : b(b+ ¢) : c¢(b+ c)). We check that

a’(s—b)(s—c) bb—c)(s—a)(s—c) —c(b—c)(s—a)(s—Db)
0 s—c s—b =0.
—a? b(b+ c) c(b+c)

Thus N, D, M are collinear.

11. Let ABC be a triangle with circumcentre O. Points E, F' lie on C'A, AB respectively. The
line EF cuts the circumcircles of AEB and AFC' again at M, N respectively. Prove that
OM = ON.

Solution.

Let E=(1—t¢t:0:t)and F = (1 —s : s :0). Substituting the coordinates of the points
A, E, B into the general equation of a circle, the equation of the circumcircle of AE B is found
to be

a*yz + b*zx + Fay — (x+y+ 2)(1 — )b’z = 0.

Similarly, the equation of the circumcircle of AFC'is
a*yz + b2zx + oy — (x+y+2)(1 — s)cPy = 0.

The displacement vector EF = (t — s : s : —t). Thus the line F'F' can be parametrized as the
normalized barycentric coordinates: (1 —¢:0:¢)+a(t—s:s:—t) = (1 —t) +a(t —s):
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12.

as : t — at). To find M, we substitute this into the equation of the circumcircle of AEB.
a?st+b2t(t—s)+c?s(1—t)
a?st+b2t(t—s)—c?s(t—s)
barycentric coordinates of M by (xas : yar : zar)-

We get a = . Let’s denote this value of o by s, and the corresponding

The power of M with respect to the circumcircle of ABC' is —(ayyzy + b2y +
chMyM). Since M lies on the circumcircle of AE B, we have —(a2yMzM + b2z +
Faenpym) = — (@ +yar + z2a) (1 — 00220 = —(1 = 10?2y

To compute the power, we only need the explicit value of zp;. Here zp; = (1 — apy) =

—c?ts(1—s)
aZst+b2t(t—s)—c2s(t—s
b2c?ts(1—t)(1—s)

a?st+b2t(t—s)—c2s(t—s) "

Ik Therefore the power of M with respect to the circumcircle of ABC'is

Similarly, we can parametrize the line EF as (1 —s:s:0)+8(t—s:s: —t) = ((1 —
. . a2t b2t(1— ) 25—
s)+ B(t —s) : s+ PBs : —pt). Using this, we find that Sy = a‘;;ib’;t'fé{sj{tgsft(fsj),
which is the value of the parameter /3 corresponding to the point N = (xyx : yn @ 2Nn).
2
Also yy = s(1 + Bn) = a2st+b;tb(tis£;:28(t78). Thus, the power of N with respect to the

circumcircle of ABC is —(1 — s)c?yy = agsfi(;is(gl_j)_(i;;(z_s). Since M and N have the

same power with respect to the circumcircle of ABC), this implies OM = ON.

[IMO 2017]. Let R and S be different points on a circle €2 such that RS is not a diameter.
Let ¢ be the tangent line to €2 at R. Point 7" is such that S is the midpoint of the line segment
RT'. Point J is chosen on the shorter arc RS of €2 so that the circumcircle I' of triangle J.ST’
intersects ¢ at two distinct points. Let A be the common point of I' and ¢ that is closer to R.
Line AJ meets () again at K. Prove that the line K7 is tangent to I".

Solution.

Let RSJ be the reference triangle, where R = (1:0:0),S =(0:1:0),J =(0:0:1).
Thus Q : a?yz + b?>zx + c2xy = 0. Since S is the midpoint of RT, we have T = (—1:2: 0).

Substituting the coordinates of the 3 points S, J, 7" into the general equation of a circle, we
obtain the equation of I'.

I: a®yz+ b2z 4 Pay — 23x(z +y+2) =0.
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13.

The tangent ¢ at R is b*z + c?y = 0. We may parametrize { by x = 1,y = —b’t,z = c?t.
Thus A = (1 : —b?t : ¢*t), for some .

Since A lies on I, we have —a?b%c? + b?c?t — c?b*t — 2¢2(1 — b%t + c*t) = 0, or equivalently,

a?b*t? +2(2 - V)t +2=0. (1.1
Line AJ = [b*t : 1:0].

The tangent to I" at T'is a?(2z) +b%(—2) + c*(—y +2x) — 2c2x + (z +y + 2)(2¢%) = 0; which
can be simplified to 2c2x + %y + (2a® — b? +2¢?)z = 0. That is [2¢? : ¢ : (2a® — b +2¢2)].

2t 1 0

Thus K = 2¢2 2 2a% — b+ 262

= (2a2—b?+2c% : —tb?(2a%—b*+2c%) : b?cPt—2c?)

Substituting the coordinates of K into the equation of €2, we get

—a?th?(2a% —b24-2¢%) (b?c*t —2c¢2) +b%(2a — b2 +2c%) (b? Pt — 2¢%) — tc?b? (2a% — b +-2¢2)?
= b?(2a% — b? + 2¢%)(—a?t(b2cPt — 2¢%) + (bPc*t — 2¢2) — tc?(2a® — b2 + 2¢2))
= b?(2a% — b? + 2¢%)(—a?b?cPt? — 2¢%(? — b?)t — 2¢2)
= —b?c?(2a® — b + 2¢%) (a®b*t2 + 2(c? — b*)t +2) =0, by (1.1).

Thus K lies on €. This also shows that if A’ is the other intersection point between ¢ and T,
and A’J meets 2 at K, then K'T is also tangent to I" and K, K, T are collinear.

[IMO 2016]. Triangle BC'F has a right angle at B. Let A be the point on line C'F’ such that
FA = FB and F lies between A and C'. Point D is chosen so that DA = DC and AC is the
bisector of ZDAB. Point E is chosen so that A = ED and AD is the bisector of ZEAC.
Let M be the midpoint of C'F'. Let X be the point such that AM X F is a parallelogram. Prove
that BD, FFX and M FE are concurrent.

Solution. Let F'BC be the reference triangle, where F' = (1:0:0),B=(0:1:0),C =
(0 : 0 : 1). Note that a> = b?> — c?. Since F' divides C'A in the ratio b : ¢, we have
A=1+§:0:-7).

The midpoint of AC'is N = (%5 : 0: 23¢).

The equation of the line ABis cx + (b+c¢)z =0,0r[c:0:b+¢].
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The displacement vector CA = (%€ :0: =0=¢) = (b+c:0: —b—c).

A displacement vector perpendicular to C A is given by

(—a?(b+c)+ (2 =) (b+c): 20*(b+c) : —c*(b+c) — (b — a®)(b+c)).

Dividing by a factor of (b + ¢), we may take this displacement vector to be

(—a?+c2—b2: 207 : = —b?+a?) = (2(c® —b?) : 2b% : —2¢?), by the relation a? = b* — 2.
Therefore, the displacement vector (c? — b? : b? : —c?) is perpendicular to C A.

We can parametrize the perpendicular bisector of C'A by x = % +t(c® =),y =th? 2z =

b;bc — tc2. This is the line DN, whose intersection with AB is D’. To find D', we substitute

this parametric equation of DN into the equation of AB. Thus

b+c
2b

X L))+ b+ c)(bz;bc ) =0,

Solving for ¢, we have t = 2%76.

Thus D' = (% + ﬁ(c2 —b?): ﬁbQ choe L2y = (7(204’)(“0) b bsZey

2b 2bc 2bc 2c 2b
Hence D = 2N — D' = (& : 52 : 1), The midpoint of AD is (% g2 2o,

A displacement vector perpendicular to AD is ((b+ ¢)(b — 2c) : —b? : be + 2¢2).

Since F lies on the perpendicular bisector of AD, we may take

W b+ )b—20): = — 2 P2 e+ 262),
C

E={ " e 4b

for some ¢.

As the DE is parallel to C A, the second coordinate of the displacement vector D E must be
0. Therefore, Z—é’ —th? + % = 0 giving t = ﬁ. Consequently, F = (I’ch2C : g—i’ : 0). [Since
the last coordinate of E is 0, E in fact lies on the line BF'.]

Since AM X E is a parallelogram, M — A = X — E. Thus X = (% : E—Cb : b;gc).
From this, we find that

BD=c:0:—(b+c)],FX =[0:2c+bc:b*and ME = [b: b+ 2c: —b].

c 0 —(b+¢)
The determinant | 0 2¢? + be b? can be checked easily equal to 0. Consequently,
b b+2c —b

BD, FX and M F are concurrent.

[IMO 2014]. Let P and @ be on segment BC of an acute triangle ABC' such that /PAB =
ZBCAand ZCAQ = LABC'. Let M and N be the points on AP and AQ, respectively, such
that P is the midpoint of AM and @ is the midpoint of AN. Prove that the intersection of BM
and C'N is on the circumference of triangle ABC.

Solution.
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First, the triangles ABC, PBA, QAC are all similar. Thus PB = ¢?/a. Then we have P =
(0:a%—c%:c?),s0 M = (—a?:2(a® — c?) : 2¢?). Similarly N = (—a? : 2b% : 2(a® — ¢?)).
The lines BM and C'N have equations 2¢?z +a?z = 0 and 2b%x + a?y = 0 respectively. Thus
the point of intersection of the lines BM and C'N is (—a? : 2b? : 2¢?) which clearly lies on
the circumcircle.

[IMO 2012]. Given triangle ABC' the point J is the centre of the excircle opposite the vertex
A. This excircle is tangent to the side BC at M, and to the lines AB and AC at K and L,
respectively. The lines LM and B.J meet at F', and the lines K M and C'J meet at G. Let S be
the point of intersection of the lines AF' and BC, and let T be the point of intersection of the
lines AG and BC' Prove that M is the midpoint of ST

Solution.

Let ABC be the reference triangle. We have J = (—a : b:¢), K = (s —c: —s:0),L =
(s—b:O:—s),M:(O:s—b:s—c):(O:s—_b:%).

2a
ThusBJ:[c:O:a],andML: Sgb Sgb S:SC :[—S(S—b)Z(S—b)(S—C)I
—(s=b)?=[-s:5—c:—(s—b)].
Then F =| © 0 4 = (—a(s—c):s(c—a)—bc: c(s— c)). From this, we

—s s—c —(s—0)
get AFF =[0: —c(s—c¢):s(c—a)—bcjand S = (0: sa — (s —b)c: —c(s —¢)).
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Similarly, by switching the roles of b and ¢ and interchanging the positions of the second and
third coordinates, we have 7" = (0 : —b(s — b) : sa — (s — ¢)b).
Normalizing, we have S = (0 : % :—<),and T = (0: -2 : %(:c)) It can be

checked that (S + T")/2 = M so that M is the midpoint of ST

[IMO 2010]. Given a triangle ABC, with [ as its incentre and I" as its circumcircle, A[ inter-
sects I" again at D. Let E be a point on the arc BDC, and F' a point on the segment BC, such

1
that /BAF = ZCAFE < §ABAC’ . If G is the midpoint of I F, prove that the meeting point
of the lines EI and DG lies on I'.

Solution.

Let AF intersect BC at F’. Then F” is the isogonal conjugate of F. Let F = (0: 1 — « : ).

Then F’ = (0 : ab? : (1 — a)c?). The line AF’ can be parametrized as (1 — ¢ : #ﬁfa)g :

— 2 . . . . . . .
%). Substituting into the equation of the circumcircle and solving for ¢, we have
2 _ 2 .
t=0,ort = ab"+(1-a)c Here ¢t = 0 corresponds to the point A. The other value

—a(l—a)a?+ab?+(1—a)c?*
of ¢ corresponds to E. From this, we find that

E=(a(l-a)d®: —ab®: —(1 —a)c?).

It is well-known that D = (—a? : b(b+¢) : ¢(b+c)) and that I = (a : b: c).

Then
EI = [be(ab— (1 —a)c) : ca(l — a)(c+ aa) : —aba((1 — a)a + b)].

As G is the midpoint of [F, wehave G = (a:b+ (1 —a)(a+b+c¢):c+ ala+b+c)).

Thus
GD =[-(b+c)(ab— (1 —a)c): —a(c+ aa) : a((1 — a)a+b)].

Let X be the intersection of £1 and DG. We have
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X =alct+aa)(1—a)a+d): =blab— (1—a)c)((1 —a)a+b) : c(c+aa)(ab— (1 —a)c).

We may write it as
X = (apq : —bgr : crp), where p =c+ aa,q= (1 —a)a+b,r = ab— (1 — a)c.

Substituting X into the equation of the circumcircle, we have

a®(—bepqr?) + b2 (cap’qr) + 2 (—abpg®r) = —abepqr(ar — bp + c¢q) = 0. Therefore, X lies
on the circumcircle.

[APMO 2017]. Let ABC be a triangle with AB < AC. Let D be the intersection point of the
internal bisector of angle BAC and the circumcircle of ABC'. Let Z be the intersection point
of the perpendicular bisector of AC with the external bisector of angle / BAC. Prove that the
midpoint of the segment AB lies on the circumcircle of triangle ADZ.

Solution.

Let ABC be the reference triangle. We have A= (1:0:0), M = (1:1:0)and D = (—a? :

b(b+ c¢) : ¢(b+ c)). Substituting these points into the general equation of a circle, we find that
the circumcircle of AM D has the equation

2
c b
a’yz + b zx + Py — E(x +y+2)(y— EZ> =0.

The perpendicular bisector of C' A is [b? : a? — ¢* : —b%] and the line AZ is [0 : ¢ : b]. From
this, we obtain the intersection Z = (bc + a? — ¢? : —b? : be). It can be verified directly that
Z satisfies the equation of the circumcircle of AM D.

[IMO 2016 Shortlist]. Let ABC be a triangle with AB = AC # BC and let [ be its incentre.
The line BI meets AC at D, and the line through D perpendicular to AC' meets Al at E.
Prove that the reflection of I in AC lies on the circumcircle of triangle BDE.

Solution.
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Let ABC be the reference triangle with b = ¢ # a. Wehave D = (a : 0 : b) and [ =
(@ :b:b). Line AC = 1[0 : 1 : 0], and a displacement vector perpendicular to AC' is
(a? : —2b% : 2% —a?). We can parametrize the line DE as (a : 0 : b)+t(a? : —2b% : 20*> —a?).
Line AI = [0 : —1,1], or y = 2. Solving this with the parametric equation of DF, we have
t(—2b%) = b + (2% — a®)t. From this, we have t = b/(a? — 4b*). From this we have
E = (a(—a® — ab+4b?) : 263 : 2b). Also I’ = (a(a +b) : —b? : 3b%> — a?). The equation of
the circumcircle of BDE is

b2

@@yt Y@ —aatb)z) =0

a’yz + Vzx + Aoy +

We can verify directly that the coordinates of I’ satisfies this equation. Thus I’ lies on the
circumcircle of triangle BDFE.

[Nordic 2017]. Let M and N be the midpoints of the sides AC' and AB, respectively, of an
acute triangle ABC, AB # AC. Let wp be the circle centered at M passing through B, and
let we be the circle centered at N passing through C. Let the point D be such that ABCD
is an isosceles trapezoid with AD parallel to BC. Assume that wp and wc¢ intersect in two
distinct points P and (). Show that D lies on the line PQ.

Solution.

The reflection of A about the perpendicular bisector of BC is D = (a? : ¢ — b? : b* — ).
Let L = v2¢? + 2a? — b? and K = v/2a? + 2b? — ¢2. Then the lengths of the medians from
B and C are L/2 and K/2 respectively. The circle wp centred at the midpoint of C'A with
radius L /2 passes through the points B = (0 : 1 : 0), (b+L : 0:b—L)and (b— L :
0 : b+ L). Substituting these points into the general equation of a circle, we find that the
equation of wp equal to a?yz + b?zx + ?xy + (z + y + 2)(Spx + Spz) = 0. The circle
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wc centred at the midpoint of AB with radius K /2 passes through the points C' = (0: 0 : 1),
(c+K :c—K :0)and (c— K : ¢+ K : 0). From this we get the equation of w¢
equal to a?yz + b?zx + ay + (x + y + 2)(Scx + Scy) = 0. Subtracting the equations
of wp and we, we get the equation of the radical axis PQ of wp and w¢, which is equal to
(Sp—Sc)x—Scy+Spz = 0. Thatis (¢>—b?)z—Scy+Spz = 0. Substituting the coordinates
of D into the left hand side of this equation, we get (c? —b?)a? — Sc(c? —b?)+Sp(b>—c?) = 0.
Thus D lies on the radical axis PQ of wp and wc.

[China 2017]. In the non-isosceles triangle ABC, D is the midpoint of side BC, E is the
midpoint of side C'A, F' is the midpoint of side AB. The line (different from line BC') that is
tangent to the inscribed circle of triangle ABC' and passing through point D intersect line £ F’
at X. Define Y, Z similarly. Prove that X, Y, Z are collinear.

Solution.

A

Ay D A

Let A; be the point of tangency of the incircle with the side BC, and let A; A2 be a diameter
of the incircle. Let the other tangent from D to the incircle meet the incircle at As. (That is
As # Ajp). Thus LA A3As = 90°. The extension of Ao A3 meets the side BC at a point
Ay such that D is the midpoint of A; A4. This means that A4 is the point of tangency of the
A-excircle with the side BC. Thatis A4 = (0 : s — b : s — ¢). Also it is well-known that
A, As, Ay are collinear. Thus A, A1, Ao, A4 are collinear. We use this information to find As.

First AAy = (—a: s —b: s — c). A displacement vector perpendicular to A A, is given by
(2a(b —c)s : —ab® —b*(s —c) + (a®> — 2)(s —b) : a+ (s —b) + (b2 — a®)(s —¢c)) =
(2a(b—c)s : s(a®?—2ab—(b—c)?) : —s(a®—2ac—(b—c)?) = (2a(b—c) : a®—2ab—(b—c)? :
—a? + 2ac+ (b — ¢)?).

Also A; = (0: s — c: s —b). Then we can parametrize the line A; A3 as
(2a(b—c)t: s —c+t(a® —2ab— (b—¢)?) : s — b+ (—a® + 2ac+ (b — ¢)?)).

Substituting this into the line AA; = [0: —(s —¢) : s —b], we gett = (—=b+¢)/(a® — ab —

ac — 2b% + 4bc — 2¢?) = %. From this we get

Az = (—4(b—c)? : (a—b)?—c?: (c—a)? —b?) = (—=4(b—c)? : —4(s —b)(s —a) :

—4(s —c)(s—a)) = (((2162)2 :s—0b:s—c). Similarly, By = (s —a : % : s —c) and

C3=(s—a:s—b: (afb)Q).

s—cC




10 Solutions 41

From this we get DA3 = [s —a : b—c : ¢ —b]. Since EF = [-1 : 1 : 1], we obtain
X =(b—c:s—c:b—s). Similarly, by cyclically permuting a, b, ¢ and the positions of the
coordinates, weobtainY = (c—s:c—a:s—a),Z=(s—b:a—s:a—0).
b—c s—c b—s
Now | c—s c¢—a s—a |=0asthe sum of the three rows is the zero row. Consequently,
s—b a—s a—0»
X,Y, Z are collinear.
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