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Abstract

In this thesis, efficient overlapping multilevel Schwarz preconditioners are used to
iteratively solve H4V-conforming finite element discretizations of models in poroelasticity,
and an innovative two-scale multilevel Schwarz method is developed for the solution of
pore-scale porous media models.

The convergence of two-level Schwarz methods is rigorously proven for Biot’s consoli-
dation model, as well as a Biot-Brinkman model by utilizing the conservation property
of the discretization. The numerical performance of the proposed multiplicative and hy-
brid two-level Schwarz methods is tested in different problem settings by covering broad
ranges of the parameter regimes, showing robust results in variations of the parameters
in the system that are uniform in the mesh size. For extreme parameters a scaling of
the system yields robustness of the iteration counts. Optimality of the relaxation factor
of the hybrid method is investigated and the performance of the multilevel methods is
shown to be nearly identical to the two-level case. The additional diffusion term in the
Biot-Brinkman model yields a stabilization for high permeabilities.

Additionally, a homogenizing two-scale multilevel Schwarz preconditioner is developed
for the iterative solution of high-resolution computations of flow in porous media at
the pore scale, i.e., a Stokes problem in a periodically perforated domain. Different
homogenized operators known from the literature are used as coarse-scale operators
within a multilevel Schwarz preconditioner applied to H%V-conforming discretizations of
an extended model problem. A comparison in the numerical performance tests shows that
an operator of Brinkman type with optimized effective tensor yields the best performance
results in an axisymmetric configuration and a moderately anisotropic geometry of the
obstacles, outperforming Darcy and Stokes as coarse-scale operators, as well as a standard

multigrid method, that serves as a benchmark test.






Zusammenfassung

In dieser Arbeit werden effiziente iiberlappende Multilevel-Schwarz-Vorkonditionierer
verwendet, um H%V-konforme Finite-Elemente-Diskretisierungen von Modellen der Poroe-
lastik iterativ zu l6sen, und es wird eine innovative zweiskalige Multilevel-Schwarz-
Methode fiir die Losung von hochauflésenden Modellen fiir porése Medien auf Porenskala
entwickelt.

Die Konvergenz der Zweilevel-Schwarz-Methoden wird fiir das Konsolidierungsmodell
von Biot sowie fiir ein Biot-Brinkman-Modell unter Ausnutzung der Erhaltungseigenschaft
der Diskretisierung rigoros nachgewiesen. Die numerische Leistungsfahigkeit der vorgeschla-
genen multiplikativen und hybriden Zwei-Level-Schwarz-Methoden wird in verschiede-
nen Problemstellungen getestet, indem eine grofie Bandbreite der Parameterbereiche
abgedeckt wird. Dabei zeigen sich robuste Ergebnisse bei Variationen der Parameter des
Systems, die einheitlich in der Gitterweite sind. Fiir extrem gewéahlte Parameter ergibt
eine Skalierung des Systems eine Robustheit der Iterationszahlen. Die Optimalitat des
Relaxationsfaktors der hybriden Methode wird untersucht, und es wird gezeigt, dass die
Leistung der Multilevel-Methoden nahezu identisch mit der des Zweilevel-Falls ist. Der
zusétzliche Diffusionsterm im Biot-Brinkman-Modell fiihrt zu einer Stabilisierung fiir
hohe Permeabilitéaten.

Zusétzlich wird ein homogenisierender zweiskaliger Multilevel-Schwarz-Vorkonditionierer
fiir die iterative Losung von hochauflosenden Berechnungen der Stromung in porosen
Medien auf Porenskala entwickelt, d.h. fiir ein Stokes-Problem in einem periodisch
perforierten Gebiet. Verschiedene homogenisierte Operatoren, die aus der Literatur
bekannt sind, werden als Grobskalenoperatoren innerhalb eines mehrstufigen Schwarz-
Vorkonditionierers verwendet, der auf H4V-konforme Diskretisierungen eines erweiterten
Modellproblems angewendet wird. Ein Vergleich in den numerischen Leistungstests zeigt,
dass ein Operator vom Brinkman-Typ mit einem optimierten effektiven Tensor die besten
Ergebnisse in einer achsensymmetrischen Konfiguration sowie einer méflig anisotropen
Geometrie der Hindernisse liefert und dabei Darcy und Stokes als grobskalige Operatoren

sowie ein Standard-Mehrgitterverfahren, das als Benchmark-Test dient, tibertrifft.

vii






Acknowledgements

First and foremost, I am sincerely grateful to my supervisor, Prof. Dr. Guido Kan-
schat, for his continued guidance, support and inspiration throughout my doctorate. Our
discussions have been invaluable to my development as a researcher and have always
helped me move forward. I thank you for your outstanding expertise, your patience, your
always open ear, your innovative way of teaching, and for your openness, sincerity, and
kindness with the people around you.

I would like to express my appreciation to Prof. Dr. Johannes Kraus for the highly
productive collaboration on the Biot chapter and for the invitations to various conferences.

Furthermore, I want to thank my friend Prof. Dr. Robert Scheichl for the many valuable
conversations as well as for proofreading the introduction of this dissertation — and for
sharing the passion for mathematics and the mountains.

Additionally, I would like to thank Prof. Dr. sc. Filip Sadlo for the opportunity to
participate in the ”Visual Computing Group” within the ” Waves to Weather” project of
the DFG SFB-TRR 165.

I am also thankful to Prof. Dr. Vincent Heuveline for reviewing my thesis.

I am grateful to have met Prof. Dr. Andro Mikeli¢ and learned about homogenization
from him in a collaboration on a nonlinear consolidation model of Biot. His personality
and expertise have left a lasting impression on me.

I would like to thank the members of the ”Mathematical Methods of Simulation”
group at the IWR for the pleasant working environment over the years. Especially, 1
would like to thank Dr. Daniel Arndt for his extensive support in deal.Il, and my former
roommates Dr. Pablo Lucero-Lorca and Dr. Julius Witte for all the fruitful discussions
about C++ and multilevel Schwarz theory. I would also like to thank Felicitas Hirsch for
her competent assistance with all formal matters at the university and Manfred Trunk
for his reliable support as the system administrator. Furthermore, I am grateful to Freya
Bretz, Dr. Andreas Rupp, Dr. Noman Shakir and the members of the neighboring groups
at the IWR for many enjoyable coffee breaks and lunchtime conversations.

I would also like to acknowledge the development work of the Scientific Software Center

of Heidelberg University, in particular Dr. Dominic Kempf, for his help in parallelizing

X



parts of the parameter studies.

Special thanks to Richa Shaunak for proofreading the text and making valuable sug-
gestions.

Finally, I would like to thank my family and all my dear friends for their love and

constant support.



Contents

1

Introduction

1.1
1.2

Motivation and Perspective . . . . . . .. ... ... L.

Scientific Contribution and Outline . . . . . . . . . . . .. ... ... ...

Theoretical Foundations

2.1

2.2
2.3
2.4

2.5

Notation and Function Spaces . . . . . . . . .. .. ... ... .. ...
2.1.1 Basic Notation . . . . .. . .. .. ... . .
2.1.2 Differential Calculus . . . . . .. ... .. ... L.
2.1.3 Function Spaces . . . . . . . . . ...
HY_conforming Finite Element Methods . . . .. .. ... ........
Iterative Solution Algorithms . . . . . . ... ... ... ... ... ...
Two-level Schwarz Preconditioner . . . . . . . . . ... .. ... ......
24.1 Algorithm . . . . . .. ...
2.4.2  Abstract Convergence Theory . . . . . . .. . ... ... .. ...
2.4.3 Overlapping Methods . . . . . . ... ... ... ... ... .
2.4.4 Two-level Methods for H4V-conforming Finite Elements . . . . . .
2.4.5 Remarks on the Implementation . . .. ... ... ... ......
Multilevel Schwarz Preconditioner . . . . . .. .. .. .. ... ... ...
2.5.1 Multigrid Algorithm . . . . . . .. ... ... ...
2.5.2  Domain Decomposition Smoother . . . . . . . .. .. ... .. ...

2.5.3 Schwarz Preconditioner . . . . . . . . . . .. ... ...

Two-level Schwarz Preconditioner for Biot’s Consolidation Model

3.1
3.2
3.3
3.4

Biot’s Linear Consolidation Model . . . . .. ... .. ... ... .....
Mass Conservative Discretization . . . . . . . . . .. ... ... ... ...
Two-level Algorithm . . . . . ... ... ...
Convergence Analysis . . . . . . . . . .. e
3.4.1 An Equivalent, Singularly Perturbed Problem . . . . . . . ... ..
3.4.2  Decomposition of the Spaces according to ker(D) . . . . ... ...

11
11
12
12
14
18
21
25
25
27
30
32
35
38
39
40
42

43
46
51
54
56
57
59

xi



Contents

xii

3.4.3 Stable Decomposition . . . . .. ... ... 0oL

3.4.4 Local Stability and Strengthened Cauchy-Schwarz Inequalities

3.5 Numerical Tests. . . . . . . . . . . . . . . e
3.5.1 Test Case with Homogeneous Dirichlet Boundary Values . . . . .

3.5.2 Performance of the Two-level Schwarz Preconditioners . . . . . .

3.5.3 Performance for Mixed Dirichlet-Neumann Boundary Values

3.5.4 Optimal Relaxation Parameter . . . . .. ... ... .......
3.5.5 Multilevel Schwarz . . . . . ... ... .. ... ... ...

3.6 Conclusion . . . . . . . . e

Two-level Schwarz Preconditioner for Highly Permeable Poroelasticity

4.1 Mass Conservative Discretization . . . . . . . .. ... ... ... ..
4.2 Two-level Schwarz Convergence Analysis . . . . . . ... ... ... ...
4.3 Numerical Tests. . . . . . . . . . . . e
4.3.1 Convergence of the Discretization . . . . . . .. . ... ... ...
4.3.2 Performance of the Multiplicative T'wo-level Schwarz Method . .

4.4 Conclusion . . . . . . . e

Homogenizing Two-scale Multilevel Schwarz Preconditioner

5.1 Stokes Flow in Periodically Perforated Domain . . . . ... ... . ...
5.2  Extension with Brinkman Law . . . . . ... ... ... ... ......
5.3 Discussion of the Extended Model . . . . . ... ... ... ... .. ...
5.4 HY-conforming Discretization . . . ... ... ... ...........
5.5 Homogenizing Two-scale Multilevel Schwarz Algorithm . . . . . . . . ..

5.6 Homogenized Coarse-scale Operators . . . . . . . . .. ... ... ....

5.6.1
5.6.2

Homogenization with the Two-scale Convergence Method . . . . .

Homogenization with the Energy Method . . . . . .. ... .. ..

5.7 Discretization of the Homogenized Problems . . . . . . ... ... ... ..

5.7.1

Assembly of the Effective Tensor . . . . . ... ... .. .. ....

5.8 Numerical Tests . . . . . . . . . . . .

5.8.1
5.8.2
5.8.3
5.8.4

An Axisymmetric Model Problem . . . . ... ... ... .....
Comparison of the Analytical Coarse-scale Operators. . . . . . . .
Optimal Effective Tensors for Two-level Convergence . . . . . . . .

Two-scale Multilevel Schwarz with Optimized Effective Tensor

70
72
73
75
84
88
89
92

93
95
98
105
106

. 107

111

113
116
118
120
122
123
125
126
127
130
131
132
134
136
139

. 144



Contents

5.8.5 Anisotropic Permeability . . . . ... ... ... ... 145

5.9 Conclusion . . . . . . . . . e e 148

6 Outlook and Summary 149
6.1 High-resolution FSI Problems in Poroelasticity . . .. ... ... ... .. 149
6.1.1 Towards Highly Resolved Poroelastic Media Computations . . . . 151

6.2 Extensions to Virtual Regions . . . . . . .. .. ... ... 0L 152
6.2.1 Stokes Flow . . . . . . . . . ... ... 153

6.2.2 Linear Elasticity . . . . . . . .. .. ... ... .. ... 155

6.2.3 Simplified Fluid-Structure Interaction Problem . . . . ... .. .. 157

6.2.4 Performance of the Two-level Schwarz Method . . . . . ... ... 158

6.3 Summary . . . . ... e e 159
List of Figures 161
List of Tables 163
Bibliography 167






Chapter 1

Introduction

In this thesis, we will use efficient multilevel Schwarz preconditioners to solve conser-
vative finite element discretizations of equations in poroelasticity and develop innovative

Schwarz methods for pore-scale porous media models.

1.1 Motivation and Perspective

Porous media models have wide-ranging applications in various fields such as ground-
water hydrology, petroleum engineering, environmental science, and biomedicine. The
models describe fluid flow through porous materials using partial differential equations,
and are essential for understanding and predicting complex physical processes that occur
in natural and engineered systems. In recent years, there has been growing interest in de-
veloping accurate and efficient numerical methods, including preconditioning techniques,
for solving conservative finite element discretizations of porous media models in different
application domains.

For instance, in groundwater hydrology, these models are used to study groundwater
flow, contaminant transport, and remediation strategies for protecting water resources
and managing environmental pollution [SWZY23]. In petroleum engineering, porous
media models are used to simulate fluid flow and transport in oil and gas reservoirs
for optimal reservoir management and enhanced oil recovery strategies [DTDPP16]. In
environmental science, porous media models are used to simulate pollutant transport
in soils and aquifers, and to assess the impact of human activities on the environment
[Bru94].

In biomedicine, porous media models are increasingly used to model organic tissues
for better understanding of tissue behavior, disease progression, and treatment planning.
For example, porous media models have been developed to simulate osmotic swelling of

brain cells due to fluid absorption [Mall5], drug distribution in the vitreous body of the
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human eye [DFS17], and the growth of tumors [FC18].

Since analytical solutions are often limited to simple settings, numerical simulations
are typically required for most applications in porous media. Conservative finite ele-
ment discretizations have gained popularity due to their accuracy in capturing com-
plex multiphysics phenomena [KR10, KR18, HK18, HKLP19, GRH"19, HKK 22, LY22,
WCWZ22]. However, these discretizations result in large and ill-conditioned linear sys-

tems of equations, which are challenging to solve efficiently and robustly.

To address this challenge, preconditioning of linear systems is commonly employed to
improve the condition of the system matrix and enhance the convergence of iterative
solvers. Various preconditioning strategies have been proposed for porous media models,
but there is ongoing research and development to further improve their effectiveness,

particularly for conservative finite element discretizations.

In this thesis, we focus on developing preconditioning techniques for conservative
finite element discretizations of porous media models. The proposed research aims to
investigate and develop overlapping two-level and multilevel Schwarz methods for HV-
conforming discretizations of Biot’s consolidation model and the Biot-Brinkman model,
as well as a two-scale multilevel Schwarz method as a preconditioner for highly resolved
computations of flow in porous media. The convergence of the proposed methods will be
rigorously proven, and their robustness will be investigated through extensive numerical

experiments.

To be precise, we examine overlapping two-level and multilevel Schwarz preconditioning
methods for the following three distinct sets of equations that describe different physical
properties of the porous medium under consideration, which are modeled at different
observation length and time scales. Through the analysis of these equations, our objective
is to develop more efficient numerical methods for simulating these processes, which will
facilitate a comprehensive understanding of the complex physical phenomena occurring

within the porous medium.

The first set of equations is Biot’s quasi-static model of consolidation [Bio41], which
describes the seepage flow of a viscous fluid through an elastic solid porous structure.
It is the prototypical example of linear poroelasticity and it couples on a macroscopic

length scale the deformation u of the elastic solid matrix via the pressure p with the
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seepage velocity v in a continuum-mechanical approach at constant temperature by

—div (2ue(u) + Adiv(u)I) +aVp = f in 2 x(0,7),
v+ KVp=0 in £2x (0,7),
—adiviyu —dive —csOp =g in 2 x (0,7),

where (2 denotes the porous reservoir and (0, T') the time interval. We will apply the theory
of overlapping two-level Schwarz methods as proposed by [TW10] to these equations and
test its performance also in a multilevel setup.

The second one is a quasi-static Biot-Brinkman model [HKK 22|, which follows the
same continuum-mechanical approach on a macroscopic observational length scale as
Biot’s consolidation model by coupling the deformation u, the pressure p and the seepage
velocity v. But instead of Darcy’s law [Dar56], a diffusion term is added to the equations

of the fluid flow as suggested by Brinkman [Bri49]. The model is given by

—div (2ue(u) + Adivu) +aVp = f in 2x(0,7),
—vAv+ K w4+ Vp=0 in 2 x (0,7),
—adiviu —dive —cO0p =g in 2 x(0,7).

While Darcy’s law is widely accepted, there is still ongoing discussion about the validity
of the Brinkman equations. Especially in the context of poroelasticity, the Biot-Brinkman
model is rather new and has not been derived mathematically, yet. But it has potential
in modeling highly permeable porous media as it stabilizes the simulations in these cases,
which will be observed in the calculations later on.

The last one is the steady Stokes system on a perforated fluid domain {2 modeling
the fully resolved fluid flow through a non-deformable porous medium at pore scale by

the equations

—pAvs +Vp' = f in 2°,

dive® =0 in 2°.
The domain 2° is arranged by periodically repeated standard periodicity cells Y;* of
size € containing solid obstacles. We aim to determine the fluid velocity v* and the
pressure p° on a microscopic length scale. To solve the equations, we extend the work

of [Neu96, NJWO01] and develop a two-scale multilevel Schwarz preconditioner based on
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homogenized coarse scale operators for this model problem.

1.2 Scientific Contribution and QOutline

In this section, we provide an overview of the structure of this thesis and explain the
author’s scientific contributions.

Parts of the work were funded by the German Science Foundation (DFG) within the
Transregional Collaborative Research Center SFB/TRR 165 “Waves to Weather”, result-
ing in a publication about an energy-based visualization approach for time-dependent
2D flow fields. The results have been published in [HMH™"19].

As part of the research presented in this work, the author has also contributed code
to the C+ +-based finite element software library DEAL.IT [ABF122].

The structure of this thesis is as follows.

Chapter 2 forms the theoretical basis of this dissertation. Specifically, the algorithms
and theory of iterative solvers and Schwarz preconditioners for conservative finite element
discretizations are introduced, on which the analysis of the later chapters builds. As a
preliminary chapter, it introduces the notation and recapitulates existing results from
the literature only, while no new results by the author are presented.

In Chapter 3, the two-level Schwarz method is applied to the case of H4V-conforming
finite element discretizations of Biot’s consolidation model in a three-field formulation,
scaled such that only three physical parameters are present in the system. These famous
equations by Biot model a large variety of poroelastic materials, from saturated porous
rocks to organic tissue.

A major contribution of the author is the proof of a stable decomposition (Theo-
rem 3.11) in Section 3.4.3 for overlapping multiplicative and additive two-level Schwarz
methods applied to the Biot model. For the proof, the system is first transformed into an
equivalent, symmetric and positive definite, singularly perturbed two-field formulation,
for which the abstract convergence theory introduced in Chapter 2 applies. A special
decomposition of the underlying function spaces with respect to the kernel of the diver-
gence operator then yields the proof of the stable decomposition. Due to the robustness
in the perturbation parameter, the convergence proof finally follows by establishing local
stability and a strengthened Cauchy-Schwarz inequality. While the proof is formulated
in 2D only, we point out that most of the argumentation holds true in 3D as well. The

relevant parts, which require separate consideration, are elaborated in the course of the
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section.

To confirm the validity of the theoretical analysis, numerical experiments are presented
for a test case with homogeneous boundary values and isotropic constant permeabilities
in Section 3.5.2, showing the robust performance of the methods in the model parameters
and its uniformity in the mesh size. The discretizations under consideration are mixed,
equal-order Raviart-Thomas finite elements with matching pressure space, such that the
discretization is H1-conforming and therefore mass-conservative. Different polynomial
degrees are considered and discussed, where a main focus is on finite elements of second

order (k = 2) as well as on lowest order (k = 0).

The multiplicative two-level Schwarz method yields better performance results than
the hybrid method in all calculations. The methods are robust in the ratio % of the Lamé
constants, even in the nearly incompressible case A > pu, as well as in the scaled specific
storage coefficient. The dependence of the convergence proof on the inverse of the scaled
permeability tensor can only be slightly observed in the experiments and does not restrict
the applicability of the two-level Schwarz methods. Numerical instabilities originating in
extremely large chosen parameters are remedied by the use of a scaling of the system
matrix so that the parameters stay in reasonable ranges. In the lowest order case, an
additional equalization of the system matrix, in the form of another scaling with respect
to the mesh size, is necessary to obtain uniformity with a refinement of the mesh. The

resulting methods then appear to be robust.

In addition to the experiments with homogeneous boundary conditions, tests are also
performed for the case of mixed Dirichlet-Neumann boundary conditions in Section 3.5.3.
A short discussion about the choice of the set of patches shows that patches on the bound-
ary need to be included for this test configuration. But whereas for the multiplicative
method patches containing only one cell can be excluded from the set of patches, the

performance of the hybrid method benefits considerably when these are included.

The performance of the method depends in this test case on the permeability rather
than on its inverse. Using a scaling as for the homogeneous case yields robustness also
for very high permeabilities. In addition, the performance in the remaining parameters

is comparable to that of the first test case.

In Section 3.5.4 we discuss the optimal choice of the relaxation factor for the hybrid
two-level Schwarz method. As it turns out, it only needs to compensate for the effect of

adding the overlapping patches, such that a choice of approximately 0.25 yields the best
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results.

The efficiency of the two-level methods translates also to the multilevel Schwarz meth-
ods as presented in Section 3.5.5. Although the coarse space solve is relaxed, the per-
formance results are nearly the same as in the two-level case. The number of iterations
GMRES takes to converge when preconditioned with the hybrid multilevel Schwarz
method can be reduced by additional smoothing steps. An additional pre-smoothing in
case of the multiplicative method does not lead to a further reduction of the iteration

counts, demonstrating the already very good performance of the multiplicative algorithm.

In Chapter 4, mass conservative finite element discretizations of the Biot-Brinkman
equations are considered, where an additional diffusion term stabilizes Biot’s consolidation
model for highly permeable material settings. To prove convergence of the two-level
Schwarz methods, the ideas from Chapter 3 are extended to the current case, yielding
similar dependencies of the constants in the proof of the stable decomposition with
an additional dependence on the viscosity coefficient. In the numerical experiments of
Section 4.3.1, the additional diffusion term yields a stabilization of the iteration counts
when the reciprocal 7! of the permeability constant is varied, especially for the case
of high permeabilities in a channel-flow example, whereas the method also stays robust
for all other considered parameter ranges. Numerical instabilities due to extremely large
values of the Lamé parameter A from elasticity, originating in the squaring of the diagonal
entries of the system matrix within GMRES, can be handled by a scaling of the system,

leading to an overall robust scheme in the practical application of the method.

In Chapter 5, a homogenizing two-scale multilevel Schwarz preconditioner is developed
and applied to a fully resolved pore-scale porous media flow model, i.e., a laminar Stokes
flow through a periodically perforated domain. The model problem is extended to the
entire domain by using a Brinkman law and then discretized by an H%-conforming
mixed finite element method. To derive an efficient preconditioner, homogenized operators
known from the literature and discretized with the same type of finite element method
as the extended Stokes equations are used as coarse-scale operators within a multilevel
Schwarz method on levels where the structure of the perforated domain cannot be resolved

anymore by the mesh.

First performance tests with the analytical homogenized operators show the necessity
of optimizing the effective tensors of the homogenized Brinkman and Darcy operators

with respect to the iteration counts of GMRES. Scanning the parameter spaces yields a
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dependence of the Brinkman operator on the penalty constant of the extension. It turns
out that a homogenized Brinkman law as coarse-scale operator with optimized effective
tensor yields the best convergence results of GMRES, outperforming the homogenized and
optimized Darcy operator as well as the standard multigrid method. Another optimization
of the Brinkman operator with respect to the geometry of the obstacles by combining
the knowledge of a homogenized Darcy operator, derived by the two-scale convergence
method, with the optimization process developed for the Brinkman operator yields the
best results for moderately anisotropic geometries.

Finally, Chapter 6 offers an outlook on the potential of preconditioning fully resolved
poroelastic media computations using Biot’s nonlinear equations of poroelasticity at
finite strain. Specifically, we propose a two-scale multilevel Schwarz preconditioner that
leverages Biot’s linear consolidation model or the Biot-Brinkman model as homogenized
coarse-scale operator. In addition, Section 6.2 briefly discusses the imposition of strong
or weak interface conditions inside the domain to extend a physical phase accurately to
an extended (virtual) region. We provide examples for Stokes flow, linear elasticity, and
a fluid structure interaction problem. A summary of the topics covered concludes this

thesis in Section 6.3.






Chapter 2

Theoretical Foundations

This chapter serves as an introduction to iterative solvers for linear systems of equations,
and the two-level and multilevel Schwarz methods to be used as preconditioners for finite
element discretizations of partial differential equations. In addition to the algorithms,
the abstract theory for the two-level Schwarz methods for H%V-conforming finite element
discretization spaces is presented, which will build the foundation of the convergence
results later in this thesis. In this chapter, only existing results from the literature are

recapitulated and no new results by the author are presented.

Section 2.1 begins with notation and the basic theory of functional analysis. Divergence-
conforming finite element spaces and their matching pressure spaces are introduced
in Section 2.2. Iterative algorithms and their convergence theorems are introduced in
Section 2.3, focusing on Krylov subspace solvers. The two-level Schwarz method as a
domain decomposition approach for preconditioning systems of equations arising from
finite element discretizations of partial differential equations are presented in Section 2.4.
Here, the abstract framework is first introduced and then the theory for overlapping
decompositions of HUV-conforming discretizations is specified. The Chapter ends with
an extension to multilevel algorithms, i.e., the classical multigrid method with domain

decomposition smoothers.

2.1 Notation and Function Spaces

We start with some remarks on notation and introduce basic concepts of differential
calculus and functional analysis as far as they are necessary for the analysis in this work.
Especially, we introduce the notation of Lebesgue and Sobolev spaces. All results of this
section are standard and can be studied in every common introduction to functional
analysis, see for example [Alt06, Dob10, Eval0].

11



Chapter 2 Theoretical Foundations

2.1.1 Basic Notation

The set of integers {0,1,2,...} is denoted by IN and the set of real numbers by R. The
absolute value for real numbers a is given by |a|. On the n-dimensional Euclidean vector
space R™ the dot product @ -b = >"" ;| a;b; defines an inner product (a,b) = a- b, and
a norm is given by the 2-norm ||al|, = (a, a)l/Q. Obviously, the 2-norm is equal to the
absolute value in one dimension. Whenever we have vector valued quantities we will use
boldface letters, and otherwise normal letters. For vectors v = (v1,...,v,) € R" and
matrices A € R™ " we occasionally use the notation (v;)j; and (4;;);';_; to specify
entries. The transpose of a matrix A € R™*" is denoted by AT € R"*™. In definitions
of operators and bilinear forms we will sometimes use the operator V as abbreviation of
the phrase ”for all”. We will use ¢ and C as generic positive and real constants that might
differ in estimates from line to line. If a constant ¢ depends on some given quantity g we

mark this by ¢,. Further, the usual definition for the Landau symbols o and O is used to

f(=

describe asymptotic growth, i.e., for functions f,¢g: X C R — R it holds f = o(g), if and
)

only if lim,_,q [£2| = 0, and it holds f = O(g), if and only if limsup,_,, < o0,

g(x) g(x)

where a € RU {—o00, 00}.

2.1.2 Differential Calculus

Next, we introduce the notation of differential calculus. Therefore, we assume that 2 C R¢,
d € {2, 3}, is an open and bounded set with Lipschitz boundary 02 and outer unit normal
vector m. Let f : 2 — R be a scalar function and g = (g1, ..., 94) : 2 — R% be a vector

valued function. The gradient is defined in terms of the nabla operator

vf = (alf7 sty adf)’ Vg = (8].91)?7]:1’
where the partial derivatives of f at a given point @ € {2 are given by

o) = 28 _ yy L2t he) —Sle)

(2.1)
Here, e; is the i-th canonical unit-vector of R%. A function is called continuously differ-

entiable, if the limit in (2.1) exists for every i = 1, ...,d. Derivatives of higher order are
defined with the help of multi-indices a = (v, ..., ay,) € N of order |a| = a3 + ... + apy,

12



2.1 Notation and Function Spaces

O°f = o 95 f.

Furthermore, V* denotes the tensor of all partial derivatives of order k € IN. We define

the divergence of a vector field by
d
divg=V.g= Za,-gi.
=1

For matrix valued functions F : £2 — R%*9 the divergence is defined column wise as

d d
divF =V -F = ZFi
j=1

i=1
By combination of divergence and gradient one gets the Laplacian

d
d d
Af=divVf=> 07f, Ag=divvg= > %] .

i=1 J=1 i=1

that describes, for example, diffusion processes like fluid flow or heat. The curl operator,
describing the rotation of a vector field g : 2 C R* — R3, is defined via the cross product

in three space dimensions, i.e.,
curlg =V x g = (0293 — 0392, 9391 — 0193, 0192 — 0241) - (2.2)

In two space dimensions {2 C R? the curl operator is defined for scalar functions f : 2 —
R by

curl f = (daf, =01 f), (2.3)
and for vector valued functions g : 2 — R? by

Curlg = 6192 - 8291. (24)

13



Chapter 2 Theoretical Foundations

2.1.3 Function Spaces

Having the definitions of the differential operators at hand, we come to the introduction
of the most important function spaces for continuous functions as well as Lebesgue-

measurable functions.

By C™({2) we denote the function space of continuous functions on the closure 2 =
2U 012 that are continuously differentiable up to the order |a| < m, and by C§°(2) the
space of infinitely differentiable functions with compact support in 2. The latter plays a
central role in the definition and approximability of Lebesgue and Sobolev spaces. C™({2)

becomes a Banach space by defining the norm

om(@) = Z Su%‘ﬁaf(a;)‘.

la|<m ®€

171

Further,

(£:9) = (£:9) ooy /f

defines an inner product on the usual Hilbert space L?(£2) consisting of all Lebesgue

measurable and square integrable functions f : 2 — R, for which the graph norm

1l = 17120y = V()

is bounded, i.e., || f||, < oco. The set of Lebesgue measurable functions consists of equiva-
lence classes, since its functions are defined only up to subsets Z C 2 with zero Lebesgue
measure |Z| = [, dz = 0. Additionally, we define the space L3(§2) of mean-value free
functions in L2(£2) by

Li(0) = {f € L*() : /Qf(a:) dx = 0}.

Furthermore, let L°°(£2) be the Lebesgue space of measurable functions for which || f[| e () <

0o, where

1]l ooy = éﬁl:fonggzlf(w)\-

14



2.1 Notation and Function Spaces

The space of Lebesgue-measurable and square-integrable functions f : (a,b) — Y map-
ping from an open interval (a,b) C R to a Banach space Y with norm |-||y- is denoted
by L?(a,b;Y) and its norm is defined by

Wl = ([17125)

Beneath the gradient for continuously differentiable functions we introduce the weak
gradient 0% f of order |«|, where « again is a multi-index, to allow for a definition of
differentiability of locally Lebesgue measurable functions f. Its definition is motivated
by the formula for partial integration and given by 0“f = g, if there exists a function g
such that for all ¢ € C§°(12)

| f@orst@)de = (-1)° [ g@)ple) do

9] (9}

With the definition of weak gradients we are able to introduce the Sobolev space
H™(2) = {f e L) : 9°f € L*(2) for all |a| < m},

with norm

[NIES

[y = | 22 Nl |

lal<m

and semi-norm

N

‘f|Hm(!2) - Z Ha"‘fH?z

|a|l=m
On H™({2) an inner product is given by
k:O

Every function in the space H™({2) can be approximated by continuous functions, since
C>*(£2) N H™(S2) is dense in H™(§2). Furthermore, the space Hj"(f2) is defined as the

15



Chapter 2 Theoretical Foundations

closure of C5°(§2) with respect to the norm [|-|| gym ). For functions in the Sobolev spaces
H™(£2) a trace operator tr : H™(£2) — L?(012) can be defined as the restriction

tru = u‘ag,
which is linear and bounded, and thus
lerullog < [[ull o)
On H{(£2) norm and inner product are given by
1 ) = IVl
and
(ﬁg)Hg(Q) = (V/, Vg)m

respectively. With the help of the trace operator the space H}(§2) can be identified with
the space of H'-functions with zero boundary-values.

Product spaces X x ... x X consisting of the same space X, i.e. vector-valued spaces,
are denoted by X™ or [X]", for example

[L2(2))2 = L2(2) x LX(2),  [Ho(2)]° = Hy(£2) x Hy($2) x Hg(£2).

Since the norms and inner products of Lebesgue and Sobolev spaces are defined via the
dot product, we can simply inherit the norms from the one dimensional case. With this

notation, the vector-valued space HUV(2) is defined by
H(2) = {g € LX) : divg € LX)},
and the subspace H{({2) with vanishing normal component by
H () = {g e HY(2) : g-n=0o0n 6(2}.

Norm ||| graiv (g, semi-norm || gaiv(y and inner product (-,-)gaiv(g) for functions in

16



2.1 Notation and Function Spaces

HIY () are given by

1
9l ey = (llallf, + lldival5)*

9] v () = [[div gl .

and

(fag)Hdiv(_Q) = (fag)_Q + (le faleg)_Q

In line with the definition of the curl operator for two- or three-dimensional vector valued
functions in (2.2) and (2.3), respectively, as well as for two-dimensional scalar functions
in (2.4), the space H™(£2) consists of all Lebesgue-measurable and square integrable
functions with Lebesgue-measurable and square integrable curl operator. For functions

in H°"(£2), norm, semi-norm and inner product are defined by

1
9]l srewiicry = (gl + lleurrg]3)

9] reun ) = |curlg] o,

and

(f,g)chﬂ(Q) = (f,g)Q + (curlf,curlg)g,

where f and g this time stand for vector valued, as well as for scalar functions to generalize
the definition. Further, let ¢ be the unit tangent vector on the boundary 942, for example,
in 2D it is given by t = (—nga,n1). Then, the tangential component g; = g - t of a vector
g is

n xg, for d = 2,

gt =
g—(g-nn=(nxg)xmn, ford=3.

The subspace of HW!(£2) with vanishing tangential component on 942 is denoted by
HE™(02).

Remark 2.1. In 2D we have a strong relation between the spaces H () and HYV(£2),

since a vector u = (uy,uz) belongs to H (), if and only if the vector v = (—ug,uy)

17



Chapter 2 Theoretical Foundations

belongs to HE(02), see [TW10, Lemma A.20].

2.2 H%-conforming Finite Element Methods

This section serves as introduction to finite element spaces, and especially to mixed finite
elements with H%-conforming spaces V;, € H4V(§2) and their matching pressure spaces
Qn C L?(£2), such that

divV, = Qn. (2.5)

The presentation will be restricted to Raviart-Thomas finite element spaces [RT77, Ned80,
Ned86] on rectangular and hexahedral cells, and we will mainly follow [FB91, Chapter
II1] for this matter. The definitions of other H4V-conforming finite element spaces such
as the Raviart-Thomas elements on triangles and tetrahedra, as well as the Brezzi-
Douglas-Marini elements BDM; [BDMS85], and the Brezzi-Douglas-Fortin-Marini ele-
ments BDF My, [BDFM87] can also be found in [FB91, Chapter III]. Moreover, the
ABFj, finite element space is introduced in [ABF02], and a compilation of all these
spaces with its matching pressure spaces for triangles/tetrahedra as well as for quadri-
laterals/hexahedra can be found in [KR10, Table 1].

The benefit of combinations of spaces as in (2.5) is the accurate integration of the

mass balance equation in discretizations of Stokes- or Darcy-like systems such as

L(u)+Vp=Ff, in £2,
(u) +Vp=f (26)
divu +vp =g, in £2,

where L(u) = —Aw or L(u) = u, v > 0. With a proper definition of the bilinear form
ap(+,-) (see for example Chapter 4) the mixed finite element discretization of system (2.6)

regarding the space V}, x @} chosen as in (2.5) reads

an(un, @) + (pr,dive) , = (£,90), Ve € Vi,
(¢, divupn), + (vor @), = (9:9), Vg€ Qn,

where

divup, + vpr = gn (2.8)
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2.2 HY%_conforming Finite Element Methods

is fulfilled point-wise, provided g, is chosen adequately as element of Q. Thus, (2.8)
becomes an algebraic constraint of the discretized first equation of (2.7). With this
approach parameter-robust and locking-free discretizations can be obtained for Darcy
(by construction), as well as for Stokes, nearly incompressible elasticity, and poroelasticity,
see for example [CKS06, HKXZ15, KR18, HKLP19].

Let the computational domain 2 C R?, d € {2, 3}, be an open, bounded and convex
set with Lipschitz-boundary 92 and outer unit normal vector n. Let further 7; be a
family of shape regular triangulations of {2 into closed quadrilateral or hexaedral mesh
cells T' € Tp, with diameter hy = diam(T"), where h = maxype7, hr denotes the mesh
size. Each cell T' is obtained by an affine transformation ¥p : T — T from the reference
cell T = [0, 1]d. On T the space of all polynomials of degree not larger than k € IN is
denoted by B, (T\) Further, the space of polynomials of degree not larger than k; in x;
for 1 <14 < d is defined by

ﬁkh,,.7kd(f) = {p TSR : p(x1,....,xq) = Z ail---idm? . "w’f}.

11<k1,..,ig<kq

Let

~ o~ ﬁk’k(f), for d = 2,
Qu(T) =9 - .
Pk,k,k(T)7 for d = 3,

then the space of H%V-conforming Raviart-Thomas functions on the reference cell is
defined by

RTH(T) = [Qu(T)]* + 2Qu(T),
which is equivalent to

Pr1 1(T) X Broppra(T) for d = 2,

RTW(T)={ S L .
Pry1kk(T) X Py gr1,6(T) X P ppr1(T)  for d = 3.

With the help of the mapping ¥ the polynomial spaces Py(T), Qr(T), and RTy(T') on
acell T = lI/T(f) are now obtained by a change of variables using a Piola transformation
[FBI1, eq. I11.1.45]. See also [AFWO06, p. 10] where this is described as pullback. This
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RT) RTy RT, RT3

Figure 2.1: Distribution of the degrees of freedom of Raviart-Thomas finite el-
ements with continuity of the normal flux (marked by a stroke at
the boundary) and additional interior degrees of freedom, see [FB91,
Fig. I11.13].

procedure is necessary to preserve normal components and therefore the divergence. With
these definitions we define the H4V-conforming space RT}, as well as the space Qy, of

discontinuous finite element functions by
RTW(2) = {v e H™(2) : v|, € RI(T) VT €T},
Qr(2) ={veL*) : v|, € Qu(T) VT €Ty}
The spaces RT}, = RT},(£2) and Qi = Qx(2) are defined such that
div RTy, = Q.

The degrees of freedom of RT} are chosen in order to assure continuity of the normal

flux v - n at interfaces of elements, as sketched in Figure 2.1.

Let W(T) = {p € L*(T) : divep € L*(£2),s > 2}. For the interpolation operator
I": W(T) — RT(T) and the L2-projection II" on Q(T) it holds the important com-

muting property
div I" = 1" div.

For later use we further define the space Pi of discontinuous functions of total degree

at most k on T, and the space S; of continuous finite element functions by

Pu(£2) ={v e L*) : v|, € P(T) VT €Ty},
Sk(2) ={veC®(R) : v|, €QrT) VT €T}
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2.3 Iterative Solution Algorithms

2.3 lterative Solution Algorithms

A main goal in scientific computing is to deliver reliable methods for the calculation of real
world application scenarios coming from different fields of science and engineering, making
simulations of real world problems possible and efficient. Very often, these methods
result in large linear systems of equations that need to be solved, where increasing
their accuracy typically goes along with a growing number of unknowns and equations.
Thus, from a certain point, direct solution algorithms as the Gauss elimination become
unpractical because of their high need of memory and time consumption to invert the
corresponding system matrix. A way out, reducing these effects and making it possible
to drop the memory usage of the computer hardware to a minimum, is to use state-of-
the-art Krylov subspace methods like the conjugate gradient (CG) [HS52], the minimum
residual (MinRes) [PS75], or the generalized minimal residual method (GMRES) [SS86].
These projection methods, which are going to be introduced in this section, are based
on minimization processes in so-called Krylov subspaces and iteratively approximate the

solution of a linear system
Ax=0b (2.9)

while using matrix-vector products only. Especially in the case of finite element discretiza-
tions of partial differential equations, which result in large and sparse system matrices A,
this allows for massively parallel implementations of the solution algorithms, because the
whole system can easily be decomposed into small parts by using the strong link between
the geometry of the computational domain and the matrix and vector entries. Krylov
subspace methods could in principle be used as direct solvers, since they solve equations
of the form (2.9) in R™ in at most n iterations, assumed that they are applied in exact
arithmetic. Obviously, this is not the case for computations on modern workstations,
such that their actual potency is as iterative solver. Although there are counter examples,
where they produce iterates with the same accuracy until the last iteration, where the
residual finally and suddenly drops to zero (assuming exact arithmetic), Krylov subspace
methods perform often very well in practical computations. A good overview and many
details about iterative methods for sparse linear systems can be found for example in
[Saa03].

A simple iterative solution algorithm, not a Krylov subspace method, is the Richardson
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iteration. As a prototypical iterative solution algorithm it serves as theoretical tool in the
later analysis of Schwarz methods, but will not directly be used in practical calculations.
Given the linear system of equations (2.9) and a starting vector xg, the Richardson
iteration approximates & by transforming the system into a fixed point equation and

solving it by using the iteration
xp =TI —A)xi_1+0b, k=1,...,n, (2.10)

where I is the identity matrix. Convergence of the Richardson iteration (2.10) is guaran-

teed, if the spectral radius of I — A is less than one, see [Saa03, Theorem 4.1].

Linear systems with a sparse symmetric positive definite matrix A can be solved with
the CG algorithm, which is a Krylov subspace method and one of the best known iterative
techniques for this situation, [Saa03, p. 187]. Let {wk}k>0 be the sequence of iterates
generated by Algorithm 2.1. Then, convergence is guaranteed by

k
fon iy <2 (:gi:) o ~ . 2)

with the norm

) 4 = (Az,z)"/?,
and the condition number
[ Amax(A)]
E(A) = )
|>‘min(A)|

where Apax(A) and A\pin(A) denote the largest and smallest eigenvalue of A, respectively.
For a proof of (2.11) see [Saa03, p. 205].

In case of unsymmetric and possibly indefinite problems GMRES can be applied to
solve a linear system of equations iteratively. Convergence can be shown with respect
to the residual for diagonalizable matrices A € RV*Y in the form A = TDT ™', where
D = diag(A1, ..., \y) with eigenvalues arranged in increasing order. Therefore, assume
that all \; are contained in the ellipse E(c,d, a) in the complex plane with center ¢ € R,
focal distance d € R, and large half-axis a € R, such that 0 ¢ E(c,d,a). Then, the
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Algorithm 2.1 CG [Saa03, Algorithm 6.18]
Require: A, b, xg

1. Compute 79 = b — Az, po = 19

2. for j=0,1,..., until convergence do
3. oy =(rj,rj)/ (Apj; pj)

4 Zj+1 = Tj + a;Pj

5. Tjy1 =T — OéjApj
6

7

8.
9.

Bj = (rj+1,mj41) / (15, 75)
Pj+1 = Tj+1 + Gip;
end for
return x; > where k is the last iteration

Algorithm 2.2 GMRES [Saa03, Algorithm 6.9]
Require: A, b, xq

1. Compute rg = b — Axg, B = ||rol|,, and v1 =1/
2. for j=1,...,k do

3 Compute w; = Av;

4 fori=1,...,5 do

5. hz‘j = (wj,vi)

6 w; = w; — hl-j'vi

7 end for

8 hjv1; = llwjll

9. if (hj41,; =0) set k = j and go to Line 12

0. i1 =wj/hj

11. end for

12. Define matrices Hy = (hij)i<;cp11<j<p> @0d Vi = (v1, ..., vp)

13. Compute yj, minimizer of ||e1/8 — Hil|,
14. return x; = o + Viyr
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residual rp = b — Axy, at the k-th step in Algorithm 2.2 satisfies

) 1o,
Ck(d)

[, < 5(T) (2.12)

where Ci(2) = (2 + V22 — 1) 4 (2 + V22 — 1)7F. For a proof see [Saa03, p. 206]. In
practice, when A is ill-conditioned and has real spectrum, i.e., a = d, ¢ + a = Anax,

€ — a = Anmin, ONe can use the approximate expression

k
k(i) ~|1- 2
Cr(3) Kk(A)

instead of (2.12), compare [EG10, p. 409] and also [Saa03, p. 207]. For symmetric positive-

Q

definite problems, and when exact arithmetic is considered, GMRES is mathematically
equivalent to the minimum residual method (MinRes) [PS75], for which we have the

convergence result

k
Kk(A) —
Il <2 () ol 213

similar to (2.11) but with respect to the residual, see [GR11].

As one can see in (2.11), (2.13), and (2.12), the convergence of Krylov subspace methods
is highly dependent on the condition number k(A). Since k(A) is typically dependent
on the mesh size for finite element discretizations of partial differential equations and
grows with the size of A the use of a preconditioner is crucial for the solution process.
Preconditioning can be done, for example, by multiplying (2.9) with a positive definite

matrix P, called preconditioner, such that
PAzx = Pb. (2.14)

Then, the preconditioned system (2.14) is solved instead of the original system (2.9) with
the new matrix PA and the new right hand side Pb. Another option is to insert the
identity I = PP~!, such that APP~'x = b and substitute y = P~ 'z, which results in

solving the preconditioned system in two steps

APy = b, x = Py.
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2.4 Two-level Schwarz Preconditioner

One can also use combinations of both options. Either way, we aim to have a better
condition number k(PA) or k(AP) smaller than the original x(A) and at best inde-
pendent of the size of A, i.e., independent of the targeted accuracy, while building the
preconditioned matrix PA or AP is actually cheap. Meaning, that the building process
is far cheaper than creating the inverse P = A~!. In this context, if the rate of con-
vergence of an iterative method is independent of the size of the system, we say that
the algorithm is optimal. The discussion of optimal preconditioned iterative methods
for models describing poroelastic and porous media is the central goal of the following

chapters in this thesis.

2.4 Two-level Schwarz Preconditioner

Schwarz methods go back to 1870, where Schwarz presented the first known domain
decomposition method in [Sch70]. Originally, Schwarz proposed his alternating method to
provide a theoretical tool for the proof of existence and uniqueness of solutions of Laplace’s
equation on complicated two-dimensional domains, cf. [GW14]. Nowadays, the method is
successfully applied as solver or preconditioner in various situations, providing a powerful
tool in the solution of partial differential equations. In the following section we introduce
the concept of two-level overlapping Schwarz methods, develop their convergence theory
in an abstract framework, and apply it to the case of H4V-conforming finite element

spaces as proposed by [TW10].

2.4.1 Algorithm

Let V be a real-valued finite-dimensional Hilbert space with norm ||-|| and let V* denote
its dual space. V is meant to be a finite element space in the further analysis. Let

a(-,-): V xV — R be a symmetric, continuous and coercive bilinearform, i.e.,
2
a(wo) = a(v.u),  a(uv) <clulfoll,  afww) > cflul?,
for all u,v € V. We consider the problem of finding u € V, such that

a(u,v) = f(v) Yv eV, (2.15)

25



Chapter 2 Theoretical Foundations

for given functional f € V*. Problem (2.15) has a unique solution by the Riesz represen-

tation theorem. Further, we assume that there is a decomposition of V' into a sum

J
V="+>V (2.16)
j=1

of local subspaces V; C V' and a global coarse space V5 C V. The local spaces V; corre-
spond to a partition of the underlying computational domain 2 C R? into subdomains

(2; C {2. Functions in Vj are extended by zero to the whole space V', such that
Vj:{’UjEV : vj:0in!2\(2j}.

On these spaces we define local bilinear forms a; (-,-) : V; = V; and a coarse bilinear
form ag (+,+) : Vo — Vi as restrictions of a(-,-) to the corresponding spaces, equipped

with homogeneous Dirichlet boundaries, by

aj(uj,v;) = a(uj,v;)  Vuj,05 €V, (2.17)
ao (uo, vo) = a(uo, vo) Vug, vo € Vo.

Further we define Ritz-projections Pj: V' — V; by
a; (Pju,vj) = a(u,vj) Yv; € V.

An additive two-level Schwarz operator is given by

where w is a relaxation factor that deals with the overlap and also tunes the algorithm.

With the error propagation operator
Enmw=U—-Py)---(I—-P){I—-PF)
we define a multiplicative two-level Schwarz operator Py, by

Pow=1—-FEy.
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2.4 Two-level Schwarz Preconditioner

A hybrid version that is additive on the local spaces and multiplicative with respect to

the coarse space is defined by
J

J
Poyb=I-Enp, Epp=|I1-wd) P|UI-R)|I-w> P
i=1 j=1

2.4.2 Abstract Convergence Theory

To prove convergence of the two-level Schwarz operators defined in Section 2.4, we
follow [TW10] and assume to have a stable decomposition, as well as local stability and
strengthened Cauchy-Schwarz inequalities as formulated in Assumptions 2.2 to 2.4. All
proofs of this Section can be found in [TW10, chapter 2.

Assumption 2.2 (Stable decomposition). There exists a constant Cy, such that every

u € V admits a decomposition
J
u=> u;,  {u €V;0<j<J}
§=0
that satisfies

a; (uj, uj) < C’oa(u, u)

J
j=0

Assumption 2.3 (Local stability). For each 0 < j < J there exists a constant C1 > 0,
such that
a(uj,uj) < Cra;(uj, uz),

for uj € range(P;) C V.

Assumption 2.4 (Strengthened Cauchy-Schwarz inequalities). For 1 < ,j < J there

exist constants 0 < ;5 < 1 such that

[SIE
[SIE

‘G(Ui,u_j)‘ §5ija(uiaui) a(“j’“j) )

for u; € Vi, u; € Vj. The spectral radius of € = {e;;} is denoted by p(E).
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Due to the stable decomposition formulated in Assumption 2.2, we are able to find
a lower bound of the minimal eigenvalue Apin(Paq), ensuring the invertibility of P,q. A
value of Cj close to one is desirable, and thus, orthogonal subspaces V; would be best. The
aim of the strengthened Cauchy-Schwarz inequalities, Assumption 2.4, together with the
local stability, Assumption 2.3, is to obtain an upper bound for the maximal eigenvalue
Amax(Pad). The Cauchy-Schwarz inequalities are trivially valid with e;; = 1, but we are
highly interested in better bounds, since this would lead to a spectral radius p(€) = J,
growing linearly with the number of subdomains V. Again, the best bound is reached
for orthogonal subspaces. All three assumptions are also needed to limit the norm of
the error propagation operator E,, leading to a convergence proof of the multiplicative

operator Puy.

Remark 2.5. Assumption 2.3 is trivial with C7 = 1, when exact solvers are chosen, as we
have done in the definition of the local and coarse bilinear forms in (2.17). Nevertheless,
we need to make this assumption here, since we will define methods with non-inherited

coarse bilinear forms in the following chapters.

Since P,q is symmetric, we can use the conjugate gradient algorithm to solve the

preconditioned system
Pgu = Gad-

The conjugate gradient algorithm converges, if the condition number of the positive-
definite and symmetric system matrix is bounded. Hence, in the following proposition,

we give a bound of the condition number

_ )\max(Pad)

K'(Pad) Amin(Pad) ’

where the maximal and minimal eigenvalues of P,q are given by

P P
)\max(Pad) = sup wa )\rnin(Pad) = inf M.
ueV a(u, u) wev a(u, u)

Proposition 2.6. Let Assumptions 2.2, 2.3 and 2.4 be satisfied, then it holds for the
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smallest and largest eigenvalues of the additive Schwarz operator

1

)\min Pa Z ~
(Paa) 3

)\maX(Pad) < Cl(ﬂ(g) + 1)7
thus, the condition number of the additive Schwarz operator is bounded by

K(Pag) < CoCr(p(E) +1).

The multiplicative Schwarz operator Pu, is not symmetric, therefore we solve the

preconditioned system
Ppu = 9mu

with a simple Richardson iteration. To guarantee convergence, the norm of the error

propagation operator F,,

N|—=

B a(Emuu, Emuu)
HEmuHa—(jgg (e, 4) )

is strictly bounded by one in Proposition 2.7.

Proposition 2.7. Let Assumption 2.2, 2.8 and 2.4 be satisfied and 0 < C; < 2. Then the
error propagation operator E, = I — Py, of the multiplicative Schwarz method satisfies
2—-C}
(20?;}(5)2 + 1) Co

[ < 1~ <1,

where C1 = max(1,Cy).

The hybrid operator Py, is again symmetric, and thus we can use the conjugate

gradient algorithm to solve the preconditioned system

Pyybu = guyb.

Convergence of the hybrid method, which is the two-level version of a classical multigrid
algorithm with an additive domain decomposition smoother, has not been investigated

by [TW10]. Instead, they proved convergence for a quite similar hybrid operator I —
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(I —P) (I — ijl P]> (I — Fy), that was introduced by Mandel in [Man94], which is
also additive with respect to the local contributions and multiplicative regarding the
coarse space. As Py, is closely related to this hybrid operator due to Mandel, and lies
as a combination of the additive and multiplicative methods in between those operators,
we expect convergence also for the hybrid method By, when Assumptions 2.2 to 2.4
have been verified. Additionally, the convergence analysis of F,y as special case of a
multigrid V-cycle has been investigated, for example by [Bra93, Yse93, Saa03, DGTZ07].
Although we specialize our analysis to two-level methods we refer to the literature for

the multilevel case, see also Section 2.5.

2.4.3 Overlapping Methods

In Section 2.4.2 the decomposition (2.16) of the global space V into a sum of local
subspaces V; was quite general and not made explicit. In this section we will specify the
theory for the case of overlapping partitions of the underlying computational domain
(2 into patches §2;. In order to develop the convergence analysis for this case we need
to assume that there is a sufficient overlap of the patches, and that the covering of the
partition is finite.

Let the computational domain 2 C R? be an open, bounded and convex set with
Lipschitz-boundary, and let 7 be a family of shape regular triangulations of (2 into
closed mesh cells T with diameter hy = diam(7’), where h = maxyc7, hr denotes the
mesh size. The subdomains 2; C {2, called patches, are assumed to be unions of cells
such that each patch is the interior of a union of neighboring cells. Further, let Ty be a

quasi-uniform coarse triangulation of £y with mesh size H > h.

Assumption 2.8 (Sufficient overlap). There is a constant § > 0 that measures the size

of overlaps between the subdomains §2;, such that
Czh § 1) S CgH

for constants ca > 0 and c3 > 0.

Assumption 2.9 (Finite covering). The partition {(2; }}]:1 can be colored using at most

N¢€ colors, in such a way that subregions with the same color are disjoint.

In case of overlapping methods we need a partition of unity for the construction of
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local functions u; on each patch §2;. The properties that are needed are summarized in

the following Proposition 2.10 and a proof can be found in [TW10, Lemma 3.4].

Proposition 2.10. Let Assumptions 2.8 and 2.9 be given, then there is a piecewise
d-linear partition of unity {0; }‘j]:1 relative to the overlapping partition {§2; }}]:1 such that
forally=1,...,J

supp(6;) C £2;,

and for all x € §2 there holds
J
D 0(x) =1 (2.18)

with 0 < 0;(x) < 1. Moreover,

C
[V0i | oo ) < 5

where § is the constant from Assumption 2.8.

With these preliminaries a stable decomposition can be proven for the case of overlap-
ping partitions. The theorem goes back to [DW87] and a proof can be found in [TW10,
Lemma 3.13].

Proposition 2.11. Given Assumptions 2.8 and 2.9 there exists a constant C > 0, such

that every u € V admits a decomposition
J
u=> u;,  {u; €V;,0<j< I},
7=0

relative to the overlapping partition {Qj}}]:p that satisfies

S (g y) < € (1 ; ?) a(u ).

Jj=0

The convergence of the two-level overlapping Schwarz methods is now guaranteed by
Proposition 2.11 and the theorems of Section 2.4.2 with stability constant Cy = C (1 + %),
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£2;

v

Figure 2.2: Overlapping patches (left) and corresponding hierarchical coarse
mesh (right).

as well as the bound of the spectral radius p(€) < N¢, which is a direct consequence of
Assumption 2.9. A typical choice of the coarse space in case of hierarchical meshes is to
choose it one level coarser than the computational mesh, as well as one layer of cells as
overlap between the patches, compare Figure 2.2. Then H = 2h and 0 = h, resulting in
the constant Cy = 3C.

2.4.4 Two-level Methods for H%-conforming Finite Elements

In the following chapters of this thesis we will mainly use discretization spaces containing
HY_conforming finite element functions to gain mass conservative discretizations of
the given model problems in poroelasticity and porous media flow. The construction of
a decomposition (2.16) needs to take into account that the divergence is represented
properly, such that the H1-conformity is conserved by the preconditioner. Thus, we need
to partition the computational domain {2 into overlapping subdomains (2;, consisting of
at least 4 cells in 2D surrounding a vertex (or 8 cells in 3D), so called vertex patches, such
that the divergence of the given finite element functions can be represented in every node.
In 3D the size of the patches can be reduced to so called edge patches, which consist
of 4 cells surrounding an edge, see [AFWO00, p. 207]. An illustration in a 2D example
of lowest order Raviart-Thomas functions is given in Figure 2.3. Here you can see, that
nodes in the interior of the domain always need four surrounding cells, which form a
patch to represent the curl, that describes the rotation of a vector field properly. In this
example we take the curl = (02, —01) in favor of the divergence div = (91, d2)- (note the
dot) due to their close relation to each other (compare Remark 2.1) and the ability of
the curl to give a far more placative visualization here. Additionally in the right picture
with three patches you can see the need of an overlap of one layer of cells between two

patches, such that the curl is represented here as well. Without overlap the partition
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RN L ALA L

| | c-oq---l R

Figure 2.3: Representation of the curl on one patch (left) and on overlapping
patches (right).

would not be able to treat the curl on vertices at their boundaries correctly, since the
overlap assures that all vertices have a surrounding layer of cells, such that all portions

of the curl (or divergence) operator are captured.

The first study on domain decomposition preconditioners for H9V-conforming finite
element functions was done by Arnold, Falk, Winther for two dimensional Raviart-Thomas
finite element functions in [AFW97], followed by [AFW98, AFWO00], and Hiptmair [Hip96,
Hip97], as well as Hiptmair, Hoppe [HH99], handling both two and three dimensional cases;
cf. [TW10, p. 273]. These studies build on earlier works, where the domain decomposition
methods are directly used as solvers, see for example [EW92, VW92].

In order to prove convergence for the HV-conforming case a proof of the stable

decomposition for bilinear form
(u,v)Hdiv(m = (u,v)Q + (div u, div ’U)Q, w,v eV c HY (D), (2.19)

needs to treat the kernel V0 of the divergence operator and its orthogonal complement V =+
with respect to bilinear form (2.19) seperately, where kernel and orthogonal complement

are defined by
Vi={u’ eV : divu’ =0},

and
VL {ul eV : (uh)

0 0
sy =0 Vo € VO,
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respectively. Therefore, a Helmholtz decomposition is used to write V' as the sum
V=v'eVv"t

Whereas it is not important for functions in the orthogonal complement V= to stay
locally orthogonal, it is important for functions in the kernel V' to find a decomposition
that is divergence-free also in the local contributions, compare also [LWXZ07]. To this
end the fact is used that divergence-free functions u® € V° can be represented as curl of

H'-functions s, i.e.,

u’ = curls,

for which we find a decomposition s = EJJ:() sj stable in H'(£2), namely,

J
Z}Sa‘ﬁ{l(rz) S CH,5‘3}§11(9)
=0

for some constant cg 5 = C (1 + %) > (, see Proposition 2.11. By choosing u? = curls;

we have constructed a decomposition u® = ijo ug that is stable and stays in the kernel

locally since

J

J J
Dl = D llewrtsilly = 3 lsilin o
j=0 Jj=0

=0

< a3l ) = cralleurls] g = cms|lu’ll;,

This sketches a main idea of the proof of the following two Propositions 2.12 and 2.13.
The full proof can be found in [TW10, p. 285 f]. It goes back to [VW92] for the two-

dimensional case, and to [Hip97] in three dimensions.

Proposition 2.12. Fvery v € V}? admits a decomposition of the form v = Z}]:o vj,
vj € Vjo, which satisfies the bound

g“"h”?g <c (1 + 1;[22) H”H?g
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2.4 Two-level Schwarz Preconditioner

Proposition 2.13. Let v > 0 be a positive constant. Fvery v € VhL admits a decompo-
sition of the form v = Z}'Izo vj, v; € V;, which satisfies the bound
J 2
2 . 2 H 2 2
(olly + vl < e (1+ 55 ) (Il + vl of3)
=0

J

for a constant ¢ > 0 independent of v.

2.4.5 Remarks on the Implementation

Let A be the system matrix, f be the coefficient vector of the right hand side f, and u
be the coefficient vector of the solution u corresponding to problem (2.15) after choosing

a basis of the finite element space V. Then, we aim to solve linear systems of equations
Au = f. (2.20)

In practice, if we want to apply the Schwarz preconditioners from Section 2.4 to system
(2.20), we need to introduce prolongation and restriction matrices to deal with the zero-
extension of the local spaces V; to the global space V' and its effect on the matrices
of the preconditioner. The prolongation matrices are defined as interpolation operators
R;fp: V; — V, whereas the restrictions R;: V — Vj are just their transposed. Let A;
be the local matrices corresponding to the local bilinear forms in (2.17). Let further
Aj € RMNi*Ni be the local matrices defined only on patch §2;, where N; = dim(V})
denotes the number of degrees of freedom on patch (2; specified by the dimension of the
local finite element space V. Then the local matrices A; € RNexNe N, = dim(V), are

given by

and their inverses by
-1 T %1

assumimg that the local matrices Aj are positive definite. For the coarse space Vj we
define Rg, Ry and A accordingly. Let P,q, Py, and Py, be the matrix representations

of the corresponding operators P,q, Pnu, and Py, respectively. A closer look into the
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Algorithm 2.3 Multiplicative two-level Schwarz preconditioner

The action of AL on a vector g is given by:

1. g = Rg;ia 1Rog > coarse space correction
2. forj=1,...,J do

3. Tj=Tj-1+ R]TA;IRj (g — Azxj1) > local smoothing
4. end for

5. Assign: A lg ==z,

projection operators P; shows that they can be written as
-1 .
Pi=A;"A, 0<5<J, (2.22)

and thus, P,y = 23]:0 Aj_lA. Defining the preconditioner A;dl = Zj:o Aj_1 leads to

the preconditioned system
-1 -1
A JAu=A_f,
or equivalently

Padu = Gad,

where the right hand side is given by g.q = A;dl f. Due to (2.22) the according Schwarz
operators in the multiplicative and hybrid cases can also be written as Py, = A LA
and Py, = Aﬂyle, with appropriately defined preconditioners Al and A}:}}b. By
defining the right hand sides gy, = Aiylb f and gy = AL f this leads to the equivalent

preconditioned systems

P,u = gy, Phybu = Ghyb-

The implementation of the additive operator P,q is straight forward, since it is only the
sum of the local and coarse projections. In the case of the multiplicative operator Py,
and the hybrid operator Py, the action of the preconditioners applied to a vector is
presented in pseudo-code in Algorithm 2.3 and Algorithm 2.4, respectively; compare also
[TW10, Section 2.6]. The code is written in form of a subspace correction algorithm as it
is known from multigrid methods with a local smoothing part, where the contributions

of the patches are applied to the current residual, and a coarse space correction part, cf.
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2.4 Two-level Schwarz Preconditioner

Algorithm 2.4 Hybrid two-level Schwarz preconditioner

The action of A}:ylb on a vector g is given by:

1. &g=20

2. forj=1,...,J do

3. Tj=x; 1+ wR;fFAj_leg > local smoothing
4. end for

5. ®ji1=x5+ R(:)FAO_IRO(Q — Axy) > coarse space correction
6. T=9— Az

7. forj=J+2,...,2J+1do

8 Tj=x; 1+ wR;‘FAj_IRjr, > local smoothing
9. end for

10. Assign: Aﬁylbg =Ty

[Xu92, Bra93].

Extension to Positive Semi-definite Systems

In case of positive definite problems the local and coarse matrices Aj and Ay can simply
be inverted and then applied against the system matrix A, see (2.21) and (2.22). This
cannot be done when the matrices Aj and Ag have a non-trivial kernel, i.e., when the
formulation of the local problems is not positive definite, but positive semi-definite. For
example, Stokes flow with no-slip boundary conditions implies a solution that is defined
only up to a constant. To reach a unique solution an additional constraint has to be
formulated, such as forcing the mean-value of the pressure to be zero. Typically, this
is realized by adjusting the solution after the problem has been solved for an arbitrary
constant, which leads to the problem of solving linear systems where the corresponding
matrix does not have full rank. In this case of linear systems with a non-trivial kernel we
cannot invert the local matrices Aj as in (2.21), but we can build the pseudoinvers A;r
by using a singular value decomposition (SVD) that factorizes Aj into Aj =U;%; VjT,
where Uj, V; are orthogonal matrices and X; is a diagonal matrix with as many non-
zero diagonal elements, called singular values, as the rank of Aj. With the help of the
pseudoinvers Xt of X, built by inverting every non-zero diagonal element of X, the

pseudoinvers of A; is now given by

Al vt T
Al—vziuT
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Remark 2.14. The implementation of the algorithms presented in this thesis is matriz-
based. That means, that the system matriz, as well as the matrices of the preconditioner,
are assembled globally before starting the solution process. That makes the code quite
storage consuming essentially for higher mesh levels, and limits the calculations to the
storage capacity of the machine. When changing the implementation to a matriz-free
one, the large global matrix is not assembled beforehand, but only small local matrices are
used to provide an implementation of the required matriz-vector-multiplications. Here,
looping over all mesh cells, one assembles a local cell-matriz to compute the matriz-vector-
multiplication on each cell, and adds all local contributions to the global iteration vector.
This has the benefit of reducing the storage usage of the code drastically and making
larger and even exa-scale computations possible. In this context I would like to refer
to the work of Witte, Arndt, Kanschat in [WAKZ21] and [Wit22] for recent research on

high-performance computing with multilevel Schwarz methods.

2.5 Multilevel Schwarz Preconditioner

In this section the two-level domain decomposition algorithms already developed in the
last section will be extended to a multilevel setup. Both two-level Schwarz operators from
Section 2.4, the hybrid as well as the multiplicative version, appear to be special cases
of a multigrid V-cycle algorithm, as will be presented in the latter.

When using a two-level Schwarz method the coarse problem is assumed to be solved
exactly, which makes a major part of the computational costs, since the dimension of
the coarse space grows with refinement of the mesh. Multilevel algorithms reduce this
cost of the coarse solver by transferring the residual over several levels to a coarse level,
where solving the entire coarse system is actually cheap. It is therefore promising to
use multilevel algorithms in favor of the two-level versions, because their design leads to
optimal complexity of the algorithms. The idea of multigrid methods goes back to the
1960’s to a paper of Fedorenko in [Fed64]. In the following decades, the method has been
developed with a tremendous amount of scientific research. The multigrid method has
successfully been applied to finite difference, as well as finite element discretizations of
partial differential equations in a very broad field of applications. Whereas the overall
multigrid scheme has few variations, as for example the variable V-cycle or the W-cycle,
the performance of the multigrid method relies heavily on the design of the smoother.

Choices range from different kinds of matrix decompositions, which has been the first
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methods in use, to quite sophisticated smoothers that rely on the analytical structure of
the underlying problem, or even doesn’t care about it at all by acting algebraically on the
matrix, only. Nowadays, multigrid algorithms are typically used as preconditioner inside
iterative Krylov subspace solvers, as already outlined for the two-level Schwarz methods
in Section 2.4. Although we will not examine the convergence proof of the multilevel
methods in the later chapters, we refer to [Xu92, Bra93, Yse93, Saa03, DGTZ07, Bral3]

for an overview of the analysis.

2.5.1 Multigrid Algorithm

We assume having a hierarchy of nested meshes

Tho CThy €+ Thy =Ta
and corresponding finite element spaces

Ve CViy C--- Vi, = Vg

to mesh sizes hg < h1 < ... < hy = h. On the finest level L we aim to solve the following
abstract problem: find u; € V}, such that

ah(uh, Uh) = f(’l)h) Vvh c Vh,

where ap(-,-) : Vi, x Vj, = R is a coercive and continuous bilinearform, and f € V}*". For
the construction of the multilevel preconditioner we consider on each level ¢ the problem
of finding uy € Vy =V}, such that

ag(ug,vg) = flog) Yo €V, (2.23)

where the bilinearform is defined by ag (-,-) = ap, (-,-). As algebraic analogue we rewrite
the level problems (2.23) as

Apuy = fo, for 0 € {1,...,L}.
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Algorithm 2.5 Multigrid V-cycle

Let My = Ay 1 Let Sy be a suitable smoother, and let mpr. and mpes; be the number of
pre-smoothing and post-smoothing steps, respectively, on each level. Recursively define
the action of My on a vector by as follows:

1. Pre-smoothing: let g = 0 and compute for ¢ = 1,..., mpre
x; =xi—1+ S (b — Apzxi_1)
2. Coarse grid correction:
Trnpeet1 = Tnpee + R Mo 1Ry (by — Ay,
3. Post-smoothing: for i = mpre + 2, ..., Mpre + Mpost + 1 compute
x; =xi-1+ Se(by — Agxi_1)

4. Assign: Myby = Ty tmposi+1

Furthermore, for transferring between the levels we define the restriction operators Ry :

Vigr — Vi as L?-projection, i.e.,
(Reugir,ve) , = (wey1,v0), Vo €V,
for given up11 € V11, and the prolongation operators RZT : Vi — Vj41 such that
T _
(R ue,vev1) o = (ug, Rpveyt) Vug € Vi, vper1 € Vg

For convenience we write the restriction and prolongation matrices with the same symbol
as the operators. The application of the multigrid V-cycle My to a vector is then defined
in Algorithm 2.5, compare for example [Bra93, Saa03, KLM17].

2.5.2 Domain Decomposition Smoother

For the definition of the smoother we will use the domain decomposition approach of the
Schwarz operators of the foregoing section and apply it to each level. To this end, we
will quickly need to recapitulate the definitions of the spaces and operators and adapt

the notation to the multilevel setup. We decompose the finite element space V; on each
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level ¢ € {1,..., L} into the sum

J
Ve=> Vi,
j=1

of local subspaces V; ; C V;, which correspond to an overlapping partition into patches
2y ; on level £. As before, functions in V; ; are extended by zero to the whole space V.
With the local bilinearforms

agj(uej,ve;) = ae(ugj, ve ) Vug j, v € Vi g,

equipped with homogeneous Dirichlet boundary values on 92 ;, we can define the Ritz-

projections P ; : V; — Vi ; by

ar;(Prjue,vej) = ae(ug, ve ) Vue; € Vi j.

On level ¢, an additive one-level Schwarz method is then defined by

J
Pye=w E Py,
j=1

and a multiplicative one-level Schwarz method by

Powe =1-E™, EfM=U—-Pyy)---(I—=Pp).

-1

mu,f’ we

To define the additive smoother A;dl 4, as well as the multiplicative smoother A

follow Section 2.4.5 and use
P ;= AZ}AE, 1<j<J,
to rewrite the matrix representations of the one-level methods P,q, and Py, ¢ as

—1 -1
Py = Ay, A, Po,c=A

mu,/

Ay

For the implementation, we again define the prolongation operator RZJ- Ve, — Vioas

interpolation, and the restriction Ry; : Vy — V;; as its transpose to write the local
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M, hyb M,

smooth
restrict

restrict

smooth smooth
prolongate prolongate

solve solve

Figure 2.4: Hybrid and multiplicative multilevel Schwarz preconditioner.

inverses as
—1 T %
Ay =Ry ;A Ry,
compare (2.21), and also the discussion in Section 2.4.5.

2.5.3 Schwarz Preconditioner

Finally, we are able to define the symmetric hybrid multilevel Schwarz preconditioner
My, by setting My, = M, in Algorithm 2.5 with A;(i ¢ as smoother, and with mpe =
Mpost Soothing steps.

Further, the multiplicative multilevel Schwarz preconditioner My, is defined by M, =
M, in Algorithm 2.5 with A;LZ as smoother, and with mpe = 0, as well as mposy = 1
as smoothing steps. Note, that the choice of mp. = 0 basically means skipping the
pre-smoothing, implying that M, ¢ is not symmetric.

For an illustration of the action of both preconditioners see Figure 2.4.

Remark 2.15. By setting ho = h/2 we easily see that the hybrid and the multiplicative
two-level Schwarz methods from Section 2.4 are special cases of the hybrid and multiplica-

tive multilevel Schwarz methods of this section, respectively.
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Chapter 3

Two-level Schwarz Preconditioner for Biot's
Consolidation Model

In this chapter, the theory of the two-level Schwarz methods as introduced in Chap-
ter 2 is applied to H1V-conforming finite element discretizations of Biot’s quasi-static
consolidation model. The main theoretical result is the proof of the stable decomposition
in Section 3.4.3, which is the most important ingredient in the proof of convergence of
the methods as preconditioner in state-of-the-art Krylov subspace solvers. The idea here
is to use the mass-conservation property of the discretization to derive an equivalent,
nearly-singular, positive-definite system that allows us to prove stability of arbitrary de-
compositions of the finite element functions. The special structure of the system implies a
parameter dependence of the method on the inverse of the permeability tensor, which can-
not be avoided in the proof. Nevertheless, this dependence can only be slightly observed
in the numerical experiments and does not restrict the applicability of the solver, which is
demonstrated by various numerical simulations in Section 3.5 testing the performance of
the preconditioned iterative solvers in a two-level and a multilevel setup. The numerical
performance of the solver is excellent, showing uniform results in the simulations in the
mesh size, robust for all considered regimes of the parameters in the system, especially

for the ratio % of the Lamé constants of elasticity, even in the nearly incompressible case

A > p, as well as for the ratio % of the specific storage coefficient cs and the Biot-Willis
constant «. To our knowledge, the successful application of this monolithic approach of
overlapping two- and multilevel Schwarz methods to H%Y-conforming discretizations of

the equations in poroelasticity is novel in the literature.

In the field of linear poroelasticity, the physical behavior of saturated porous and
elastic materials is described. Examples of such materials can be found in various types
of rock such as sandstone, as well as in clay, wet sand or concrete, but also in organic

tissue such as liver, brain or articular cartilage. The equations governing poroelastic

43



Chapter 3 Two-level Schwarz Preconditioner for Biot’s Consolidation Model

media have been invented and developed by the engineer Biot in a series of works [Bio35,
Bio41, Bio55, Bio72] starting in 1935, based on the pioneering work of Terzaghi [Ter25]
in 1925. The quasi-static model we will focus on was suggested by Biot in [Bio41] by
hypothesizing the form of the macroscopic constitutive relations of poroelastic materials
and generalized to anisotropic solids in [Bio55]. It is a combination of linear elasticity
describing the deformation of a solid body, and Darcy’s law, which describes fluid flow
through a porous medium. Instead of a heterogeneous description that incorporates the
finescale behavior of such materials as fluid-structure interaction problem, models of
Biot type follow a continuum mechanical approach and describe the effective behavior

of poroelastic materials on a macroscopic length scale.

The research on theory and applications of this topic has been and is still in ongoing

progress in the scientific community, as it is for the development of numerical solvers.

About three decades after the engineering approach of Biot a formal mathematical
derivation of the linear model has been proposed by Burridge, Keller in [BK81] using
homogenization theory. Mathematically rigorous derivations have been presented by

Sanchez-Palencia in [SP80] and by Nguetseng in [Ngu90].

Discretizations for Biot’s consolidation model have been developed since the late 1960’s,
see [Chr68, SW69, YYNT71], where mainly continuous finite element spaces were employed,
besides a few attempts with finite difference and finite volume methods. The most popular
numerical methods have been standard finite element discretizations due to their ability
to address complicated domains, but they suffer from inaccuracies called locking for
certain parameter ranges involving spurious pressure oscillations, see [Yil7] and the
literature cited therein, which is in parts already known from discretizations in linear
elasticity when the material is nearly incompressible or thin, see [BS92, Arn81] as well
as [Bral3, Kapitel VI §4]. This pushed the development of discretizations towards finite
element methods that are robust with respect to the parameters in the system to avoid
locking. Such methods were found in mixed finite element formulations, where different
approaches were being pursued, such as discontinuous and continuous mixed Galerkin
methods [Phi05, PW07a, PW07b, PW08, Leel6, Leel8], also for a total-stress formulation
in [ORB16], a least-squares mixed finite element method [TPS08], different stabilization
techniques [AGLRO08, RGHZ16], also for hybrid mixed finite elements [NRH19], space-
time variational mixed finite element formulations [BRK17], and nonconforming mixed
methods [Yil3, Yil4, HRGZ17|, without any claim to completeness of this list.
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For their iterative solution different methods have been proposed, such as stress splitting
schemes [MW13, MWW14, CWT15, BRK17, BBN*17, HKLW20, AKW23], domain
decomposition methods [FWR13, Flo18], an Uzawa-type algorithm [HKLP20]|, block
preconditioners [FBG10, ABB12, CWT15, CWF16, LMW17, AGH"19], and multigrid
preconditioners [GR17, AHHT22].

Lately, the conservation of mass became an especially relevant feature that has been
addressed by H%V-conforming mixed finite elements [KR18, HK18, HKLP19], by finite
elements based on enrichment [GRH19, LY22] and by mixed virtual finite elements
[WCWZ22].

We will focus on HYV-conforming mixed finite element discretizations proposed by
[KR18, HK18, HKLP19], as they provide locking-free and mass conserving schemes. Since
these discretizations result in large saddle-point systems, ill-conditioned with respect to
standard finite element bases, effective preconditioners are needed for their iterative

solution.

To this end, Hong and Kraus developed a block-diagonal preconditioner in [HK18,
HKLP19] that is based on parameter-dependent norms, which they apply to a mass
conservative HU-conforming three-field mixed finite element discretization of Biot’s
quasi-static consolidation model, as well as a multiple-network poroelastic system. They

show robustness of their scheme and provide numerical tests.

In [BKMRB21], Boon et. al. apply a block preconditioner to a mixed finite element
discretization of a total-pressure four-field formulation of Biot’s consolidation model using
Taylor-Hood as well as HV-conforming mixed finite element spaces. In their numerical
results they present robustness of the condition numbers for the case where an LU
factorization is used to invert the blocks, which is of little practical applicability for large
scale computations due to the growing size of the blocks. An approximate inversion of

the blocks yields suboptimal results.

Jayadharan, Khattatov and Yotov apply a domain decomposition approach with non-
overlapping subdomains to a five-field fully coupled H4V-conforming mixed formulation
in [JKY21]. They use a reduction of the subdomain problems to an interface problem
for a Lagrange multiplier, beneath two splitting approaches. Beneath the fact that their
discretization yields very large systems due to the five-field formulation, their numerical

experiments show deteriorating iteration counts of GMRES and CG for all three methods.

None of these approaches has successfully applied the Schwarz theory to H4V-conforming

45



Chapter 3 Two-level Schwarz Preconditioner for Biot’s Consolidation Model

finite element discretizations of Biot’s consolidation model, which is our motivation and
goal for this chapter.

The structure of this chapter is as follows.

The quasi-static model of linear consolidation by Biot is introduced as a three-field
formulation in Section 3.1 and discretized in Section 3.2 by a family of H%-conforming
mixed finite element methods as proposed in [KR18, HK18, HKLP19]. Section 3.3 defines
multiplicative and hybrid overlapping two-level Schwarz methods for preconditioning the
resulting saddle point systems and thus providing efficient solvers. The convergence of the
methods is proven in Section 3.4. In Section 3.5, numerical tests are described and their
results are presented showing that the dependence of the convergence constants on the
permeability tensor can only be observed slightly and do not restrict the applicability of
the method. A scaling leads to robustness even with extremely large chosen parameters.
Moreover, the optimal choice of the relaxation factor of the hybrid two-level Schwarz is

investigated and the performance of the multilevel Schwarz methods are examined.

3.1 Biot’s Linear Consolidation Model

Biot’s consolidation model in three-field formulation couples the displacement field u of
the solid component, the seepage velocity v of the fluid, and the pressure p in a fully
saturated porous medium at constant temperature in a linear model. It is posed on a
computational domain 2 C R? with d = 2 or d = 3 on a time interval (0, 7). In strong

form, Biot’s quasi-static model of consolidation reads

—div (2ue(u) + Adiv(u)I) +aVp = f in 2 x(0,7),
v+ KVp=0 in 2 x(0,7), (3.1)
—adiviyu —dive —csOp =g in 2 x (0,7),

with initial conditions u(0) = wug, and p(0) = pg, such that (3.1) is satisfied at time
t = 0. For existence, uniqueness, and regularity of solutions of (3.1) we refer to [Zen84]
as well as to [Sho00] and the literature cited therein. An introduction to the equations of
poroelasticity from a physical point of view as well as an overview over the constants can,
for example, be found in [DC93, Cou04]. In these works and the literature cited therein,
application scenarios, as well as a discussion of boundary settings and famous problems

as Mandel’s problem [Man53| can be found here as well. The equations are derived and
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3.1 Biot’s Linear Consolidation Model

explained in the following.

To start with, linearity of the model is assured by the hypothesis of small perturbations,

which consists of the hypothesis of small displacements
| ull <1,
L

where L is the characteristic observation length scale, the hypothesis of infinitesimal

small transformations
|Vul|| < 1,

as well as the hypothesis of small variations of the Lagrangian porosity and the fluid mass
density, see [Cou04, Chapter 5]. The effective stress of the elastic medium is described

by Hooke’s law, a linearized model in elasticity. It obeys the constitutive equation
oei(u) = 2ue(u) + Adiv(u)I,
where I is the identity tensor and the linearized strain tensor is given by

e(u) = = (Vu+Vaul).

N =

The physical parameters A > 0 and p > 0 denote the Lamé constants defined in terms
of Young’s modulus F and Poisson ratio v by

vE E

A aroa—wy ™ T aagy

For an introduction to the theory of elasticity and the relations of the constants we refer
to [Cia88].

The total stress o(u) of the poroelastic medium is defined as the sum of the effective
stress o (u) and the stress apl due to the pore pressure, where the Biot-Willis constant
a [BW57] takes values between zero and one and represents unaccounted volume changes,
for instant small air inclusions in soil [KR18]. For soft soils like sand or clay « is considered
to be one or very close to one, whereas for rocks as sandstone or granite it might take
smaller values around 0.2 to 0.9, cf. [DC93]. With a given force f the constitutive
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equations are given by
—div(oeg(u) —apl) = f in 2 x (0,7).

The Biot-Willis constant « couples the equations of elasticity via the pore pressure with

Darcy’s law
v=—-KVp in 2 x (0,7),

where K is the symmetric positive-definite permeability tensor of the saturated porous
medium. It is assumed that K is bounded in the sense that there are positive constants
Ck > ck > 0, such that

cKHvH?Z < (K*IU,U)Q < CKHUH; Yo € [LQ(_Q)]d. (3.2)

In the simplest case, we consider a permeability tensor of the form K = kI, constant

over {2 and constant over the time interval (0,7") with the scalar constant s satisfying
0<cK§/<fl§CK<oo.
The set of equations is completed by introducing the mass balance equation
—adiviiu —dive —c;0p = g in 2% (0,7),

with a given sink or source term g, and the specific storage coefficient ¢; > 0. The constant
cs combines the compressibility and the porosity of the medium and is a measure of the
amount of fluid that can be forced into the medium by pressure increments at constant
volume, cf. [Sho00].

Semi-discretization in time by the backward Euler method to time step size 7 > 0

results in a sequence of semi-discrete and static problems of the form

—2udive(u) — AVdivu +aVp = f in £2,
v+ KVp=0 in (2, (3.3)
—gdivu—divv—%ng in £2,
T T
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3.1 Biot’s Linear Consolidation Model

in each time step, where g = g — < divaolq — 2 pola With ueq and polq taken from the
previous time step and all other quantities referring to the new time step. We point out
that the specific time discretization is irrelevant, since all implicit methods will result
in the necessity of solving systems of similar kind. Furthermore, we note that w/7 has
the unit of speed and « is dimensionless. Hence, it is dimensionally meaningful to add

(adivu)/7T and dive and p/7 in the last equation.

Following [HKLP19] we transform (3.3) into a symmetric problem by proper scaling

and substitution of variables. Therefore, we transform (3.3) into

—dive(u) — ﬁv divau + 55Vp = ﬁ in 2,
%K’lv +5:Vp=0 in 02,
—divu — Zdive - ©p=Tg in 2.

By substitution of the variables and right hand side

- T . lo’ ~ 1 ~ T . c
v=—v, p=-—p  f=-—f  §=—9—diveq — —Ppou,
« 21 21 « «

as well as the physical parameters

<A - 2 245
=2 K= S gt g = 2 (3.4)
20 2ut a?
we obtain the rescaled system
—dive(u) + AV (divu) + Vp = f in 2,
K '4+Vp=0 in 02, (3.5)
—divu —divo —cp=g in £2.

Since this is the normalized system we build our analysis on, we will omit the tilde symbol

from here on.

This system is closed by proper boundary conditions. As usual, essential boundary
conditions enter the definitions of the function spaces U C [H'(£2)]¢ and V c HIV(£2)
for displacement and seepage velocity, respectively. We will choose a particular combina-
tion of boundary conditions in the presentation and analysis of the two-level algorithm

in Sections 3.3 and 3.4, although one might also want to consider other combinations
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for which certain arguments and basic estimates have to be adapted and exchanged
accordingly. The general assumptions that are required to conduct an analysis similar to

the one presented in this work are as follows.
Assumption 3.1. The boundary conditions on the spaces U and V are such that:
1. The seepage velocity v is uniquely determined.

2. Korn’s inequality [Kor08] holds for w in the continuous setting as well as for up
in the discrete setting. For sufficient conditions in the continuous case we refer
to [DV02] and the literature cited therein. For the discrete case, see [Bre(4).

3. The pressure space Q) is chosen such that the operator div: V. — Q is surjective. The

boundary conditions on U are compatible such that also div: U — Q) is surjective.

To give one example, which applies to the setting of the analysis presented in Section 3.4,

Korn’s inequality

[vull5

1
Vel < lle@llg <

holds for all w € [H}(2)]%. In line with this, we assume on the whole boundary a
homogeneous Dirichlet (no-slip) boundary condition on w and a Neumann boundary

condition on p, which translates to an essential condition on v. Accordingly, we choose
U=[Hy(2)),  V=H"(Q), Q=Lj).

The weak formulation of (3.5) is then: find (u,v,p) € U x V' x @, such that

e(u, ) +d(u, 0) —b(p, ) = (£.9), Ve €U,
k(v,%) —b(p,%) =0 Yap €V, (3.6)
—b(q,u) —b(g,v) —es(p,a), = (9:9) Vg € Q,

with bilinear forms

e(u, ) = (e(u),e(p)) d(u, @) = (divu,dive),,
b(p’ 1,b) = (p, di‘”/’)(z’ k(”’¢) = (K_l"’vd’)rz
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3.2 Mass Conservative Discretization

The model problem (3.6) is discretized by a family of strongly mass-conserving mixed
methods as proposed in [KR18, HK18, HKLP19], where the displacement and seepage
velocity fields are approximated in suitable H%V-conforming spaces U, and Vj, and the
pressure space (J, consists of piecewise polynomial functions discontinuous at element

interfaces such that the condition

div Uy, = Qp, divVy, = Qp, (3.7)
is satisfied. By choosing the spaces as in (3.7) the discrete mass equation

—divup — divu, — cspp, = gn

is fulfilled pointwise, which serves as key ingredient for the convergence analysis in
Section 3.4 of the two-level Schwarz methods introduced in Section 3.3. The combined

finite element space for the mixed method is then defined by
Xh:UhXVhXQh.

Examples for such combinations of spaces are given by the triplets RT; x RTy X Qg,
BDM;, x RT),_; x Py_1 or BDFM;, x RTj,_; x Pi_;. Since the space U}, is not H'-
conforming, a discrete interior penalty discontinuous Galerkin bilinear form ep(-,-) is

used to approximate e (-, -) as detailed below.

Let 7, be a family of shape regular triangulations of the computational domain {2 into
mesh cells 7' with diameter hr = diam(7") where h = maxrc7;, hr denotes the mesh size.
Let I'7 j, be the set of all interior faces (edges in two dimensions) of 73, and I'p j, be the set
of all faces on the boundary 0f2. For every face F' € I, there are two neighboring cells
T.,T_ € Tp such that F' = 0Ty NOT_. Let n be the unit outward normal vector pointing
from T} to T—. On every face F € I'1j, and for any ¢ € [L?(£2)]? and T € [L?(£2)]%*9,
we define jump [] and average { } by

[l =g+~ frn}=g(r +7)m
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Chapter 3 Two-level Schwarz Preconditioner for Biot’s Consolidation Model

where 1 = go‘Ti and T+ = T‘Ti. Further, on the broken Sobolev space

H (2, T)) = {e € AN : ¢, € [H'(T))

we introduce the discrete norm

N

Il = SIvele+ 3 Sllell+ 3 Glels] - 69

TeT FEF[yh BGFB,h

Following the work of [Arn82, Nit71] we choose an interior penalty discontinuous Galerkin
approximation of e (-, -) in the nonconforming space Uj,. Therefore, on U, x U, we define

the symmetric discrete bilinear form

erfun @) = D (c(wn). @)+ > L (lwal.[¢])

TET FGFI’h

- Y (fe(w)ndlel)p— Y ([unl. fe(@)n}),

Felr Felr

+ Z %(“h"P)B

BGFB’h

- Z (s(uh)n,cp)B— Z (uhvs(cp)n)]g'

BGFB,h BGFB,h

Here, the penalty parameter n > 0 is chosen large enough to ensure coercivity of ep(-,-),

i.e., there is a positive constant ¢ such that

en(, ) > chpHih Vo € Up. (3.9)

We assume that the boundary conditions are chosen such that this relation, which is a
discrete form of Korn’s inequality, holds as formulated in Assumption 3.1, cf. [Bre04] in

this context. In addition to (3.9) we have continuity of es(-,-) in the norm ||| ,, i.e.,

en(une @) < cllun], gl Yo € U (3.10)

Since Uy, is H4V-conforming, the form b (u, ) = (div u, div ¢), does not need a penalty

formulation. The mass-conserving mixed method based on the finite element space Xj,
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3.2 Mass Conservative Discretization

can then be represented as

up\ [ ¢
Apffon | [w||=Ful|v]|]| (3.11)
Ph q q

where the discrete bilinear form Ap(-,-) : X, x X — R is defined by

Up »
Ah Vp | > ’(/J :eh(uhv (P) + )‘d(uha ‘P) + k(’Uh, ’lp)
DPh q

- b(pha P+ ’llb) - b(CLUh + ’Uh) - Cs(pha q)_Q

and the right hand side is given by

@
Fp ¢ :(f>‘P)Q+(gh7Q)Qa
q

with gj, chosen as the L?-projection IT"g. System (3.11) is consistent and has a unique
solution, which has been proven in [KR18] and follows essentially by the special choice of
HV_conforming discretization spaces, coercivity (3.9), continuity (3.10) and the discrete
inf-sup conditions, see for example [BBF13, HL02, SST03, Bre74],

inf sup MZ%>O
q€Qh e, HL‘OHI,h ‘qHQ
and
inf sup (divep ) >y > 0.

9€Qn eV}, H’PHHdiv(Q)HqHQ

From [KR18, Theorem 3] we know that the error for the spatial semi-discretization with
RT;. x RTj, x Qp-elements for all times ¢ > 0 satisfies

plfun(t) = w)|f}, < b (M + pla®)|[frg))
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and

cs|[pr () = () |+ K2 (wn = 0) |7 0 sz (e

< ch? (M + CS“p(t)“f'{kJrl(Q)) )

where M = o2 ||9; div u||%2(07T;Hk+1(Q)) + Hv||%2(07T;Hk+1(Q)). Further, under the assump-

tion

|a(t) — u(t)|; < cunh 2| div u(t)] i

Hv(£2) (2)

for the error of the Ritz-projection @ to the exact solution w in the H4V-seminorm the

authors obtain an additional bound for the divergence of the displacement
2 . 2
Mun(t) = u(t)|aw o) < curh® > <M + )‘Hdlvu(t)HHkH(n)) )
as well as the improved result

sllpn(t) = o) |+ K200 = 0) [} 20 01200

< 2 hH T2 (M + CsHP(t)H?ka(Q)) :

3.3 Two-level Algorithm

In this section we define a monolithic two-level algorithm for the mixed problem (3.11)
as outlined in Section 2.4. The method differs from partitioned solvers, which rely on
and exploit the block structure of the system.

For j =1,...,J let the vertex patch {2; be the subdomain consisting of all mesh cells
touching the vertex p;. This could be the union of 4 quadrilaterals or 6 triangles (in
2D), or 8 hexahedra (in 3D) for inner vertices of uniform mesh partitions. With the

subdomains §2; we associate subspaces X; C Xj,. To this end, we define
U =U, NHSY(R),  Vi=VuanHV(R2;),  Q; =QnnNLi2)),
continued by zero on {2\ £2;, and set

Xj:UjXV}'XQj.
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3.3 Two-level Algorithm

Moreover, for H > h let Ty be a triangulation of the coarse domain 2y = {2 such that
the associated subspace Xg = Xy C Xp. Then, X plays the role of a global coarse space

and we can decompose X}, into an overlapping sum by

J
X, = Xo + Z X;.
j=1
For j =1,...,J we introduce local bilinear forms A;(-,-) : X; x X; — R as restrictions

of Ap(-,-) to Xj, as well as a coarse bilinear form Ag(-,-) : Xo x Xo = R by

Uu; Pj uj Pj u; Pj
Ajlfoj [ %] | =2 |vi] | Vv [ || €45
Dj q; Dj q; Dj q;
Uo $o Uop ¥0 Ug $o
Ao | vo || %o =wy'An | | o || %o V{vo || %o | € Xo,
Po q0 Po q0 Po q0

where the coarse bilinear form is scaled by a relaxation factor 0 < wy < 1. In practice we
will set wy = 1, but we need to define it for the convergence analysis. Further, we define

projections Pj: X, — X; and Py: X; — Xo by

U ©i U ®i Pj
Aj [ Pifon | [ o5 | | =2n] |on] | Vg | €X;0 (312
Ph 4qj bn a;j 4qj

for j = 0,1,...,J. Note, that the bilinear form eg(-,-) is not inherited from es(-,-)
although Xz C X}, because it differs in the face and boundary terms. Thus, Py is not a

projection, since consequently Ag(-,-) differs from Ay(-,-).

With the specification of the P; and Py in (3.12) we recall the definition of the multi-
plicative Schwarz operator Py, : X} — X}, the additive Schwarz operator P,q : X; — Xp,
and the hybrid Schwarz operator Py : Xj, — X, from Section 2.4 by

Pau=1-FEmu, Eamu=I-P)---(I-P)(I-P), (3.13)
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and

J

Pa=)_Pj, (3.14)
3=0
as well as
J J
Payb=I-Enp, Epp=|T1-wd P|UI-PR)|I-w> P,
j=1 j=1

where w is a relaxation factor that depends on the overlap and can also be used for tuning
the method.

3.4 Convergence Analysis

There is no immediate convergence analysis for subspace correction methods for saddle
point problems. Therefore, we follow [Sch99] and transform (3.11) into an equivalent,
singularly perturbed problem for any fixed ¢s > 0. Then, we prove robust convergence
with respect to ¢; — 0, cf. [AFW97, LWXZ07, KM15] by applying the abstract two-level
Schwarz theory as introduced in Section 2.4.

In order to be able to apply the two-level Schwarz framework for symmetric, posi-
tive definite operators, we first transform system (3.11) into an equivalent, symmetric
and positive definite (Lemma 3.4), singularly perturbed problem in Section 3.4.1. Then,
we follow the abstract theory of two-level Schwarz methods for H4V-conforming finite
element discretizations as introduced in Section 2.4. First, we make the standard Assump-
tions 2.8 and 2.9 on the covering {_Qj};]:l of the domain 2, see [TW10, AFW97, FKO01].
In addition, we need to verify Assumptions 2.2 to 2.4.

As a preparatory step for the proof of Assumption 2.2 we decompose the product
space W, on which the singularly perturbed problem is formulated into an orthogonal
sum with respect to the kernel of a divergence operator in Section 3.4.2. In Section 3.4.3
we then provide a main result of this chapter by proving Theorem 3.11, i.e., the stable
decomposition of arbitrary finite element functions in W, . In Section 3.4.4 we will then
proof the local stability in Lemma 3.12, and the strengthened Cauchy-Schwarz inequalities
in Lemma 3.13.

All this gives us a bound for the condition number of the preconditioned singularly
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perturbed system. Since this bound is robust in the perturbation parameter cg, even in
the case ¢s — 0, and we have equivalence of the singularly perturbed problem and the

discrete three-field formulation (3.11) this proves the following two Theorems 3.2 and 3.3.

Theorem 3.2. The multiplicative two-level Schwarz method (3.13) converges uniformly
in the mesh size h and is robust with respect to the rescaled material parameters X\ and

Cs.

Theorem 3.3. The additive two-level Schwarz method (3.14) converges independently

of the mesh size h and the rescaled material parameters \ and cs.

The rest of this section is devoted to the proof of the stated preliminaries.

3.4.1 An Equivalent, Singularly Perturbed Problem

As shown in [KR18, HKLP19], strong mass conservation can be recovered from sys-
tem (3.11) by using H4-conforming discretizations for the displacement field and seep-
age velocity in combination with piecewise polynomial approximations of the pressure if

the discrete spaces match. To be more precise, the discrete mass balance equation
—divup — divu, — cspp, = gn
is fulfilled point-wise if the condition (3.7) is met. This allows us to substitute
P = —cs_1 (divuyp, + div oy, + gp)
and obtain the equivalent, singularly perturbed system

eh(uha ‘P) + )\d(uha ‘P) + Cgld(uh + Vp, ‘P) = (.f? LP)Q - 6;1 (gh,diV QO)Q
k(vn ) + ;' d(un + vp ) = —c; ' (gn, dive)

for all (p,) € W, = Uy x Vj,. We rewrite this system as
o, Up ’ P — 7, P
vp, P P
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() () = () G -2 (G- ()

where the bilinear forms Ay, (-,-) and D (-,-) are defined on W, x W, by

(£ 9) s

D ((uh> : (:)) = M (up, ) + ¢ d(up + vn, @ + ) (3.16)

Up,

with

and the right hand side is given by

Fh ((:)) = (£:9) o — ¢ (gn divie +9)) -

Lemma 3.4. The form <, (-,-) defines a symmetric, positive definite bilinear form on
W,

Proof. 1t is clear by definition that ., (wp,, wy,) > 0 for allw), € W, and also o7, (wp,, wp,) =
0, if wy, = 0. Therefore, let &7, (wp,, wy) = 0 for wy, = (up,vy) € W),. Then, the choice
of the boundary values as formulated in Assumption 3.1 for the displacement, as well as

the seepage velocity, together with

u u
o () (1)) = ol + oy

implies wy, = 0. The symmetry of o, (-, ) follows by the symmetry of the bilinear forms
eh('v')7 k(a) andd(':')' 0

Similar to Section 3.3 we choose local subspaces W; C W) associated with the subdo-

mains {2;, such that

as well as a global coarse space Wy = Uy x Vi, which provide a decomposition of W,
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into an overlapping sum of subspaces, i.e.,

J
W, = Wy + Z W
j=1

Note, that every wjy, € W, then admits a decomposition of the form

J
wp = ij, w; € Wj. (3.17)
j=0
For j = 1,...,J we introduce the local bilinear forms <7 (-,-) : W; xW; — R as re-

strictions of @, (+,-) to W, and a coarse bilinear form % (-,-): Wo x Wy — R as
) (-,-) = &g (-,-). Analogously to (3.12) we define the projections P;j: W, — W;
and the projection-like operator Fy: W, — Wy by

a(m()-(2) = () () o (2)em

3.4.2 Decomposition of the Spaces according to ker(D)

Our goal in Section 3.4.3 is to prove that for any wy € W,, any decomposition of the
form (3.17) is stable under the global and local bilinear forms @, (-,-) : W), x W,, = R
and 7 (-,-) : W,; x W; — R, respectively. As a preparatory step we decompose the space

W,, into the orthogonal sum
W, = ker(D) @ ker(D)* (3.18)

of the kernel of the summed divergence operator

wtovem=q(z)em o () C)) o ) o)

and its Ay, (-, -)-orthogonal complement
ker(D)E =4 (") ew, : 4 (™). (P)) =0 v[?) cke()},
Vp, Up, "/) ’lb
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cf. [AFWO97, Hip97|. To this end we introduce the discrete Helmholtz-decompositions
Uy=UlaUt, W=VleV,

of Up, and V}, into their divergence-free subspaces U, ,? and VhO , and their ey, (-, -)-orthogonal
and k (-, -)-orthogonal complements, respectively, cf. [AFW10, KM15],

U ={un €Uy : ep(un, ) =0 Ve U},
Vii={vh € Vi : k(vp,9) =0 Vop eV}

The following lemma characterizes Wy = ker(D) C W,
Lemma 3.5. For A > 0 there holds
WP =ker(D) = Up x V2, Wit =ker(D)t = Ui x Vi

Proof. First, let (up,vy,) € ker(D). Setting ¢ = up, and ¢ = vy, in

o(£) )

shows that a necessary condition is divuy, = 0, and as a consequence also divwv, = 0.
Thus, ker(D) C UP x V2. On the other hand, (ul,v?) € UP x V} implies immediately

(4 ()

for arbitrary (¢,) € W,,, and we have U x V}! C ker(D). The statement for W;- follows
directly due to its definition as orthogonal complement to W,? in (3.18). O

Note that for all w) = (u?,v)) € WP and 7, = (¢n,¥n) € W), there holds
o, (wy, mh) =en(ul, n) + k(v), ). (3.19)

Remark 3.6. For A\ = 0 the space ker(D) is larger, because D is then defined by
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d (up + vp, p + Y¥r) only and therefore

ker(D) = U? x V0 + {(u,v) UL x Vit : divu = —divv}.

3.4.3 Stable Decomposition

The main result of this section is Theorem 3.11. Before we can prove it, we begin by
recalling known facts from the literature and showing some auxiliary results.

In order to represent divergence free functions in the displacement space U}? we intro-

duce the space
S(92,Tn) = {sn € Hy(2) : sp|r € HX(T) for all T € Ty, },
which is equipped with the discrete norm

1
2

1 1
Iorla = { IVl 3 Gl 3 Glowlfy) - @20)

TeTh FEFLh BEFB’h

Following [KS14], the bilinear form ey (-, -) on the divergence free subspace is algebraically
equivalent to the bilinear form of a C%-interior penalty formulation of a corresponding
biharmonic problem by assigning velocities up = curl sy, where u, belongs to the discrete
stream function space S({2, 7). Using arguments as in [KS14], it is easy to see that in

two space dimensions there holds the elementary identity
|curl Sh”l,h = HShHQ,h’ Vs, € S(£2,Tr), (3.21)

where curl = (092, —01). Indeed, since in two dimensions, curl sy is just the rotated
gradient, equality of the bulk term is obvious. Comparing the jump terms in the defini-
tion (3.8) with (3.20), the latter contains only the jump of 0, s, while in the former we
consider the jump of the whole vector curlsy,. Since s, € H2(T) for every cell, the trace
of curl sy, is defined on every interface. Furthermore, its tangential derivatives from both

adjacent cells coincide almost everywhere, such that for an interior face F' there holds

lfewrlslllp = [[Vslll = [[Onsn] ] p-
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On the boundary, the definition of S(§2,7;) immediately implies that the tangential
derivative vanishes and thus ||curlsy| 5 = ||Onsh|| 5. We point out that we did not verify
the identity (3.21) for the three dimensional case £2 C R? and leave this special matter
for future work.

Next, we recall a result from [BWO05, Lemma 4.2] showing that functions in S(§2, 7)
have a stable decomposition with respect to the norm (3.20).
Proposition 3.7. Every s € S(£2,T,) admits a decomposition s = Z}-]:O sj with sj €
S(£25,Tr), so € S(£20, Tu), such that

J
H4
ool + Sl < e (14 55 ) sl

J=1
for some constant ¢ > 0.

The above results suffice to prove the stability of the decomposition of the divergence
free subspace of Uy, with respect to the elasticity energy norm.

Lemma 3.8. Every function u® € U}? admits a decomposition of the form u® = Z}']:o u?

with u;) € UJQ, which satisfies the bound
0,0 0,0 ! 0,0
eH(uo,uo) + eh(uj,uj) <c (1 + (54> eh(u , U )
j=1
for some constant ¢ > 0.
Proof. For every u® € U, }? there exists a unique stream function s € S(§2,7;), such that

u? = curls.

Now we decompose s = ijo sj and choose

0 _ .
u; = curls;,

such that u? eU ]Q and by linearity of the curl
J
W=l
=0

J
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Continuity of ep(-,-), the stability of the decomposition in Proposition 3.7 and iden-
tity (3.21) yield

J J
uo,uo +Zeh _c chrlsoHiH+Zchrlstih
j=1 J=1

J
H4
Jooll 4 S lsile | < e (1 5 ) sl

j=1
HA 4
2 H 0,0
<1 + 5 > chrlsHLh <c (1 + 64> eh(u ,Uu ),
where we have used Korn’s inequality (3.9) in the last estimate. O

Next, we show that also U, hL has a stable decomposition with respect to the elasticity

bilinear form.

1 1

€ U,f- admits a decomposition of the form u— =

Z;’ 0 L with u € Uj, which satisfies the bound

Lemma 3.9. Every function u

J
H2
m(ug, up) + Z en(u (1 + 52) en(ut, ut) (3.22)
7=1
for some constant ¢ > 0.

Proof. We use the construction in [TW10, chapter 10] and adapt it to the bilinear form
en(+,-). To this end we introduce the semicontinuous space U+ containing functions which

can be characterized as the image of Uj, under an orthogonal projection O : HS“V(Q) —
H{M(0), ie., UT = ©4(Uy), which is defined by

Oty = u — curlw,
where w € H curll () satisfies

(curlw, curl U) = (u, curl v) Yo € HOL(curl; 2).

9 2

Here Hg VL) and ngrl’J‘(Q) denote the orthogonal complements of the divergence-
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free and curl-free subspaces

HIO () = {'v € HIV(0) : dive = o},

H(():ul‘l,(](g) — {U c ngrl(ﬂ) : curlv = 0},

of H{V(§2) and HS™(£2) in the (-, ) maiv() and (v, ) gewn () inner products, respectively,

ie.,

H{™(02) = H™"(92) & Hy™ (2), (3.23)
Hi (@) = H"™ () & HE"™ (92) (3.24)

Note that the decompositions (3.23) and (3.24) are both L2-orthogonal as well. The
finite dimensional space U™ is not a finite element space, however the divergence of these

functions are finite element functions.

Further, we define the projection P"*: H{V(2) — U+ by
(div (Phu — u),divgo)!2 =0, VoeUT™.
From [TW10, Lemma 10.12] for convex {2, we have the approximation property
HuL — PhuLHQ < cthivuLHQ Vul € Ui (3.25)
Then, for P" there holds
HPhuLHHdiv(Q) = CQHULHHdiv(Q)’ vu' € Uy

with a constant ¢, depending on 2. It follows immediately from [CKS05, Proposition
4.6] that for another constant ¢, depending on mesh grading and shape regularity, we

have
1P ] < el (3:26)
For the L2-projection IT7 : [L2(£2)]¢ — Uy onto the coarse space Uy there holds

o~ 1], < cHljul], . (3.27
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3.4 Convergence Analysis

Additionally, we have H'-stability of IT, i.e.,
1 ], < ellull,,, (3.28)

We are now ready to choose

= o o ).

where I" is the canonical interpolation into Uj, and {0, }‘]-]:1 the piecewise linear partition
of unity defined in (2.18). We point at the fact that u} € Uj; is not necessarily a function
in U3-.

€L

Let @ = u® — u}. Noting that on each cell T' € Ty, the function 6;@ is polynomial and

hence
11" @@y, < cllO5all, - (3.29)

By continuity of the bilinear form eg(-,-), the bounds (3.28) and (3.26), and coercivity
of ep(-, ) we get

en(ug, ub) < | TP ut],

h, 112 112 1,0 (3.30)
<cf|Prutly, < cllut], < cen(ut,ur)
and
@, < (a2, + 1T PPt ) < cautut). @3)
By (3.25), (3.27), and using h < H, we obtain
[l < flu™ = Phu||, + || Phut — 7 Phus]|,
< chdivur],+cHlur],, (3.32)

<cHluty,

Using continuity of ey (-, -), (3.29), the properties of 6, (3.32), (3.31), and coercivity of

65



Chapter 3 Two-level Schwarz Preconditioner for Biot’s Consolidation Model

en(-,+), as well as the finite covering Assumption 2.9, we get

3" enfud ) <czufh <czue al?,

j=1
J
< cz( 5 (190, ol + 0,51
j=1 \T€T,
1 (3.33)
3 Gl e S Gloal)
FEF[ h BEFB,h
1. -
cssally, +llal;,
2
<1 + ?2) eh(uL,uL).
Finally, combining (3.30) and (3.33) results in the desired estimate (3.22). O

Moreover, W,g has a stable decomposition with respect to <7, (-, -).

Lemma 3.10. Every w° = (u®,v°) € W,? admits a decomposition of the form

J
0 _ 0 0 0
which satisfies the bound

J H4
0 0 0 ,.0
> (wfwf) < (14 5 ) o (. 0)
j=0
for some constant ¢ > 0 independent of the model parameters and of J.

Proof. By Lemma 3.8, every u’ € U }? has a decomposition u? = ijo u? with u? eU ]-0,
such that

J
H4
cnlu ) S ad) < o (1457 )

=1

with u? = curls;, where s; is chosen as in the proof of Lemma 3.8.
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3.4 Convergence Analysis

Further, by a classical result in domain decomposition theory that goes back to [DW94],
every r € S(§2,7T) has a decomposition r = Z}'Izo rj, such that

J
H
>l < e (1+ 5 ) Irlincar
=0

By choosing v? = curlr;, we get for the second term in (3.19)

J J J
k(0),0) < Cre > _leurlrs[g, = Cic > [Irsll o)
=0 =0 §=0

H H
K <1 + 5) HTHiﬂ(Q) =cCk (1 + 5 ) chrer?2 (3.34)

H 0,0
x (1—1—5) k(v ,U)

where we have used (3.2). The assertion of the lemma follows then by choosing 'wg =

<u9,v?>9 = (curlsj, curlrj),, € VVJQ forall j =0,...,J.

J

Q

<c

5

<c

(I

We are ready to state and prove our main result.

Theorem 3.11 (Stable decomposition). Every w € W, admits a decomposition of the

form
J
w = Z wj, w; e W;
5=0
which satisfies the bound
J H4
> (wj,wy) < ek 0 (1 + 54> I, (w, w)

=0

for some constant cx o > 0 independent of the model parameters X\ and cs in the dis-
crete bilinear form <, (-,-) defined in (3.15)~(3.16) and independent of the number of

subdomains J as well as of the discretization parameter h, but dependent on {2 and K.

Proof. For w = 0 the result is trivial. So let w € W, , w # 0, be arbitrary. To start with,
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we decompose w in the form

-~ ()= ()

with (u%,v%) € U° x V0 and (ut,v!) € U+ x V+. Since we need to control the term
d(u +v,u + v), we define ¢ = u' + v+ and decompose it into ¢ = @° + @, ¢ € VO,
where ¢° and ¢+ are orthogonal with respect to k (-, -). Then, the decomposition of w

that we will use in our proof reads as
u u? . ut N 0
w = =
v v? —ut ®
_ u? n 0 n ut n 0
T\ 0 (po —aut Soi

= w’ 4+ w! + w? + w. (3.35)

We decompose each component of each summand in (3.35) according to

M~
k)gc
Il
\.:O
&
Il
\.eo
M-
)
<o
|
AY)
o [«

I
o
<
I
o

M~
u;—t

Il

I~
e
M~
Qd,_.

Il

e
e

=0
J
1 1
> wi =,
=0

<
Il
o
<
Il
o

where ug € UJ-O, ’UJO- € Vjo, cp? € Vjo, ujl e Uj, 'vjl € Vj and gojl- € Vj are specified below.
The superscript 1 of u]l, vjl» and cp} indicates that these terms are not orthogonal. Now,
we define w; = 'w? + 'wjl- + wjz + wg?, where

0
u; 0
w?z(é)EWJQ, w}:(0>erQ,
Y; ¥j
1
4 0
w]?:(“ﬂl)ewj, w§:<1>em,
Uy ¥
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3.4 Convergence Analysis

and herewith estimate

(4 (w}, wf) + 7 (w;, wj)

'M“

J
E :4273 wj, wj)
Jj=0 Jj=0

+o; (i, wi) + o (w?, w?)) . (3.36)

In the kernel W} we have by Lemma 3.10 for w® = (u?,v") € W}

<

J J
> oty (w0, wf) = en(ud, ) + 3 enfeud w) + D k(n), o))
j=0 j=1 j=0

< g (en(u, u®) + k(v°,0°)) = cp st (w,w?) . (3.37)

For the decomposition in the orthogonal complement W,LL, we will use the stability

estimates

Further, we note that
d(et o) =d(p.p) =d(ut + v ut +ob). (3.40)

Then, the stability of the L2-decomposition (3.34) and the estimate (3.38) yield

J J
> (wiw)) = k(9. ¢)) < cusk(e’, ¢°)
=0 =0

< e (B(ubut) +k(hot)) . (341)

Moreover, by Lemma 3.9 and [TW10, AFW97], we have

J J J
Z;zfy(w?,w?) u0>u0 +Zeh Uj;, u; +Z J’ J —i—)\d(uj,uj))
7j=1 7=0

<CH5( Wt ut) + k(utut) £ ad(ut ut)).
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Again, by [TW10, AFW97], stability estimate (3.39), and equality (3.40), we have

M-

I
=)

J
> (wiw) =

Jj=0 J
< e (k(eh 0h) + (et b)) (3.42)

<cms (k(uLﬂtl) + k(vt,vt) + ¢ td(ut + vt ut + ’UJ')) .

(k(#),07) + ¢ d(e], #7))

Due to the special choice of the decomposition (3.35), the term k (uJ-, uL) arises in (3.42),

which we further estimate using the Poincaré inequality
k(ul,uJ‘) < cK,th(ul,uJ‘) (3.43)

with a constant ck o depending on the domain {2 and the permeability coefficient K.
Thus, collecting the estimates (3.36), (3.37), and (3.41)—(3.43), we obtain with w' =
(ut,vt) e Wit

J

> (wj,w;)

=0
<cms (eh(uo, uo) + k(vo, UO) + k‘(uL, ul)
+ eh(uJ‘, uL) + k(vJ‘, ’UL) + )\d(uJ‘, ul) + c;ld(uj‘ + ot ut + vl))
SCH,&K,Q <£fh (’LUO, wO) + Mh (wLa wL>)

=cH5 K,0%, (W, w)

where the constant cp 5 i, for a proper overlap § depends only on K and (2. O

3.4.4 Local Stability and Strengthened Cauchy-Schwarz Inequalities

It remains to verify Assumptions 2.3 and 2.4.

Since we have chosen exact bilinear forms in the definition of the local components
72 Ul T e B 7 e T for j=1...,J,
Uj Uj Uj Uj
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3.4 Convergence Analysis

it suffices to prove Assumption 2.3 only for the coarse bilinear form . (-,-), compare
also Remark 2.5.

Lemma 3.12 (Local stability). For each wy € Wy it holds
H
p, (wo, wo) < WOE% (wo, wo),

with wy < 1, such that wO% < 2.

Proof. On the coarse space, we have chosen a non-inherited form for the approximation
of the elasticity bilinear form, namely eg (-, -) instead of ey (-, ), which differs in the face
and boundary terms because of the different cell size H > h. Due to the continuity of
the coarse displacement functions ug = uy € Uy on every coarse cell, the jump terms

|[ws]||z vanish for all faces F' that lie in the interior of a coarse cell. Therefore, we have

H
eh(uo, UO) < Z(BH(’U,O, UO). (3.44)

Since all other terms of the coarse space operator « (-,-) are chosen to be exact, the
statement of Lemma 3.12 follows by estimate (3.44). O

The relaxation factor wy is essentially defined for the convergence analysis, such that
the coarse bilinear form is scaled enough to assure wo% < 2 and thus Assumption 2.3 is
fulfilled. Such a relaxation parameter can always be introduced, but we are not free to
scale the local and coarse bilinear forms arbitrarily, since a small wg will result in small
corrections of the error, and in a large constant Cy of the stable decomposition resulting
in poor bounds for the largest eigenvalue, see [TW10, p. 41] and [SBG96, p. 155]. In

practice such a relaxation is not necessary and we will set wg = 1.

Lemma 3.13 (Strengthened Cauchy-Schwarz inequalities). For 1 <1i,j < .J there exist
constants 0 < g;; < 1 such that

N

1
|27, (Wi, wj)| < €459, (w;, w;)? o (Wi, w;)?,

forw; € W;, wj € Wj.

Proof. The existence of the constants ¢;; is a direct consequence of the Cauchy-Schwarz-

inequality. To get a small bound we take a look a bit more in detail. The local function
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Chapter 3 Two-level Schwarz Preconditioner for Biot’s Consolidation Model

w; has support only on the patch 2; and is continued by zero on the rest of the domain
2\ £2;. Since two functions, w; and wj;, have common support only in the intersection

£2; N §2;, we immediately get values e;; < 1. O

3.5 Numerical Tests

The performance and robustness of the proposed Schwarz preconditioners defined in
section 3.3 shall be examined in a series of numerical tests, covering a large variety
of the parameter regimes, as well as different kinds of boundary values. We restrict
the presentation to the case of isotropic permeabilities K = «I and demonstrate the
robustness of the two-level Schwarz preconditioners for the case of H%Y-conforming
discretizations of Biot’s quasi-static consolidation model with RT} x RT} x Q. finite
elements. The implementation has been done in C+ 4+ and is based on the finite element
library DEAL.11 [ABFT22], as well as on existing code that was available in the group
at the IWR at the time of writing this thesis. Parts of the code use the linear algebra
software package LAPACK [ABB"99].

In Section 3.5.1 we introduce a first test scenario with homogeneous Dirichlet boundary
values, for which the performance of the multiplicative and hybrid two-level Schwarz
methods is tested in Section 3.5.2 by measuring the iteration counts of GMRES. Starting
with a short investigation on different polynomial degrees k = 0, ..., 3, the robustness
of the methods with respect to the parameters A\, k! and ¢, is tested. The two-level
Schwarz methods show robust iteration numbers, where the dependence on the inverse
permeability enters the results only slightly, without restricting the applicability of the
proposed methods. For extremely large values of A and for values of x~! very close to zero,
numerical instabilities occur that can be remedied by scaling the system. In Section 3.5.3
another test case is introduced, covering mixed Dirichlet-Neumann boundary conditions.
For this scenario the inclusion of boundary patches improves the performance results
of the hybrid method. Furthermore, the dependence on the permeability appears to be
switched. Otherwise, the results are similar to the test case with homogeneous boundary
values. In Section 3.5.4, the optimal choice of the relaxation factor of the hybrid two-
level Schwarz method is investigated. In Section 3.5.5, the multilevel Schwarz method is

examined.
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3.5 Numerical Tests

3.5.1 Test Case with Homogeneous Dirichlet Boundary Values

The setting of this first numerical test has been taken from [HKLP19, section 6.1]. It is
constructed such that the solution is divergence-free in the displacement component and
is otherwise strongly dominated by the pressure. It serves somewhat as prototypical test
case for the later examples, since the local problems always have homogeneous boundary
values and a mean-value free pressure in all of the following problems. The setting is

defined as follows. Let the force f and the source g be given by

o <9ooax<p — 9o — 20yp

, = 900kAp — ¢5(900¢ — 1),
9008, + P + 8908550) g ¢ = (9000 = 1)

where ¢ is defined on the square 2 = (0,1) x (0,1) by
e =2z —1)%*(y —1)°.

Homogeneous Dirichlet boundary conditions are prescribed for the solid displacement u
as well as for the normal direction of the seepage velocity v on the whole boundary 042,

ie.,
u=0 on 912, v-n=0 on Jf2.

Here, n describes the unit outward normal vector. The solution of this partial differential
equation is defined up to an additive constant for the pressure p. Thus, we search for a

mean-value free solution in the pressure component satisfying

/pdsz.
2

The exact solution to this system is in HE(£2) x HFY(£2) x L3(£2) by construction and
given by

B
u= ( ;“0 ) . w=-900kVp, p=900p — 1. (3.45)
— CELP

A visualization of a sample calculation can be found in Figure 3.1.

For the tests the domain {2 is divided into 2%¢ squares, each of size h = 2~¢, where ¢
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Figure 3.1: Visualization of an example calculation of the experiment with ho-
mogeneous boundary conditions. The arrows illustrate the flux of
the seepage velocity, the isolines show the pressure and the displace-
ment is visualized by the deformation of the grid. The magnitudes
are exaggerated in favor of the representation.

denotes the corresponding level on which the calculations are performed. To discretize
the partial differential equations we use the triplets RTy x RT} x Qp, k > 0, of equal
order Raviart-Thomas and discontinuous cell-wise polynomial finite element functions,

such that we have matching spaces satisfying
div RTy, = Q.

The dimension of the finite element space RT} x RT} X Q, as well as the additional data
of the mesh is summarized in Table 3.1. The resulting discrete linear system is solved
with a preconditioned GMRES method until the starting residual has been reduced by a
factor of 1078, Note, that the Richardson iteration has only been used for the analysis,
while in the numerical application scenarios the potentially faster GMRES algorithm
is taken instead. As preconditioner we use the overlapping two-level Schwarz methods
described in Section 3.3. Therefore, we define vertex patches that are made out of four
cells surrounding every vertex in the interior of 2. For an illustration of the vertex
patches see Figure 2.2. The relaxation parameter of the hybrid Schwarz preconditioner

Py, is chosen to be w = 0.25 to compensate the effect of adding the overlapping patches,
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Dofs
h Cells | k= k=1 k=2
1 1 9 28 57
1/2 4 28 96 204
1/4 16 96 352 768
1/8 64 352 1344 2976

1/16 256 | 1344 5248 11712
1/32 1024 | 5248 20736 46464
1/64 4096 | 20736 82432 185088
1/128 16384 | 82432 328704 738816

N O U R WO

Table 3.1: Discretization data of the finite element space RT} X RT} X Q.

which have an overlap of size 6 = h. In case of the multiplicative method P, no such
relaxation for the patches is needed. The coarse space is always assembled one level below
the actual level, i.e., H = 2h leading to a constant factor % = 2. As noted after the proof
of Lemma 3.12 no additional relaxation factor is required for the coarse space correction
in the following tests, i.e., wy = 1, although the factor % is not strictly less than two. To
solve the local problems on each vertex patch, as well as the coarse problem, we use a
singular value decomposition (SVD) from LAPACK that takes the one-dimensional

kernel of the pressure component into account.

3.5.2 Performance of the Two-level Schwarz Preconditioners

To start the discussion of the performance of the multiplicative and hybrid two-level
Schwarz preconditioners P, and Py, we perform calculations for different polynomial
degrees k = 0,...,3 of the above described test setting in Section 3.5.1 on different
mesh refinement levels and record the iteration counts that the preconditioned GMRES
method takes to reduce the norm of the starting residual r¢ up to a factor of 1078, such
that the norm of the current residual ||r||, is below the relative tolerance 1078 ||ro||,.

For £ = 0 and k£ = 1 we observe some sort of stiffness of the methods compared to
polynomial degrees k > 2 as can be seen in a sample calculation with A = 100, Kk = 1,
and ¢ = 0 in Table 3.2.

For the hybrid method the numbers drop from around 22 for £ = 1 to approximately
14 for k = 2, and are then constant for all degrees k > 2. The multiplicative method

produces similar results, where we can observe iteration counts around 15 for polynomial
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Py Phyb
h k=0 1 2 3 k=0 1 2 3
1/4 7 8 5 3 7 15 15 14
1/8 12 13 6 3 15 20 15 14
1/16 14 15 6 2 24 22 14 14
1/32 15 15 6 2 2T 22 13 13

Table 3.2: Comparison of multiplicative Schwarz preconditioner Py, and hybrid
Schwarz preconditioner By, with respect to different polynomial de-
grees k = 0,...,3 for RT} x RT} x Q. Calculated with A = 100,
k1=1,¢,=0.

degrees k < 1, which drop to 6 for k = 2. For k > 2 the iteration counts of P, reduce
even further until they reach 1 for £ > 4, since the method then resolves the polynomial
structure of the given solution (3.45) exactly.

A polynomial degree of k = 2 seems to give a good balance of effort and performance,
thus, we will focus on this case in the following tests. For a comprehensive overview, we
will also cover the lowest-order variant k = 0 later on.

We continue by comparing the performance of P, and Py, with respect to different

choices of patches in the case k = 2. Therefore, we consider the following possibilities:

1. non-overlapping cell patches, where each patch consists of a single cell,

2. overlapping vertex patches without boundary patches, where the corresponding
vertex is located at the boundary 012,

3. overlapping vertex patches with boundary patches, but without single cell patches,
where the corresponding vertex is located in a corner,

4. overlapping vertex patches with boundary patches and with single cell patches.

In Table 3.3 we see that the number of iterations deteriorates for non-overlapping cell
patches as expected from the analysis in Section 2.4.4. Selecting overlapping vertex
patches yields uniform iteration counts for the multiplicative and the hybrid operator,
while for the multiplicative method it makes no difference whether boundary patches are
included or not, since the required iteration count remains at about 4. For the hybrid
method, we observe a small beneficial effect of incorporating boundary patches, but no
further improvement when single cell patches are included. Since the number of iterations

only decreases from about 14 when boundary patches are excluded to 12 when boundary
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Py Phyb

h cp vp vpb vpbs|cp vp vpb vpbs
1/4 | 17 4 4 4 30 15 12 11
1/8 |19 5 4 4 33 15 13 12
1/16 | 23 5 4 4 32 14 12 12
1/32 125 4 4 4 34 14 12 11

Table 3.3: Comparison of iteration counts of GMRES for different choices of
patches: cell patches (cp), vertex patches without boundary patches
(vp), vertex patches with boundary patches but without single cell
patches (vpb), vertex patches with boundary patches and with single
cell patches (vpbs). Multiplicative two-level Schwarz Py, hybrid two-
level Schwarz F,y1,. Homogeneous boundaries, RT> X RT3 x Q2, A =
k1=1,¢,=0.

patches are included, we choose the less expensive version without boundary patches for
both the hybrid method and the multiplicative method for the following performance

tests.

Robustness for &k = 2

We now discuss the performance of GMRES with respect to a variety of parameters in
the system for polynomial degree k = 2.

In order not to overwhelm the reader with numbers, we restrict the presentation to
the four cases, where \, k=1, A = k™! and ¢, are varied while the other parameters
remain constant, since this covers the most important test cases for demonstrating the
robustness of the method for all parameter ranges. In particular, the case c¢s > 0 is not
as interesting mathematically, since the system is then no longer a saddle point system
and is therefore easier to solve. As explained in detail in [Phi05, Sec. 5.2] in the context
of locking, ”a null constrained specific storage coeflicient value, cs; =~ 0, appears to be a
necessary condition for numerical problems to occur”. Thus, we neglect the cases where

1is varied together with ¢, in the presentation, since the numbers are constant

Aor K~
in these cases anyway. Since the parameters A\, K~! and ¢, are rescaled quantities, see
(3.4), their robustness transports directly to all physical parameters in the system, i.e.,
the Lamé constants, the permeability, the Biot-Willis constant, and the specific storage

capacity, as well as the time step size.
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P Py,

h | A=0 1 102 10* 105 10%8| O 1 102 10* 105 108
1/4 4 4 5 5 5 5 [ 15 15 15 14 14 13
1/8 5 5 6 6 6 6 |15 15 15 15 15 13
1/16 4 5 6 6 6 6 | 14 14 14 14 14 12
1/32 4 4 6 6 6 6 | 14 14 13 13 13 11

Table 3.4: Tteration counts of GMRES with respect to A. Multiplicative two-
level Schwarz (left), hybrid two-level Schwarz (right). Homogeneous
boundaries, RT» x RTy x Qo2, k' =1, ¢, = 0.

Starting with the constant A in Table 3.4, we observe robust iteration numbers for all
0 < A < 108 for the multiplicative Schwarz preconditioner Py, as well as for the hybrid
version Py, even in the nearly incompressible case, i.e., when A\ becomes very large.
Both produce constant iteration counts for 0 < A < 1 and A > 1, with Py, needing
only 4 iterations for small values of A and 6 for large values, while Py, needs 14 and 13,
respectively, to converge. Only for the case A = 108 GMRES converges slightly earlier in
the hybrid case with about two fewer iterations. As from the convergence proof expected,
we cannot observe a dependence of the Schwarz methods with respect to A. In this
table, as in all following calculations for this first test case, we see that the multiplicative
Schwarz preconditioner outperforms the hybrid method by about one-third to one-half
of the iterations.

In the practical calculations with extremely large parameters, numerical instabilities
of GMRES occur due to the large values generated in the course of the calculation,
especially for k!, but also for A\. Numerical instabilities also occur in the case of k!
very close to zero, since the matrix is then almost singular. For such parameter ranges,
building the (pseudo-)inverses of the local patch matrices and of the global coarse-matrix
becomes difficult or breaks down, even when using the robust but expensive SVD. This
happens because of the squaring of the diagonal entries of the system matrix amplifying
the already large (or small) values, compare Algorithm 2.2, and leading to an inaccurate
pseudo-inverse. For example, in the case k=1 = 1078, the iteration counts of GMRES
deteriorate with decreasing mesh size h for both the multiplicative two-level Schwarz
method and the hybrid method. This is even more evident for A = £~ > 105, where the
numbers exceed 100 iterations even for coarse meshes h < %. Furthermore, for k=1 = 1076

and for A = k=1 = 1078 calculating the SVD of the coarse matrix aborts.
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To avoid these difficulties and stabilize the computations, we scale the linear system
with a suitable scaling matrix so that the numbers remain within a reasonable range.
Therefore, consider that the system is given in the form Ax = f with the block vector

x = (u,v,p)’ and the system matrix

E +)\D 0 BT
A= 0 k1M BT
B B c,C

This system is preconditioned from the left and the right with a diagonal scaling matrix

sx;I 0 0
S=|0 s.I 0]},
0 0o I

where sy, s, > 0 are suitable scalar values and the identity I and the null-matrix 0
have dimensions according to the finite element spaces Uy, V}, and @j. The resulting
preconditioned system is then given by

SASy=Sf,

(3.46)
x = Sy,

with the scaling factors chosen as sy = 1/v/X and s, = /s such that the system matrix

A is scaled as

1E+D o BT

VoY
SAS = 0 M /&BT
LB kB ¢C

VA

In the following tests, we will use the scaling (3.46) in the cases summarized above.

The implementation of this scaling was realized in two steps. The first equation of
(3.46) is scaled in the assembly process by multiplying the local matrices and vectors on
each cell with the scaling matrix S. After the linear system is iteratively solved, the global
result vector y is then rescaled by another multiplication with S, yielding the solution
vector x. In this way, the system matrix as well as the patch matrices and the coarse

matrix are equivalently transformed and retransformed according to (3.46). Furthermore,
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K

h | 1078 1076 107* 1072 1 102 10* 105 108

1/4 1 1 3 3 4 5 6 6 6

P 1/8 | 2 2 3 4 5 5 6 6 6
meo1/16 | 2 2 3 4 5 5 5 6 6
1/32 | 2 2 3 4 4 4 5 6 7

1/4 1 9 10 11 12 15 15 15 16 15

. 1/8 | 10 10 11 13 15 15 15 16 16
wb1/16 | 10 10 10 12 14 14 14 15 15
1/32 ] 9 9 10 12 14 14 14 13 16

Table 3.5: Iteration counts of GMRES with respect to x~!. Multiplicative two-
level Schwarz (top), hybrid two-level Schwarz (bottom). Homogeneous

boundaries, RT> x RT5 X Q2, A=1, ¢s = 0.

A=r"1
h | 1078 1076 107* 1072 1 102 10* 105 108
1/4 1 3 2 3 4 5 6 6 6
P 1/8 2 3 2 4 5 6 6 6 6
m1/16 | 2 3 2 4 5 6 6 6 6
1/32| 2 3 2 3 4 6 6 6 6
1/4 9 10 11 12 15 15 14 14 14
1/8 | 10 10 11 13 15 15 15 15 15

Phyy 1/16 | 10 10 11 12 14 14 14 14 14
1/32 | 9 9 10 12 14 13 13 13 13

Table 3.6: Iteration counts of GMRES with respect to A = 1. Multiplicative
two-level Schwarz (top), hybrid two-level Schwarz (bottom). Homo-

geneous boundaries, RT5 x RT5 X Q2, ¢s = 0.

Py Phyb
h |es= 0 10710 107 1 0 10719 107* 1
1/4 4 4 4 4 15 15 15 15
1/8 5 5 5 5 15 15 15 15
1/16 5 5 5 5 14 14 14 14
1/32 4 4 4 4 14 14 14 14

Table 3.7: Tteration counts of GMRES with respect to ¢;. Multiplicative two-
level Schwarz (left), hybrid two-level Schwarz (right). Homogeneous

boundaries, RTy x RTy x Q2, A= r~1 = 1.
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the method also allows for a matrix-free implementation of the code.

We go on with investigating the performance of the multiplicative and hybrid two-level
Schwarz methods with respect to x~! in Table 3.5. The theoretical dependence of the
constant Cy in the stable decomposition on the inverse of the permeability does not
restrict us in the practical application of the method and can only slightly be observed
in this test scenario, see Table 3.5, where the numbers of the multiplicative Schwarz
preconditioner increase from 2 to 7 over the whole range of 1078 < k=1 < 108. Also in
the hybrid case, the numbers start at 9 and grow to 16, which is no restriction at all for
the applicability of the method. The observed numerical instabilities for x < 1076 were
resolved by scaling the system according to (3.46), resulting in a very low iteration count
of only 2 for P, and about 9 for BFyy,.

Similar results can be observed for A = k=1 in Table 3.6. The numbers are robust with
slight variations for large and for small values. Both methods the multiplicative and the
hybrid method are more sensitive for large values of K~! = X as the numbers deteriorate
for values greater than 10, but again, scaling the system for these values leads to robust
iteration counts with comparable results as in Table 3.5. Moreover, the dependence on
k1 is only slightly apparent and does not restrict the applicability of the method.

Finally, Table 3.7 shows constant iteration numbers when the specific storage coefficient

cs is varied.

Robustness for £k =0

We continue with the same tests for polynomial degree & = 0. For the multiplicative two-
level Schwarz method in the lowest order case RTy x RTp x Qo we use the scaling (3.46).
For the hybrid two-level Schwarz method, however, we use a scaling in h additionally to

the scaling already described. Therefore, we choose another diagonal scaling matrix

hl 0
Sp=1|0 +hI
0 0

>
~N © O

to precondition the system Ax = f as

S,SASS,y = S,Sf

(3.47)
T = ShS’y.
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Pmu Phyb
h A= 0 1 102 10* 10% 10% | O 1 102 10* 105 108
1/16 8§ & 13 12 11 10 | 15 15 18 17 16 15
1/32 9 8 14 13 12 10|15 16 18 17 16 14
1/64 9 8 15 14 12 11|16 17 18 17 15 14
1/128 9 8 15 15 13 12|16 17 17 16 14 13

Table 3.8: Tteration counts of GMRES with respect to . Py, with scaling (3.46),
Piy1, with scaling (3.47). Homogeneous boundaries, RTy x RTy X Qo,
k1=1,¢=0.

Ii_l
ho | 107® 107 107* 1072 1 102 100 105 108
1/16 | 4 3 5 7 8 9 13 14 14
P 1/32 | 4 3 5 7 8 8 11 15 15
muo1/64 | 4 3 5 7 8 8 9 15 15
1/128 | 4 4 6 7 8 8 9 15 16
1/16 | 9 9 12 12 15 15 18 19 19
B, 1/32 | 9 9 11 13 16 17 17 19 19
Yo 1764 | 8 8 1 13 17 18 17T 19 20
1/128 | 7 8 11 13 17 18 17 19 20

Table 3.9: Iteration counts of GMRES with respect to x~!. P, with scaling
(3.46), Pnyp with scaling (3.47). Homogeneous boundaries, RTy x
RTQXQO,)\::L, cs = 0.

A=rk"1
h 10°% 107 107* 1072 1 102 10* 105 108
1/16 | 4 3 5 7 8 14 14 14 14
P 1/32 | 4 3 5 7 8 15 15 15 15
muo1/64 | 4 3 5 7 8 15 15 15 15
1/128 | 4 4 6 8 8 15 16 16 41
1/16 | 9 9 11 12 15 20 21 21 21
, 1/32 | 9 9 10 12 16 21 22 22 22
b y/64 |8 8 10 12 17 22 2 22 22
1/128 | 7 8 10 13 17 21 22 22 22

Table 3.10: Iteration counts of GMRES with respect to A = k!, P, with
scaling (3.46), Py, with scaling (3.47). Homogeneous boundaries,
RTy x RTy x Qo, cs = 0.
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Py Phyb
h cs= 0 10719 1074 1 0 10719 104 1
1/16 8 8 8 8 15 15 15 15
1/32 8 8 8 8 16 16 16 16
1/64 8 8 8 8 17 17 17 17
1/128 8 8 8 8 17 17 17 17

Table 3.11: Iteration counts of GMRES with respect to c;. boundaries, RTy x
RTy x Qo, A=k~ =1.

This is necessary since the hybrid preconditioner Py, is much more sensitive regarding
the mesh size in the lowest order case, which has already been observed in Table 3.2,
where the iteration numbers of GMRES deteriorate with a refinement of the mesh for
k = 0. In the following, we only show the iteration numbers calculated with scaling (3.47),

since the numbers otherwise deteriorate for k = 0.

Using scaling (3.47) for Pyp, the numbers now flatten out as the mesh size decreases,
dropping considerably from 27 without scaling (Table 3.2) to 18 with scaling (Table 3.8)
for A =10 and h = 3—12 In Table 3.8, the situation is now comparable to the case k = 2
(cf. Table 3.4), except that the iteration numbers are about twice as large when \ is
varied for the multiplicative algorithm, and only about two iterations more are needed
in the hybrid case. For P, the same division of the ranges is observed with 8 to 9
iterations for A < 1 and 15 to 12 iterations for A > 102, while the numbers for Py, are

again somewhat more homogeneous, ranging from 17 to 13 iterations.

The dependence on the inverse of the permeability can be observed for both Schwarz
methods in Table 3.9, since the numbers rise from 4 to 16 for the multiplicative method
and from 8 to 20 for the hybrid method.

Very similar results occur also for the case A = x~! in Table 3.10. Again, the dependence
on k~! enters the results only slightly and does not restrict the applicability of the

preconditioners at all. When calculating with the multiplicative method we observe with

1

41 iterations an outlier for A\ = k1 = 108 and h = 128

In Table 3.11 the specific storage capacity is varied giving constant numbers for the

whole range considered.
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3.5.3 Performance for Mixed Dirichlet-Neumann Boundary Values

The second test scenario describes the flow through a porous and elastic channel. The
elastic solid is clamped from the left and the right and free to move on top and bottom.
The fluid has a prescribed inflow in normal direction on the left boundary, homogeneous
boundary conditions on top and bottom, and a free outflow on the right boundary. The
setting is illustrated in Figure 3.2 and the definition given in the following. We define
three different parts of the boundary of the domain 2 = (0,1) x (0,1) by

Fz’n:{wlzo}a Fout:{xlzl}a Fwall:{xQZO}U{x2:1}a

where & = (r1,22) € R?, on which we prescribe boundary conditions for the solid

displacement and the seepage velocity by

u=0 on I, U Loy, o(u)-n=0, on Ly,

v-(—n)=0.5 on Iy, v-n=0 on Ly,

as well as for the pressure
p=0 on I,y.

External forces as well as sink or source terms are eliminated by setting

0
)

For the mixed Dirichlet-Neumann boundary condition of the displacement u we need to
change the interior penalty bilinearform e, (u, ) such that the set of boundary faces I'p j,
contains all faces on I}, U Iy, but not the faces on I,q. Furthermore, all degrees of
freedom that belong to the normal component of w on I, U Iy, and of v on I, U Lyan
need to be constrained. To incorporate the inhomogeneous boundary condition of the
seepage velocity, we assemble the system with a homogeneous boundary condition on
I U Iy and use Newton’s method as an outer solver with a starting vector that has
the correct inhomogeneous boundary values. Then, the boundary values of the starting

vector are transported to all following vectors in the Newton iteration.

The resulting system is solved again with GMRES preconditioned by the multiplicative
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Fwall

I, out

5’1
IR

Fwall

Figure 3.2: Flow through a poroelastic tube. The arrows illustrate the flux of the
seepage velocity, the displacement is visualized by the deformation
of the grid, the pressure is shown via the background color. The
magnitudes are exaggerated in favor of the representation.

Py, Phyb
h ex in | ex in
1/4 9 8 17 15
1/8 8 8 20 15
1/16 | 8 8 20 15
1/32 | 8 8 19 15

Table 3.12: Comparison: Iteration counts of GMRES when single cell patches are
included (in) vs. excluded (ex). Multiplicative two-level Schwarz Py,
hybrid two-level Schwarz FPy1,. Mixed boundaries, RT3 x RT5 X Q2,
A=rk"1=1¢,=0.

and hybrid two-level Schwarz operators defined in Section 3.3 and solved until the starting

residual is reduced by a factor of 1075.

This time, we include also vertex patches where the corresponding vertex lies at the
boundary 02, so-called boundary patches. These patches are made out of two cells, if the
corresponding vertex lies on an edge. For vertices located in a corner the resulting patches
are called single cell patches, since they contain only one cell. As it turns out, we need to
include boundary patches in this test scenario with mixed Dirichlet-Neumann boundary
conditions, since otherwise the calculations fail. But, whereas boundary patches have to
be added to the set of patches, single cell patches can be left out for the multiplicative
Schwarz method. Their absence does not lead to a decrease of efficiency as the iteration

numbers are the same, as can be seen in Table 3.12 for the multiplicative operator
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Py Phyb
h | A=0 1 102 10* 105 10%8| O 1 102 10* 106 108
1/4 10 9 8 4 1 1 |15 15 14 10 4 3
1/8 9 8 6 4 1 1|1 15 14 11 5 5
1/16 9 8 6 4 1 1 |15 15 14 11 5 5
1/32 8 8 6 4 1 1|13 15 14 11 5 5

Table 3.13: Iterations of GMRES with respect to A. Py, without single cell
patches, Py, with single cell patches included. Mixed boundaries,
RT5 x RTy X Qa, k1 =1, ¢ = 0.

P For the hybrid Schwarz method, however, we clearly have a beneficial effect on the
iteration counts of GMRES, if single cell patches are included, see the columns for Py,
in Table 3.12, where the numbers drop from about 19 to 15, when single cell patches
are included. This particularly holds true in case of varying A and c,, whereas in case of
larger values of k=1 > 10? the effect is notably smaller with only one iteration difference.
For the following tests we thus include boundary patches for both operators, but use
single cell patches only for the calculations with Fyy,.

In Table 3.13 we see that the iterations of GMRES are robust in A and only for A > 10°
do we observed a numerical instability for Py, and Fy,. For both cases, a scaling as in
(3.46) leads to robustness even in the nearly incompressible case, with five iterations for
the hybrid method and only one iteration for Pp.

In Table 3.14 we observe robust iteration counts of GMRES with respect to x~!
for both, the multiplicative and the hybrid operator. In this test scenario with mixed
Dirichlet-Neumann boundary conditions the scaling (3.46) is important. We encountered
a dependence of the iterations with respect to the permeability « rather than on the
reciprocal £~! when no scaling is used, see Table 4.2 for the case v = 0. To be precise,
the iteration counts grow when x~! tends to zero, i.e., when x becomes large, which
is in contrast to the convergence proof of Section 3.4. In particular, the multiplicative
method without scaling shows deteriorating iteration counts for smaller becoming ="
and requires 50 iterations to converge for k=1 = 1078. Although not displayed in the
tables, the hybrid operator behaves similar as expected and is even more sensitive for small
values of k1 < 107 than the multiplicative operator. Nevertheless, with the scaling
(3.46) the iteration numbers are limited and even decrease for k=1 < 107, leading to

robustness of the numbers, as we can see in Table 3.14.
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K
h | 1078 1076 107* 1072 1 102 10* 105 108
1/4 | 8 8 8 8 9 6 6 4 4
P 1/8 | 5 5 6 8 8 5 6 4 4
™1/16 | 5 5 6 8 8 5 5 4 4
1/32] 5 5 6 8 8 5 5 4 4
1/4 | 20 20 22 25 15 11 11 8 9
. 1/8 | 12 14 15 18 15 11 11 9 9
wb1/16 | 12 14 15 18 15 11 11 10 9
1/32 | 13 14 16 18 15 11 11 10 9

Table 3.14: Iterations of GMRES with respect to x~!. Py, without single cell
patches, Py, with single cell patches included. Mixed boundaries,
RTQXRTQXQQ,A:L cs = 0.

A=r"1

h | 1078 1076 107* 1072 1 102 10* 105 108

1/4 9 8 8 6 9 5 4 4 4

P 1/8 5 5 6 5 8 5 4 3 4
m1/16 | 5 5 6 5 8 5 4 3 4

1/32| 5 5 6 5 8 5 4 3 8

1/4 1 20 21 23 11 15 10 8 8 8

I 1/8 | 12 14 15 11 15 11 8 7 7
Y16 | 12 14 15 11 15 11 8 7 8

1/32 | 12 14 16 11 15 11 9 8 13

Table 3.15: Iterations of GMRES with respect to A = k1. Py, without single
cell patches, Py, with single cell patches included. Mixed boundaries,
RT5 x RT» % QQ, cs = 0.

Py Phyb
h |es= 0 10710 10°° 1 0 10719 10°° 1
1/4 9 9 9 9 15 15 15 15
1/8 8 8 8 8 15 15 15 15
1/16 8 8 8 8 15 15 15 15
1/32 8 8 8 8 15 15 15 15

Table 3.16: Iterations of GMRES with respect to cs. Py, without single cell
patches, Py, with single cell patches included. Mixed boundaries,
RT5 X RT5 X Qa, A = k1 =1.
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In the case A = k! the effects of the numerical instability for large values observed
for A\ and the dependence on the permeability for values of x~! close to zero accumulate,
leading to an increase of the number of iterations even for values closer to 1, when no
scaling is used. Again, scaling the system leads to robustness of the iteration counts, as
shown in Table 3.15, in which we focus on the scaled system only, since the effects of
numerical instabilities and dependence on k have already been discussed.

Finally, Table 3.16 shows constant iteration numbers for Py, as well as for Py, when

the storage capacity cs is varied.

3.5.4 Optimal Relaxation Parameter

In the preceding test cases the numerical test runs were performed with a fixed relaxation
parameter w = 0.25. In the following, the optimality of this parameter will be discussed.
To this end we measure the iteration counts of GMRES for varying values of w in different
scenarios to track possible dependencies regarding the model parameters.

As test case we choose the problem setting as described in Section 3.5.1 with homo-
geneous boundary conditions and mean-value free pressure, as well as the channel flow
scenario of Section 3.5.3. The calculations in Figure 3.3 are performed for the finite
element space RTs X R15 X (5. The test results for the different values of the parameters
A, k71 and ¢, are calculated on mesh level 4, which corresponds to h = 1—16 with 256 cells
and 11712 degrees of freedom. As default scenario we choose the saddle point problem
determined by the choice A = k™! = 1, ¢, = 0, for which the tests regarding the mesh size
h are performed. If one parameter is chosen differently as the default, this is explicitly
indicated, such that for example the line corresponding to k' = 10° refers to the case
A=1,k1=10% ¢, =0.

In case of homogeneous boundary values in Figure 3.3, we observe the lowest iteration
counts in the range 0.26 < w < 0.3 for different values of the parameters A, x~! and c,,
and in the range 0.27 < w < 0.3 when the mesh size h is varied in the default case.

In the poroelastic channel flow scenario the lowest iteration counts lie between 0.24
and 0.27. We detect the lowest count for A = 10* at w = 0.29, for ¢, = 1 at 0.26, and for
varying mesh size in the default case at w = 0.25, when h = 3—12

Throughout the calculations shown in Figure 3.3 we observe the lowest iteration counts

for w between 0.27 and 0.28, independently of the model parameters, the mesh size or the

choice of boundary conditions. Nevertheless, optimal iteration counts can be detected at
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Homogeneous boundaries Channel flow
35 35
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Figure 3.3: Optimality of relaxation parameter w of hybrid Schwarz method
with respect to iteration counts of GMRES. ”default” refers to A =
-1
K+ =1,¢cs=0.

or close to the choice w = 0.25.

3.5.5 Multilevel Schwarz

In this section we provide tests for the multilevel Schwarz methods as introduced in
Section 2.5 for the test case with homogeneous boundary conditions from Section 3.5.1.

We start with a brief investigation of different versions of the multiplicative and hybrid
multilevel methods in Table 3.17. Therefore, in addition to the multiplicative multilevel
Schwarz M, we introduce a symmetric multiplicative Schwarz method M that also
performs the pre-smoothing steps by setting mpe = 1 in Algorithm 2.5 and applies
the local contributions of the post-smoothing on each level in reversed order of the
pre-smoothing. Furthermore, we consider hybrid multilevel Schwarz methods Mﬁ’;b with
several smoothing steps m, where the number of pre-smoothing and post-smoothing steps

is equal. With this notation, it holds for the hybrid preconditioner My, = Mﬁyb.
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h ‘ My, M, Itlu M, hyb M, }%yb M, }?yb Mfllyb

/8 5 4 16 11 8 7
1/16 | 5 5 17 11 8 7
1/32| 5 5 18 11 8 7
1/64 | 5 5 19 11 8 6

Table 3.17: Comparison of different multiplicative and hybrid multilevel Schwarz
algorithms for test case with homogeneous boundaries. A = k! =1,
cs = 0.

In Table 3.17 we observe that an additional pre-smoothing in case of the multiplicative
multilevel Schwarz method does not lead to a reduction of the iteration counts of GMRES,
thus, it is sufficient in practice to use My, in favor of M .

For the hybrid operator we see a beneficial influence of the number of smoothing steps
on the performance of GMRES in Table 3.17. A second smoothing step stabilizes the
convergence of the hybrid method, but at least three to four smoothing steps are necessary
to reach a comparable number of iterations as the multiplicative preconditioner My,,.
That means, that a total amount of more than six to eight times as much smoothing
operations are needed for the hybrid preconditioner.

We then examine the robustness of the multilevel Schwarz preconditioners with respect
to the parameters A, k! and cs. The presentation is restricted to the polynomial degree
k = 2 and we comment in each table when scaling is used.

As before, the multiplicative Schwarz method gives better results than the hybrid
method, the dependence on ™! is observed only very slightly in the computations, and
numerical instabilities can be remedied by the scaling described in Section 3.5.2. The
performance results for the multiplicative multilevel Schwarz method are essentially the
same as in the two-level setting. Throughout the calculations, GMRES preconditioned by
M, requires only about 1 to 2 iterations more to converge than an exact solution at level
L —1, cf. Tables 3.18 to 3.21 with Tables 3.4 to 3.7. The hybrid operator, however, turns
out to be more sensitive than the multiplicative operator with about 5 to 11 iterations
more.

Both multilevel methods seem to be more stable to higher values of A and x7!, so that
numerical instabilities do not occur as quickly as with the two-level methods. This is
because the coarsest matrix at level £y = 0 is much smaller and therefore easier to invert

than at g = L — 1. Thus, both multilevel Schwarz methods are effective preconditioners
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M, mu M, hyb
h A= 0 1 102 10* 105 10%| O 1 102 10* 106 108
1/16 5 5 7 7 7 4 |17 17 19 19 20 20
1/32 5 5 8 8 8 5 | 18 18 21 21 21 22
1/64 5 5 8 8 8 5 [ 18 19 23 23 24 24
1/128 5 5 8 8 8 6 |19 19 24 25 25 33

Table 3.18: Iteration counts of GMRES with respect to A for multiplicative
multilevel Schwarz (left) and hybrid multilevel Schwarz (right). Ho-
mogeneous boundaries, RTo x RT5 X Q2.

h 107 10% 107* 1072 1 102 10* 105 108

1/16 1 2 3 4 5 5 7 7 7

M 1/32 1 2 3 4 5 5 7 8 8
m1/64 1 3 3 5 5 5 7 8 8
1/128 | 2 3 3 5 5 5 7 8 8

/16 | 11 12 13 15 17 17 18 20 19

M 1/32 | 11 12 13 16 18 18 20 22 21
bby/64 | 11 13 14 17 19 19 20 23 24
1/128 | 12 13 15 18 19 19 20 24 26

Table 3.19: Iteration counts of GMRES with respect to «~!. Multiplicative mul-
tilevel Schwarz (top), hybrid multilevel Schwarz (bottom). Homoge

neous boundaries, RT5 X RT5 X Q9.

A=r"1
h 107 107 107* 1072 1 102 10* 105 108
1/16 1 2 3 4 5 7 7 7 7
M 1/32 1 2 3 4 5 8 8 8 8
™ 1/64 1 2 3 4 5 8 8 8 8
1/128 2 3 4 5 8 8 8 8

/16 | 12 12 13 15 17 19 19 20 20

" 1/32 | 11 2 13 16 18 21 21 21 21
b1 /64 | 11 12 14 17 19 23 23 24 24
1/128 | 12 13 14 18 19 24 25 25 26

Table 3.20: Iteration counts of GMRES with respect to A = x~!. Multiplica-
tive multilevel Schwarz (top), hybrid multilevel Schwarz (bottom).
Homogeneous boundaries, RT5 X R1s X ()2, c¢s = 0.
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My Mhyb
h cs= 0 10719 1074 1 0 10719 104 1
1/16 5 5 5 5 17 17 17 17
1/32 5 5 5 5 18 18 18 18
1/64 5 5 5 5 19 19 19 19
1/128 5 5 5 5 19 19 19 19

Table 3.21: Iteration counts of GMRES with respect to c¢s. Multiplicative multi-
level Schwarz (left), hybrid multilevel Schwarz (right). Homogeneous
boundaries, R15 x RT5 X ().

for Biot’s consolidation model.

3.6 Conclusion

In this chapter we have successfully applied overlapping Schwarz methods to H%V-
conforming discretizations of Biot’s consolidation model. We proved convergence of the
two-level methods independent of the rescaled model parameters A and cg, as well as the
discretization parameter h and the number of subdomains .J for a proper choice of the
overlap d and the mesh size H of the coarse space. The dependence on the inverse of the
rescaled permeability constant x~! has no deteriorating effect on the robustness of the
method when a test case with homogeneous boundary conditions is considered. On the
contrary, for large values of k=1 the iteration numbers stay bounded and for small values
of k™1 the numbers even decrease.

In a test scenario with mixed Dirichlet-Neumann boundary values the dependence
appears to be on k rather than on its reciprocal. Numerical instabilities caused by
extremely large chosen parameters could be remedied by scaling the system.

The relaxation factor of the hybrid Schwarz method only needs to compensate that the
contributions of the local vertex patches are summed, which was confirmed in a numerical
optimality study.

In addition to the discussion of the two-level Schwarz methods, we have presented tests
that go beyond the analysis of this chapter by relaxing the coarse space solve to the case
of multiplicative and hybrid multilevel methods. As already seen in the two-level case,
the multilevel Schwarz methods perform very well and produce flat iteration counts of

GMRES robust in the parameter ranges.

92



Chapter 4

Two-level Schwarz Preconditioner for
Highly Permeable Poroelasticity

The quasi-static Biot-Brinkman model

—div (2pe(u) + Adivu) +aVp = f in 2% (0,7),
—VvAv+ K lv+Vp=0 in 2% (0,7), (4.1)
—adiviiu —dive —c;Op =g in £2x (0,7).

describes the flow of a fluid through an elastic porous solid in an open bounded domain
2 ¢ RY over a time interval (0, 7). As Biot’s consolidation model, it couples the dis-
placement field w of the solid component, the seepage velocity v of the fluid and the
pressure p in a fully saturated porous medium, where the elastic behavior of the material
is assumed to be linear and described by the stress-strain relation of Hooke’s law with
the Lamé constants A, u > 0 of elasticity. But instead of Darcy’s law a diffusion term is

added to the equations of fluid flow through a porous solid,
—vAv+ K w4+ Vp=0 in 2 x (0,7),

as suggested by Brinkman in [Bri49]. Here, v > 0 denotes a viscosity constant, that
might be different to the viscosity of the fluid, and K is a tensor that is linked to the
permeability of the medium, for which we assume that it is bounded in the sense of (3.2).
Moreover, a denotes the Biot-Willis constant from Biot’s consolidation model, but here
applied to the coupling of the equations of elasticity with Brinkman’s equations, and
cs > 0 is the specific storage coefficient that allows for some additional compressibility
of the medium within the mass balance equation.

The aim of using Brinkman’s equations instead of Darcy’s law is to stabilize the

equations for higher permeabilities, when the fraction of the pore-volume compared to
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the total volume is at a critical size, i.e., when the pore-volume is large compared to the

volume of the solid matrix.

As one can see, the Biot-Brinkman model (4.1) is a generalization of Biot’s linear
consolidation model (3.1) and both are equivalent in the limit case v — 0. However, due
to the additional diffusion term, the properties of the solution space for the fluid changes
in the limit ¥ = 0, and thus, the Biot-Brinkman equations are structurally different from
Biot’s consolidation model. To be precise, for v > 0 we search for a solution v that is
more regular and at least in [H'(§2)]%, instead of HYV(§2) when v = 0. Moreover, the
boundary condition of the seepage velocity is different to the case v = 0. Where in Biot’s
model we had to prescribe the normal component on the boundary 9f2 only, now the

whole boundary function is taken into account.

The model follows a continuum mechanical approach and is described as a bulk medium
from a macroscopic point of view. To our knowledge, a mathematically rigorous derivation

of the equations has not been examined, yet.

In [RTL19], the derivation of a model close to (4.1) has been presented, where Rohan,
Turjanicova and Lukes rigorously derive a set of equations that describes a Biot-Darcy-
Brinkman model in the context of double-porous media. For the derivation, they employ
the two-scale homogenization theory, where the effective macroscopic equations are de-

rived from a microstructure model and a mesoscopic intermediate model.

Hong et. al. consider generalized Biot-Brinkman equations in [HKK'22] that are
equivalent to (4.1) for the case of one fluid. They employ a mass conservative discretiza-
tion with H%-conforming mixed finite element spaces and propose a block-diagonal

preconditioner analogously to [HKLP19).
We follow the same methodology as in chapter Chapter 3 outlined in the following.

In Section 4.1 the Biot-Brinkman model is discretized by H4V-conforming finite element
spaces using an interior penalty discontinuous Galerkin formulation for the elasticity
form, as well as for the additional diffusion term in the Brinkman equations. Section 4.2
treats the application of the overlapping two-level Schwarz preconditioner to the discrete
system and proves its convergence. Finally, in Section 4.3 the performance of the Schwarz
method is tested in a series of experiments, showing the stabilizing effect of the additional
diffusion term in cases of otherwise deteriorating iteration numbers of GMRES due to

the permeability dependence.
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4.1 Mass Conservative Discretization

As in Chapter 3 we first discretize (4.1) in time by the backward Euler method, then scale
the system and finally employ an H%V-conforming finite element method that results in

a mass conservative discretization.

Semi-discretization in time by the backward Euler method to time step size 7 > 0, as

well as a scaling and substitution of variables leads to symmetric problems of the form

—div (s(u) + Adiv u) L Vp=f in 0,
A+ K 9+Vp=0 in 0, (4.2)
—divu —divo —ép=g in £2,

where the seepage velocity and the pressure are substituted by

~ T - (0}
V=—v, pP=5D

« 2
and the right hand side is changed to
1 T c

f= Q*ﬂ = —g—divuea — —Poid,
1 Q@ a

with ueq and poq taken from the previous time step and all other quantities referring
to the new time step. Furthermore, the parameters of the system are substituted by
o? -1 o A ~ 2pcs

v=—1v, K =—K, 5\:@, Cs = o2

(4.3)

The tilde symbol will be skipped in the following for convenience, since this is the

normalized system of equations, that we build our analysis on.

We assume homogeneous Dirichlet boundary conditions on the displacement and on

the seepage velocity and define

U=[Hy (@), V=[H @),  Q=LjD.
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The weak formulation of (4.2) is then: find (u,v,p) € U x V x @, such that

e(u, p) + Ad(u, ) —b(p, @) = (f,9), Ve e U,
I/a(v, 1[)) + k('v, 1/)) — b(p, 1/)) =0 Vi €V, (4.4)
~b(g,u) = b(g,v) — cs(p.a), = (9:9) Vg € Q,
with bilinear forms
e(u,cp) = (s(u),e(cp))g, d(u,cp) = (div u, div cp)n,
b(p, %) = (p,divep),, k(v ) = (K0, 9) 0,

We go on with the discretization of (4.4) by a family of H%V-conforming mixed finite

element methods, such that
div Uy, = Qp, div V}, = Qp,
leading to the conservation of the discrete mass, such that the equation
—divuy — divu, — cspp, = gn
is fulfilled pointwise.
The discretization space is X, = U, x Vi, x @), and we adopt the notation and

discretization as in Section 3.2, especially the definition of bilinear form e+, ) as discrete

interior penalty discontinuous Galerkin approximation of e (-, -).

For the equation of Brinkman to model porous media flow we now have to consider the
additional diffusion term. Where in the Darcy case, we simply could use a L2-term, we
now have to introduce another interior penalty discretization as approximation of a(-,-),
which complicates the discrete formulation but is necessary due to the H%V-conformity

of the discretization space and to approximate the second order bilinear form a(-, ).
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Therefore, we define on V}, x V), the discrete bilinear form

an(un, @) = Y (Vun, Vo) p+ > - ([unl. [¢])

TeTh Felry

= > ({vun} ). — D ([wnl, {Ven}), (4.5)
Felrn Felrn

+ Z %(uh,go)B — Z (Vupmn, o) 5 — Z (un, Ven) 5.
BEFB’h BEFBJL BEFB,h

The penalty parameter 7, > 0 is chosen large enough to ensure coercivity of a(-, )
an(w, ) > ||y}, V€ Vi (4.6)
In addition, continuity of as(-,-) holds in the norm ||-||; .,
onlont) < el el o € Vi @)

The mass conserving mixed method based on the finite element space X} can then be

represented as

up\ [ @
A;ZL Vp | > '%b = IFh 'l:b ) (48)
Ph q q

where the discrete bilinear form Af(-,-) : X} x X}, — R is defined by

Uup ®
A(}IL Vp | > "p :eh(ufw SO) + )‘d(ufw QO) + I/Clh(’vh, ¢) + k(vhv 'lﬁ)
Ph q

— b(ph, @ + ) — b(q, un +vp) — cs(pn,q)

and the right hand side is given by

@
Fy (0 :(f790)9+(9haQ)97
q
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with gj, chosen as the L?-projection IT"g. For the choice of H(div)-conforming discretiza-
tion spaces the following discrete inf-sup conditions hold, see, e.g. [BBF13, HL02, SST03,
Bre74))

inf sup M > %% >0 (4.9)
9€Qn pely, H‘PHl,thHQ

and
. (divep,q)
inf sup w7 = Y% > 0. 410
9€Qn eV, d)Hl,thHQ ' ( |

For existence of solutions we follow [HKK*22] and refer to [HW11] for the existence
of general saddle point problems. Existence of solutions of system (4.8) follows then
by coercivity (3.9) and (4.6), continuity (3.10) and (4.7), as well as the discrete inf-sup
conditions (4.9) and (4.10).

4.2 Two-level Schwarz Convergence Analysis

The definition of the overlapping two-level Schwarz method for the Biot-Brinkman model
is analogous to Section 3.3 with the bilinear form Af(.,-) instead of A(-,-). The con-
vergence proof follows the same ideas as for Biot’s consolidation model in Section 3.4,
i.e., transforming problem (4.8) into an equivalent singularly perturbed problem using
the mass conservation property of the H4V-conforming discretization, then decomposing
the spaces according to the kernel of the divergence operator, and finally proving for the
Assumptions 2.2 to 2.4, with the proof of the stable decomposition forming the main

part of the convergence proof. As a result we get the following two theorems.

Theorem 4.1. The multiplicative two-level Schwarz method converges with a contraction

number independent of the mesh size h and the material parameters A and cs.

Theorem 4.2. The additive two-level Schwarz method converges independently of the

mesh size h and the material parameters A and cs.

We will go very quickly through the proof in this chapter and work out the differences
to the proof of Biot’s consolidation model, only. For a detailed discussion of all statements

we refer the reader to Section 3.4. Nevertheless, we will examine the proof of the stable
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decomposition in full length to be able to track the changing dependencies of the constants

and parameters.

Substitution of the point-wise fulfilled discrete mass equation
—divuy — divu, — cspp, = gn
in (4.8) leads to the equivalent, singularly perturbed problem

en(wn, @) + Ad(un, @) + ¢ 'd(up + v, 0) = (£,0) o — 5 (gn-dive)
l/ah(vhv"wb) + k(vhﬂﬁ) + Cs_ld(u’h + Uhv"wb) = _Cs_l (gfhdiv'(p)gv

for all (p,%) € W, = Uy x Vj,. We rewrite this system as

(()() =)
(o) (2) () (2) -2 () () o

where the bilinear forms Af(-,-) and D (-,-) are defined on W, x W, by

A9 < <::) , (:)) = en(un, @) + van(vn, ¥) + k(vp, ),
D <<uh> , (Z)) = Ad(wn, @) + c5 2w + vn, @ + 1), (4.12)

with

Up

and the right hand side is given by

7 ((:)) = (£,0) o= o5 (g divie +9) -

Further, we introduce the decomposition

W, = ker(D) @ ker(D)-*
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into the space of divergence free functions ker(D) and the orthogonal complement

o = { () ewic i (%), (9)) =0 v (%) €}

The space ker(D) differs slightly from Chapter 3 in that ay,(-,-) occurs in the defining
bilinear form Af(-,-). The representation of ker(D) in terms of a decomposition of the

underlying spaces Uy, and V}, is done in the same way as before. Let
Up,=UoUt, Vi=Vlev ",
where U ,? and V}? denote the divergence free subspaces of Uy, and V}, respectively, and

UhL:{ueUh :en(u, ) =0 VSOGU;B},
VhL’a = {’U S Vh : Vah(’l],",b) —{—k‘(’l},'l,b) =0 V'l,b € Vf?}

Note that we use the weighted scalar product vay(-,-) + k (-, -) in the definition of VhL’“.
Thus, for A > 0 there holds

WY =ker(D) = U x VP, W;"* := ker(D)** = Ui+ x V;*.
Next, we prove Assumptions 2.3 and 2.4.

Lemma 4.3 (Local stability). For each wy € Wy there exists a constant C1 > 0, such
that

H
)y (wo, wp) < wcg%a(woa wy)

with wy < 1, such that wo% < 2.

Proof. The proof follows directly by the proof of Lemma 3.12, as well as continuity (4.7)
and coercivity (4.6) of bilinearform ap(-, ). O

The strengthened Cauchy-Schwarz inequalities depend only on the geometric structure
of the local spaces, i.e., the overlap and the fact that we can apply the normal Cauchy-

Schwarz inequality. Thus, the proof has already been given in Lemma 3.13.
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Lemma 4.4 (Strengthened Cauchy-Schwarz inequalities). For 1 <i,j < J there exist
constants 0 < g;; < 1 such that

=
ol

|y (wi, wj)| < eij oy (wi, wi) 2 ' (wj, w;)?

for w; € W;, wj; € VVJ

For a proof of the stable decomposition in Theorem 4.7 we need decomposition prop-
erties of the bilinear form ay(-,-) in addition to the preliminary considerations of Sec-
tion 3.4.3. A close look at Lemma 3.8 and Lemma 3.9 shows that we have already proved
the corresponding properties for the bilinear form ay(+,-) and used Korn’s inequality to
obtain the result for e (+,-). Thus, we have the following two statements in the kernel

V}? and the orthogonal complement Vhl.

Lemma 4.5. Every function v° € V}? admits a decomposition of the form v° = Z}]:O v?
with v? € Vjo, which satisfies the bound

J H4
/Uo,’UO +Zah ]7 ] C <]. + 54> a/h('UO’/UO)
7j=1
for some constant ¢ > 0.

Lemma 4.6. Every function v € VhL admits a decomposition of the form v = 23]20 'vjl.
with 'u]l € V;, which satisfies the bound

J H2
UO?”O +Zah ], J <1+62> ah(’vJ‘7’UJ_)
7=1
for some constant ¢ > 0.

With these two lemmas we are now in a position to state and prove the main result of
this section, namely Theorem 4.7. The proof follows the ideas of the proof of Theorem 3.11,
but extends it to the current case by taking care of the additional interior penalty
formulation of the diffusion term and working out all the specifications that have to be

made in this case.
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Theorem 4.7 (Stable decomposition). Every w € W, admits a decomposition of the

form

which satisfies the bound

J H4
Z%a(wj, 'wj) < CK.v <1 + (54> Mha(w’ ’lU) s
j=0

for some constant ck, > 0 independent of the model parameters X and cs in the dis-
crete bilinear form @/(-,-) defined in (4.11)~(4.12) and independent of the number of

subdomains J as well as of the discretization parameters h and .

Proof. We decompose w as
u u’ n ut . 0
w = =
v v’ —ut @
0 0 + 0
:<u0>+< ol T uL + 1 =w’ +w' +w? +w’,
v @ —u @

with (u%,v%) € U? x V0 and (ut,vt) € U+ x V1, o = ut + v and the decomposition

="+, @ e VO where ¢ and 1 are orthogonal with respect to the weighted

(4.13)

bilinear form vap(-, )+ k (-, ). Further, we decompose each component of each summand

in (4.13) according to

J
0o_,0 2: 0o_,.0
Uj_va 80]'—907
j=0 j=0

J J
1 1 1 1
E v, =0, E P =@
j=0 7=0

M~
w:o

I

\.:O
M)~

<.
Il
o

M~
£

I

S
e

<.
Il
=)

0 0 ,,0 0 0 0 ,,1 ol : 1 : :
where u; € U/, vj € V7', ¢; € V', u; € Uj, v; € Vj and ¢; € V;. The superscript 1

of ujl-, 'vjl and cpjl- indicates, that these terms are not orthogonal. Now, we define w; :=
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'w? + 'w]l + w]2- + 'w?, where

and estimate

J
Z (w;, w;) gcz szaw w —i—%a(w wjl)

e = (4.14)

—Hz%“('w w3 )+%“(w w;)’))
In the kernel W} we have by Lemma 3.10 and Lemma 4.5 for w® = (u?,v%)T € W}
J
> (w) w) =en(ug, ug) + > en(uf, uj)
j=0

]’J

IM&

J
—l—yaH vo,vo Z ], ]
< e (en(u’,u’) +uah(v°,v ) + k(0" )) crr s (w,wP) . (4.15)

For the decomposition in the orthogonal complement VVhL “ we will use the stability

estimates
vap(@®, ¢°) + k(9% ¢°) < vap(ut + vt ut +ot) + k(ut + ot ut 4+ vh) (4.16)
and
vap(pr @) + k(o @) <vap(ut + vt ut + o) + E(ut 4ot ut 4ot )dlT)

By Lemma 4.5, the stability of the L?-decomposition (3.34) and stability estimate (4.16)
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we get,

J J J
> A (wi,wi) = van(ed, @) +v Y an(@l @]) + Y k(¥ #])
=0

j=0 J=1
< e (van(e’, ¢°) + k(9" ¢"))
< e (van(ut, ut) + vap(v®, o) + k(ut,ut) + ket ot)) o (48)

By Lemma 3.9, Lemma 4.5 and Lemma 2.13 it follows

J J
Zﬂfja('wyz‘vaz‘) :eH(u(lJaU(l))+Z€h( uj, uj) + vag(vg, vh)

=0 j=1

+Z J’ J +)\d(u]’u]))

Jj=

< cHs <eh(u ut) +vap(ut,ut) + k(ut ut) + )\d(uL,ul)) .

HM&

<

According to Lemma 4.6 and Lemma 2.13, as well as the stability estimate (4.17), the
following is obtained

J J
> (w],wi) = van(eh, ¢5) Z W] ;)
=0 i=1

J
+> (k(e), ) + ¢ 'd(e], 0]))

s (vanle oh) + ket eh) + i ld(et t))  (419)
<cHs (uah( L L) + Vah(vL UL) + k(uL,uL)

+k(vh, o) + o td(ut + ot ut + ’UL)) )

Due to the special choice of the decomposition (4.13), the terms k (ul, uL) and ap, (uJ-, uL)

arise in (4.18)—(4.19), which we further estimate using Poincaré’s inequality

k(ul, uJ‘) < cK,th(ul, uJ‘)
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with a constant ck » depending on the domain {2 and the inverse permeability coefficient

K~ and by Korn’s inequality
yah(uL,ul) < cyeh(ul,ul) (4.20)
with a constant depending on v. Thus, collecting the estimates (4.14), (4.15), and (4.18)—
(4.20), we obtain with w* = (ut,v1)T ¢ WhL’a
J
> (wj,w))
=0
<cus (eh(uo, uo) + I/ah(’UO, vo) + k‘('vo, vo) + Uah(uL, ul) + k(uL, uL)
+ eh(ul, uL) + Vah(vL, UL) + k(UL, ’UL) + )\d(uL, uL)
+ e td(ut + ot ut + ’UL)>
SCH,(S,V,K,.Q (%h (’UJO, wO) + ”Q{h (wla wL))

=CH 51, K,0%) (W, w)

where the constant cp 5, K o for a proper overlap § depends only on v, K and 2. [J

4.3 Numerical Tests

In this section, we test the performance of the discretization and the two-level Schwarz

preconditioner.

We begin by examining the convergence of the discretization in Section 4.3.1. We
then investigate the performance of the multiplicative two-level Schwarz preconditioner
applied to a test case with mixed Dirichlet-Neumann boundary conditions in Section 4.3.2.
We observe the continuity of the Schwarz method for the transition v — 0 with respect
to the iteration counts of GMRES, and test the robustness of the algorithm when the
parameters in the system are varied. We can observe a stabilizing effect of the diffusion

term on the performance of the method.
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4.3.1 Convergence of the Discretization

To test the convergence of the discretization we choose a test setting with the force f

and the source g given by

$A — Uz — z A
_ (VRO AP = O %31/ 2 7 g:—nAcp—cs<w<;Acp—go+1>,
VvEOyAp — Oy + 50 Ap 30

where ¢ is defined on the square 2 = (0,1) x (0,1) by
¢ =2*(x—1)% (y — 1)°.

On the boundary 0f2, homogeneous Dirichlet boundary conditions are prescribed for the

solid displacement u as well as for the seepage velocity v, i.e.,
u=0 on d2, v=0 on 92.

The solution of this test is defined only up to an additive constant. To make it unique

we search for a mean-value free solution in the pressure component satisfying

/pdsz.
2

The solution to this system is then given by
Oyp ( 1 )
u = , v = krVe, =(vkAp —p+ —].
<_ 83390) 4 p L N

In Figure 4.1 we can observe the convergence orders of the finite element discretizations
with RT7 x RT1 x Q1 and RT» x RT5 x Q2. The calculations have been performed with the
choice A = k = 1, ¢ = 10~%. The convergence analysis follows the same argumentation as
in [KR18], cf. also [HKK*22]. Thus, we expect the same convergence behavior as for the
Biot system summarized in Section 3.2, which can be confirmed by observing Figure 4.1.
In the left two plots we see linear convergence of the H'-norms of the displacement wu,
the seepage velocity v and the pressure p for polynomial degree k = 1, as well as second
order convergence for their L2-norms (note, that the slope of the L2-norms is slightly less

inclined). Additionally, the L2-norm of the divergence of u and v are of second order,
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Figure 4.1: First and second order convergence of RT) x RT; x Q1 (left). Second
and third order convergence of RT, x RT5 x (2 (right).

too. In the right two plots we see the corresponding convergence results for k£ = 2, which
are one order higher than for k = 1, and therefore, the experimental results are in line

with the convergence analysis of Biot’s consolidation model.

4.3.2 Performance of the Multiplicative Two-level Schwarz Method

In this section we show test results for the Biot-Brinkman equations discretized with
RT5 x RT5 x Qo finite elements and preconditioned with the multiplicative two-level
Schwarz method. The convergence results for the hybrid two-level Schwarz preconditioner
are qualitatively the same as for the multiplicative method, as we have already seen in
Section 3.5. Thus, we will concentrate on the multiplicative two-level Schwarz method,
only.

The performance tests are executed in the same scenario as in Section 3.5.3 from where
we adopt the notation and refer to Figure 3.2 for an illustration of the setting. Mixed
Dirichlet-Neumann boundary conditions are prescribed for the solid displacement and
the seepage velocity, such that the medium is clamped from the left and the right, and
free to move on top and bottom. The fluid flows into the poroelastic reservoir from the
left, has a free outflow on the right and a no-slip condition on top and bottom. But
instead of the normal components as for v = 0, the seepage velocity for the case v > 0 is

given by v = vp on I, U [y, where vp is defined by

0.5 0
vp = ( 0 ) on Iy, vp = (O) on Liyqu-

As in Section 3.5.3, the pressure is set to zero on I, no external forces are prescribed and
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14
h 0 1072 1078 104 1 104 108
1/4 9 9 9 8 7 4 4
1/8 8 8 8 6 7 4 4
1/16 | 8 8 8 6 7 4 5
1/32| 8 8 8 6 7 7 5

Table 4.1: Continuous transition of the Biot-Brinkman system to Biot’s con-
solidation model for ¥ — 0 in terms of iteration counts of GMRES.
Multiplicative two-level Schwarz, RTy x RTy x Qa, A = k=1 = 1,
cs = 0.

no sinks or sources are located inside the medium. By this and due to the discontinuous
Galerkin approximation of the diffusion term in the Brinkman equations we adjust the
right hand side of (4.8) according to

[0
Fpl 1| | =V Z (%(UD’¢)B_(UD’V¢n)B>

Bel’
q B,h

to incorporate the inhomogeneous boundary condition of the seepage velocity, where
I'p j, is the set of all faces on I, U Lyq-

To measure the performance of the multiplicative Schwarz preconditioner we count
the number of iterations GMRES takes to converge, i.e., until the starting residual is
reduced by a factor of 1078.

In Table 4.1 we see that the iterations of GMRES are robust in v and the counts
are even getting smaller for very large values of v > 1. Since v is a rescaled quantity,
see (4.3), the experiments need to cover a broad range of the parameter regime, even
though the value of the viscosity-like constant v might be much smaller in applications.
Furthermore, the numbers in Table 4.1 show a continuous transition to the case v =0
when v tends to zero.

The main observation of the performance tests is that an added diffusion term to the
Biot equations yields a stabilization of the iteration counts in x~! and that a scaling as in
Table 3.14 is not necessary for very small values of ™!, which corresponds to the case of
high permeabilities. Therefore, we investigate the iteration numbers for different values

1

of v > 0 when sk~ is varied and compare them to the case v = 0. The results are shown
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|
—

K

h | 1078 107 107* 1072 1 102 10* 108 108

1/4 | 21 15 10 8 9 6 6 4 4

0 1/8 | 21 14 11 8 8 5 6 4 4
1/16 | 33 15 12 8 8 5 5 4 4

1/32 | 50 17 13 8 8 5 5 4 4

1/4 | 22 21 18 10 9 6 6 4 4

L — 10 1/8 | 19 19 18 11 8 5 6 4 4
1/16 | 18 19 18 14 8 5 5 4 4

1/32 | 17 17 17 16 8 5 5 4 3

1/4 9 9 9 12 8 6 6 4 4

L — 104 1/8 7 7 7 7 6 5 6 4 4
1/16 | 8 8 8 8 6 5 5 4 4

1/32| 6 6 6 6 6 5 5 4 3

1/4 6 6 6 6 6 6 6 4 4

= 10-2 1/8 6 6 6 6 6 5 6 4 4
1/16 | 6 6 6 6 6 5 5 4 4

1/32| 6 6 6 6 6 6 5 4 3

Table 4.2: Performance with respect to x~! measured in iteration counts of GM-

RES, preconditioned by a multiplicative two-level Schwarz method.
RTQXRTQXQ2,)\:1, CS:O.

in Table 4.2. For v = 0 we see robust iteration counts for x~! > 1, but the numbers
are growing the smaller k= becomes, deteriorating with a refinement of the mesh for
x~! < 107%. By choosing v > 0 and thus switching to the Biot-Brinkman model, the
iteration numbers of the system stabilize for all values of ™1, even in the case of a small
v = 1078, where the counts are limited by a value of 17, instead of deteriorating with
decreasing x~!. The stabilizing effect intensifies for larger v, leading to robustness of the
multiplicative two-level Schwarz method when varying the permeability constant x~ 1.
In addition, we again observe the continuous transition of the Biot-Brinkman system to
Biot’s consolidation model in terms of iteration counts of GMRES, when v — 0.

It still remains to test the other parameters in the system.

For varying A\, we do not see a significant difference of the iteration numbers between
Biot’s consolidation model (v = 0) and the Biot-Brinkman equations (v > 0) in Table 4.3.
Both appear to be robust in v with some sensitivity to numerical instabilities for very

large values of A > 105. As in Section 3.5.3, we observe numerical instabilities that can
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Table 4.3: Performance with respect to A measured in iteration counts of GM-
RES, preconditioned by a multiplicative two-level Schwarz method.
RTy x RT> x Q9. K~ =1, ¢s = 0, scaling for A\ > 106.

A=r"1
h | 107% 1075 107* 1072 1 102 10t 106 10®
1/4 23 13 10 10 9 5 4 4 4
L =0 1/8 22 17 10 10 8 6 4 4 4
1/16 | 31 16 13 8 8 6 4 3 5
1/32 | 39 17 10 8 8 6 8 4 7
1/4 6 6 6 6 6 5 4 3 4
L — 10-2 1/8 6 6 6 6 6 6 4 3 4
1/16 6 6 6 6 6 6 4 3 5
1/32 6 6 6 6 6 6 8 4 8
Table 4.4: Performance with respect to A = k! measured in iteration counts
of GMRES, preconditioned by a multiplicative two-level Schwarz
method. RT» x RTy x Qa, cs = 0, scaling for A > 106.
v=20 v=10"2
h |es= 0 1071 107° 1 0 107 107° 1
1/4 9 9 9 9 6 6 6 6
1/8 8 8 8 8 6 6 6 6
1/16 8 8 8 8 6 6 6 6
1/32 8 8 8 8 6 6 6 6

Table 4.5: Performance with respect to ¢s measured in iteration counts of GM-
RES, preconditioned by a multiplicative two-level Schwarz method.
RTQXRTQXQQ.V:)\:FL_IZL
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be handled by using a scaling as in (3.46) with scaling matrix

00
S=10 I o,
0 0 I
for A # 0. These numerical instabilities originate in the squaring of the diagonal entries
of the system matrix within GMRES, whereas the growing iteration counts for smaller
values of k™! in the case v = 0 are due to the dependence of the method on x~!. In
Table 4.4 we can see how both effects accumulate as the iteration counts are growing when
x~! tends to zero, and are deteriorating for A > 10°. The scaling captures the instabilities
due to the squaring of the already large values of A and the additional diffusion stabilizes
for small k1.

Finally, varying the storage capacity does not influence the iteration numbers of GM-
RES as can be seen in Table 4.5.

4.4 Conclusion

In this chapter we have extended the theory of the two-level Schwarz preconditioners
for Biot’s consolidation model to the case of a quasi-static Biot-Brinkman system and
proved convergence of the algorithm. In the numerical experiments we observed that
the additional diffusion term yields a stabilization of the iteration counts, when x~ ! is
varied, whereas the method stays robust for all considered parameter ranges. Numerical
instabilities due to extremely large values of A, originating in the squaring of the diagonal
entries of the system matrix within GMRES, can be handled by a scaling of the system,

leading to an overall robust scheme in the practical application of the method.
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Chapter 5

Homogenizing Two-scale Multilevel
Schwarz Preconditioner for Pore-scale
Porous Media Computations

In this chapter we provide an efficient multilevel Schwarz preconditioner for the iterative
solution of pore-scale porous media flow models for the high-resolution simulation on
a microscopic scale. Therefore, a steady Stokes flow is assumed as model problem in a
periodically perforated domain. This kind of model has applications in the rather young
field of computational microfluidics that aims to perform high-resolution computations
of pore-scale dynamics in the exact microstructure geometry, see e.g. [SMR21] and the
literature cited therein. Since the scale of interest quickly leads to immensely large
systems of equations, sophisticated numerical methods are needed to efficiently solve
the resulting systems. The idea we follow is that of a two-scale multigrid preconditioner
that uses the knowledge of the effective homogenized behavior of the physical law on a
coarse scale as smoothing operator. This approach originates in the work of Engquist
and Luo in [Luo93, EL93] from 1993, and the work of Neuss, Jiger and Wittum in
the late 1990’s in [Neu96, NJWO01]. Both developed multigrid solvers for second order
elliptic diffusion equations with highly oscillating coefficients, using a homogenization
approach to get an effective operator on the coarse scale. Whereas Engquist and Luo
formulated the underlying basic idea of the method and applied it to finite difference
discretizations, Neuss, Jager and Wittum developed and refined the method for finite

element discretizations, and set it on a solid analytical foundation.

Similar to the work of Neuss, Jager and Wittum, a multigrid method with an effective
coarse grid operator obtained by a numerical upscaling procedure has been developed
in [Ebe03, EW05] by Eberhard and Wittum. Their approach uses Fourier analysis to

obtain the effective permeability tensor, which is equivalent to homogenization in the
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| resolved fine scale

homogenized coarse scale

Figure 5.1: Homogenizing two-scale multilevel Schwarz method. The
filled/empty circles denote the smoothing with a fine-
scale/homogenized operator, respectively. The straight lines
visualize the transfer between the levels, and the square refers to the
application of the inverse or pseudo-inverse on the coarsest level.

case of periodic permeability fields.

Miehe and Bayreuther proposed a homogenization based multigrid solver with a prob-
lem dependent grid transfer operator in [MBO07] and applied it to heterogeneous nonlinear
inelastic model problems.

Sviercoski, Popov and Margenov reviewed the multiscale multigrid method in [SPM15]
and applied it to flow problems in porous media by comparing it with different averaging
techniques.

We are going to formulate the homogenizing two-scale multigrid method of [Neu96,
NJWO1] in a multilevel Schwarz context and apply it to H%-conforming finite element
discretizations of an extended Stokes problem on periodically perforated domains. To
the best of our knowledge, this is novel in the literature and has not been done before.

The basic idea is as follows:

1. Formulation of the microscopic problem on a perforated domain {2° with periodi-

cally repeated obstacles of size €.
2. Extension of the variables to the whole domain including the obstacles.

3. Homogenization of the microscopic equations to obtain effective operators on a

macroscopic scale.

4. Discretization of extended problem and homogenized equations with the same type

of finite element spaces.
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5. Use the discretized effective coarse-scale operators inside a multilevel Schwarz
preconditioner on levels, where the fine-scale behavior of the microscopic equations

cannot be resolved anymore, see Figure 5.1.

As it turns out, the analytical homogenized operators cannot compete with the standard
multigrid method, but an optimization process yields preconditioners that are superior
with respect to convergence speed and efficiency for the intended case of small periods €.

In the following we outline the structure of this chapter.

In Section 5.1 we introduce the model problem, which is a steady Stokes flow formu-
lated on a periodically perforated domain with a period that is much smaller than the
characteristic length of the reservoir. This system describes the resolved flow of an incom-
pressible fluid through a system of connected pores, obtained by periodically repeating
a standard periodicity cell over the whole domain. Since the perforation of the geometry
limits the possibility to construct hierarchies of nested coarse-grid meshes, which can be
used inside multigrid schemes, we extend the velocity and pressure of the system to the
whole domain including the holes by a penalized Brinkman extension in Section 5.2. In
Section 5.3 we discuss the choice of the extended model by investigating the convergence
of the velocity with respect to the penalty factor. In Section 5.4 the extended system
is discretized by an H4V-conforming mixed finite element method. The specifics of the
homogenizing two-scale algorithm based on an overlapping multilevel Schwarz method
are formulated in Section 5.5. Here, we use a homogenization of the fine-scale Stokes
law as coarse-scale operator for the smoothing of the residual on mesh levels, on which
the geometry of the micro-structure cannot be resolved anymore by standard multigrid
approaches. There are several ways in the literature to derive the effective behavior of
the model problem on a macroscopic coarse-scale, which are recapitulated in Section 5.6,
where we focus on the famous two-scale convergence method (Section 5.6.1) as well as
the energy method (Section 5.6.2). The limit of the homogenization process depends on
the size and the ratio of the pores and the obstacles within the perforated domain, and
as outcome we get four different homogenized operators. In Section 5.7 these operators
are discretized with the same type of finite elements as the model problem. The assem-
bly of the effective tensor derived by the two-scale convergence method by solving the
cell-problems is presented in Section 5.7.1.

In the numerical experiments in Section 5.8 we compare the performance of the dif-

ferent homogenized operators against a standard multigrid operator that integrates the
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fine-scale structure exactly and serves as a benchmark test. We begin with a discussion
of a geometrically simple test case in Section 5.8.1. A direct application of the homoge-
nizing two-scale multilevel Schwarz preconditioner with the effective operators obtained
by the analysis leads to very different convergence results of GMRES in Section 5.8.2
originated in the non-optimality of the effective coefficients. An investigation of the choice
of the permeability tensor by scanning the parameter spaces in Section 5.8.3 yields a
dependence on the penalty factor coming from the Brinkman extension. Recalculating
the performance tests with the optimal effective coefficients in the simple case of only
one coarse-scale level shows improved convergence results for the homogenized Darcy
operator and the homogenized Brinkman operator. In particular the optimized Brinkman
operator performs as good as the benchmark test. Turning to the intended case of the
full multilevel setup with the coarsest level set to zero in Section 5.8.4, the optimized
Brinkman operator shows the best performance results and beats the iteration counts
of the benchmark test by a factor of two for smaller periods of the periodic domain.
This advantage of the performance reduces to some extent for a test case with a more
anisotropic geometry in Section 5.8.5, when the same Brinkman operator is used. Never-
theless, the two-scale multilevel Schwarz preconditioner with the Brinkman operator still
performs better than the standard multigrid preconditioner. Combining the Brinkman
operator with the effective tensor derived by the two-scale convergence method, such
that the effective tensor is rotated and scaled according to the geometry of the unit cell
and optimized as in the axisymmetric case, finally leads to the best performance results

for small periods.

5.1 Stokes Flow in Periodically Perforated Domain

The geometry of the porous medium, on which we are going to formulate the resolved
porous media flow, is periodically arranged with obstacles inside a standard periodicity
cell Y = (0,1)%, which is repeated over the whole domain 2 C R¢, d € {2,3}. For the

description of this geometry we start with the definition of the standard periodicity cell
Y=FUO
as union of an open and connected fluid region F, and a remaining obstacle part O = Y\ F

with a piecewise smooth boundary I' = 00O. The open and bounded domain Y is also
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os2°
F DD DDO
0 D DDDD
! DDDDE)

Unit cell Y Periodic domain 2°

Figure 5.2: Periodically perforated domain §2° consisting of repeated microcells
Y of size €, where each Y is the image of the scaled and shifted
unit cell Y.

called the unit cell. The periodically perforated fluid domain 2° C {2 consists of the fluid

parts F; of the periodically repeated microcells
YE = FEUO;

of size e, where each microcell Y7 = (0, a)d, up to translation, is the image of the scaled
and shifted unit cell Y. Therefore, {2¢ is defined by

N(e)
=0\ Jo;,
=1
where

N(e) = 2| 41 + o(1)). (5.1)

The outer boundary of £2¢ is denoted by 92¢. An illustration of an example configuration
is given in Figure 5.2. With these definitions, we now pose the problem of a resolved flow
in porous media, which is a steady Stokes flow in the periodically perforated domain (2°,
by

—vAv  +Vp* = §f in 2°,

(5.2)
divev® =0 in £2°
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where v > 0 denotes the viscosity of the fluid, v® is the fluid velocity, p® is the pressure
in the system and f € [L?(£2¢)]? is a given force. The impermeability of the obstacles is

modeled by a no-slip condition at the obstacle boundaries I
v°=0 onl},

and the system is closed by a Dirichlet boundary condition
v© =g on 9,

given as the trace of a divergence-free function in [H'(£2¢)]¢, which we denote again by
g for convenience.

Define V¢ = [H'(£29)]? and Q° = L?(£2°)/R. The weak formulation of (5.2) is then:
find (v%,pf) € VE x Q° such that v¢ = v§ + g with v5 € [H}(2°)]? given by

v(V05, Vo) o = (07, div %) . = (£,0%) . = v(VE, V) . (5.3)
0

— (qe, div US) 0 =

for all ¢ € [HE(£29)]? and ¢ € L%(£2°)/R. For existence and uniqueness of solutions see
for example [Tem84, 1.2.4].

5.2 Extension with Brinkman Law

Our aim is to use a multigrid preconditioner for solving the equations after we have
discretized them with an H%V-conforming finite element method. But, the configuration
of the domain including obstacles limits the possibility of defining a hierarchy of meshes
with a coarsest level, where the grid is actually coarse. To bypass this problem we extend
the unknowns of the system to the whole domain, including the obstacles, on which a
hierarchy of nested meshes can be defined easily, see Figure 5.3.

Therefore, let
N(e)
n=Jv
i=1

be the filled domain, i.e., the union of the fluid domain (2° with all obstacles O;. We
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5.2 Extension with Brinkman Law

define an extension ¥ of the velocity in [HZ(£2)]% to the whole domain {2 by

v°  in £2°,
v = (5.4)
0 in £2\£2°.

The extension of the pressure needs more attention than the extension of the velocity.
Following [AM97, Section 3.1.3], we define the pressure constant in the obstacle regions
as
A p° in £2°,
p° = _ (5.5)
p; € R in each O5.

To derive a homogenized limit, the extension has to be chosen as the mean value of the

surrounding fluid region, i.e., p; = ﬁ J 7= P° dz. In this way, the pressure is bounded

uniformly in €, i.e.,

P, <e (5.6)

see [AM97, Lemma 1.3], and a homogenized limit of the system can be constructed for

e — 0.
To realize the extensions (5.4) and (5.5), we use the Brinkman equations
(0%, 0) e + (VO VP) e — (07, div ) e — (¢,diveT),. =0

in each extended region OF and control the fluid velocity v° = v¢ by the scaled mass
term ¢ (0%, ¢)ne with a penalty constant ¢ > 0 chosen large enough to push the solution
towards zero in the extended region. The combined set of equations is thus a coupled

Stokes-Brinkman system

VA + L (O + VI =1 f  in £,

(5.7)
dives =0 in 2,

closed by the Dirichlet boundary condition

v° = 1gn-g on Of2,
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written with the indicator function defined by

1, forxe D,
0, mnxzeR\D.

]lD(:D) =

The boundary function Tgg-g is the trace of the [H(£2)]%function 1 -g.

Let X =V x Q = [H'(2)]% x L?(£2)/R. The variational formulation of (5.7) is then:
find (9,5°) € V x Q such that ©° = 9§ + 1 =g with 0§ € [HE(£2)]¢ given by
N(e)
va(v5, ) + > (W5 #) o = b(B% %) = (£:0) o = v(V9, Vo) (5.8)
i=1 .
—b(q,i)é) =0,

for all € [H}(2)]4, ¢ € Q with the bilinearforms

a(f]a’(p) = (V567V§0)Q’ b(f?E#P) = (]367(11\’90)9'

According to the weak formulation, we define the bilinear form AE(-, ): X xX —Rby

& ( (;) ! (j)) = va(T", @) + NZ: C(2% 0)o: = b(F". @) — b(a. 7).

Remark 5.1. Imposing strong or weak interface conditions inside the domain to accu-
rately extend the solution to the obstacle regions will briefly be discussed in Section 6.2

in form of so-called virtual extensions.

5.3 Discussion of the Extended Model

In this section we discuss the choice of the extended Stokes-Brinkman model as approx-
imation for the Stokes problem on a perforated domain. This is done by deriving an
error estimate for the velocity of the extended system in terms of the penalty factor. To

simplify the notation and without loss of generality, we set g = 0 in this section.

First, we note that the penalty formulation (5.8) is not consistent with the weak
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formulation (5.3), since for the exact solution (0%, p%) € V€ x Q° there holds

AE((i) : <¢>> = va(¥°, ¢) + Nf:) (0%, 90) e = b(P", ) — b(g, %)

q i—1

=v(Vo°, Vo), — (7, dive) ,. — (p°,div QO)Q\QE — (¢, dive®) .
N(e)

= (f, ) — Z(i)i,divcp)of-

=1

Consequently, the error equation is

AE ¢ 92 _ AE v P _ NZ(E:)(p div ‘P)
p° 7 q P° ’ q P v O;
Thus, we can estimate
9 — ,i}a _ ’lA)E ,l‘}a _ ,ﬁa
O§:A ~e s |0\ _(xE _ 2E
¢ <<p p ) ( (p° — p)

N(e)

N(e)
< ZHZZ‘ OfScZHﬁi‘
i=1 =1

where we have used the Cauchy-Schwarz inequality and the basic Young’s inequality.
Including the last term of (5.9) into the left hand side yields

~c e (12 W ~c ~E
[ )%+ 3 o o
=1

div(%° — %°)] o + %HV(@E — )5, (5.9)

o7

1 ) N(e) ) N(e) )
§HV(7~’E o QA’E)HQ - Z CH'DE o i’a‘ Os sc Z HE‘ os’
i=1 i=1

and finally by the pressure bound (5.6)

9 1

N(e)
?95 = ZH'DE —°
Y=l

N(e)
>+
i=1

From this we can conclude that the fluid extension ©® — ©° in the obstacle regions Of
for ( — oo and thus the Stokes-Brinkman model (5.8) is a viable approximation for the

Stokes model (5.3) on perforated domains.
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5.4 H%-conforming Discretization

As discretization we choose an H4V-conforming mixed finite element method as proposed
in [CKS06].

We assume that the shape regular triangulation 7 of §2 is such that the boundary of the
obstacles I is aligned with 7. The alignment assures that the geometrical structure of
12 is resolved by the computational mesh 7j,. Let the discrete velocity space V;, ¢ HYV(£2)
contain the boundary condition in normal direction g - m and let Q;, C L?(£2) be the

matching pressure space such that
divV}, = Qp.

The HYV-conforming discretization of the coupled Stokes-Brinkman system (5.8) based

on the mixed finite element space
Xh = Vh X Qh (5.11)

can then be represented as

(RO

where the discrete bilinear form AZ(, )+ Xp x Xj, — R is defined by

o N(e)
S((5).(5) <t Bt s 00
Py, q

and the right hand side is given by

Fh((j)) =(f. ) +v D (777;‘(9,90)3 - (gywn)g)- (5.13)

BEFB,h

The discrete bilinearform ap (-, ) : Vj, x Vi, — R, defined in (4.5), is the symmetric interior
penalty discontinuous Galerkin approximation of a(-,-) : V' x V' — R. The additional
sum over all boundary terms in (5.13) is due to the discontinuous Galerkin formulation

for inhomogeneous boundary values. Note, that the right hand side is only integrated on
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Loy l—1 Ly L

Figure 5.3: Hierarchy of meshes for extended domain (2. L is the computational
level, £, is the level on which the fine-scale structure of the domain
is still resolved, and ¢y is the coarsest level of the multigrid method.

the fluid region (2¢, such that 1o f and 1-g is realized.

By coercivity (4.6) of ap(-,-) it follows the coercivity estimate

N(e)
vai(p, @) + Y (e 0) o = evfely, (5.14)
=1

for all ¢ € V4. Furthermore, let ¢, € V},, then it holds by a Poincaré inequality and
(5.1)

N(e) N(e)
S o)y < 3 cliello el < l2 el 0l (15
i=1 i=1

Thus, existence and uniqueness follows by coercivity (5.14), continuity (4.7) of ap(-,-)

together with (5.15), as well as the discrete inf-sup condition (4.10).

5.5 Homogenizing Two-scale Multilevel Schwarz Algorithm

The homogenizing two-scale multilevel Schwarz algorithm presented in this section in-
corporates a homogenized operator on the effective coarse-scale and is otherwise based
on Algorithm2.5 in form of a monolithic multigrid V-cycle with an overlapping Schwarz
smoother. To sketch the idea of this approach Figure 5.1 serves as a reference.

We assume that 7;, has emerged by a subdivision of a coarsest mesh 7, such that

there is a hierarchy of nested meshes 7, = 7}, with

Ty € CToma €T Coe CTo = Th,
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Algorithm 5.1 Two-scale multigrid V-cycle

Let L be the computational level corresponding to 7, = T, , and let ¢, be the coarsest
level of the fine-scale, where the structure of the microscopic problem can still be resolved.
Let £y be the coarsest level of the multigrid scheme. Define

A, — Aj, forle {l,...,L},
‘T A, forfe {by,... 0 —1).

Let MZ;S = AZOI. Let S, be a suitable smoother, and let mpe(¢) and mpogst (£) be the num-
ber of pre-smoothing and post-smoothing steps, respectively, on each level. Recursively
define the action of M, éT S on a vector by as follows:

1. Pre-smoothing: let &y = 0 and compute for i =1,... ,mpe(f)
x; =xi—1+ Se(by — Apzxi_1)
2. Coarse grid correction:
Cinee ()41 = Congee(0) T BRI M Re—y (b — Ay, 1))
3. Post-smoothing: for i = mpre(€) 4+ 2,. .., Mpre(£) + Mpost (£) + 1 compute
x; =xi—1+ S (b — Apzxi_1)

Tom- TSy —
4. Assign: My "by = Ty, (0) 4 mipos ()41

to mesh sizes
hey < -+ <hg—1<hg <---<hp=h.

Here, L is the computational level on which the problem is going to be solved, and ¢ is
the coarsest level of the multigrid algorithm. We assume further that ¢, is the coarsest
level on which the geometry of the fine-scale structure is still resolved exactly by the
mesh 7y, i.e., we assume that the boundary I'; of the obstacles is aligned with 7, , and

not anymore with 7, _;. Therefore,

(..., L}

is the set of all levels, where the fine-scale geometry is resolved exactly by the correspond-
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ing mesh, and

(o, b — 1}

is the set of all coarse-scale levels. Compare Figure 5.3 for a visualization of the different
mesh-levels, where the geometry of the domain is or is not resolved by the mesh.

Let A$ be the system matrix corresponding to (5.12) to the mesh size hy, and let Ay
be one of the homogenized operators that will be defined in (5.19) in Section 5.7. As
smoother we choose either the additive or the multiplicative Schwarz smoother introduced

in Section 2.5. Both Schwarz smoothers depend on the level-matrix A, that is chosen as

A 5, forte{t,,...,L},
L — _
Ay, for l e {ly,... 0, — 1},

depending on the level £. The homogenizing two-scale multilevel Schwarz algorithm is
then formulated in Algorithm 5.1.

5.6 Homogenized Coarse-scale Operators

In this section we review the results of the homogenization theory in the literature to
provide coarse-scale operators for the perforated Stokes system (5.2) with the extensions
defined in (5.4) and (5.5). Therefore, we recapitulate briefly the results of the homogeniza-
tion theory in [AM97], where different homogenized limits of the steady Stokes system
on a periodically perforated domain are derived based on two different homogenization
methods.

The process of homogenization is illustrated in Figure 5.4 and describes different notions
of upscaling or averaging techniques to derive laws for the effective behavior of equations
with highly oscillating properties as coefficients or repeated geometric structures, when
the size of the period ¢ tends to zero. Since the homogenized operators will enter the
equations only in form of local patch problems or a coarse problem of an overlapping
Schwarz preconditioner, it is sufficient to consider a homogeneous boundary condition
g=0.

We start with presenting the limit for ¢ — 0 obtained by the two-scale convergence

method, which leads to a Darcy law, provided that the pore size is much smaller than
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Figure 5.4: Homogenization limit of periodic domain (2¢ as illustrated in [Hor97,
Figure 1.1].

the characteristic length of the reservoir. After that, we present the results obtained by
the energy method under the assumption that the obstacle size s. is much smaller than
the period €. In this case, the homogenized limit is depending on the size of the obstacles
and leads at a critical size to a Brinkman law. For larger obstacles it results in a Darcy

law, and for smaller obstacles in the Stokes equations again.

5.6.1 Homogenization with the Two-scale Convergence Method

The two-scale convergence method was introduced around 1990 by Nguetseng in [Ngu89]
and by Allaire in [Al192]. As a homogenization method it is restricted to periodic problems,
where the geometry of the domain or the coefficients of the microscopic problem have
a periodic structure that is repeated over the whole domain. A great advantage of the
method is its close relation to the heuristic method of two-scale asymptotic expansions
with which formal derivations of the homogenized problems are quite easy achievable.

For example, if a sequence v¢ admits an asymptotic expansion of the form

for y-periodic and smooth functions v;(x, y), then it two-scale converges to vo(x,y). We
refer to [Hor97, A.3] for an introduction to the method. The detailed proof of the two-
scale convergence of system (5.12) can be found in [AM97]. The first formal derivations
of Darcy’s law using two-scale expansions are due to [Kel80, Lio81, SP80].

To derive a homogenized limit, one first needs to scale the fluid velocity v¢ by the factor
€72 such that the viscosity v is of order £2. This is possible due to the linearity of (5.2).
Further, we need to assume that the pore size is much smaller than the characteristic

length of the reservoir. The resulting homogenized limit for ¢ — 0 obtained by the
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two-scale convergence method is then Darcy’s law

vL o +Vp=f in {2,
divo =0 in £2,
v-n=0 on 0f2,

with the constant, symmetric and positive definite permeability tensor L = (Lz‘j)g,j:1
defined by

L —/waz'(y)'ij(y) dy—/}_wi(y)'ej dy, (5.16)

where w; are the solutions of the cell problems: find y-periodic vector fields w;, and

y-periodic pressure fields 7, such that

—AWj+V7Tj=6j in]:,
divw; =0 in F, (5.17)
w;j=0 on OF.

As one can see in the definition of the cell problems, the permeability L depends only on
the geometry of the microstructure and not on the physical properties as the viscosity,

or the acting forces.

5.6.2 Homogenization with the Energy Method

Next, we present the second method for the homogenization of system (5.2), called the
energy method, that was introduced by Tartar and Murat in the late 1970’s in [Tar78,
MT78]. The key idea is to choose an oscillating test function in the variational formulation
of the problem and pass to the limit in the notion of weak or strong convergence. The
method is very general, since it is not restricted to periodicity of the domain or the
coefficients in the system. We refer to [Hor97, A.2] for an introduction to the energy
method and to [AM97] for the technical details about the homogenization of (5.2). The
homogenized limit depends on the obstacle size s. and the equations can either result in
a Brinkman law, a Darcy law, or again, a Stokes law.

For a proper presentation of the results we briefly introduce the concept of weak and

strong convergence in Hilbert spaces. A sequence {v, },, v is said to be weakly convergent
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to v in a Hilbert space V, if it converges with respect to the inner product (-,-) of V, i.e.,
(vn, — v, ) = 0, for n — oo,

for all ¢ € V. The sequence {vy, },,cy converges strongly in V', if it converges with respect

to the norm ||| = /(,),
|vn, — v]| = 0, for n — oo.

The obstacle size s is defined as a parameter that rescales the standard obstacle O to the
size s, i.e., Of = s.O. For the homogenization process the solid obstacles are assumed to

be much smaller than the period €, which is formulated in the form of a growth condition

The three different limits are distinguished by the ratio o. defined by

Se

oe=¢€ ‘log (;) ‘1/2 for d =2, (5.18)

and

cd \ /2
Oz = <d—2> fOI'dZ?),
Se

and are formulated in the following.

1. At a critical size where lim.,g0. = o > 0, the extended solution (v°,p°) of
(5.2) converges weakly in [H}(£2)]¢ x L%(£2)/R to the unique solution (o, p) of the
Brinkman law

VAT + Mo +Vp=f inQ,
o
divo =0 in £2,
v=0 on 0f2.

2. For large obstacles, such that lim. .o 0. = 0, the extended and rescaled solution

7€

(%, p°) of (5.2) converges strongly in [L?(£2)]* x L(£2)/R to the unique solution
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(v,p) of Darcy’s law

vMv+Vp=f in £2,
divo =0 in £2,
v-n=0 on 0f2.

3. For very small obstacles, such that lim._,o 0. = 400, the extended solution (9%, p°)
of (5.2) converges strongly in [Hg(£2)]¢ x L?(£2)/R to the unique solution (,p) of

the homogenized Stokes equations

—-vAv+Vp=§f in {2,
divo =0 in £2,
v=0 on 0f2.

The definition of M is given by
M;; = / Vwi(y) - Vw;(y) dy,
RO

where w;, 1 < i < d, are the solutions of the following cell problems, which differ in
the choice of the boundary conditions with respect to the space dimension d. The cell

problems are defined by: find vector fields w; and pressure fields 7, such that

—Aw; +Vm; =0 in ]Rd\O,
divw; =0  in R4\ O,
w; = 0 in O,

subject to the boundary conditions

e; log (|x|) as |x| — oo for d = 2,
wi(x) —
e; as |z| — oo for d > 3.

However, we have from [AM97, Proposition 3.2] that whatever the shape or the size
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of the obstacle O, in two space dimensions the matrix M is always the same
M =4nl.

Note, that L from the two-scale periodic setting in Section 5.6.1, and M are totally
different tensors, although they are not entirely unrelated, since M ! is the rescaled
limit of L for s — 0 in the unit cell Y, see [Al191].

5.7 Discretization of the Homogenized Problems

The homogenized equations are discretized with the same type of H%Y-conforming mixed
finite element spaces as the microscopic Stokes system. The discretization follows again
[CKS06].

Therefore, we choose the discretization spaces
Xoe=VixQy

from (5.11) equipped with a homogeneous Dirichlet boundary condition. We write the
spaces to the mesh size hy > h to mark that we use the resulting operators inside the

multilevel methods on the coarser mesh levels ¢ < L.

This yields the following four discrete bilinearforms.

1. For Darcy’s law derived with the two-scale convergence method we define D1 4(, -) :
Xex Xy — R by

Ly ( (;z) , <‘;’>> = (L B0 ), — b5 ) — b4, B1).

2. For Brinkman’s law we define BMl(w ) : Xy x Xy — R by

Basg ( ("Z> , <9°>> = var(B0,9) + 25 (M0, 0) , — b(pp>0) — (4, 90).

Dy q

3. For Darcy’s law derived with the energy method we define ]DMI(-, V) Xex Xp = R
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Dare ( ('Zj) , <z>> — u(M3r. ), — b(pe 0) — b(a,50).

4. For the Stokes equations we define Sy(-,-) : X; x X, — R by

S, ( (;5) , (j)) — van(Be, @) — b(Per ) — b(q, Be).

Corresponding to each of these four homogenized bilinearforms we denote their algebraic

analogues by
DL—IJ, BM’g, DM,Ea and S’g. (5.19)

Note that the two Darcy operators differ only in the choice of the permeability tensor.

5.7.1 Assembly of the Effective Tensor

As we have seen, the discrete homogenized operators B M.t D M ¢, and S, obtained
by the energy method can directly be specified in the two-dimensional case, since their
representation depends on the constant tensor M = 47w I and otherwise only on the ratio
o, that has to be specified. For the Darcy operator D -1, obtained by the two-scale
convergence method, however, we first need to solve d cell-problems to assemble the

effective permeability tensor L.

Therefore, let 7,7 be a triangulation of the unit cell Y = (0, 1)? such that the boundary
of the obstacle is aligned with ’771Y. We extend the y-periodic velocity and pressure fields
of the cell-problems with the same Brinkman extension as formulated for the periodically
perforated case in Section 5.2.

As discretization space we choose also H4V-conforming finite element basis functions
and incorporate the periodicity of the boundary values into the discretization space which

is realized by identifying opposite sides of the boundary 0Y . The velocity and pressure
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spaces are defined on Y with respect to 773/ by

Vh# ={p e V,(Y) : ¢ is y-periodic},
Qh# ={qe Qn(Y) : qis y-periodic},

and the discretization space is
# _yH# #
X =V xQy.

The discrete cell-problems that need to be solved are then: for j = 1,...,d find (wy, j, 7 ;) €
X ;Jf , such that

ah(a)h,j7 90) + C(‘:‘}h,ja ‘10)0 - b(ﬁ'}n 90) - b(Q?‘Z)h,]) - (eja So)y

for all (¢,q) € X#, where ayp,(+,-) and b(-,-) are defined with respect to Y.
Following [Neu96] we solve the discrete cell-problems on a comparable mesh refinement
level as in the periodically repeated setting, i.e., on the coarsest level where the geometric

structure is resolved. Then the entries of the permeability tensor L are assembled as
Li; =/ wh,i(y) - e;j dy.
f

Due to the periodicity of the problem, the solutions are defined only up to a constant,
which has no influence on the permeability tensor, since the defining integral is equivalent

to a formulation over the derivatives Vwy, ;, see (5.16).

5.8 Numerical Tests

In this section, we test the performance of the introduced two-scale multilevel Schwarz
preconditioner.

We will restrict the presentation to the case of two space dimensions and the choice of
RT}, x @, mixed finite elements as H4V-conforming discretization space. Furthermore,
we will only consider the multiplicative Schwarz algorithm as smoother.

To justify the effectiveness of the homogenizing two-scale multilevel Schwarz method
we will compare the performance results to the standard multigrid method, where the

fine-scale operator Aj is evaluated on the coarse scale, as defined in the following. We
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use a multigrid method with a quadrature rule designed such that the fine-scale structure
of the domain is still resolved exactly by the integrals on the coarse-scale levels. To
this end, we partition each cell T € T, on each coarse-scale level £y < ¢ </, — 1 into
at least 2%(¢—6) subcells (rectangles or hexahedra) of size he, and evaluate the coupled
Stokes-Brinkman bilinearform A;(, -) on each of the subcells with a Gaussian quadrature
rule, such that the integration process is essentially the same as on the resolved level
¢,. Moreover, for ease of implementation, we divide each cell T into 244+ subcells
regardless of the level. This assures the accuracy of the integration on the coarsest level
gy, since it resolves the fine-scale structure exactly and, consequently, on every other

coarse-scale level, too.

Although this procedure slows down the assembly process of the code and is much more
expensive than a normal multigrid algorithm would be, it preserves the information of the
fine-scale structure in the integration process and therefore guarantees the performance
of the standard multigrid scheme on the coarse-scale levels in terms of iteration counts of
GMRES. Thus, it serves as a benchmark test for the homogenizing two-scale multilevel

Schwarz methods.
The outline of the section is as follows.

In Section 5.8.1 we begin with the introduction of a geometrically simple, axisymmetric
model problem on the unit cell, which is repeated over the whole domain (2. For this
geometry it is demonstrated that the solution is pushed towards zero inside the obstacle

regions when the penalty factor ¢ increases.

Then, in Section 5.8.2 we draw our attention to test the performance of the constructed
two-scale multilevel Schwarz method with the different choices of operators on the effective
coarse-scale, and test it against the standard multigrid using the fine-scale operator
evaluated on the coarse scale that serves as a benchmark test. A first application of
the method with the analytical coarse-scale operators does not lead to a convincing or
even uniform result, and rises the question of how to choose the permeabilities optimally,
which is tested in a series of test runs for various choices of the pore size €, the penalty
factor ¢, the mesh size h and the permeability tensor K = I, that is a multiple of the
identity tensor in case of the axisymmetric model problem, also in the case of the Darcy

operator derived by using the two-scale convergence method.

For the Brinkman operator we find in Section 5.8.3 a dependence of x on the penalty

factor ¢, whereas for the Darcy operator the performance tests do not lead to a clear view
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e=1 e=0.5 e=10.25 e =0.125

Figure 5.5: Periodic domains §2¢ for different choices of €.

on the dependencies. Nevertheless, we can choose an optimal k in both cases, Brinkman
as well as Darcy. As it turns out, the choice of the Brinkman operator within the two-
scale multilevel Schwarz method leads to comparable performance results as the standard
multigrid, when only one coarse-scale level is considered.

But with fixing the coarsest level to zero the Brinkman operator beats the standard
multigrid method by yielding the best performance results, i.e., the lowest iteration counts
of GMRES, as observed in Section 5.8.4.

This result is confirmed in Section 5.8.5 in a test with a more anisotropic geometry,
where also another choice of K is considered, tailored to the shape and orientation of
the obstacle inside the unit cell. As it turns out this method yields the best performance

for small periods.

5.8.1 An Axisymmetric Model Problem

We start with the introduction of a geometrically simple model problem with an ob-
stacle region that is completely contained within the fluid region. For this setting the
assumptions on the geometry of the homogenization theory of Section 5.6 apply, and
the homogenized permeability tensor is always a multiple of the identity tensor, also
when calculated with the cell-problems in case of the two-scale convergence theory in
Section 5.6.1.

Let the reservoir £2 = (0,1)? be the open and bounded two-dimensional unit-square.
The obstacle part O of the unit cell (or standard periodicity cell) Y = (0,1)? is defined

as

O =1[0.25,0.75)°.
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Figure 5.6: Sketch of the geometry and the flow setting of the axisymmetric
model problem (left). Magnitude of the velocity for different values of
the penalty constant ( plotted logarithmically along the line zo = 0.5
(right). Samples calculated with RTy x Qo on a mesh with h = 3—12

As in the construction of the geometry in Section 5.1 the periodically perforated domain
£2° consists of the repeated fine-scale structure determined by the definition of ¥ and
period €, see Figure 5.5. The calculations however are performed with the extended
coupled Stokes-Brinkman problem on the whole domain {2, where the definition of £2¢

serves mainly the purpose of locating the obstacles inside 2.

For the tests, the period is chosen as ¢ = 27" with » € {0,1,2,...} and the do-

226 square mesh cells of size h = 27¢, with the level ¢ €

main {2 is divided into
{lo,..., 4, — 1,4, ..., L}, where the coarsest and the resolved levels are given by £y =0
and ¢, = r + 2, respectively, compare also Figure 5.3. We consider a no-slip Dirichlet
boundary condition on top and bottom, an inflow on the left, and an outflow on the right
prescribed by an essential Dirichlet boundary condition on the velocity v . as visualized
in the left part of Figure 5.6 for € = 1. The force and the boundary condition are defined

as

f=0 g= (m(lo_ x2)> : (5.20)

and the fluid viscosity is set to v = 1. The test case is related to a pressure driven

Poiseuille flow, assumed that there wouldn’t be an obstacle.
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By calculations with varying penalty factors
¢ € {1,10% 10%, 10°%},

and by observation of the magnitude of the velocity along the line xo = 0.5 we can
clearly see in Figure 5.6 that the discrete velocity is pushed towards zero in the obstacle
region 0.25 < x; < 075 the more ( increases. The calculations have been done using
a discretization with RTy X Qo finite elements to the mesh size h = 3—12 Heuristically,
this confirms the estimate (5.10) and validates the coupled Stokes-Brinkman model as
an approximation to the periodically perforated fine-scale porous media flow equations
(5.3).

5.8.2 Comparison of the Analytical Coarse-scale Operators

We now test the performance of the homogenizing two-scale multilevel Schwarz pre-
conditioner by a comparison of the four different homogenized coarse-scale operators,
as analytically derived by the homogenization theory in Section 5.6, and the resolved
fine-scale operator. We will use a preconditioned GMRES to iteratively solve the linear
system of equations until the starting residual has been reduced by a factor of 1078,
As already mentioned, we will restrict the investigation to the case of a multiplicative
Schwarz smoother M, , and, in a first step, reduce the method to the case of only one
coarse-scale level, such that we solve exactly on the finest coarse-scale level ¢, — 1.

We choose the axisymmetric geometry for the standard periodicity cell Y along with
the force and Dirichlet boundary condition as defined in Section 5.8.1, and test the
performance of the preconditioner by counting the iterations GMRES takes to converge
for different periods €. As can be seen in Figure 5.5 the resolved level ¢, increases with

decreasing €, as does the coarsest level £y, since we set it as
bhy=14, —1,

such that only one coarse-scale level is used. This has the advantage of minimizing the
influence of the coarse-scale smoothing steps and allowing a more detailed view of the
method. Furthermore, we set the penalty constant ¢ = 10*. Although this choice seems
arbitrary at first glance, it results in a good balance between accuracy and effort of the

method, as we will see later in the discussion of this section.
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As described in Section 5.7.1 we assemble the permeability tensor L of the Darcy
operator D -1, obtained by the two-scale convergence method by solving the two cell-
problems on the unit cell on a mesh as in the left graph of Figure 5.5 for ¢ = 1 before
running the calculations on the periodic domains with € < 1. The inverse of the obtained

permeability tensor is a multiple of the identity as expected and given by
L' =77.8471I. (5.21)

The permeability tensor of the Darcy operator D M ¢ obtained by the energy method is
given by M = 4x1, thus, we choose it as

M = 12.5661. (5.22)

In case of the Brinkman operator B M the tensor M is divide by the square of the ratio
o = lim,_,g 0.. Since we are not in the limit case ¢ — 0 but calculate with a fixed ¢ > 0
we decide in a first calculation to choose o2 as defined in (5.18) instead of o2 to get a

notion of how the method behaves for different permeabilities. This gives us for ¢; = £

2
and g9 = %, respectively,
1 1
— M =290.0711, — M = 1160.2801. (5.23)
£1 052

For the Stokes operator S; no tensor needs to be specified.

With the permeabilities as above, a first comparison of the two-scale multilevel Schwarz
method is summarized in Table 5.1 with the four different homogenized operators D L-10
D M.t B M.t Sy, as well as the standard multigrid using the fine-scale operator Aj
evaluated on the coarse scale. The calculations have been done for polynomial degrees
k = 0 and k = 1, with the fine-scale structure specified by ¢ = i and ¢ = % with
corresponding resolved level ¢, = 4 and ¢, = 5, respectively, as well as coarse level
by =4, — 1.

Since the resolved level grows for smaller values of ¢, the coarsest level on which a
resolved calculation of the porous media flow makes sense grows as well. That is why the
presentation of the iteration counts always starts one level further below when decreasing

€.

For k = 0 the iteration counts do not really flatten out for increasing computational
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Dp-1y Dy By Sy A7
e | 272 273 | 272 273 | 272 9273|9272 273|272 973
Ly 4 5 4 5 4 5 4 5 4 5
Lo 3 4 3 4 3 4 3 4 3 4
L=
4 36 53 18 22 18
5 41 60 58 91 19 14 | 24 29 | 17 14
k=0 6 45 71 60 >1001| 22 16 | 27 29 | 20 16
7 47 76 63 >100| 25 19 | 30 31 | 24 19
8 48 80 65 >100 | 27 23 | 32 33 | 28 23
4 76 >100 20 26 15
) 90 >100 | >100 >100 | 22 14 28 34 15 12
k=1 6 88  >100 | >100 >100 | 22 15 28 36 15 12
7 85 >100 | >100 >100 | 23 16 | 29 37 | 14 13
8 f  >100 | >100 >100 | 22 16 28 37 | 14 13

Table 5.1: Tteration counts of GMRES preconditioned by the two-scale multilevel
Schwarz method with analytically chosen effective tensors: Darcy
with L=1 (1), Darcy with M (2), Brinkman (3), Stokes (4), standard
multigrid (5). £o = £, — 1, RT} x Qg, ¢ = 10%.

mesh level L for all operators, also for the resolved fine-scale operator, which is better
for k =1.

We observe poor convergence results for both Darcy operators D -1 and D M ¢, Which
are especially growing with decreasing e, and even exceed 100 iteration steps, or fail at

all (marked with an f, because of failing SVD of the coarse matrix).

The Brinkman operator Bps, yields the best results of the homogenized operators

and is equally good as Aj when k£ = 0, but not for k = 1.

The results of the Stokes operator are not as poor as those of the Darcy operators,
but not comparable to A5, and for k = 1, even growing with decreasing . So far, the
homogenization approach does not seem to give a remarkable improvement in any of the
cases. But what needs to be noticed, is that the very different choices of the permeability
tensors lead to quite different convergence results of the preconditioned GMRES method,
which rises the question of how to choose the effective tensor to get the best convergence

results, and finally beat the resolved fine-scale operator Aj.
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5.8.3 Optimal Effective Tensors for Two-level Convergence

The different analytical approaches to homogenizing system (5.3) lead to very different
performance results in the practical application of the two-scale multilevel Schwarz
method. Moreover, the effective tensor varies widely, as observed in the last section. This
raises the question of how to choose the effective tensor in Darcy’s law or the Brinkman
equations optimally with respect to the performance of the preconditioned GMRES

method, i.e., such that GMRES requires the least number of iterations to converge.

Therefore, let K be the effective tensor of the homogenized equations for the model
problem with geometric structure as specified in Figure 5.5, either regarding Darcy or
Brinkman. Since the geometry of Y is axisymmetric, the effective tensor is a multiple of

the identity, i.e.,
K =«lI,

for some scalar value x > 0, compare (5.21), (5.22) and (5.23).

By scanning the parameter spaces we test the dependencies of xk with respect to the
penalty factor ¢ and to the geometry of the reservoir measured by the pore size ¢ for the

axisymmetric test case.

As it turns out, we find a linear dependence of x on ( in case of the Brinkman operator.
The parameter study is accomplished for polynomial degree k = 0 and a two-scale two-
level method to reduce its cost. The results are then confirmed in another more specific
series of calculations for £ = 1, as well as for different mesh refinement levels to exclude
dependencies on the polynomial degree k or the mesh size h. In Section 5.8.5 the choice

of K is also discussed for another geometric setting of Y.

We start with the parameter study for £ = 0 using a two-scale two-level Schwarz
preconditioner and count the iterations GMRES takes to converge for different values
of k as ( is varied and ¢ decreases. We choose L = /¢, as the computational level and

o = £, — 1 as the coarse-scale level.

The results for the Brinkman operator are shown in Table 5.2 and for the Darcy
operator in Table 5.3. Here, all values that are close to the minimum are printed in bold
and the proposed law is highlighted by a frame. We see that both methods become more
and more sensitive to variations in x the more € decreases. But the iteration counts are

not dependent on ¢ for an optimal choice of x, what is expected, since the operators
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¢ w| 1 10 102 10 10* 10° 106

1 10 10 9 13 14 14 15

10 10 9 13 14 14 15

102 10 9 13 14 14 15

e=3 | 10° 111 [9] 12 13 14 14
104 15 15 13 13 14 14

10° 18 18 18 16 15 16

106 22 22 22 21 19 [17] 18

1 12 12 13 23 40 45 47

10 12 13 23 40 45 47

102 12 12 22 38 44 45

e=1 | 10° 15 15 16 31 36 37
104 22 22 21 23 32 33

10° 33 33 31 23 29 33

106 68 68 67 62 34 [30] 35
1 12 12 14 25 64 >100 >100
10 12 14 24 63  >100 >100
102 12 13 23 60 >100 >100
e=g | 10° 16 15 17 44 95 >100
10 29 28 26 23 55 76

10° 43 43 40 27 35 61

106 95 95 91 65 33 [34] 50
1 12 12 14 25 61 >100 >100
10 12 14 25 61 >100 >100
102 12 13 24 58  >100 >100
€=15 | 10° 16 15 18 41 >100 >100
10 31 30 28 20 60  >100

10° 55 55 52 34 30 86

106 86 8 8 61 29 [27] 51
1 12 12 14 26 61  >100 >100
10 12 14 26 60 >100 >100
102 12 13 25 59 >100 >100
€=13 | 103 15 15 18 44 >100 >100
10 31 31 28 21 59 59

10° 65 65 63 43 23 23

106 >100 >100 >100 77 31 21

Table 5.2: Parameter study for Brinkman operator. Iteration counts of two-scale
two-level preconditioner on computational level L = ¢, and coarse
grid level fg = ¢, — 1. RTy x Qp.
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¢ w| 1 10 102 10 10* 10° 106
1 16 16 11 13 14 14 15
10 16 16 11 12 14 14 15
102 15 15 11 13 14 14 14
e=13 | 10% 15 15 13 [12] 13 14 14
104 16 16 15 12 13 14 14
10° 20 20 19 17 15 16
106 22 22 22 21 19 [17] 17
1 51 40 23 23 40 45 47
10 51 40 23 22 40 45 46
102 50 39 22 21 38 44 45
e=1 | 10% 51 42 25 [15] 31 36 37
10* 56 54 33 16 23 32 33
10 61 60 50 24 29 33
106 79 78 78 64 34 [30] 36
1 99 79 44 32 63 >100  >100
10 98 79 44 32 62 >100 >100
102 97 77 43 31 59  >100 >100
e=3% | 10 92 73 44 [23] 44 95  >100
104 >100 94 55 21 23 55 76
10° >100 >100 80 32 35 61
106 >100  >100 >100 >100 35  [34] 49
1 >100 >100 85 57 66 >100  >100
10 >100 >100 85 57 65  >100 >100
102 >100 >100 84 55 63  >100 >100
e=15 | 103 >100 >100 79 42 45  >100 >100
104 >100 >100 76 33 23 60  >100
10° >100 >100 >100 51 19 30 86
106 >100 >100 >100 78 33 [27] 51
1 >100 >100 >100 >100 f f >100
10 >100  >100 >100 >100 f f >100
102 >100 >100 >100 >100 f f >100
=4 | 10° >100  >100 >100 82 f £ >100
104 >100 >100 >100 58 f f >100
10° >100 >100 >100 70 f f 80
106 >100 >100 >100 >100 f f 43

Table 5.3: Parameter study for Darcy operator. Iteration counts of two-scale
two-level preconditioner on computational level L = ¢, and coarse
gI‘ld level Eo = fr — 1. RTO X Qo.
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Figure 5.7: Refined parameter study for Brinkman operator with x = a( (left),

and Darcy operator with x = 8- 103 (right). RT} x Qp, € = %.

represent the effective behavior of the oscillating equations.

When Brinkman is chosen as coarse-scale operator, the results in Table 5.2 suggest a

linear dependence of k on ( as by

with a constant a = 0.1 to get optimal iteration counts. A refined series of calculations
for e = & and ¢ € {10%,10%,10%} yields 0.22 < o < 0.28 in the case of RTy x Qo finite
elements, see the left plot in Figure 5.7.

Another calculation with RT} x @1 in Figure 5.7 confirms this observation also for
polynomial degree k = 1. Here, we observe optimal iteration counts when « lies in the
intervals [0.24, 0.4] for ¢ = 103, [0.2,0.39] for ¢ = 10* and [0.08,0.23] for ¢ = 10°.

To obtain the best choice for all considered values of {, we set o = 0.235.

Darcy as coarse scale operator, on the other hand, appears to produce optimal iteration
counts, when & is roughly between 10% and 10* for ¢ < 10%, with a shift to the range
between 10* and 10%, when ¢ > 10°. A linear dependence of x on ¢ as for the Brinkman
operator cannot be assumed. The Darcy operator is much more sensitive to variations
in k than Brinkman and relies on a correct choice of k, especially for small e-values.

We also encountered the case where LAPACK failed to produce the SVD of the coarse
matrix, which is marked by an f in Table 5.3. In particular, with a further refinement of the
periodic structure by choosing ¢ = % the computation of the SVD of the coarse matrix
failed in the range in focus, so that neither the hypothesis 103 < x < 10* can be validated

for large ¢ > 10, nor a dependence of x on (¢ can be excluded. Nevertheless, we can
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Figure 5.8: Independence of optimal x on mesh size h for Brinkman operator.
RTO X Qo, e = %

determine an optimal k for fixed { in a refined series of calculations. For RTj x Qg elements
this yields optimal values of  in the intervals [103,3 - 10%] for ¢ = 103, [3-103,9 - 10?]
for ¢ = 10%, and [1.2 - 10%,2 - 10%] for ¢ = 10°. Calculations with RT} x Q; elements
affirm this outcome for each ¢ by observing the lowest iteration counts for values of k in
[4-103,7-10% for ¢ =103, [6-103,7 - 103] for ¢ = 10, and x = 2 - 10* for ¢ = 10°, see
the right two plots in Figure 5.7.

The optimal choice of k is not dependent on the mesh size h, as we can observe in
another series of calculations for different mesh sizes to each ¢ € {1037 104, 105} visualized
in Figure 5.8. The lowest iteration counts are always measured at the same x, regardless
of the choice of h. Only for ¢ = 10* do we see slight deviations from the optimum with
a slight shift to smaller values of x when h < ﬁ. However, since the values vary by
only one iteration, this is within an acceptable tolerance in terms of performance of the
method. Another observation in Figure 5.8 is that the optimal x for ¢ = 10° differs from
the calculated optimum 0.235 for ¢ < 10% and has a value of approximately 0.05. In the

1

case k = 1 and ¢ = 75 we already have seen this slight deviation to a smaller v, but there

less sensitive to variations in k, see the second left graph in Figure 5.7.

Recalculating Table 5.1 with the optimal permeabilities chosen as
M = 0.235¢1 (5.24)
for the Brinkman operator, and

M =6-10°T
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By A

e [ 272 973 2749272 973 94|92 9-3 9-4

l, 4 5 6 4 5 6 4 5 6
3 3 3
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20 17 20 16 14 12 14 13 12

Ly 4 ) 4 ) 4 )
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) 22 18 17 13 17 14
k=0 6 24 20 22|19 16 12 | 20 16 12
7 28 23 24 123 19 15 | 24 19 15
8 33 2r 28 | 2r 23 19 | 280 23 19
4 21 17 15
) 22 18 17 14 15 12
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Table 5.4: Tteration counts of GMRES preconditioned by the two-scale multilevel
Schwarz method with optimized effective tensor for Darcy (left) and
Brinkman (middle); standard multigrid (right). Coarsest level ¢y =
¢, —1. RT}, x Qp, ¢ = 10%

for the Darcy operator, leads to the improved results as shown in Table 5.4. The Darcy
operator with optimal permeability performs much better than before and even shows
lower iteration numbers than the Stokes operator, compare Table 5.1. In particular now it
remains constant for kK = 1 as € decreases. Nevertheless, the Darcy and Stokes operators
do not capture the oscillations of the residual at the coarse scale as well as the Brinkman
or the resolved fine-scale operator, both of which show fewer iteration counts. Specifically,
the performance of the optimized Brinkman operator B M, is competitive with the

benchmark test with A7, showing broadly the same convergence results.

5.8.4 Two-scale Multilevel Schwarz with Optimized Effective Tensor

The results from the last section are promising with respect to the Brinkman operator
compared to the resolved fine-scale operator, and we are going to test the behavior of
both when applied to the actually intended case when the coarsest level of the multilevel
algorithm is fixed to zero, instead of growing alongside the refinement of the periodic

structure. Since the Darcy operators DL—lyg and DMj, as well as the Stokes operator
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By Aj
e | 272 9273 9274 975|972 9-3 94 975
l 4 5 6 7 4 5 6 7
L =
4 17 15
5 17 14 15 18
6 18 14 11 15 18 22
7 17 14 12 10|15 19 22 19
8 16 14 12 11 | 14 19 23 20

Table 5.5: Comparison of homogenizing two-scale multilevel Schwarz method
with optimally chosen Brinkman operator (left) and standard multi-
grid (right), when coarse level £y = 0. RT} x Q1, ¢ = 10,

S, did not perform as well as the Brinkman operator B M0, we focus on the latter only,
and restrict the presentation to the polynomial degree k = 1.

The results of the comparison of B M ¢ with optimally chosen permeability tensor as in
(5.24), and A7 for the case £y = 0 are given in Table 5.5. The Brinkman operator performs
exactly the same as when applied on one coarse-scale level only, but the performance
of the resolved fine-scale operator deteriorates. Whereas the iteration counts slightly
decrease for smaller periods ¢ when B M, is chosen, the numbers for A7 rather grow,
leading to approximately half of the iteration counts of the Brinkman operator compared

to the benchmark test with the resolved fine-scale operator for e < 274,

5.8.5 Anisotropic Permeability

Finally, we want to test the performance of the two-scale multilevel Schwarz preconditioner
with the Brinkman operator in a less simple setting. Therefore, we change the geometry
of the unit cell as specified in Figure 5.9, such that the resulting effective tensor will not
be isotropic anymore. For the performance tests, we again choose the force to be zero
and a Dirichlet boundary condition as in (5.20) with an inflow on the left, an outflow on
the right and a no-slip condition on top and bottom. Furthermore, we choose the penalty
factor as ¢ = 10% and set the coarsest level to £y = 0.

In addition to the Brinkman operator B}FVI’K, that is designed and optimized with
respect to the axisymmetric geometry, we introduce another Brinkman operator BE—lyg,

where the effective tensor is derived via solving the unit cell problems so that it is rotated
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Y QEfOI'EZ%

Figure 5.9: Geometry of unit cell Y and periodically perforated domain 2¢ for
anisotropic test case.

and scaled according to the orientation of the obstacles in the anisotropic example. To
accomplish this approach, we solve the cell problems (5.17) as in the derivation of Darcy’s
law (via the two-scale convergence method) on the unit cell at the coarsest resolved level

¢, to obtain

. [ 831763 —219.616
—219.616 279.386 |’

and adjust L~! with a scaling factor a, obtained by scanning the parameter space as in
Section 5.8.3. The best choice of a for the case ¢ = 10? lies in the interval [13,14], see
Figure 5.10. Thus, we set a = 14 and assemble the Brinkman equations on the coarse

scale with the resulting effective tensor
K=aL".

In Table 5.6 we test both two-scale multilevel Schwarz methods, regarding B}‘VM and
B 2_174, as well as the standard multigrid method with respect to the anisotropic geometry.
First, by a comparison of the results in Tables 5.6 and 5.5, we notice that the anisotropic
geometry has an effect on the performance of the two-scale multilevel Schwarz method
with the Brinkman operator B}k\/u, as for the standard multigrid method. When using
B}F\/M, the iteration counts in the anisotropic test case are slightly greater than for the
axisymmetric geometry. Still, for B}K\/M the numbers flatten out with decreasing period.

The standard multigrid performs slightly better for larger values of € > 27 in the
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number of iterations

Figure 5.10: Anisotropic geometry. Optimal « for Brinkman operator with K =
aL™'. RT| x Qy, ¢ = 10%

Bi, A; By,

e [ 272 973 9274 975 | 9-2 93 94 951 9-2 93 o9-d 95
l, 4 5 6 7 4 5 6 7 4 5 6 7
L =

5 21 12 23

6 21 17 12 14 23 20

7 20 17 15 13 15 17 22 19 16

8 20 17 15 15| 13 15 17 21 | 21 18 16 14

Table 5.6: Anisotropic case. Comparison of standard multigrid (A7), two-scale
multilevel Schwarz with operator optimized for axisymmetric test case
(iju), and two-scale multilevel Schwarz with operator optimized for
anisotropic geometry (Bsz). by =0, RTy x Q, ¢ = 10%

anisotropic test, but for decreasing ¢, which is the intended situation, the numbers are

growing and we see better test results for the two-scale multilevel Schwarz method with

B}(\/I,E as operator.

Now, turning our attention to the two-scale multilevel Schwarz method with the newly

introduced Brinkman operator 32717 ¢ that is designed and optimized with respect to the

non-symmetric geometry, we see, that it nearly performs the same as B}K\/M with about 1

iteration more for € > 274, But, for a smaller period qu’g this method shows the best

performance in this last test setting with only 14 iterations, which is slightly better than

the 15 iterations of the Brinkman operator with B*M,e-
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5.9 Conclusion

In this chapter we have developed and applied an efficient and performant two-scale
multilevel Schwarz preconditioner to an H%V-conforming discretization of a coupled
Stokes-Brinkman model that approximates the resolved flow of a fluid through a pore-
system of periodically repeated perforated cells at pore-scale. The provided method
develops the ideas in [Neu96] for diffusion problems and extends it to the case of a
resolved Stokes flow in perforated domains. Different homogenized coarse-scale operators,
known from the literature, have been compared to the standard multigrid preconditioner
with respect to the convergence speed of GMRES preconditioned by the homogenizing
two-scale multilevel Schwarz method. It was found that the performance of the analyt-
ical homogenized coarse grid operators is non-optimal when used within the two-scale
multilevel Schwarz method. However, an optimization of the effective tensor with respect
to the iteration counts of GMRES yields an excellent performance of the method, where
the Brinkman operator appears to be the best choice regarding the pore size and the

mesh size under consideration.
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Chapter 6

Outlook and Summary

I conclude this thesis with an outlook on solving pore-scale computations of flow and
deformation in nonlinear poroelastic media. In addition, the performance of the Schwarz
method is discussed when interface conditions are imposed inside the domain.

In Section 6.1, a two-scale multilevel Schwarz preconditioner is considered for a nonlin-
ear fluid-structure interaction problem on periodic domains that utilizes a homogenized
model of linear poroelasticity as coarse-scale operator within a Newton method.

Section 6.2 briefly discusses the imposition of strong or weak interface conditions
inside the domain to extend a physical phase accurately to an extended (virtual) region.
We provide examples for Stokes flow, linear elasticity, and a fluid-structure interaction
problem, and demonstrate that overlapping two-level Schwarz methods cannot be applied
out of the box to these kinds of problems, which makes a more in-depth investigation of
the Schwarz preconditioner necessary.

Finally, this thesis is briefly summarized in Section 6.3.

6.1 Two-scale Multilevel Schwarz Preconditioner for

High-resolution FSI Problems in Poroelasticity

As model we assume a FSI (fluid-structure interaction) problem in an ALE (arbitrary
Lagrangian-Eulerian) framework of a coupled laminar Stokes flow and an elastic solid
body that allows for nonlinear deformations described by a St. Venant-Kirchhoff material
law.

Let the open and bounded, three-dimensional computational domain
N=02;,0IU 1

consist of a connected fluid part {2;, a connected solid matrix {2, and an interface I,
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arranged by periodically repeated microcells Y7 = (0,¢)? of size ¢, such that

0=y

Each microcell is the image of a scaled and shifted standard periodicity cell Y = (0,1)3
consisting of an open and bounded fluid domain Y; and an open and bounded solid

matrix Y, such that
Y = Yf Uly UYs,

where I'y is the interface between Y; and Y;. Let w denote the solid displacement, p the
fluid pressure in the system, and w = v — J,u the relative velocity where v is the seepage
velocity of the fluid. Furthermore, the deformation gradient F' and its determinant J are
defined by

F=I+Vu, J=det(F).

F describes the local change of relative position under deformation and J denotes the

local change of volume at a given time ¢, cf. [Ric17, Chapter 2].

The ALE formulation of the fluid-structure interaction problem we focus on is given

in dimensionless form by

—div (F (A tr(e(u))I 4+ 2pe(u))) = fs  in f2,

—div (52,] (V (w + ndyu) F~1 + (V (w + noyu) F_I)T)F_T
(6.1)
_JpF7T> :Jff in Qf,

div (JF ' (w+ndu)) =0  in £2y,

where the strain e(u) = % (Vu + VuT) is the symmetric gradient and fs and f; are
given forces acting on the solid and fluid domain, respectively. Furthermore, A and u
denote the Lamé constants of elasticity and n = % is the ratio of the so-called Terzaghi
time T = 4% and the characteristic time 7¢, for given fluid viscosity v and characteristic

Young’s modulus A.

Additionally, a no-slip condition for the relative velocity and equivalence of the normal
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stresses are prescribed on the interface I, i.e.,
w=0 onl osn=on onl,
where the solid and fluid stress fields are defined by

os=F (A\tr(e(uw)I + 2ue(u)),
or=¢e*J (V (w + ndyu) F~ + (V (w + ndyu) F*I)T> FT_ gpF-T,

Moreover, boundary conditions are prescribed on 0f2 to close the system.

6.1.1 Towards Highly Resolved Poroelastic Media Computations

In the case of small deformations of the solid body, and even up to order ¢, the homogeniza-
tion of the fluid-structure interaction problem leads to Biot’s linear consolidation model,
even when the elastic solid deformation is assumed to obey the nonlinear St. Venant-
Kirchhoff material law. When solving the discrete system with Newton’s method, a
linearized problem needs to be solved algebraically, which is typically done by the ap-
plication of an iterative Krylov-subspace method as GMRES. This makes the use of an
effective preconditioner necessary.

As we have seen in Chapter 5, a two-scale multilevel Schwarz method with a homoge-
nized operator on the coarse scale is promising. Thus, the idea of solving highly resolved

models of poroelastic media is as follows:

1. Formulation of the microscopic nonlinear fluid-structure interaction problem in
ALE coordinates on a domain with periodically repeated elastic obstacles as in
(6.1).

2. Extension of the variables to the whole domain alongside Chapter 5 with a Brinkman

model for the fluid velocity.
3. Discretization of the whole system with an H%V-conforming finite element method.
4. Iterative solution of the nonlinear equations with Newton’s method.

5. Preconditioning of the linearized equations inside Newton with a two-scale mul-
tilevel Schwarz method using either Biot’s consolidation model as coarse-scale

operator, or the Biot-Brinkman equations, with optimized effective parameters.

151



Chapter 6 Outlook and Summary

In view of the results of Chapter 5, an optimized Biot-Brinkman model has the best
chances of yielding an effective preconditioner. We note, that even though system (6.1)
is nonlinear the application of Newton’s method leads to a linear system that needs
to be solved, which is expected to be similar to Biot’s consolidation model at least for
deformations up to order e.

This argumentation is due to the application of the two-scale convergence method
to system (6.1) that we will not examine here, but briefly explain some of the details.
With the assumption that the deformation gradient remains small (up to order ¢), the
formal two-scale expansion yields Biot’s linear consolidation model. Without smallness
assumption on the deformation, a two-scale expansion of system (6.1) leads to a large
system with several unknowns that depend on both scales, the macroscopic and the
microscopic scale. The missing scale-separation in this case makes it necessary to resolve

the heterogeneous structure, cf. [MBO7].

6.2 Extensions to Virtual Regions

Instead of extending the physical phases with a Brinkman law, one could also follow
another monolithic approach by using the same laws in the extended regions as in the
physical domain and prescribe interface conditions on I directly via constraining the
corresponding degrees of freedom that are located at the interface. This leads to problems
when the multilevel Schwarz methods are applied out of the box and makes a further in-
depth investigation of the method necessary. Nevertheless, we will outline the approach in
the following concluding section for a steady Stokes flow in Section 6.2.1, linear elasticity
in Section 6.2.2, and a simplified fluid-structure interaction problem in Section 6.2.3,
and demonstrate the performance of the multiplicative two-level Schwarz method in
Section 6.2.4.

To extend a given physical phase like a fluid velocity or solid displacement stated in
a domain D C {2 to the whole computational domain {2 we introduce so-called virtual
regions Dyirtual = 2\ D, with D N Dyirpual = 0. These regions are meant to be parts of
{2, where we prescribe the same physical equations, but decouple it from the physically
meaningful part of the domain D such that the boundary condition on the interface
is met and the phase in the extended region Dyirua C 2 will not have any physical
influence to the phase in D. We realize this by prescribing interface conditions tailored

to the needs of the specific equations and choosing the discretization spaces accordingly.
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6.2.1 Stokes Flow

First, we assume a Stokes fluid flowing against non-elastic obstacles without interaction
between the fluid and solid phase, where the obstacles are aligned with the computational
grid. On the interface I' between the fluid domain F and the obstacle domain O we
assume a no-slip boundary condition of the fluid. For a sketch of a possible configuration

of the domain see Figure 6.1. In strong form we have Stokes flow given by
—Av+Vp=F§f in F,

divv =0 in F,

complemented by a Dirichlet boundary condition g prescribed on df2. The solution is

defined up to an additive constant, which is determined by the constraint

/pd.f:O.
f

The fluid velocity v is then extended by 0 to the obstacles O by choosing the same

equations, i.e., Stokes flow, but with a no-slip interface and boundary condition

—Av+Vp=0 in O,
dive =0 in O,
v=0 on I'U00.

As discretization we choose an inf-sup-stable finite element pair such as Taylor-Hood
Sg X Sg_1, or the H di"—comforming pair RT}. X Q. In the latter, we have to use an interior
penalty discontinuous Galerkin formulation to discretize the Laplacian as in (4.5). With
both discretizations we incorporate the zero boundary values directly into the system
matrix by constraining those degrees of freedom that lie on the interface I'. To give an
example, consider a configuration of the domain {2 = F U O, consisting of a fluid region
F, where we aim to solve a system of equations, and an extended region O. For ease
of explanation we consider the continuous finite element space S7 of piecewise linear
polynomials in a configuration with only two cells, where the degrees of freedom are
distributed as in Figure 6.2. When the system gets assembled, each degree of freedom
that lies on the interface I" gets constrained to zero. This is achieved as with a normal

Dirichlet boundary condition by setting the whole row to zero except for the diagonal
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Figure 6.1: Stokes flow against inelastic obstacle with extension to virtual region,
discretized with RT» x Q2 finite elements.

D I Dvirtual

0 2 4

Figure 6.2: Degrees of freedom on computational domain D and extended virtual
region Dyitual With interface I

entry, which is set to one. The resulting system then is

* % x fo
k% Ty bit
1 T2 | 0

1 T3 |o

% % T4 fa

* % Ts f5

In the HYV_conforming case, we additionally have to decouple the interior face terms
that lie on I'. This is achieved by choosing boundary terms for I'r = 0F NI, as well
as for I'vo = 90 N I instead of the usual jump terms on faces on I'. For an improved

readability we introduce bilinear forms a£ () and al,’% r (+,-) that define the face terms
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and the boundary terms of ay(+,-), respectively, on a given set S by

aé,S(vh’ (10) = Z %([['Uh]], [[SOH)F - Z ({{vvhn}}7 [[90]])}7

Fes Fes
- Z ([[vh]]7 {{V‘Pn})p,
FesS
az,s(’vh, <P) = Z %(vh, cp)B — Z (V’uhn, (p)B — Z ('vh, Vgpn)B,
Bes Bes Bes

With these bilinear forms the decoupling of the virtual region is realized by choosing

a(on @) = 3 (Vo V)t af 1, (o)
TET, (6.2)

+ a?L,F; (”hv ‘P) + a%,ro (Uh, 90) + a’;’L,pB’h ('uh, cp).

An example calculation with RT> X ()2 finite elements can be seen in Figure 6.1. The
fluid velocity as well as the pressure are zero in the extended region in the middle of the

domain. As a result, the fluid flows around the obstacle as intended.

6.2.2 Linear Elasticity

Next, we consider an elastic solid body, where the stress-strain relation is given by Hooke’s

law, i.e.,

o(u) =2ue(u) + Adiv(u)l, e(u) = - (Vu+Vaul).

N =

For a given force f the constitutive equations are prescribed in terms of the displacement
u by

—div (2ue(u) + Adiv(u)I) = f in O, (6.3)

where O is the solid domain. We consider displacement-traction problems, where (6.3)
is closed by a combination of a Dirichlet boundary condition gp on I'p, and a zero

Neumann boundary condition on Iy, i.e.,

u=gp onlp, o(un=0 on Iy,
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Figure 6.3: Movement of an elastic solid block O with extension to a virtual
region F via interface constraints. Undeformed state (left), deformed
state (right).

on disjoint parts I'p and I'y of the boundary 9O of the solid domain O, for which we
assume that I'p NIy =0, and I'p # 0 to exclude rigid body movements.

Along the Neumann boundary part Iy the solid domain O is extended to a larger
domain 2 = O U I'U F, with O N F = (), such that the interface I" between O and F
is part of the Neumann boundary Iy, i.e., I' C I'y. F plays the role of a virtual region,
that shall not affect the physically meaningful region O. To achieve this, the displacement
in F is prescribed with the same material law as in O, but the boundary conditions are

changed to a one-sided continuity condition on I, i.e.,

—div (2ue(ur) + Adiv(ur)I) = fr  in F,

Ur =1u on I

where ur denotes the extension of the solid displacement u to the virtual region F. Since
the boundary condition on I is sufficient to decouple the virtual region from O without
affecting it, the force fr can be chosen arbitrarily. For example, fr = 0, or fr = f,
depending on what might be more convenient. To make it clear, the one-sided continuity
condition on I is prescribed as a combination of the present free Neumann boundary
condition on I"'N JO and a Dirichlet boundary condition on I" N F to assure continuity

of the extended phase ur. In summary

o(un=0 on I'N 00O,
ur =u on I'NOF.

The assembled system matrix expressed in the same setting as in Figure 6.2 is then given
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by
x % k% o fo
X ok ox % x1 fi
x % k% T9 fo
Xk ok % x| f3
x ok k% T4
SR S s 0

One can see very clearly that the physically meaningful upper part of the system, corre-

sponding to D, gets solved independently from the extension in the last two rows.

In Figure 6.3, we demonstrate this strategy in a sample calculation with S finite
elements. The setting is as shown in the left picture of Figure 6.3 with a Dirichlet boundary
condition pulling to the left, a free Neumann boundary condition at the remaining part of
00 and an extension to the virtual region F that is complemented by another Dirichlet
boundary condition pulling to the right. The result is as expected, a translation of O to
the left without changing its shape and a deformation of the virtual region that does not
affect O.

Note, that if the discretization is realized with a locking free H4V-conforming discontin-
uous Galerkin finite element method, one needs to take care of the correct decoupling of
the deformation in the face terms of the interior penalty formulation similar to (6.2), but
taking the Neumann boundary into account and prescribing weak boundary conditions

only for the deformation in the virtual region.

6.2.3 Simplified Fluid-Structure Interaction Problem

We now combine both approaches in a simplified nonlinear fluid-structure interaction

problem,

—div(Atr(e(uw)) I +2pe(u)) =0 in Y
—div (7 [VwF ' + (VoF )] - JpF1) =0 inY;

divw =0 in Y}
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Figure 6.4: Fluid-structure interaction with virtual extensions of fluid velocity
and solid displacement. Continuous pressure space (middle), discon-
tinuous pressure space (right).

with interface conditions
w=0 onl[ osm=osn onl,

closed by mixed Dirichlet-Neumann boundary conditions as sketched in Figure 6.4, where

the solid stress o5 and fluid stress oy are defined by

os = Mtr(e(u)) I + 2pe(u),
oy =J |VwF '+ (VwF )" | - JpF",

We need to take care of the pressure component that couples the fluid velocity with
the solid displacement, when using continuous inf-sup stable mixed finite element spaces
S9 X Sy x S1. A decoupling by using a discontinuous pressure space (g yields the desired

result of a properly decoupled velocity field, as one can see in Figure 6.4.

6.2.4 Performance of the Two-level Schwarz Method

In Table 6.1 we observe the performance of the multiplicative overlapping two-level
Schwarz method used as preconditioner for GMRES, where we solve until the starting
residual is reduced by a factor of 1078.

We see that the iteration numbers deteriorate with a refinement of the mesh for the
Stokes flow example and the elasticity problem when virtual extensions are used as

explained above. If no interface condition is incorporated, the counts are uniform, as can
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Stokes Elasticity FSI

h no interf. virt. ext. no interf. virt. ext. average
1/8 7 42 6 11 48.0
1/16 8 46 6 13 59.2
1/32 8 44 6 14 72.0
1/64 9 49 6 15 94.0
1/128 9 50 6 16 133.8

Table 6.1: Iteration counts of GMRES preconditioned with a multiplicative two-
level Schwarz method applied to Stokes, linear elasticity, and a sim-
plified FSI problem. Without interface incorporated (no interf.), or
extended with virtual regions (virt. ext.). Averaged iteration counts
for FSI problem.

be seen in the comparison calculations. Moreover, the numbers are much larger when
virtual regions are included.

In addition, an example calculation is performed with the fluid-structure interaction
problem discretized by S x So x g finite element spaces. Due to the nonlinear nature
of the model, a Newton method is used to solve the discrete system. Since our focus is on
the performance of the preconditioner and to make the results comparable, the iteration
counts of GMRES are averaged over the first five Newton steps. The iteration counts are
deteriorating corresponding to the previous cases.

This demonstrates that the overlapping two-level Schwarz method cannot be applied
out of the box to interface problems occurring in the extension of a domain with a
virtual region, which makes a more in-depth investigation of the Schwarz preconditioner

necessary in this particular case, which is left as an open task for future research.

6.3 Summary

In this thesis we have successfully applied overlapping two-level and multilevel Schwarz
methods as preconditioner to H%Y-conforming discretizations of Biot’s consolidation
model and a Biot-Brinkman model. We have proved convergence of the two-level methods
and investigated the performance and robustness of the proposed methods in various
numerical test scenarios.

Moreover, we have developed a homogenizing two-scale multilevel Schwarz method as
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preconditioner for the calculation of a pore-scale porous media flow problem that resolves

the microstructure of the medium, i.e., a Stokes flow in a periodically perforated domain.
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