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Abstract

A bounded reducibility is a preorder <, on 2N which is obtained from Turing re-
ducibility by the additional requirement that, for a reduction of A to B, for every
input x the oracle B is only asked oracle queries y < f(x), where f is from some

given set F' of total computable functions.

The most general example of a bounded reducibility is weak-truth-table reducibility,
where F' is just the set of all computable functions. In this thesis we study the so-
called strongly bounded reducibilites <jj,r and <.}, which are obtained by choosing
F ={id} and F = {id + ¢ : ¢ € N}, respectively (where id is the identity function).

We start by giving a machine-independent characterisation of these reducibilities,
define the degree structures R;,1 and R of the computably enumerable ibT- and
cl-degrees and review some important properties of <j,r and < concerning strictly

increasing computable functions (called shifts) and the permitting method.

Then we turn to the degree structures mentioned above, and in particular to exis-
tence and nonexistence of joins and meets of a finite set of degrees. As Barmpalias
[Barm 05] and independently Fan and Lu [Fan 05] have shown, R, is not an upper
semi-lattice for r € {ibT, cl}; it is also known that it is not a lower semi-lattice. We
extend these results by showing that the existence of a join or meet of n degrees
does in general not imply the existence of a join or meet, respectively, of any subset
containining more than one element of these degrees. We also show that even if
deg.(A) and deg,(B) have a join, there is no uniform way to compute a member of
this join from A and B, contrasting the join in the Turing degrees. We conclude this
part by looking at the substructure of R, which consists of the degrees of simple sets
and show that this structure is not closed with respect to the join operation. This
is the dual of a theorem of Ambos-Spies [Amboa| stating that the simple degrees

are not closed with respect to meets.

Next, we investigate lattice embeddings into R,.. Due to an observation of Ambos-
Spies, the proof that every finite distributive lattice can be embedded into the
computably enumerable Turing degrees carries over to R,.. We show that the small-
est nondistributive lattices N5 and M3 can also be embedded into R, but only
the N5 can be embedded preserving the least element. Since every nondistributive

lattice contains at least one of these two lattices as a sublattice, this motivates the



conjecture that every finite lattice can be embedded into R,.. We show this for two

other nondistributive lattices, the §; und Sg.

Finally, we compare Ry, and R, and prove that these are not elementarily equiv-
alent. To show this, we study under which conditions on two degrees a and c
with a < c¢ it holds that there exists a degree b < c such that c is the join of a
and b. In this context we also show that, while shifts provide a simple method to
produce a lesser r-degree a to some given noncomputable r-degree c, there is no
computable shift which uniformly produces such an a with the additional property

that no degree b as above exists.



Zusammenfassung

Eine beschrinkte Reduzierbarkeit ist eine Quasiordnung <, auf 2V, die man durch
Einschrankung der Turing-Reduzierbarkeit erhélt, indem man zuséatzlich verlangt,
dass fiir eine Reduktion von A auf B bei Eingabe  nur Anfragen y < f(z) an das
Orakel B gestellt werden diirfen, wobei f aus einer vorgegebenen Menge F' total

berechenbarer Funktionen stammt.

Das allgemeinste Beispiel einer beschrankten Reduzierbarkeit ist weak-truth-table-
Reduzierbarkeit, hierbei besteht F' gerade aus allen berechenbaren Funktionen. In
der vorliegenden Arbeit werden Ergebnisse iiber die sogenannten stark beschrankten
Reduzierbarkeiten <;,1 bzw. <. vorgestellt, die man bei Wahl von F = {id} bzw.
F = {id + ¢ : ¢ € N} erhélt (wobei id die Identitétsfunktion ist).

Wir geben zunéchst eine maschinenunabhangige Charakterisierung dieser Reduzier-
barkeiten an, definieren die zugehorigen Gradstrukturen Ryt und R der rekursiv
aufzéhlbaren ibT- und cl-Grade und rekapitulieren einige wichtige Eigenschaften von
<ipr und < im Zusammenhang mit streng monotonen berechenbaren Funktionen

(Shifts) und mit der Permitting-Methode, die im spéteren Verlauf von Nutzen sind.

Danach wenden wir uns den obigen Gradstrukturen zu, insbesondere dem Aspekt
der Existenz von Suprema und Infima einer endlichen Menge von Graden. Von
Barmpalias [Barm 05] und unabhéngig von Fan und Lu [Fan 05] wurde gezeigt,
dass R, fiir r € {ibT,cl} kein oberer Halbverband ist; ebenso ist bekannt, dass
es sich um keinen unteren Halbverband handelt. Wir verallgemeinern diese Resul-
tate dahingehend, dass aus der Existenz eines Supremums bzw. Infimums von n
Graden im Allgemeinen noch nicht folgt, dass eine echte Teilmenge dieser Grade
mit mehr als einem Element ein Supremum bzw. Infimum besitzt. Ferner zeigen
wir, dass Suprema von Graden deg,(A) und deg,(B) selbst im Fall der Existenz
nicht in der gleichen Weise uniform aus A und B berechnet werden kénnen wie im
Fall der Turing-Reduzierbarkeit. Wir beschlieflen diesen Teil mit einer Betrachtung
der Teilstruktur von R, der Grade einfacher Mengen und weisen nach, dass diese
nicht unter Suprema abgeschlossen sind. Dies komplementiert ein entsprechendes

Resultat von Ambos-Spies [Amboa] iiber die Nicht-Abgeschlossenheit unter Infima.

Das folgende Kapitel ist der Untersuchung von Verbandseinbettungen in R, gewid-
met. Nach einer Beobachtung von Ambos-Spies iibertréigt sich der Beweis, dass jeder

endliche distributive Verband in die rekursiv aufzdhlbaren Turinggrade einbettbar



ist, auf R,.. Wir zeigen, dass auch die kleinsten nichtdistributiven Verbande N5 und
Mz in R, eingebettet werden konnen, letzterer allerdings nicht unter Bewahrung
des kleinsten Elements. Da jeder nichtdistributive Verband mindestens einen dieser
beiden Verbénde als Teilverband besitzt, gibt dies Anlass zu der Vermutung, dass
jeder endliche Verband in R, eingebettet werden kann. Wir weisen das fiir zwei

weitere nichtdistributive Verbande 87 und 8g nach.

Zum Abschluss wenden wir uns dem Vergleich von R;,1 und R zu und zeigen, dass
diese nicht elementar dquivalent sind. Dazu untersuchen wir, wann fiir zwei Grade
a und c mit a < c gilt, dass ein Grad b < c derart existiert, dass ¢ das Supremum
von a und b ist. In diesem Zusammenhang zeigen wir auflerdem, dass, wahrend
Shifts eine einfache Methode liefern, zu einem nicht berechenbaren r-Grad c einen
echt kleineren r-Grad a anzugeben, dieser nicht uniform so gewéhlt werden kann,

dass kein b wie oben existiert.
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Chapter 1

Introduction

This thesis deals with the computably enumerable ibT- and cl-degrees.

Given some preorder (i.e. a reflexive and transitive 2-ary relation) <,. on the power set {0, 1}
of the integers, one can define an equivalence relation =, on {0,1}" by letting A =, B if and
only if A <, Band B <, A. The theme of degree theory is the study of the resulting equivalence
classes, the r-degrees. In computability theory one also uses the term “degrees of unsolvability”
(“unsolvable” meaning “not computable”), which reflects the fact that the relation <, is chosen

such as to formalise a way to compare sets with respect to their computational power.

Degree theory in this sense is almost as old as computability theory itself. It was Turing
himself, who, only a few years after inventing his now famous Turing machine [Turi 37], also
brought up the notion of oracle Turing machines [Turi 39], thus giving a formal definition of
what it meant for a set A to be computable from another set B and hence computationally not
more powerful than B. The corresponding preorder <r is now known as Turing reducibility
[Post 44]. There has been excessive research on the structure of the Turing degrees since then,
and more and more complex techniques were developed — for an overview of the most important

results (as of 1983) see the comprehensive textbook by Lerman [Lerm 83].

The subject of degree theory was continuously broadened in two different main directions.
Firstly, instead of considering all degrees, one can study only a certain subset of the degrees.
The subset which received the most interest is the subset of computably enumerable (c.e.)
degrees, the degrees of c.e. sets. Post was the first to study these degrees and it turned out that
already the most basic question on the c.e. degrees that he posed [Post 44], the question whether
there are more than two such degrees, turned out to be all but trivial. It took more than ten
years before Friedberg [Frie 57] and independently Muchnik [Mucn 56] could answer it to the
positive by inventing the groundbreaking finite injury priority method. With this method, if
one wants to show the existence of a c.e. set with some specified property, the desired global
property is first split up into an infinite set of requirements which can be satisfied locally (i.e.

whose satisfaction is determined by only a finite part of the set to be constructed); then a
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total order is fixed on the set of requirements and they are satisfied one by one in such a
way that each requirement has to respect the action done by higher-priority requirements but
may injure lower-priority requirements. The ideas of this method were refined and extended
to the more complicated infinite injury priority method and beyond that. It also turned out
that in the more elaborate proofs using these methods it is often more convenient to work
with a tree of requirements instead of just a linearly ordered set (where each requirement
appears along each infinite branch of the tree). A lot of difficult questions on the c.e. degrees
could be tackled by exploiting these methods. For example, it is known that the c.e. Turing
degrees form a dense partial order [Sack 64], that they do not constitute a lower semi-lattice
[Lach 66, Yate 66] (though it is very easy to see that they are an upper semi-lattice), and that
some but not all finite lattices can be embedded into the structure of the c.e. Turing degrees
[Lach 80]. However, there are still some interesting open questions, for instance, whether there

is a simple characterisation of the finite lattices which are embeddable into the c.e. degrees.

The second direction in which the subject of degree theory evolved was changing the notion
of relative computability, that is the relation <,. Instead of using the full power of oracle
machines when computing one set from another, one can put restrictions on the number of
oracle queries asked, the size of the oracle questions, or the way how the answers to oracle
questions may correlate to the final result of the computation. Of course there are many other
possibilities for interesting reducibility notions <,.. An example for a reducibility notion where
the number of oracle questions is restricted to one and the final result must be the same as the
answer to this oracle question, is many-one-reducibility. An example where both the number of
oracle questions and the way how the answers to these questions correlate to the final output
are arbitrary but must be fixed before checking the answer to any of these questions, is truth-
table reducibility. Both notions were already defined by Post in his 1944 paper cited above. A
weaker notion, where only the number of oracle questions asked has to be fixed in advance,
is weak truth-table reducibility, first defined by Friedberg and Rogers [Frie 59]. More formally,
A is weak truth-table reducible to B if there is a computable function f such that f(z) is an
upper bound to the oracle questions asked during the computation of A(z) with oracle B (with
respect to some fixed oracle machine). Weak truth-table reduciblity is thus a close variant of

Turing reducibility.

What happens if we replace the condition that f from the definition above be computable
by the condition that f be in some set F of non-decreasing computable functions, where —
in order to make <, reflexive and transitive — we assume F to contain the identity function
and be closed under composition? This has been the subject of more recent studies during
the last decade. The most important cases apart from J being the class of all non-decreasing
computable functions (which leads to weak truth-table reducbility) are that F contains only
one element, the identity function, or that F consists of all functions f with f(n) = n+ ¢
for some constant c¢. The former case was first considered by Soare [Soar 04] and gives rise

to the notion of identity-bounded Turing (ibT-) reducibility <;pr, the latter was looked at



by Downey, Hirschfeldt and LaForte [Down 04] and the resulting reducibility notion <g is
now called computable Lipschitz (cl-) reducibility. The notion of cl-reducibility is of particular
interest also to the field of algorithmic randomness, because the class of Martin-Loéf random

sets is closed upwards with respect to <.

As we said at the beginning of this introduction, the focus in this thesis lies on results of
degree theory with respect to the computably enumerable sets only, and with respect to ibT-

and cl-reducibility. The outline is as follows.

In Chapter 2 a short summary of the basic ideas and notions from computability theory will
be given. We will formally define ibT- and cl-reducibility. Since the ad-hoc definitions are not
very robust with respect to slight variants of the oracle machine model (note that, for example,
if an oracle machine with oracle B always were to ask at least the fixed oracle question B(1),
then no set would be ibT-reducible to any set, because the use function at input 0 would always
be greater than 0), we will offer an alternative, machine-independent definition. We will also
review some properties which are very helpful tools when working with ibT- and cl-reducibility.
One is the observation that by shifting all the bits of a set by a certain amount to the left
or right we obtain an easy way to find a computationally harder or simpler (in the sense of
ibT- or cl-reducibility) set than a given noncomputable c.e. set. The other is a representation
theorem stating that ibT- and cl-reducibility can in some sense be characterised as a reduction
by permitting.

In Chapter 3 we study greatest lower and least upper bounds (or meets and joins) of finite
sets of c.e. ibT- or cl-degrees. In the first two sections we review two more important tools.
The ibT-cl-Join and -Meet Lemmas simplify considerations because they state that joins and
meets in the c.e. ibT-degrees are preserved when we consider the corresponding cl-degrees.
The Splitting Lemma is a positive result about the existence of joins, stating that if finitely
many degrees can be represented by pairwise disjoint c.e. sets, then they have a join which is
represented by the union of these sets. In contrast, as has been shown by Barmpalias [Barm 05]
and by Fan and Lu [Fan 05], joins in the c.e. ibT- and cl-degrees do not exist in general. In
Section 3.3 we generalise this result and show that for every n > 0 there exist c.e. ibT- or
cl-degrees ag,...,a, which have a join but such that no k of these degrees have a join for
2 < k < n. In Section 3.4 the corresponding result for meets in place of joins is proven, thereby

also showing that the c.e. ibT- and cl-degrees are neither upper nor lower semi-lattices.

By the Splitting Theorem, a representative of the join of the degrees of two disjoint c.e.
sets A and B can be computed from A and B in a simple and uniform way. Since for Turing
degrees the join of two degrees degr(A) and degr(B) is always represented by A ® B = {2z :
x € AU {22+ 1: z € B}, the same can be said for general (not necessarily c.e.) sets A and
B with respect to joins in the Turing degrees. In Section 3.5 we show that in contrast there is
no such uniform procedure to compute a representative of the join of the ibT- or cl-degrees of

c.e. sets A and B, though there are nonuniform procedures.

In Section 3.6 we look at joins of c.e. degrees of simple sets and show that these must not
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necessarily be simple, thus closing a gap in a paper of Ambos-Spies [Amboa].

While the focus of Chapter 3 is on existence and nonexistence results of joins and meets
separate from each other, in Chapter 4 we look at joins and meets at the same time and study
lattice embeddings. We sketch the proof that every distributive lattice can be embedded into
the c.e. T-, wtt-, cl- and ibT-degrees before we turn to the more difficult area of embedding
nondistributive lattices. Here we first sketch a proof that the nondistributive nonmodular
5-element lattice N5 can be embedded into the c.e. ibT- and cl-degrees. This result is due to
Ambos-Spies, Bodewig, Kriling, and Yu [Amboc]. Then we extend the methods from this proof
to show our main results that the nondistributive 7-element lattice 87 and the nondistributive
modular 5-element lattice M3 can also be embedded, but only the former can be embedded
preserving the least element. The proofs of these two results employ similar infinite injury tree
constructions using rather technical combinatorial arguments. We also deduce an embeddability
result of the 8-element lattice Sg, contrasting a non-embeddability result of this lattice in the c.e.
Turing degrees. The embeddability theorem for the lattice M3 is joint work with Ambos-Spies,
Bodewig, and Wang (unpublished).

Throughout Chapters 3 and 4 all purely degree-theoretic results are equal, irrespective of
the fact whether we consider ibT-reducibility or cl-reducibility. In Chapter 5 we show that
this is not true in general, i.e. that the partial orders of the c.e. ibT-degrees and the c.e. cl-
degrees are not elementarily equivalent. To this end we study the c.e. degrees b below a given
noncomputable c.e. degree a which cup to a, that is, for which there exists a degree c such a is
the join of b and c. Precisely, we show that these degrees have an upper bound less than a if
we look at ibT-degrees but they do not have such an upper bound if we look at cl-degrees. We
also prove some related results about cuppable and noncuppable degrees. Most of this chapter
is based on joint work with Klaus Ambos-Spies, Philipp Bodewig and Yun Fan, and has been
published in the Annals of Pure and Applied Logic in 2013 [Ambo 13a].
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Chapter 2

Strong Reducibilities

2.1 Sets, strings and trees

Computability theory usually deals with subsets of N = {0,1,2...,}. Whenever we just use
the term set without further explanation, it will refer to a set of this kind. Sets will be denoted
by capital letters A, B, C, ..., Ag, A1, .... The power set of N is denoted by {0, 1}".

We identify a set A with its characteristic function ¢4 : N — {0,1},

1 ifneA
ca(n) =
0 otherwise.

From the viewpoint of this identification, a set is just a sequence of zeros and ones (in the
formal mathematical sense). Hence we will occasionally write A(0)A(1) ... to denote the set A.
For n > 0, we call A(n) = ca(n) the n-th bit of A.

A string is an element from {0,1}*, the language of all finite binary words. The length of
a string « is denoted by |a|. We say that « is an initial segment of a set A if a(i) = A(i) for
i < |a|, and we write @ = A. The unique initial segment of A of length n is denoted by A | n.

Similarly, given two strings « = «(0)...«(n) and 8 = 5(0)...8(m), we say that « is a
prefix or initial segment of B, denoted by a C S, if n < m and for all i < n, a(i) = B(i); if,
additionally, n < m, we call a a proper initial segment of 5 and write o = . With respect to
tree constructions we also say that « is below g (or g is above «) in this case. The lexicographic
order <, on {0,1}* is defined by a <y, 8 if there exists some string v such that v0 C « and
~v1 C 3. In this case we say that « is to the left of 8 (or S is to the right of o). We can extend
this partial order to a total order < by defining o < 8 if a < f or a C .

A (binary) tree is a set T of strings such that, for all &« € T and all 8 C «, it holds that
B € T (i.e. T is closed under taking prefixes). When we talk about trees, we also call the
elements of T' nodes of T. A path in a tree T is a set A such that, for alln € N, A [ n € T. The
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lexicographic order extends to paths in a natural way.

2.2 Computable functions, coding functions, and com-

putable enumerable sets

A partial function is a function f : A — N, where A C N. Given some n € N, if n ¢ A, we write
f(n) 1;if n € A and f(n) = z, we write f(n) = x or just f(n) | to stress the fact that f is
defined at n. In the special case that A = N, we also call f total.

We assume that the reader is familiar with the notion of (one of the close variants of) the
standard Turing machine model. For the remainder of this text, let (N.)cen be a standard
enumeration of all Turing machines with input and output alphabet {0,1}. A Turing machine
M computes some partial function v if for all n € N, given the n-th binary word as input, the
machine M outputs the ¢ (n)-th binary word if ¢)(n) is defined and does not halt if ¢)(n) 7. We
write @, for the partial function computed by the machine N.. Then a partial function v is
partially computable if 1» = . for some e € N; if a partially computable function 1 is total, we
just call ¢ computable.

The notion of partial functions f : A — N, where A C N¥, k£ > 1, and the notion of partial
computability of these functions are defined similar. In particular, for any fixed & we have a
computable bijection (), : NF — N with computable inverse projections on each component,
and it holds that a partial function ¢ : A — N with A C N* is partially computable if and
only if the partial function v with ¥ ((x1,...,2k),) = ¥(x1,...,2x) for all z1,..., 2, € Nis
partially computable. Since the index k will always be clear from the context, we usually omit
it. Sometimes we will even let () denote coding functions which code tuples of different arities
from a finite set. We assume () to be defined in such a way that z1,..., 2k < (z1,...,zk).

A set A is computable if c4 is computable. It is computably enumerable (c.e. for short) if it
is the domain of a partially computable function. We write W, for the domain of the partial
computable function ..

We can extend the notions of partially computable functions, computable and c.e. sets etc.
to sets and functions of strings, finite sets, pairs of a string and a number, or any other finitary
codable objects by saying that a set of strings is computable if the set of its codes is computable
etc. We will henceforward use the terms “computable function”, “computable set” and “c.e.
set” in this wider sense. We also use expressions like (D, e) (where D is a finite set) without

further ado, thus tacitly identifying finitary codable objects with their codes.

2.3 Relative computability

While the name may suggest otherwise, the focus of modern computability theory is not on the

computable functions and sets but on the numerous relations between the noncomputable ones.



A key question is the following:
How much does the knowledge of a set A improve the notion of computability?

Here “knowledge of A” means that during a computation we may pick certain numbers and
ask questions about whether these numbers are in A or not, and always get the correct answer;
and “improve” means that we are able to compute more functions than in the standard model

of computability.

One way to formalize this is the notion of Turing reducibility. An oracle (Turing) machine
is defined like a Turing machine, but with an additional read-only tape with one cell marked by
a special symbol #. To the right of this cell the bits A(0), A(1),..., of any set A, the so-called
oracle, are written. Apart from the usual Turing machine instructions, the program of the
machine may contain a new kind of instructions, which are of the type “when the machine is in
state ¢ and there are exactly k zeros written to the right of the reading head on its main tape,
then check (by means of the oracle tape) whether the k-th bit of A is a 1; if yes, go into state
q1, otherwise go into state ¢u”. If such an instruction is carried out during some computation

of the oracle machine M, we say that M asks the oracle query k.

A (partial) function f is (partially) A-computable or Turing-reducible to A, denoted by
f <t A, if there exists an oracle machine M which, if A is written on the oracle tape of
M, computes f. The notions of A-computability and A-computable enumerability of sets are
defined analogously to the oracle-free case. As for oracle-free Turing machines, there is an
effective enumeration (M,).en of all oracle Turing machines. For the remainder of this text
we fix such an enumeration. We write ®,(A) or & for the A-computable partial function
computed by M, with oracle A. Sometimes we also identify an oracle machine M with the

partial function it computes and just write M2 (n) instead of ®7(n) etc.

With each machine M, and oracle A we associate the so-called use function, the partially
A-computable function u2 : {n : ®4(n) |} — N such that u(n) is the largest oracle query
asked by M during the computation of M with oracle A and input n, and 0 if no oracle query

is asked during this computation.’

For any set A and any e,n,s € N, let @és(n) = ®(n) if M, with input n and oracle A
halts after at most s steps and max(e, n, uZ (n)) < s. We define ¢, s analogously and let W,

be the domain of ¢ .

For any o € {0,1}* we let ®J(n) |= y if there is a set A such that o = A, ®(n) | and
o] < u(n); otherwise we let ®Z(n) 1. For s € N, ®7 ,(n) is defined analogously.

1Usually the use function is defined slightly different as the largest oracle query asked +1, and 0 only if no
oracle query is asked. For our purpose, however, the above definition seems more convenient.
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2.4 Strong reducibilities

Looking at Turing reducibility is one way to answer the key question from the previous section,
but not the only one. Other ways have been proposed, which in some way or the other restrict
the oracle queries that an oracle Turing machine is allowed to ask. For example, if only one
question may be asked to the oracle and must immediately halt and output the answer to this
question (0 or 1), then we obtain the well-studied notion of many-one reducibility [Post 44].

Many-one reducibility is a strengthening of weak-truth table reducibility [Frie 59]. A set B
is weak-truth table (wtt-)reducible to a set A if B = ®2 for some e such that u(n) < f(n) for
all n, where f is a computable function, i. e. B is Turing reducible to A via an oracle machine
whose use function at oracle A is computably bounded.

Many-one reducibility is more restrictive than weak truth-table reducibility only regarding
the number of oracle queries asked and the way how the answers to these questions are evaluated.
However, the size of the oracle queries can still be as big as any computable function. The next
notion, which is the central definition of this thesis, proposes a different way of strengthening
weak truth-table reducibility.

Definition 2.1. [Soar 04, Down 04] Let A and B be sets. Then B is called identity-bounded
Turing (ibT') reducible to A, or B <y, A for short, if B = <I>~f34 for some e € N such that
ul(n) < n for all n.

More generally, for ¢ > 0 we say that B is (i + ¢)bT-reducible to A (B <1yt A) if B =02
for some e € N such that uZ(n) < n+c for all n. B is called computable Lipschitz (cl) reducible

to A, or B <. A for short, if B <(j;.c)pT A for some ¢ > 0.

It may be criticized that these definitions have little relevance for computability theory
because they strongly depend on the model of relative computability we have chosen, namely
standard oracle machines. Indeed, if instead of M, we considered the oracle machine M/ which
for any input n first reads the first 2n bits of its oracle and then simulates machine M., then we
would arrive at the same notion of relative computability as before; on the other hand, no set
would be cl-reducible to any other with respect to this model, because the use of any reduction
would be at least 2n. Moreover, for some models of relative computability, like the abstract
definition by recursive functions, there is no obvious substitute for the use function at all.

However, cl- and ibT- reducibility can be defined without mentioning relative computability,
using only the notion of unrelativized computability, and hence, by Turing’s thesis, are definable

with respect to any model of computability.

Lemma 2.2. Let A and B be sets. We call a c.e. set W consistent if for each o € {0, 1}*,
there is at most one y € N such that n = («,y) € W. Then the following are equivalent:

(i) B <(iycppT A
(ii) there exists a partially computable function ¢ : N — N such that, for all n,

B((A(0) ... A(n + ¢))) = B(n).
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(iii) there is a consistent c.e. set W such that {{A I n+c+1,B(n))} CW.

Proof. (i) = (ii): If B <(i;cypr A is witnessed by the oracle machine M., then a function
1) as above can be computed by a machine N with an additional tape which for any input
(o ... Tpyey With xo,...,xpqe € {0,1} writes zg,..., Tyt on its additional tape. Then it
deletes its input, writes n on the input tape and simulates M, with this input, where the
additional tape takes the role of the oracle tape as long as only oracle queries < n+ ¢ are asked.

If an oracle query m > n + c is asked, then N goes into an infinite loop.

Thus ¥ ((A(0)... A(n +¢c))) = N((A(0)... A(n +¢c))) = M2 (n) = B(n), because u2(n) <
n—+c.

(it) = (uit): Let ¥ be a partially computable function as in (ii). Then the graph of ¥ is c.e.
and consistent and contains (A [ n+ ¢+ 1, B(n)) for every n € N.

(791) = (4): Let W as in (iii) be given. Let M be the oracle machine which, for input
n and oracle X, reads the string X [ n 4+ ¢+ 1 and then enumerates W until some element
(X In+c+1,y) € W is enumerated (if this never happens, the machine does not halt). When
this happens, it outputs y. For M = M., obviously uX (n) < n + ¢ for every n. If X = A, then
by (iii) (X [ n+c+ 1,B(n)) € W, hence a number (X [ n+ c+ 1,y) is enumerated in W and
for the first such number the machine outputs y. But y = B(n) by consistency of W. Hence
B <(itopr A

O

The consistent sets W appearing in Lemma 2.2(iii) are just the analogues of the consistent
sets Rogers [Roge 67] uses for an alternative characterization of Turing reducibility. The main
difference is that in the case of Turing reducibilty the elements (o, y) of W (sometimes called
arioms) need a third component refering to the input, while in our case the input n is already
implicitly given by the length of o.

It is easy to see that the uniform enumeration of all c.e. sets (W,)ecen induces a uniform
enumeration (We)eeN of all consistent c.e. sets by just changing the enumeration of W, in such
a way that (o,y) is enumerated only if no (o,y’) with y’ # y has been enumerated before.
Furthermore in the proof of Lemma 2.2 (for n = 0) from each W, we have effectively obtained
an oracle machine M) which for any input = and irrespective of the oracle X asks only oracle
queries < x. We call @ an ibT-functional. Letting b, = D) we thus get an effective
enumeration (‘i)e)eeN of all ibT-functionals, and Lemma 2.2 says that B <j,r A if and only if
B = &2 for some e € N.

Similarly, the proof of Lemma 2.2 with each W; and each ¢ € N effectively associates an
oracle machine Mg; .y which for any input x and irrespective of the oracle X asks only oracle
queries < z +c. We call ®,; . a cl-functional. Letting <i><i’c> = &4, ) we thus get an effective
enumeration (@G)GGN of all cl-functionals, and Lemma 2.2 says that B <. A if and only if

B = &4 for some e € N. We define ﬂfg@ = u;((i7c). Since we assume that i,c < (i, c), for every

11



2. Strong Reducibilities

oracle X, every x and every e = (i, c) such that @ () |, it holds that

ﬂf(x):u;((i7c)(x) <z+e<z+{(i,c)=z+e.

2.5 Degree structures

Throughout this section, let r € {ibT,cl, wtt, T}. We call two sets A and B r-equivalent and
write A =, Bif A <, B and B <, A. From the easily shown facts that <, is a reflexive
and transitive relation it follows that =, is indeed an equivalence relation. The equivalence
classes with respect to =, are called r-degrees. To be more precise, for any set A C N, the
set deg.(A) = {B C N: B =, A} is called the r-degree of A. A computably enumerable (c.e.)
r-degree is a r-degree which contains some c.e. set. Usually we denote r-degrees by lower-case
boldface letters a, b, ...

By reflexivity and transitivity again, <, induces a partial order on the class of r-degrees.

We are particularly interested in the restriction of this order to the class of the c.e. degrees.

Definition 2.3. For r € {ibT,cl, wtt, T}, let R, be the class of all c.e. r-degrees. The partial
order R, = (R, <) with universe R, is defined by letting deg,.(B) < deg,-(A) if B <,. A.

Since the computable sets can be computed by an oracle Turing machine without any oracle
queries, it holds that B <, A whenever B is computable. This implies that all computable sets
are contained in the same r-degree, and that this r-degree 0 is below any other r-degree. In
fact, O consists of exactly the computable sets, because if any set is r-reducible to a computable
set then it is itself computable (since oracle queries can be answered by computations, not using
the oracle).

Summarizing, R, always has a least element, the r-degree 0 of the computable sets. With
respect to other properties, however, the structures R, behave differently, depending on which
r € {ibT, cl, wtt, T} we choose. It is one of the main topics of computability theory to investigate
such properties.

We want to end this section with the remark that for ¢ > 0, (i 4+ ¢)bT-reducibility does not
induce a degree structure as above. Indeed, (i + ¢)bT-reducibility is not transitive and hence
=(i+c)bT 18 NOt an equivalence relation. Since we are mainly interested in properties of degrees,

we will not say much about (i 4+ ¢)bT-reducibility for fixed ¢ in this thesis.

2.6 Computable shifts

Given a noncomputable c.e. set A C N and a reducibility notion <, we may ask whether there
is a noncomputable c.e. set B <, A. For r = T and A = ', this is Post’s famous problem
which took several years to resolve. In contrast, for € {ibT, cl}, such a set B can be obtained
from A in a very simple and constructive way by just shifting the elements of A slightly to the
right.

12



Definition 2.4 ([Ambo 13b]). (a) A (computable) shift is a strictly increasing (computable)
function f : N — N. A shift f is nontrivial if f(n) > n for some (hence for almost all) n, and
f is unbounded if for every number ¢ there is a number n such that f(n) —n > c.

(b) For any set A and any shift f, the f-shift of A is defined by

Ap = {f(n):n € A}.

Note that, for any shift f, n < f(n) and f(n) — n is nondecreasing in n. So a shift f is
unbounded if and only if

lim (f(n) —n) = sup (f(n) —n) = oco.

n—00 n— 00
Moreover note that for any bounded shift f there is a number ¢ > 0 such that f(n) = n+ ¢ for
almost all n. We call f(n) = n + c the c-shift and write A + ¢ in place of Ay.

Lemma 2.5 (Bounded Shift Lemma; [Ambo 13b, Ambob]). Let A be a noncomputable c.e. set
and let c>1. Then A+ cis ce., A+c=q A, and A+ ¢ <jpr A. Moreover, for any c.e. set
B such that A+ cN B =0 and such that A <;y7 A+ cUB, A <7 B.

Proof. Tt is easy to see that A 4+ c is c.e., A+ ¢ =q A4, and A + ¢ <;pr A. Assume that
A+c¢NB =0 and that A = dAT¢Y B for some ibT-functional ®.. Then A(n) can be recursively
computed from B | (n+ 1) for n = 0,1,... by the following algorithm. If A(z) has already
been computed for z < n, to compute A(n) simulate the computation of éf‘*‘c YB(n), where
each oracle query y < n is answered by first checking whether y € B (with oracle B [ (n + 1))
and then whether y — ¢ € A (using the values A(x) for < n). This shows that A <jp1 B.
For B = () this also shows that A i, A+ ¢ = A+ cU B, because otherwise A <yt @ and
A were computable. O

Note that A =, B implies that A + ¢ =5, B + ¢. So, for a noncomputable c.e. set A and
the ibT-degree a of A we may let a + ¢ denote the ibT-degree of A+ ¢. Then, by the Bounded
Shift Lemma, ---<a+2<a+1<a.

The following is the analogue of the Bounded Shift Lemma for cl-reducibility.

Lemma 2.6 (Computable Shift Lemma; [Ambo 13b, Ambob, Ambo 13a]). Let A be a non-
computable c.e. set and let f be an unbounded computable shift. Then Ay is c.e., Ay =gt A,
A <ipr A, and Ay <a A. Moreover, for any c.e. set B such that Ay N B = 0 and such that
A<La AfUB, A <q B. In fact, for any c.e. set B and any splitting of A into disjoint c.e. sets
Ay and Ay such that (Ag)s N B =0 and such that A <, (Ag)f UB, A <a B.

Proof. It is easy to see that Ay is c.e., Ay =yt A, and Ay < A. Moreover, Ay <j7 A+ 1,
implying Ay <ijpr A by the Bounded Shift Lemma. A £, Ay follows from the second part of
the lemma by letting B = ), and from noncomputability of A. To prove the second part, in
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2. Strong Reducibilities

fact it suffices to prove the third part, which for Ay = A, A; = 0 is equivalent to the second
part.

For a proof of the third part assume that A = AgUA; is a splitting of A into disjoint c.e. sets
Ap and A; such that (Ag) NB =0 and A = ééAO)fUB for some cl-functional .. Remember that
by our assumption on ®, the largest oracle query of the computation of ééA“)f UB(gc) is bounded
by  +e. Let m = min({z € N: f(z) >z +e}). Then A(n) can be recursively computed from
Bl (n+e+1)forn=0,1,... by the following algorithm. For n < m compute A(n) using a
finite table (not using the oracle at all). For n > m, assuming A(z) has already been computed

for all x < m, to compute A(n) simulate the computation of @gAO)f’UB(n)

with the following
modification. To answer an oracle query “y € (Ag) s UB?”, y < n+e, first check whether y € B
(with oracle B | (n+ e+ 1)), and if so, give a positive answer. If y ¢ B, using the values A(x)
for # < n to check whether x € A and f(z) =y for x = min{z < n: f(z) > y} (note that the
set {z <n: f(z) > y} is nonempty, since f(n —1) >n —1+e, hence f(n—1) > n+e > y).
If this is the case and a simultaneous enumeration of Ay and A; enumerates = into Ag, give a

positive answer to the oracle query; otherwise give a negative answer. ]

2.7 The Permitting Lemma

In this section we introduce another very helpful tool in working with ibT- or cl-reducibility.
For a set A, being c.e. is equivalent to A being finite or the range of an injective computable
function a. We call such a function an enumeration function for A.
If A and B are two infinite c.e. sets with enumeration functions a and b, respectively, and
for all s € N it holds that
a(s) <b(s) +e, (1)

then B is (i4+c)bT-reducible to A. More generally, if (As)s>0 and (Bs)s>o are computable
approximations of A and B, respectively, such that A; C A;,; and By C Bgyq for all s > 0
and

As;n+c=A|n+c= B, | n= B |n for every s,n > 0, (2)

then B is (i+c)bT-reducible to A.

This is because to check whether n € B it suffices to check whether n € B, for some s such
that Bs [n+ 1= B [ n+ 1. But the least s such that A; [n+1+c= A [ n+ 1+ c satisfies
this property and can be computed from A [ n 4+ 1 + ¢, i.e. by asking oracle queries y < n + ¢
to the oracle A.

Since Friedberg [Frie 57] and Yates [Yate 65] this property (usually with ¢ = 0) has been
used to effectively enumerate sets A and B satisfying 2 (and having additional properties as
desired in the given context) to the end that B will be A-computable. We say that for sets A
and B constructed in this fashion B <, A (r € {(i+ ¢)bT,cl, wtt, T}) holds by permitting.

The interesting new property of ibT- and cl-reducibility is that as long as we are only
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interested in the degrees of sets, every reduction B <. A can be assumed to hold by permitting

[Ambob]. We state this lemma in a stronger form for systems of simultaneous reductions.

Lemma 2.7 (Permitting Lemma). Let ¢ > 0. Let Ay, ..., Ax be noncomputable c.e. sets. Then
there are sets Ay C Ao, ..., Ay, C Ay, with enumeration functions aq, ..., ay, respectively, such
that for alli,j € {0,...,k}, 4; =1 A; and if A; Z(iteypt Aj, then aj(n) < a;(n)+c for all n.

Proof. Let ay,...,a; be enumeration functions for Ay,..., A, respectively, and let A4; ;s =
{a;(0),...,ai(s — 1)} and R = {(i,5) : Ai <(iyopr 4;,0 <i,j < k}. For (i,5) € R, let ®.(; ;)
be a cl-functional such that éfé j) = Ai and for all , ﬂf(fl ;@) <z + c. Define

lij(s) = max{z < s: (Vy <) (8707°) (y) = Ais(y)).}

e(i,j),s

Note that for (¢,j) € R it holds that

Jim 7; 5(s) = oo. (3)
For all (i,5) € R, given some computable sequence ty < t; < ..., there are infinitely many

n such that
(G <lij(tn))(x € Ai = Aiy,,), (4)

because otherwise we could compute A; as follows: To compute A;(x), find the least n such
that {; ;(¢,) > x; then A;(x) = A, 4, (x) up to finitely many exceptions x. This contradicts the
noncomputability of A;.

Now using 3 we can obtain a computable sequence ty < ¢1 ... such that, for all (i,j) € R

(V) (lij(tn) < lij(tns1))- ()

Furthermore, using 4, we can, by induction on the coded pairs (i, ) with (i,5) € R, extract

computable subsequences téi’j) < tgi’j) < ... of (tn)nen such that for all n
(V (@', 5" < (@, ), 5") € R= Fz < Ly s (t0)) (x € Ai,’t% — Ay ) (6)

Since R is finite, this induction consists of only finitely many steps and the outcome is a
sequence sp < s1 < ... satisfying 5 (with s, instead of ¢,) and 6 (with s,, instead of tgf J )) for
all (i,7) € R simultaneously.

For 0 < i < k, define

aj(n) =min{r:x € A, ,, — A, }.

From (i,%) € R and 6 (with s,, instead of tid )) it follows that this minimum exists for all n. The
functions @, ..., 4y are obviously computable and one-to-one, hence the enumeration functions

of c.e. sets A, ..., Ap.
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If (4,5) € R, then a;(n) <; j(sn) <l j(sp+1) by 5 and 6. Hence

B 1 (@n(n) +1) = Asa, 1(@(m) + 1) # Apoy, 1 (@(n) + 1) = S50 T (@4(n) +1).

e(i,5) T Te(ig)

Since dféj)(m) < z+cfor all z, this implies that Aj;,, [ (a;(n)+c+1) # Aj,,., I (ai(n)+c+1).
But then a;(n) < a;(n) + ¢ as desired.

It remains to show that A; and A; are ibT-equivalent. For any x, with oracle A; we can,
asking only oracle queries < z, compute a stage s, such that A, , [ (r+1) = A4; | (z +1).
Then z € A; if and only if z € {@;(0),...,a;(n)}, showing that A; <;yr A;. On the other
hand, if {@;(0),...,a;(n)} | (x+1) = A; | (z+1), then = cannot enter A; at any stage s > sy,
because otherwise, for s, < s < $y,+1, it would follow that a;(m) < x by definition of ;. This
shows that x € A; if and only if x € {a;(0),...,d;(n)} for some n as above. Since such an n

can be computed from x with oracle /All asking only oracle questions < x, A; <jpT /11 O

This lemma is the reason why in degree-theoretic constructions in the following chapters we

can and will usually make all desired order-relations hold by permitting.
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Chapter 3

Joins and Meets

In this chapter we start to look at the special aspect of greatest lower and least upper bounds
of a finite number n of elements in a degree structure, the most important case being n = 2.

The central definition is the following.

Definition 3.1. Given a partial order P = (P, <), finitely many elements by, b1,...,b, € P
have least upper bound or join ¢ (in P) if ¢ € P, by, by,...,b, < c and for every d € P, if b; < d
for all ¢ € {0,...,n}, then ¢ < d. In this case we write by V b1 V ...V b, = ¢. If each two
elements of P have a join in P, then P is called an upper semi-lattice.

Finitely many elements by, b1, ...,b, € P have greatest lower bound or meet a in P if a € P,
a < bg,by,...,b, and for every d € P, if d < b; for all s € {0,...,n}, then d < a. In this case
we write bg A by A ... A b, = a. If each two elements of P have a meet in P, then P is called a
lower semi-lattice.

P is a lattice if it is an upper semi-lattice and a lower semi-lattice.

A very nice property of the usual degree structures R, Ryt and others, like the structure
R of the c.e. m-degrees, is that they are upper semi-lattices. The proof is very simple: If bg
and by are r-degrees and By and B; are sets in bg and by, respectively, then for C = By® By =
{20 :2 € Bp}U{2x+1:x € By} it holds that deg,(C) = bgo V by.

In this chapter we look at a number of different topics related to the aspect of joins and
meets in the Ry, and R.j, but for now restrict ourselves to questions concerning either greatest

lower or least upper bounds, but not both. The latter will be postponed until the next chapter.

3.1 The ibT-cl-Conversion Lemmas

When we look at questions concerning joins and meets in R, and R, the following two lemmas
often prove to be useful. In many cases they permit us to restrict certain considerations to the

ibT-case and carry over results to the cl-case.
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Lemma 3.2 (ibT-cl-Join Lemma [Ambo 13b]). Let By, ..., By, C be c.e. sets such that
degiyr(Bo) V ... V degi(Br) = degy,r(C).

Then
dege(Bo) V ...V dega(By) = degy(C).

Proof. Since ibT-reducibility is stronger than cl-reducibility, By, ..., B, <q C.

Let W be some c.e. set such that B; <, W for every i € {0,...,n}. Choose ¢ € N
sufficiently large such that B; <(icy,r W for every i € {0,...,n}. Then B; <pr W — ¢ for
every i € {0,...,n}, where W —c¢ = {x : x + ¢ € W}. Since degibr(Bo), - - -, degibr(By) have
join degi,T(C), it follows that C' <;pr W — ¢ and in particular C < W —c. Bt W —c =4 W,
hence deg.(C) < deg. (W), proving the lemma. O

Lemma 3.3 (ibT-cl-Meet Lemma [Ambo 13b]). Let By, ..., B,,C be c.e. sets such that
degibT(BO) VANAN degibT(Bn) = deg;pr (C)

Then
dega(Bo) A ... Ndega(By) = deg,(C).

Proof. Analogous to the proof of Lemma 3.2. O

3.2 The Splitting Lemma

When working with r € {ibT, cl}, there is no longer any reason why a noncomputable c.e. set
By should be r-reducible to By @ B; (for any c.e. set By). Indeed, the information whether
By(xz) =0 or By(xz) =1 is coded into By @ B1(2z), which for large = is not available with a use
bound of z + ¢, where ¢ is a constant. For this reason, deg, (By ® B1) will in general not be the
join of deg,.(Bp) and deg,(B1). In fact, we will see that such a join does not even need to exist
at all.

If the sets By and B are disjoint, however, then the join of the Turing degrees of By and
B is not only represented by By @® By but also by the disjoint union ByU B;. This latter result

carries over to the r-degrees.

Lemma 3.4 (Splitting Lemma). [Ambo 13b] Let By,...,B, be pairwise disjoint c.e. sets.
Then, for r € {ibT,cl},

deg.(Bo) V ...deg.(B,) = deg.(ByU...UBy).

Proof. Let i € {0,...,n}. Then for z € N, to compute B;(x) with oracle By U ... U B, check
whether z € By U...U B,. If not, then B;(z) = 0. Otherwise by enumerating By, ..., B, in
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parallel find the least j € {0,...,n} such that z € By; if i = j, then B;(z) = 1, and otherwise
B;(z) = 0, because B;NB; = ). Note that this describes an ibT-reduction of B; to ByU. ..UB,,.

Furthermore, if B; <, C for all ¢ € {0,...,n}, then to compute By U ... U By (z) with
oracle C it suffices to compute By(x),. .., By,(z) with oracle C and let By U. ..U By, (z) be the

maximum of these values. This describes an r-reduction of By U...U B, to C. O

3.3 n-Tuples with and without Joins

A basic result concerning joins and meets in R, for r € {ibT,cl}, which was proven inde-
pendently by Barmpalias [Barm 05] and by Fan and Lu [Fan 05], is that R, is not an upper
semi-lattice. Indeed, this is true in a strong sense, since deg, (By) and deg,(B;) may have no

upper bound at all (and not even no least upper bound):

Theorem 3.5 (Maximal Pair Theorem, [Barm 05, Fan 05]). For r € {ibT,cl}, there exist r-
mazimal pairs, i.e. there are c.e. sets By and By such that there is no c.e. set C with By <, C
and By <, C.

The existence of maximal pairs, however, is not the only obstacle to the existence of joins

as was shown by Ambos-Spies, Ding, Fan, and Merkle:

Lemma 3.6. [Ambo 15b] For r € {ibT,cl}, there exist c.e. sets By and By such that there is
some c.e. set C with By <, C and By <, C, but deg,(By) and deg,(B1) do not have a join.

This lemma can be immediately obtained as a corollary from the following new and stronger
theorem, which states that the existence of a join of n 4+ 1 r-degrees does not necessarily imply

the existence of a join of any nontrivial subset of these degrees.

Theorem 3.7. For r € {ibT,cl} and for any n € N there exist noncomputable c.e. sets
By, Bi, ..., By, such that deg,(Bo) V degr(B1) V ...V deg.(B,) exists but \/,., deg,(B;) does
not exist for any proper subset D C {0,1,...,n} with |D| > 2.

Proof. For n = 0 this is trivial and for n = 1 it suffices to let By and B; be noncomputable c.e.
sets such that BoN By = () (for example, let By contain only even numbers and B; contain only
odd numbers). Then deg,(By)Vdeg,(B1) = deg,(BoUB1) by the Splitting Lemma (Lemma 3.4).

Now let n > 2. For the proof we effectively enumerate c.e. sets By,..., By,,C such that
degint(Bo) V deginr(B1) V ... V deginT(Bn) = degivr(C). Note that by the ibT-cl-Join Lemma
this implies degci(Bo) V degel(B1) V ... Vdege (Br) = degci(C), too. The part of B; enumerated
up to stage s will be denoted by B; s and the part of C' enumerated up to stage s will be denoted
by Cs.

To guarantee B; <j,r C for i € {0,...,n}, whenever we enumerate a number z into B; at
stage s of the construction, then we enumerate a new number y < x into C' at stage s. Then
equation (2) holds with C' in place of A and B; in place of B and with ¢ = 0, whence B; <j,1 C
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3. Joins and Meets

by permitting. Additionally we enumerate y into B; at stage s for some j < n. If W is a c.e.
set such that B; <;pr W for every j € {0,...,n}, then for any = with oracle W [ x 4+ 1 we can
compute a stage s such that B; s [ # +1= B, [ x+1 for every j € {0,...,n}. By the strategy
described above this will imply Cs [ £+ 1 = C | 4 1. Hence we can compute C(x) with oracle
W I x+1, that is C <yr W.

To make sure that \/,., deg,(B;) does not exist for some subset D = {ig,...,iq} of
{0,1,...,n} with 2 < d < n and i} < 4; for k < I, we enumerate sets V = ‘/<IC?07€17--~7ed7ed+1>’

which need to satisfy the following requirements.

~ W, ~
N(D,co,er,reasearisears) (VB < d)(Pe ' =B;,)) = (Vk < d)(B;, <ipr V) and W,,,, # oY

€d+2

Indeed, if there were some c.e. set W = W, such that \/,_, deg,(B;) = deg,(W), then

Viep dega(B;i) = dega(W) by the ibT-cl-Join Lemma. Hence there are eg,...,eq such that
(i)g‘: = B;,, for 0 < k < d. But then, since the premise of requirement Np ¢ ¢, ..

wed’€d+1,€d+2> 18

satisfied for every eqyo € N, satisfaction of all these requirements implies that B;,, ..., B;, <ibT
D D . .
Vieoerreaearyy AW La Vg ...y, & contradiction.

We define the length of agreement Is(N) of requirement Ne = Nip oo e, .. at

€d>€d41,€d42)

stage s by
I,(N.) = max(z < s : (Vk < d)(@0, 4" [ & = By, 4 | @)

Then the premise of N, is true if and only if lim inf,>g l5(Ne) = oo.

The strategy to satisfy requirement Np ¢ c, y is as follows. We assign to each

~~~~~ €d,€d+1,€d+2
N, an interval I such that |I| > min(]) - e. We will try to satisfy W # <i>ch+2 by enumerating
numbers from I into B;, and B;, and into V, but we only do this at stages s+ 1 such such that
Is(Ne) > max([]).

More precisely, we say that N, requires attention at stage s+ 1 if e > 1 and

(Case 1) N, has no interval assigned at stage s

(Case 2) N, has an interval I but no diagonalisation witness assigned at stage s, Is(N.) >
max(]) and I € B;, s Uy

(Case 3) N, has an interval I and a diagonalisation witness z € I assigned at stage s, [s(Ne) >
max(I), min(I) ¢ Cs and W, [ 2+ 1= ®V: lz+ 1.

€d+2,S
Now the construction is as follows:

Let B;p = Cy = Ve% = for all i € {0,...,n}, all e € N and all sets D as above. No
requirement has an interval or a diagonalisation witness assigned at stage 0.
At stage s + 1, let e be minimal such that N, requires attention at stage s + 1 (note that

there is such an e, because at every stage only finitely many requirements have an interval
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assigned). We say that N, is active due to Case 1, Case 2 or Case 3, respectively, at stage s+ 1,
depending on which Case gave rise to N, requiring attention.

If N, is active due to Case 1, then let z be the least number that is not contained in any
interval assigned to any requirement up to stage s. Assign the interval I = [z,z+ (x +e+2) -
(2e + 1)] to Ne.

IEN(D coser,...caeas1,eara)

(a) if there is some y € I such that [y, y+2¢e] C INW,

witness to Ne; let B; 41 = B; s for every i € {0,...,n}, Cs11 = C,s and enumerate min(J) into

D
<€0»--~>8d+1>

(b) if there is no y € I such that [y,y 4 2¢] € We,,, s, then for by = max({x € I : = ¢
Biy,sUCs}) set By 11 = Byy sU{bs}, Bjsy1 = Bjs for j # i, Cs11 = CsU{bs} and enumerate
bs into Vé/j for every € and every D with (D, ¢) # (D, (e, ..., €q11));

If N, is active due to Case 3, then let I be the interval assigned to N, at stage s and let x € T
be the diagonalisation witness of N, in I. Set Bj, s+1 = By, s U{z}, Bist1 = B;s U {min(l)}
for the least ¢ € {0,...,n} — D and Bjs11 = Bj, for j # ip,i, Cs31 = Cs U {min(I)},
eriumerate T into V@mm,ed+1
(D,é) # (D, {eg, ... edt1))-

In either case, for every € > e, initialise Ng: If Nz has an interval I but no diagonali-

is active due to Case 2 and has the interval I assigned, then

11,5 then assign y+e as diagonalisation

)

) and enumerate min(/) into VéD for every é and every D with

sation witness assigned at stage s and € = (D, &g, €y,...,€E442), then enumerate min(7) into

D

(0s81s0mns8asn)” Cancel the assignment of I to N.

This finishes the construction. Obviously the construction is effective up to the fact that
at some stages we enumerate numbers into infinitely many sets; but since each stage depends
on only finitely many of the actions of previous stages, by a dovetailing method one can easily
define an effective equivalent construction.

To prove the theorem, we first prove the following claim:
Claim: FEach requirement N is active at only finitely many stages and is satisfied.

We show this by induction on e. Without loss of generality assume that the claim holds
for e = 0 (otherwise rearrange the requirements such that [;(Np) = 0 for every s > 0). Fix
e = (D,ep,€1,...,€d,€d+1,€d+2) > 1 and let the claim be true for all ¢/ < e. Since N, is
initialised at some stage s only if some requirement N, with ¢’ < e is active at stage s, there is
a maximal stage so such that N, is initialised at stage so (if N, is never initialised, let sy = 0).
Then N, requires attention and is active due to Case 1 at stage sg + 1, because if any N,/ with
e’ < e would require attention at stage sy + 1, then some such requirement were active and
would initialise N, at stage sg + 1, contradicting the choice of sg. So N, gets an interval I
assigned which is assigned to N, at every stage s > sq + 1.

Since each time that N, is active after stage sg+ 1 some new number from I is enumerated
into C' or N, gets a diagonalisation witness « € I, but the latter can happen at most once, N,

can be active at most finitely often. It remains to show that N, is satisfied.
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3. Joins and Meets

If ézzed“ # B, for some k < d, where D = {ig,...,iq} and iy < ... < ig, then N, is
trivially satisfied. Hence we may assume that i)zzed“ = B,;, for all k < d. In particular,
iy o0 I (Ne) = o0.

(Ne) > max(I). For

a contradiction assume that N, never gets a diagonalisation witness x € I assigned. Since

For m > 0, let s,, be the m-th stage greater than sg such that [,
IN(Biy,s041UCs0+1) = () and since no requirement Nz with € # e enumerates any numbers from
I into B;, or C during the construction, it follows that for 1 < m < |I] requirement N, requires
attention and is active due to Case 2(b) at stage s, + 1 and enumerates b, , = max(I) —m+1
into B, s,,+1 — Big,s,, and Cs, 11— Cs, . Since I, (Ne) > max(/) and I, (N.) > max([), it
follows that

~W, -

€d+1:5m Wegiiom
Dot ['bs,, +1=DBiys,, [ bs,, +17# Big sy s, + 1=, &0 by, +1. (7)

Sm,

Since (ieo is an (i+ eg) — bt-functional by our convention, this implies that there is some

Zm € Wepir smer — Weapr,sm Such that zp, < by + ey < max(f) + e. Hence |Wed+1’5m N
[0,max(I) +e]| > |I| = 1 = (min(I) + e+ 2) - (2¢ 4+ 1). In particular,

|W‘3d+175|1\ N I‘
:|W6d+1’5|1\ N [07maX(I) + 6]| - |W6d+1,8m n [Ovmln(I)N - ‘W€d+1,5\1\ n (maX(I),maX(I) + 6]|

>|I| =1 —min(I) —e.

This means that I is contained in W, except for up to min(/) + e + 1 numbers. Since T

€d+1,8|1]?
contains min(/) + e+ 2 pairwise disjoint subintervals of length 2e+ 1, there must be at least one

such interval [y, y + 2¢e] which is contained in W,

eat1,5)1) and N, gets a diagonalisation witness

assigned at stage s + 1.
This proves that N, gets a diagonalisation witness = € [ assigned at some stage s,, + 1,

1 <m < |I|. Note that min(I) ¢ Cs,_ 11, since the elements from I were enumerated into C' in

decreasing order at stages s, ..., Sy,—1 and no number is enumerated into C' at stage s,, + 1.
Let V = V<€D,_H7€d+1>. Assume that there is some stage s,,/, m’ > m, such that W, , |
r+1= ée;;";sm, [ © + 1. Then the diagonalisation witness z is enumerated into B;, s , 41 —

Bi, s,,,, where i1 € D (note that no numbers from I have been enumerated into B;, before

stage sp,/). Since l5_,(Ne) > max(I) and [, (Ne) > max(I), we conclude that

m/+1

W, ., Wy
Do, it o +1=DBy, s , x4+ 1#B;,, e 4+1=c, o ™+ 2 +1. (8)

Sm/+1 €1,Sm/ 41

As before, this implies that there must be some z < z +e in We,,, — W, ., s ,. But by the

cw, Hence z < x — e.

choice of diagonalisation witnesses, [z — e,z + €] C Weypiism C© 1,8,

Moreover, no number less than x is enumerated into V at any stage s > s, + 1, because

requirements N with € < e are not active or initialised at any such stage, requirement N, is
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active only at stage s, + 1, when it enumerates only x into V', and is not active or initialised
thereafter, and requirements Nz with € > e were initialised at stage sy and only enumerate
numbers into intervals I with min(7) > max(I) when they become active or initialised after
stage sg.

Since we assume for the use function @7 of i)é that @2 (z) < z+e1 < z+ e (for any oracle
X), it follows that

~ -V,
(D}i/(t+2 (Z) = (I)edrbsm/ (Z) = W€d+175m/ (Z) 7& W€d+1(’z)'

Hence to show that N, is satisfied it only remains to prove that B;, <jpr V for 0 < k <d.
But indeed, B;, <ipr V by permitting. To see this, first note that the proof just given actually
showed that if some requirement Nz gets an interval assigned at some stage sg, then Nz is
active for at most |I| — 1 times due to Case 2(b) while I is assigned to Ns. Hence if some

Nz = N<D,e"o,még+2> is active due to Case 2(b) at some stage s + 1 for the n-th time since the
current interval I became assigned to Ng, then by = max(I) —n+1 is enumerated into Vi1 —V;
if (D,eq,...,e4+1) # <D, €0y -, éd+1>. Since the only number possibly enumerated into B;,
at stage s + 1 is b, this enumeration is permitted by V. Note that no number is enumerated
into B;, or V at stage s+ 1 if N; is active due to Case 1 or Case 2(a) at stage s+ 1. Moreover,
if it happens for the first time that some number from I is enumerated into B, (i € D) by Ne
being active due to Case 3 or initialised at stage s+ 1, then min([) is enumerated into Vi1 — V,
and no number from I is enumerated into B;,., i € D at any stage t > s 4+ 1. Hence every
enumeration into B;, by Nz being active due to Case 3 or initialised at stage s+ 1 is permitted
by V.

On the other hand, if some number from an interval I assigned to N, is enumerated into
B;, by N. being active due to Case 2(b) at stage s+ 1, then, as we have shown, N, is initialised
at some stage t + 1 > s+ 1 or gets a diagonalisation witness x € I assigned at some stage
t4+ 1> s+ 1. In either case, min(J) is enumerated into V41 — V; for the least such ¢. Hence

the enumeration into B;, at stage s + 1 is permitted by V.

Finally, if some number from I is enumerated into B;, by N, being active due to Case 3,
then the only number enumerated into any B;, with i, € D at stage s+ 1 is the diagonalisation
witness z of Ne. Since > min(I) (by e > 1 and [z —e,x+e] C I), x ¢ V;. But z is enumerated

into Vs41; hence the enumeration of x into B;, is permitted by V.

This completes the proof of the claim.

It is easy to check that C permits every enumeration into any B;, i < n (note that
c,nNl=vpP ) with

<60,...,GJ+1

(D, eg,...,e441) 7 <ﬁ, €0y - -y éci+1>) and that the construction obeyed the strategy described

s N I for every s, whenever [ is assigned to some N(p cy.....coys

at the beginning of the proof to make deg;,(C) the join of degi,T(Bo),- .-, degibr(Bn)-
This completes the proof of Theorem 3.7. O
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For r = cl the dual (with respect to existence and nonexistence of joins) of Theorem 3.7 is
also true. In fact, it is possible to find a maximal n-tuple of cl-degrees, i.e. a set of n cl-degrees
which do not have a common upper bound, such that every proper subset of the given degrees

has a least upper bound.

Theorem 3.8. For any n € N there exist c.e. sets By, By, ..., B, such that \/,., dega(B;)
exists for any proper subset D of {0,1,...,n}, but deg,(By), deg,(B1),...,deg,(B,) do not

have an upper bound.

Proof. We effectively enumerate sets By, ..., B, that will satisfy the theorem. To ensure that
Viep degr(B;) exists for each D = {ig,...,iq} C {0,...,n} with 49 < ... < ig, we simultane-
ously enumerate a c.e. set Cp such that B; <;,r Cp for every i € D holds by permitting. To
ensure that degi,1(Bo), .., degibr(By,) are a maximal (n + 1)-tuple, we satisfy the diagonali-
sation requirements

~Wen ~W9n
Deo,.. &, """ £ Bgor ... or ®. "' #£ B,

-»€n+1) :

for every e = (eg,...,ent1) € N. This guarantees that there exists no c.e. set W = W,
such that B; is cl-reducible to W for i € {0,...,n}.

To satisfy a diagonalisation requirement D, = D,

n+1

we adapt the standard strategy

€0, s€n41)?

for maximal pair constructions, as described in [Ambo 13b]. Let

Is(De) = max({z < s: (Vi < n)(fihg‘js+1 lx=DB;s|x})

be the length of agreement of D, at stage s.
Define a computable sequence of disjoint intervals I, = (p. - (n 4+ 1),¢c - (n 4+ 1)] for e € N
such that
[I.| > (n+1)- (min(l.)+e)=(n+1)(pe-(n+1)+e+1).

We assign the interval I, to requirement D..

Then we consider a sequence of stages s1 < s2 < ... < Smax(1,)4e+3 such that I, (De) >
max(I.) for m € {0,...,max(I.) + e+ 3}. (If no such sequence exists, then liminfs>gl5(D.)
is finite and D, is satisfied.) For each such stage s,, with 1 < m < max(I) 4 e 4+ 2 we choose
some i, € {0,...,n} and some b, € I. — B; 5, and enumerate by, into B; 5 +1. Since no other
requirement will enumerate any numbers from I, into any set B;, there are indeed (n+1)-|I.| >
|T.| + % > |I.| + min(l,) + e = max(l.) + e + 1 enumerations possible, hence the strategy is
feasible. Since I, (D.) > max(I.) and I, ., (D.) > max(I.) for 1 < m < max(l.) + e + 2, it
holds that

= We, g8 =We, 1 ,5m
D, 5" (b)) = Biyy s (bm) # Bipy s (b) = Py 5800 (byy).

o4 ~We 1oMm . . .
Since ®., ~is a cl-functional with ., "*' ) (bim) < by + €5, < by + e, this implies that
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there must be some zp, € We, 1 5,011

— We, 41,5 such that z,, < by, + e, in particular z,, <
max(I.)+e. But there are only max(I.)+e+1 such numbers z,,, while we follow the strategy for
max(/.) + e+ 2 many stages. Since this is a contradiction, the sequence s1 < ... < Smax(1)+e+3

as above does not exist and D, is satisfied.
We say that a requirement D, requires attention at stage s+ 1 if I5(D.) > max(I.) and

(Case 1) Ic € (Bo,sU...UBnsUUpcqo,. 0y Cp,s) o1
(Case 2) I, C By sU...UB, s U UDC{OW’n} Cp,s and there is some k € N such that

(k-(n+1),k+1)-(n+1)]C L,

(k+1)-(n+1) ¢ By and for every D C {0,...,n} thereissome y € (k-(n+1), (k+1)-(n+1)]
such that y ¢ Cp .

The formal construction is now as follows.

Stage 0: Let B;g = Cpo =0 for every i € {0,...n} and every D C {0,...,n}.

Stage s + 1: If no requirement requires attention at stage s + 1, let B; 41 = B; and
Cp,s+1 = Cp s for every i € {0,...n} and every D C {0,...,n}.

Otherwise let e be minimal such that D, requires attention at stage s + 1. We say that D,
1S active at stage s+ 1.

If D, requires attention due to Case 1, then let bs; be the maximal number in I, that is not in
BosU...UBnsUUpcyo,..ny Cp,s- Let k € Nand i € {0,...,n} be such that by = k- (n+1)+1.
Let B s+1 = B s U{bs} and B, s41 = Bj, for j # i. Also let Cp s41 = Cp, s U {bs} for every
D c{0,...,n} withi € D and Cp s41 = Cp s for all D with ¢ ¢ D.

If D, requires attention due to Case 2, then let k& be maximal such that the conditions
described above are true and for every D C {0,...,n} let yp s be the maximal number in
(k-(n+1),(k+1)-(n+1)] such that yp s ¢ Cps. For by = (k+1)-(n+1) let By 411 = B1,sU{bs}
and Bj 441 = Bjs for j # 1. Also let Cp 41 = Cp,s U {yp, s} for every D C {0,...,n} with
le D and Cpsy1=Cps for all D with 1 ¢ D.

To show that the construction is correct, first note that indeed B; <j,v Cp by permitting
for every D C {0,...,n} with i € D.

Let S; = {s : some D, is active due to Case 1 at stage s + 1} and Sy = N — S!. For
i €{0,...,n} define

B = | J (Biss1 — Bis) and B* = | J (Bi o1 — Bis),
s€eS sESy

and for D C {0,...,n} define

7 = |J (Cpss1 — Cp) and €5 = | J (Cpes1 — Cp.).-
SES1 SES>
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3. Joins and Meets

Fix D C {0,...,n}. We claim that dega(Cp) = V,cp dege(B;).

Note that by the construction | J;.p BS' = C%'. Moreover BY' C (n+1) - N + 4, hence
BSY,..., BS" are pairwise disjoint. By the Splitting Theorem it follows that Viep dega(BSY) =
degcl(Cgl)'

Furthermore, BiS2 = for i # 1 and C’g2 =0 if 1 ¢ D. Hence if 1 ¢ D, then dega(Cp) =
Viep dega(B;). On the other hand, if 1 € D, then Cg2 =(i4n)bT BfQ by permitting, because
each enumeration of a number x into Cfsz — 01%2,5 is of the form = yp s where b, €
Bf,i-&-l — szg and yp s < bs < yp,s +n. Hence \/, degd(BiS2) = degd(BfQ) = degcl(C']gz).

Now
\/ dega(B;) = \/ dega (BT UB2?)
ieD ieD
= \/ (dega(BSY) V dega(BP?)) [by the Splitting Lemma]
€D
= \/ dega(BSY) v \/ dega (B?)
ieD ieD

= dega(Cp') V dega(CF)
= dega(C3 UC32) [by the Splitting Lemmal
= degcl(CD).

This proves the claim.

To prove the theorem, it hence suffices to show that every requirement D, is satisfied. By
induction on e we see that every requirement D, requires attention only finitely often: If this
holds for all ¢’ < e, then let sg be a stage such that no e’ < e requires attention after stage so.
Then whenever D, requires attention at a stage s+ 1 > sg, then D, is active at stage s+ 1 and
a new number from I, is enumerated into some B; with ¢ € {0,...,n}. But this can happen at
most || - (n + 1) times. Hence D, requires attention only finitely often.

For a contradiction assume that some D. is not satisfied. Then liminf,_, . ls(D.) = oo.
By a straightforward induction it follows that there are stages si,...,s|s,| such that, for m €
{1,...,]Lc|}, requirement D, is active due to Case 1 at stage s,, + 1 and the number b, =
max(l.)—m+1 = ¢.-(n+1)—m-+1 is enumerated into B; at stage s,, +1, where i € {0,...,n}
and b,,, = k- (n+ 1) 44. Since there can be no other stages s < s|7,| such that D, is active at
stage s + 1, and since no other requirement enumerates any numbers from I, into By, it holds
that (n +1) -NNIN By, +1= (. Moreover, for every D C {0,...,n} and every r € [pe, q.)
there is a number yj, € (r- (n+1),(r +1) - (n + 1)] such that y;, ¢ Cp s, +1: There exists
some least number i € {0,...,n} — D. If i = 0, then let y}, = (r + 1) - (n + 1); otherwise let
yp=r-(n+1)+i.

By another easy induction it now follows that there are stages sz, |41, 8|1.|+2> - - - » S| 1. |+(ge—p.)
such that, for m € {1,...,q. — pe} requirement D, is active due to Case 2 at stage s|7,|4m + 1
and the number (g. — m + 1) - (n + 1) is enumerated into B;. By the choice of I., |I.| >
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(n+1) - (min(l) + €), hence g. — pe > min(l.) + e. But this means that |I.| + (g¢ — pe) >
min(l.) + e + |I.| = max(l,) + e+ 1.

By the argument that we have given before the construction, the existence of these stages
515+ Smax(I.)+et+3 (Where we let Syax(r)+ets be the least stage s > Smax(r,)et2 With [s(De) >
max(le) if symax(1)4et3 is not yet defined), is a contradiction. This shows that all requirements

are satisfied and completes the proof. O

3.4 n-Tuples with and without Meets

The dual of Theorem 3.7 with respect to joins and meets also holds; in fact, it is possible to

choose the sets By, ..., B, in such a way that they form a minimal n-tuple.

Theorem 3.9. For r € {ibT,cl} and for any n € N there exist noncomputable c.e. sets
By, Bi, ..., By such that deg,(Bo) A degr(B1) A ... A degr(Bn) = 0 but \,.p deg,(B;) does
not exist for any proper subset D C {0,1,...,n} with |D| > 2.

Proof. For n = 0 this is trivial and for n = 1 it suffices to take c.e. sets By and B such that
degr(By) and degr(Bi) form a minimal pair in Rt (the existence of such pairs was proven by
Lachlan [Lach 66] and independently by Yates [Yate 66]).

Let n > 2. For the proof we effectively enumerate c.e. sets By, ..., B, such that degi,T(Bo) A
degiyt(B1)A...ANdegiyr(Bp) = 0. Note that by the ibT-cl-Join Lemma this implies dege(Bo) A
dega(B1) A ... ANdega(B,) = 0, too. The part of B; enumerated up to stage s will be denoted
by Bi s.

To make sure that A, deg,(B;) does not exist for some subset D = {ig,...,iq} of
{0,1,...,n} with 2 < d < n and ig < ... < i4, we enumerate sets V = V{Z,el,m,ed,edH)’

which need to satisfy the following requirements.

~B; ~ W,
N(D,emel,...,ed,€d+1,€d+2> : ((Vk S d)(q)ekk = W )) = (\V/k S d)(v SibT Blk) a‘nd V 7& ¢8d+d2+1

€d+1

Indeed, if there were some c.e. set W = W, such that A\, deg,(B;) = deg,(W), then

Niep dega(B;i) = dega(W) by the ibT-cl-Join Lemma. Hence there are eg,...,eq such that
i)f;’“ = W for 0 < k < d. But then, since the premise of requirement N(p ¢, e,...

€d,edt1,edr2) 1S

satisfied for every eq42 € N, satisfaction of all these requirements implies that Vé’o erredsears) SIDT

B, ..., B, and ‘Qfo’elw’ed’e“ﬂ £ W, a contradiction.
We define the length of agreement Is(Ne) of requirement Ne = N(p g e1,....caseqriiears)
stage s by

L(N) = max(z < s: (Vb < d)( P [2=We,,, s [ 7))

Then the premise of N, is true if and only if lim inf,>0 l5(Ne) = oo.
To guarantee that degi,T(Bo) A degibr(B1) A ... Adegir(Br) = 0, we need to satisfy the

meet requirements
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(9B = =B =W,

05000y €n,ent1) * eo €n €n+1

= W,

enq1 18 computable.

Similarly as above, we define the length of agreement I,(M.) of requirement M, = M

€05---,€n)

at stage s by

Is(Me) = max(z < s: @g}os [z=...= éifj; lx=We,,, [).

Then the premise of M. is true if and only if liminf,>q l5(M,) = .

Assuming that the premise of requirement M, is true, our basic strategy to satisfy M, is
simple: If s is a stage such that [5(M.) > x and s’ is the least stage after stage s such that
ls/(Mc) > x, then there will be some set B; such that B;; [ © +1 = B, ¢ [ 4+ 1. This implies
that

W,

€n+1,8

e+ 1=080 fa+1=8" [at1=We o lz+1.

By induction, it follows that W, ¢ 2+ 1= W, ., s [ 2+ 1forallt> s, hence W, |
z+1=1MW,

€n+t+1

such that I,(M.) > 2 and compute We, ., ().

Iz 4+ 1. Consequently, to compute W, (), it suffices to wait for a stage s

Since it is not effectively decidable whether the premise of requirement M, is true, we
implement the full construction on a tree T' = {0,1}*. Each node o € T represents a guess
about the premises of which meet requirements M, with e < || are true; to be more precise,
if a(e) = 0 for some e < |af, then « represents the guess that the premise of M, is true, while
otherwise « represents the guess that the premise of M, is false.

The concept of guessing after stage s that o represents the true outcomes of the first s meet
requirements (with respect to the underlying coding) is formalised by so-called a-stages. Every
stage s > 0 is a A-stage. Stage s is an a0-stage if s is an a-stage which is a-expansionary, i.e.
for |a| = e,

Is(M) > max({l:(M.) : t < s and t is an a-stage});

and s is an al-stage if s is an a-stage but not a-expansionary. Then for each s > 0 there exists
a unique node 05 € T such that |Js] = s and s is a Js-stage.

We define a path TP € 2N in T by TP(e) = 0 if the hypothesis of M, is true, that is
@2}0 =...= @fn", where e = {eq, ..., e,), and TP(e) = 1 otherwise. TP is called the true path
of T.

Lemma 3.10 (True Path Lemma). It holds that TP = liminf,>( ds, i.e. « T TP if and only
if ais the leftmost string of length || in T such that o C §5 for infinitely many s.

Proof. The proof is by induction on |«|. Since A is the only string of length 0, the claim is true

for |a] = 0. Let the claim be true for |a| = e and consider & = TP [ e. If TP(e) = 1, then
the hypothesis of M, is not true. In this case l4(M,) is bounded in s and hence there are only
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finitely many ca-expansionary stages. In particular, there are only finitely many a0-stages and
finitely many s such that a0 C §,, while there must be infinitely many s such that al C §,.

Consider the case that TP(e) = 0. By the inductive hypothesis, there are infinitely many
s such that TP | e C J,, hence infinitely many TP | e-stages. Since the hypothesis of M,
is true, liminfy>qls(M.) = oo, so there must indeed be infinitely many TP | e-expansionary
TP | e-stages. Consequently, there are infinitely many TP | e+ 1-stages, that is, TP [ e+1 C §;
for infinitely many s. Moreover, if 3 is a string of length e + 1 such that 8 <y TP | e+ 1, then
B | e <g TP | e; by the inductive hypothesis then 5 | e C §s for only finitely many s and a
fortiori B C §, for only finitely many s.

Hence the claim is true for |o| = e+ 1. O

We are now ready to give the construction. At Stage 0 let B;g = V. = () for every
1€{0,...,n}, every e € N and every D C {0,...,n}.

Stage s + 1 consists of two phases.

Phase 1: For every node « that has an interval I assigned and is ready for diagonalisation at
stage s, check whether I5(N,.) > max(I) + e, where e = |a| = (D, eg, €1, ..., €4, €441, €4+2). In
this case do the following: Say that « is not ready for diagonalisation any more; additionally, if

We, )
V@O,el7'.'ycd76d+l>vs(max(1)) = @, 45" (max([)) = 0, enumerate max(I) into ‘/2?0,61,”.7%76“1%5“

and assign max(J) as diagonalisation witness to a.
We say that a node a with |a| = e = (D, eg,e1,...,€q, €441, €ar2) Tequires attention at stage
s+ 1if o C §, and

(Case 1) « has no interval assigned at stage s or

(Case 2) « has an interval I but no diagonalisation witness assigned after Phase 1 of stage
s 4+ 1, and there is some z € I such that  + 3e € I, Is(N.) > max(I) + e,

We ,8
VE erenenssys(max(D)) = e, 53" (max(1)) = 0,
x ¢ U B, s, where i = min(D), (9)

i€D—{ip}

and
x +3e ¢ By, s (10)

Phase 2: Let a be the least node that requires attention at stage s+ 1 (such a node exists,
because J; has no interval assigned at stage s and hence requires attention). We say that « is

active at stage s + 1.

(Case 1) If « has no interval assigned at stage s, let x be the least number which is larger than
s and larger than max(I") 4 2¢’ for any interval I’ assigned to any node of length e’
during the construction up to stage s. Assign the interval I = [z,z + 6¢] to a. Let

B, s41 = B; s for every i € {0,...,n}.
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(Case 2) If « has the interval I assigned at stage s, let x be the least number in I satisfying
(9) and (10).

If §é B;, s and = + 3e é UieD B;, then set Biy s+1 = By, s U {Q?}, Bisr1 = B; s U
{x +3e} for i € D — {ip} and Bj 41 = Bj, for j ¢ D.

Otherwise set B;, s+1 = Bi,s U{x + 3¢}, B;sy1 = B; s U{z} for i € D — {ip} and
Bj,s+1 = Bj,s for j ¢ D.

Say that « is ready for diagonalisation at stage s + 1.

In either case, initialise all nodes 8 > «, that is, cancel the assignment of all intervals and
diagonalisation witnesses to these nodes and say that they are not ready for diagonalisation at
stage s + 1.

The assignment of all intervals, diagonalisation candidates and diagonalisation witnesses,
and all aproximations to sets V.2 not mentioned so far remain the same as after stage s. This

ends the construction.

Lemma 3.11. Every node o C TP is initialised, requires attention and is active at only finitely

many stages.

Proof. The proof is by induction on |a|. Let the claim be true for TP | k and let o = TP | k+1.
By the True Path Lemma and by the inductive hypothesis, there is a stage sg such that 05 €1 «
and no node o’ C « requires attention at stage s, for every s > sg. Then « is not initialised
after stage sg, and if « requires attention at some stage s > sg, then « is active at stage s.

If o does not require attention after stage sg, then the claim is true. Otherwise, let s; be the
least stage after stage sg such that a requires attention at stage s;. Then « is active at stage
s1 and has an interval I assigned after stage s;. Since « is not initialised after stage s;, this
interval is assigned to « at all stages s > s1. Now whenever a requires attention at some stage
s+ 1> 51, a is active at stage s + 1 and enumerates some number from [ into B; 541 — B; 5,
for some i € {0,...,n}. Since I is finite, this can happen at most finitely often, thus proving
that a requires attention and is active at most finitely many times.

O

Lemma 3.12. Every meet requirement M., e € N, is satisfied.

— H$Bo _ — &Bn —
Proof. For e = (eg,...,en,€ns1), assume that 20 = ... = &2 = W, .,

(otherwise M,
is trivially satisfied). Let @ = TP be the unique node of length e on the true path. By
Lemma 3.11 and by the True Path Lemma there is a least stage so such that for all s > s,

nodes o/ C « are not active and §, £ a0. Now W, .. can be computed as follows. To determine

%%

€n+1

n+1
(x), compute the least stage s1 > max({so, x}) such that a0 C §,, and ls, (M.) > =z; such

a stage exists by the True Path Lemma, because a0 C TP, too. We claim that x € W, if
and only if x € W,

n+1,51"
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To prove this claim, note that, by the choice of sy, no node a’0 < a0 enumerates any
numbers into any B; after stage s;. Moreover, nodes o’ > a0 are initialised at stage s; and
only get intervals I’ with min(I’) > s; > x assigned after stage s;; hence they enumerate only
numbers greater than = into any set B; after stage s;. It follows that every enumeration of
a number y < z into any set B; after stage s; is caused by some node o’ with a0 C /. In
particular, if such an enumeration occurs at stage t + 1 > s;, then t is a-expansionary, that is
le(Me) > s, (M) > .

Let 51 < s < ... be the sequence of a0-stages, starting with s; (by the True Path Lemma,
this sequence is infinite). At every stage s + 1, k > 1, there is at least one i € {0,...,n} such
that B; 5,41 = Bj,s,,. By the above observation, B; s, , [ x+1= B; s, 41 [ +1, too. Together,
this amounts to B; s, [z +1=B I z+ 1 and hence by s, (M) > z and 5, , (M) > x to

1,8k41 Sk1

— $Bosn _ $Biekn —
Wen+1;3k r x + 1= q)6i75k r T+ 1= (I)ei,sk+1 r x+ 1= We'rL+17Sk+1 r T+ 1’
because ®,, is an ibT-functional. It follows that W, ,, () = limg 00 We, 1, 50 (7) = We, 1 5, (2),
as claimed. O

Lemma 3.13. Let D = {ig,...,iq} C{0,...,n} withip < ... < iq and let eg,...,eq+1 be such
that &6, =W, for allk <d. Then V=V <y B foralli€D.

€d+1 €0,€1,--

Proof. Let i € D. Then V is B;-computable as follows. Check whether x = max(I) for some
interval T assigned to some node « with || = e = (D, eq,...,eq+1,€q+2) until stage x. If
not, then x # max(I’) for every interval I’ assigned to any such node during the construction,
because after stage = only intervals I’ with min(I’) > x become assigned. In this case, © ¢ V.
Otherwise, let I and a be as above, and using the oracle B; | © + 1 compute the least stage
s such that I has been assigned to a before stage s, such that B; ; [ x4+ 1= B; [ x + 1 and
such that [(N.) > x + e. Such a stage exists because éf,f’“ =We,,, forall k <d. Thenz cV
if and only if x € Vsy1. Indeed, if I is not assigned to o any more or if « is not ready for
diagonalisation at stage s, then it is never declared ready for diagonalisation after stage s while
I is assigned to «, because there are no enumerations into B; N I after stage s. On the other
hand, if I is assigned to a and « is ready for diagonalisation at stage s, then during Phase
1 of stage s + 1 it is declared not ready for diagonalisation any more. Since z = max([) can
be enumerated into V only at a stage s’ + 1 such that I is assigned to a and « is ready for

diagonalisation at stage s’, the claim follows. O
Lemma 3.14. FEvery requirement N, e € N, is satisfied.

Proof. Let e = (D, eq,...,eq+2), where D = {ig,...,iq} with ig < ...,i4. By padding, we may
assume that e > 4. Assume that égj’“ = We,,, for all k < d (otherwise N, is trivially satisfied).

€d+1
By the previous lemma, V = V(g(),el,...,ed,ed+1> <ipt B; for all i € D. It remains to show that
W@d+1

14 7é ci)ed-wz
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3. Joins and Meets

Let a — TP be the unique node of length e on the true path, and let sy be the last stage
such that « is initialised at stage sg, or so = 0 if « is never initialised; such a stage exists by
Lemma 3.11. Let s; be the least a-stage with s; > sg; such a stage exists by the True Path
Lemma. Since a had no interval assigned at the end of stage sp and did not get an interval
assigned at stages s with sy < s < s1, a requires attention at stage s; + 1. By the choice of s,
no node o < « requires attention at stage s; + 1, because otherwise the least such node would
become active and initialise «.. It follows that « is active at stage s; + 1 and gets an interval [
assigned; by the choice of s; > sy again, this interval is permanently assigned to a after stage
S1.

If there is any stage s > s; such that a gets a diagonalisation witness assigned at stage
s + 1, then @ZZTZJ’; (max(I)) = 0 # 1 = V(max([)). In this case N, is satisfied unless

We ~ W, s . Wegiq.s
e, 0 (max(1)) # Pe,Bs (max(l)). Since Uey,s " (max(I)) < max(I) + eqyo < max([) + e,

this is only possible if We, ., [ max(I)+e+1# We,,, s [ max(I)+e+1. But by the conditions

for a getting a diagonalisation witness assigned, {5(N,.) > max([) + e, hence

ii% ' max(l)+e+1 = We,, s [ max(I)+e+1 # W, [ max(])+e+l = @gf“ [ max([)+e+1.

Since ae'ijf*s () < x+eg < x+e for every z, it follows that B, s | max(I) +2e+ 1 # B;, |
max(]) + 2e + 1. But no node ¢ < a enumerates any numbers into any set B; after stage
S0, node « is never active after stage s, and nodes o/ > « were initialised at stage s; + 1 and
only get intervals I’ with min(I’) > max(I) + 2e assigned after stage s; + 1. Hence no node
enumerates any number less than max(I)+2e+1 into any set B; after stage s1, a contradiction.
This shows that in this case N, must be satisfied.

For a contradiction assume that o never gets a diagonalisation witness assigned after stage s;

~We . . .
and that V' = ®., %" . Note that max(I) ¢ V in this case. Inductively define stages s < ... <

sge such that siyq is the least stage s > s with I4(N,) > max([) + e and égiif;‘s(max(l)) =
Vi (max(I)). By our assumptions such stages exist for k = 1,...,6e — 1. A simple induction on
k > 2 shows that at stage s; + 1 the node « requires attention and equations (9) and (10) are
satisfied for x,,, = min(l) +m — 1 if k = 2m or k = 2m + 1; moreover, since no o/ < « is active
after stage sp, o is active at stage s; + 1 and enumerates x,, into B;, s, +1 and z,, + 3e into
By si+1,- -+ Bigs.+1 if B = 2m while it enumerates z,, into B;, 5,41, ..., Bi, s, +1 and x,, + 3e
into By, s, +1 if K =2m + 1.

For k = 2,...,6e, let t;, be the least stage t > s such that I;(N.) > max(I) 4+ e. Since «
was active and defined ready for diagonalisation at stage s; + 1 (and has not been initialised
after stage sg), Phase 1 of stage ¢, + 1 applies to . But since « does not get a diagonalisation

witness at stage tx + 1, it must hold that

Do, (max(D)) # 0 = Be 453" (max(1)).

ed+2,tk

We s .
By @e,,5 " " (max(1)) < max([)+eqqo < max([)+e, it follows that W, 4, [ max(I)+e+1 #
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Weir,s, | max(l) + e+ 1. On the other hand, if k& = 2m is even, then By, ;, [ min(I) + 3e =
Bi, s, | min(I) 4 3e, because no node o’ < « enumerates any numbers into any set B; after

stage sg, node a only enumerated x,, > min(I) + 3e into B;, at stage s; + 1 and did not
enumerate any numbers from I at stages s € {s+2,...,tx}, and nodes o’ > « were initialised
at stage s + 1 and only get intervals I’ with min(I’) > max(I) + 2e assigned after stage s; + 1.
By affl’sk () <x+e; <z + e it follows that

Weyir e, | min(l) +2e = <I>Bi1’t’€ [ min(J)+2e = @Zifs',f’“ [ min(l)+2e = W, s, [ min(l)+2e.

e1,ty

Similarly, if &k = 2m + 1, then B;, 4, | min(I) + 3e = B;, 5, | min(J) + 3e and hence

Woeyorty [ min(I)+2e = 29 | min(T)+2e = b % [ min(l)+2e = We,,, o, | min(l)+2e.

€, tk

Altogether, this shows that

|We N [min(l) + 2e,max(I) +e]| > [We,,, s, N[min(l) + 2e, max(I) + ]|

d+1:Sk+1

> [Weypr,s, N [min(I) 4 2e, max(1) + ]|

for k € {2,...,6e}. Inductively it follows that |[We,,, s, N[min(l) 4 2e, max(I) +e]| > k-2, in

particular |W, N [min(I) 4 2e, max(I) + e]| > 6e — 2. But

d+1:S6e

|[[min(I) 4+ 2e, max(I) + ¢]| = max(I) + ¢ —min(I) — 2e + 1
=min(]) 4+ 6e + e —min(/) —2e+ 1
=5e+1

< be —2

for e > 4, a contradiction.
O

O

Corollary 3.15. [Barm 05, Fan 05, Down 04] For r € {ibT,cl}, R, is neither an upper semi-

lattice nor a lower semi-lattice.

Proof. By Theorem 3.7 there exist r-degrees bg, by which have no join in R,. and by Theorem 3.9

there exist r-degrees by, b} which have no meet in R,.. O

3.5 Noneffectivity of the Join

As remarked above, for c.e. sets By and B; it holds that degr(Bo)Vdegr(B1) = degr(Bo @ By).

Hence there exists a simple and effective procedure to obtain a c.e. set C' representing the join

33



3. Joins and Meets

of two c.e. Turing degrees degr(Bg) and degr(B;) from the c.e. sets By and B;. One way to

formalise what “effective” means here is the following.

Definition 3.16. Let <, be a reducibility notion and R, = (R,, <) be the corresponding
degree structure of c.e. r-degrees.

(i) We say that the join is weakly effective in R, if for all degrees bg,b1,c € R, there
are c.e. sets By € bg, By € by and C € ¢, a computable function g : N — N and a partial
computable function ¢ : A - N, A C N x {0,1}* x {0,1}*, with

boVby =c= C(n) =9¢(n,By | g(n), By | g(n))

for every n.

(ii) We say that the join is strongly effective in R, if there is a computable function g : N — N
such that for all degrees bg,b1,c € R, there are c.e. sets By € bg, B; € by and C € c and a
partial computable function ¢ : A - N, A C N x {0,1}* x {0,1}* with

bo Vby = ¢ = C(n) =4(n,Bo [ g(n), B1 [ g(n)) (11)

for every n.

Hence the join is weakly effective in R,. if, whenever two r-degrees bg and by have a join
c, then it is possible to compute a finite prefix of a member C of ¢ from sufficiently long finite
prefixes of members of bg and by, where we can compute how long these prefixes have to be.
If the length of the prefixes only depends on the length of the prefix of C' we want to compute
(but not on bg, by or c), then the join is strongly effective in R,.. In particular, every strongly
effective join is weakly effective.

The join is strongly effective in R, for r € {T, wtt, m}, because we can just let g(n) =n+1
and

o(m) ifn=2mand|o|>m
Y(n,0,7) =9 7(m) ifn=2m+1and |7| >m

0 otherwise

in the above definition.
For r € {ibT,cl}, on the other hand, the situation looks different. First let us make the

following easy observation.

Lemma 3.17. For r € {ibT,cl}, the join is strongly effective in R, if and only if there is
a strictly increasing computable function g with g(x) > x for all x such that for all degrees
bo,b1,c € R, and for all c.e. sets By € bg, B1 € by and C € c there is a partial computable
function ¢ : A - N, A CNx {0,1}* x {0,1}* satisfying (11).

Proof. Assume that the join is strongly effective in R, and let g be as in Definition 3.16 (ii).
If we substitue g by any computable function ¢ with g(z) > g(x) for all x, and a partial
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computable function v satisfying (11) by ¢ with

$(n,0,7) = p(n,o [ min({lol, g(n)}), 7 [ min({|7], g(r)})),

then (11) is still true. In particular, we may assume that g is strictly increasing and satisfies
g(x) > x for all x.

Define ¢'(z) = 2 - g(2z) for € N. Let bg, by and ¢ be c.e. r-degrees. By the assumption,
there exist c.e. sets By € bg, By € by, C € ¢ and a partial computable function ¢ such that
(11) is satisfied. Let B{ € bg, B] € by and C’ € ¢ be c.e. sets. Then there are cl-functionals
fiJeO, <i>el and &)62 such that &DE)" = By, <i>§11 = By and Cflg; =C.

We define

¥ (n,0,7) = B2, (),

where p is the string of length n 4 es + 1 or less defined by

C(m) if |o] = |7 =2 g(2n) < g(m) + max({eo, e1})
pm) = < p(m, @7 | g(m), @7, [ g(m)) if |o| = |7| =2 g(2n) > g(m) + max({eo, e1})

1T otherwise

for 0 < m < n + ea. Note that for the definition of p the first case is only used if 2 - g(2n) <
g(n + es3) + max({eg,e1}), because we assume that g is increasing. But for almost every n,
2n > n+ e and hence g(2n) > g(n+e2); and then clearly 2-g(2n) > g(n +e2) + max({eg,€1})
for almost every n. Hence the first case is only used for finitely many n and only those finitely
many o and 7 which have length n. This shows that 1’ is partially computable, since only
finitely many values C(m) (which can be hard-coded into a machine) are needed.

If bg V by = ¢, then for every n € N and for 0 = B, | ¢'(n), 7 = B} | ¢'(n) we obtain
p(m) = C(m) if 2- g(2n) < g(m) + max({eg, e1}), while for 2 - g(2n) > g(m) + max({eo, e1})

we obtain

p(m) = ¢(m, @ | g(m),®7 | g(m))

= (m, BEFICN | g(m), DEPICM | g(m))

= (m, By | g(m), B1 | g(m))
= C(m).

Here for the third equality we use the fact that 122,6 () <z+ep < g(m)+ey <2-g(2n) for all
. B
x < g(m), and similarly for @c,' (x).
Hence p = C' [ n+ ez + 1 and ¢/(n,0,7) = @2 (n) = &2+l (n) = C'(n), because
ag; (n) <n+es.

O
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Lemma 3.18. The join is weakly effective in Ripr and R .
The proof follows from the cl-wtt-Join Lemma:

Lemma 3.19 (cl-wtt-Join Lemma [Ambob]). Let Bo,..., By, C be c.e. sets such that
dege(Bo) V ...V degc(By) = dega (C).

Then
degwtt (Bo) V...V degwtt (Bn) = degwtt (C)

Proof. Since wtt-reducibility is stronger than cl-reducibility, B; <. C implies that B; <yt C
for i € {0,...,n}. Since degwtt(Bo) V ...V degwit(Bn) = degwit(Bo @ ... ® By,) it follows that
By®...® B, <utt C.

Hence it suffices to show that C <y Bo ® ... ® B,,. Let £ € N be such that all B; are
(i+ k)bT-reducible to C. We may assume that all B; are noncomputable, because if all of them
are computable, then C is computable, too, and the lemma is clear; and if only some of the
B; are computable then leaving them out does not affect the join. Since By <. C, C must
also be noncomputable. Hence there is an infinite computable subset R C C, and C' =C — R
is ibT-equivalent to C. By Lemma 2.7 there are sets By C By, .. .,Bn - Bn,C' C ' with
respective enumeration functions by, ..., b,,c such that each B; is ibT-equivalent to B;, Cis
ibT-equivalent to C and ¢(s) < b;(s) + k for i € {0,...,n}.

Let f be the computable function such that f(s) is the s-th element of R according to the

natural order. Define
C" = CrU{c(s) : (3i < n)(bils) < f(c(5)))}

Note that f is a computable unbounded shift and that C; € R and {c(s) : (3i < n)(bi(s) <
f(e(s)))} € € C C" = C — R, hence the two sets are disjoint.
For
C! ={f(c(t)): t <stuU{ct): (I <n)(b;(t) < f(c(t))) and t < s},

we get a computable approximation (C7)s>o of C”, and for éw = {b;(t) : t < s} we get a
computable approximation (Bi,s)sZO of B;.

For i < n it holds that B; < C” by permitting. Indeed, if y = bi(s) enters BLS“ — BZ-,S,
then either f(c(s)) <y and f(c(s)) € CY, — CY, or bi(s) < f(c(s)) and c(s) € C,y — CY,
where ¢(s) < b;(s) + k. Hence (2) holds with C” in place of A and B; in place of B.

It follows that B; <. C” for i € {0,...,n}, and hence, by definition of the join, C=4C <y
C"”. Using the Computable Shift Lemma (Lemma 2.6), it follows that

C <a {e(s) : (3i < n)bi(s) < £(c(5)))} <wie Bo @ ... B,

as claimed. 0O
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We can now give the short proof of Lemma 3.18.

Proof of Lemma 3.18. Let r € {ibT,cl}. Let bg, b1, ¢ € R,. Let By € bg, B; € By and
C € C be arbitrary c.e. sets.

If bg V by does not exist or is different from c, take arbitrary computable functions f
and g. Otherwise by Lemma 3.19 (and in the case of r = ibT, Lemma 3.2) it holds that
degwit(Bo @ B1) = degwit(Bo) V degwit (B1) = degwtt (C). Hence C <yt Bo @ B;. That means,

C = ®Do®B1 for some e, where u.(z) < g(z) for a computable function g. Now

odT o — —
pno) = L T il =l =g 1

0 otherwise

(where ¢(0)...0(k) & 7(0)...7(k) = 0(0)7(0)...0(k)T(k)) witnesses that equation (11) is
satisfied. 0

Turning to strong effectivity, however, the join is not effective in R, for » € {ibT, cl}.
Theorem 3.20. The join is not strongly effective in Ry, or Re.

Proof. Let g be a stricly increasing computable function with g(z) > z for all z. We will
construct c.e. sets By, By and C such that deg,(By) V deg,(B1) = deg,(C) but for every partial
computable function ¢, there exists some n € N such that C(n) # ¢.(n, By | g(n), B1 | g(n)).
Then it follows by Lemma 3.17 that the join cannot be strongly effective in R,..

By the ibT-cl-Join Lemma (Lemma 3.2) it suffices to consider the case r = ibT.

We will effectively enumerate the sets By, By and C satisfying the following requirements
for all e = {eq, e1, e2).

By, B1 <ipr C

De : (An)(C(n) # pe(n, Bo [ g(n), B1 [ g(n)))
Jde: (BO = (Abz[ofeg and B; = &2/62) = C <ibT WEQ.

Satisfaction of the join requirements J. ensures that for every c.e. ibT-degree d, if d >
deginT(Bo) and d > degpT(B1), then d > degipr(C). Namely, if eg,e; and ez are chosen in

such a way that W,, is some c.e. set with d = degp,1(We,), By = @ZZEZ and B; = (I>2/52, then
with e = (e, e1, €2) the satisfaction of J. implies that deg;,T(C) < degipr(We,) = d.

Let By s, B1,s and C; denote the finite parts of By, B; and C' enumerated by the end of
stage s of the construction. By <jpp C will be satisfied by direct coding. That is, if a new
number z is enumerated into By at stage s+ 1 then z ¢ C and z is simultaneously enumerated
into C at stage s + 1. Similarly, By <;pr C will hold by permitting. The requirements D,
will be satisfied by the usual diagonalisation method, i.e. by waiting for a stage s such that
©e,s(n, Bos [ g(n),B1s | g(n)) = 0 for some appropriate witness n ¢ Cs and then putting n
into Cs41 and restraining By [ g(n) and By [ g(n).
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3. Joins and Meets

In order to guarantee that putting n into C at stage s 4+ 1 is compatible with the higher

priority join requirements, however, n will be appropriate only if for any requirement J.. (¢’ =
A~ Wel A We/ . .

(ep, €1, €h) < e) with correct hypothesis By = o, and By = o, there is a number y < n in

We, — Wey s, thereby implying that C' <ipr W, by permitting. We will ensure the existence of

such a number y by guaranteeing that By s | g(n) +1 = q):‘,:;z I g(n)+1and [n+1,g9(n)] C
Wey s+ In this case we will enumerate g(n) into By at stage s + 1. The set W, has to respond
to this by enumerating some y < g(n) into W, after stage s, and, by [n+ 1, g(n)] C W, , this
y must be smaller than n + 1.

We will create the just described setup for a diagonalisation candidate n by enumerating

large intervals bit by bit in decreasing order into By and C' simultaneously.

The formal construction is a tree construction using the full binary tree T = {0, 1}*.

In the tree, a node a of length e corresponds to a guess about which of the hypotheses of
the join requirements Jo, ..., J.—1 will be true for By, By and C. For each n < e, if a(n) =0
then « codes the guess that the hypothesis of J,, is true, otherwise it codes the guess that this
hypothesis is false. Depending on these guesses, the node « follows a unique strategy D, to
satisfy the requirement D..

In order to guess whether or not the hypothesis of J. is true, we consider the length function

li(e) = max({z < s : (Vy < 2)(Bo.s(z) = ber2* (x) and By (z) = dr.2* (2))})

and we use the observation that — since ‘i)e(, and <i>el are ibT-functionals —

By = @ZZQ and B; = @Z‘fg & lims o0 ls(e) = 00 (12)
< limsup,_, . ls(e) = .

Now, for each node «, we inductively define a-stages as follows. Each stage s > 0 is a A-
stage. If s is an a-stage for some a with || = e, then s is called a-ezpansionaryif i5(de) > 1:(Je)
for all a-stages t < s, and s is an a0-stage if s is a-expansionary, and s is an al-stage if s is an
a-stage but not a-expansionary.

For each s > 0, let 5 € T be the unique « of length s such that s is an a-stage. The node
05 represents the guess about which of the hypotheses of Jg,...,Js_1 are true which is made at

the end of stage s.

Construction. We can now give the construction of By, By and C. Let By g = B1,0 = Co = 0.
For s > 0, we say that a node « of length e requires attention at stage s + 1 if « C §5 and

(Case 1) a has no interval assigned to it at the end of stage s, or

(Case 2) a has an interval I assigned to it at the end of stage s such that for all « € I it holds
that C'(z) = e s(x, Bos | g(), B1,s | g(x)), ls(Jer) > max(I) for all ¢’ < e with a(e’) =0, and
INBys=INCsC1I.

If some node requires attention at stage s+ 1, find the least (with respect to C) such « and
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say that « is active at stage s +1. We say that « is active due to Case 1 or active due to Case
2, respectively, depending on whether o has an interval assigned or not at the end of stage s.
Declare all intervals assigned to nodes 8 > « unassigned (i.e., initialise these nodes) and do the

following:

If a is active due to Case 1, let e = |a| and assign a new interval I’ = [z, g>@+D+1(z)] to
« where x is the least number > s + 1 such that z is larger than all numbers from intervals

assigned to any node before stage s + 1. Let By s41 = Bos, B1,s+1 = B1,s and Cs4q = Cs.

If « is active due to Case 2, then distinguish the following subcases.

(Subcase 2.1) If there exists « ¢ C, such that g(x) ¢ By s, [2,9(x)] C I and [z + 1, ¢g(x)] C
Wey s for every € < e with a(e’) = 0 and €' = (eg, €], e5), then let By sy1 = Bos, Bisy1 =
By s U{g(z)} and Cs1q1 = CsU{x} for the least such = (we say that o enumerates z into C and
g(x) into B; at stage s+ 1).

(Subcase 2.2) Otherwise, for y = max({z € I : © ¢ Bys}), let Bosy1 = Bos U {y},
Bist1 = Bisand Csy1 = Cs U{y} (we say that o enumerates n into By and C at stage s+ 1).

If no node requires attention at stage s+1, let By s4+1 = Bos, B1,s+1 = Bi1,s and Csy1 = C

and initialise all nodes 8 > d,. Proceed to the next stage.

Verification. Obviously, By <j,v C and By <j,1 holds by permitting. So it suffices to show
that the join and diagonalisation requirements are met. As we will show, this is achieved by

the initialisation rules and the strategies for the diagonalisation requirements on the true path.
The true path TP of the construction is defined by TP(e) = 0 if the hypothesis of J.,

By = &0 and B, = &1 2, (13)

is true (where e = (eg, e1, e2)), and TP(e) = 1 otherwise.

Claim 1 (True Path Lemma). It holds that TP = liminfs_ . ds, that is, if a € T, then
a T TP if and only if o T 05 for infinitely many s and there are only finitely many s such that
ds <1 Q.

Proof. The proof is by induction. Let o = liminf, ,.,ds [ ¢ = TP | e. Then there are
infinitely many «a-stages. So, by (12), there are infinitely many a-expansionary stages if and

only if (13) holds. It follows that a0 = liminfs_, 05 [ e + 1 if and only if (13) holds.

Claim 2. Let o C TP. Then « is initialised, requires attention and is active at only finitely

many stages. Moreover, there is an interval I permanently assigned to o from some stage on.

Proof. The proof is by induction on n = |a|. By o © TP fix s¢ such that o < 45 for all

s > sg, and by inductive hypothesis fix s; > sg such that no node § C « requires attention at
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3. Joins and Meets

any stage s > s1. Then a will not be initialised after stage s; and a will become active at any
stage s +1 > s; at which it requires attention.

Now, by o — TP, let so be the least a-stage > s;. Then either an interval [ is assigned to o
at the end of stage so or a will become active at stage s + 1 and an interval I will be assigned
to « at stage so + 1. Since « is not initialised after stage s1, this interval I is permanent. It
follows that a will act at most |I| times after stage so + 1, since a can act only via Case 2 after
this stage and whenever « acts according to Case 2 after stage so then a new element from [
is enumerated into C'. Since « acts whenever it requires attention after stage s; it follows that

a requires attention only finitely often.
Claim 3. FEvery requirement J., e € N, is satisfied.

Proof. Let « = TP [ e be the node on the true path of length e = (e, €1, €2). Assume that
(13) holds, that is, By = ®u.> and By = . ** (otherwise g, is trivially satisfied). Then, by
the True Path Lemma, 0 is on the true path. So there are infinitely many «0-stages and, by
Claim 2, there is an a0-stage so such that no node 7 < a0 is active at any stage s > sg.

Now, in order to compute C(x) with oracle W, | +1 for given x, using the oracle compute

the least a0-stage s; > max(sg, x) such that
Wepsi l2+1=W,, [+ 1. (14)

We claim that C'(z) = Cs, ().

For a contradiction assume that C(z) # Cy, (), i.e., that = enters C at a stage s +1 > s;
and let By be the node which enumerates x into C.

Note that, by choice of sq and by s¢o < s1, a0 < 5y. Moreover, since s; is an a0-stage, for
any node 3 to the right of a0, 8 does not become active and is initialised at stage s; + 1. Since
a node § will enumerate a number y into C' at stage s+ 1 only if there is an interval I assigned
to the node at the end of stage s and y is an element of I, and since min(/) > s’ + 1 where
s’ +1 is the stage at which I becomes assigned to £, it follows that a node § to the right of a0
will enumerate only numbers y with y > s; + 1 > x into C after stage s;.

So a0 C Sy, hence By(e) = 0. Now, when [y enumerates x into C' at stage s + 1, then it
becomes active via Case 2. It follows, by definition of requiring attention, that x is an element

of the interval I assigned to §y at the end of stage s,

Bos [ max(I) + 1= &42° [ max(I) + 1
and (15)

By, [ max(I) + 1 =&, [ max(I) + 1
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(since l5(d.) > max(I)), and
Cs(z) = By s(z) =0 (16)

(since IN By s =INCs and z & Cy).
Now if Subcase 2.2 applies then x is enumerated not only into C but also into B, at stage
s+ 1. So, by the first part of (15),

Bo() = By si1(2) # Bos(x) = deg2 " (z) = oy (2),

where the final equality follows by (14) since <i>eo is an ibT-functional. But this contradicts the
assumption (13).

So Subcase 2.1 must apply. It follows that [z,g(x)] C I and [z + 1, g(z)] C W, s and that
g(x) is enumerated into B; at stage s + 1. Hence, by the second part of (15),

Bi(g()) = Bi,s41(9(2)) # Bis(g(x)) = der 2 (9(a)).

On the other hand, by assumption (13), Bi(g(z)) = é)z;/e? (g(x)). It follows that a number
y < g(z) has to enter W, after stage s > s1. In fact, by [z + 1, g(z)] C We, s, this number y

has to be < x. But this contradicts (14).
This completes the proof of Claim 3.

Claim 4. BEvery requirement D., e € N, is satisfied.

Proof. For a contradiction assume that for all n

C(n) = @e(n, By I g(n), By [ g(n)). (17)

We start with some notation and observations. Let a be the unique node on the true path for

which |a| = e. By Claim 2 there is a stage s, and an interval
I, = [xa,ge~(xa+1)+1(l‘a>]

(for some z,,) such that I, is assigned to « at stage s, + 1 and I,, is never cancelled. Note that,
by permanence of I, « is not initialised after stage s,. So, in particular, a < §, for s > s, no
node 8 < a becomes active after stage s,, and o becomes active whenever it requires attention
after stage s,. Moreover, for a node g with o < [, § is initialised at stage s, + 1, hence
will enumerate only numbers z > max(l,) into By, By or C after stage s,. So the numbers
x < max(/,) enumerated into By, By or C after stage s, are just the elements of I, enumerated
by « into By, By or C. In particular, B; | o = B; s, | 2 fori € {0,1} and C [ zo = Cs, [ z4.
Also note that

InNByso41=IaNBrs,+1=1oNCs 11=10 (18)

holds since when an interval becomes assigned to a node at a stage s+ 1 then no element of this
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3. Joins and Meets

interval has been enumerated into By, By or C prior to stage s+ 1 and no number is enumerated
into By, By or C at stage s + 1.

Let E = {e : ¢ < e & ale/) = 0} and for ¢/ € E let ¢ = (e[, e},eh). Since « is
on the true path there are infinitely many a-stages and, for ¢/ € FE, limg_, o ls(der) = o0.
So if we call a stage s > s, good if s is an a-stage, l5(de) > max(I,) for ¢ € E, and
Cs(n) = @es(n,Bos | g(n),B1s | g(n)) for all n € I, then by equation (17) there are infinitely
many good stages. Note that « requires attention at a stage s +1 > s, + 1 if and only if s is
good and I, N By s = IoNCs C I,.

In order to get the desired contradiction we will argue that a enumerates all numbers z
from I, into (C and) By according to Case 2.2 whereas Case 2.1 will never apply. We then
observe that, for any number ¢’ € E, the enumeration of z into By will force a new number
< z into W,;. Moreover, since Case 2.1 does not apply, we may argue that, for any subinterval
[z +1,g(x)] of I, put into By and for some ¢’ € E, W, will not react with the enumeration of
[z + 1, g(x)] but also some new smaller number(s) will enter W, . This will allow us to argue

that [W,, | x4 + 1| > 24 + 1 for some e’ € E which of course is impossible.

We first show that o does not require attention via Case 2.1 after stage s, + 1. For a
contradiction assume that « acts via Case 2.1 at stage s’ +1 > s, + 1. Then a number z € I,
such that

Co(x) = @e,r(x,Bo,s | g(x), Br,s | g(x)) =0

is enumerated into C' at stage s’ + 1 whereas By y4+1 = By and By sy1 = By U {g(x)}.
Moreover, a will not act after stage s’ + 1 since I, NCs # I, N By s for s > s’ + 1. So, by choice
of sa, By [ g(x) = Bo,s | g(x) and By | g(z) = B1,s | g(z), hence pe(z, Bo [ g(x), B | g(z)) =
¢e(x,Bo,s | g(x), B1,s | g(x)). It follows that C(z) # ¢e(x, Bo | g(x),B1 | g(x)) contrary to

assumption (17).

Next we show that o enumerates all the numbers from I, into By and C' according to Case

2.2 in decreasing order. Le., for any = € I, there is a good stage s, > s, such that
Ia N BO,sw = Ioc N Csl. = (l‘vge'(ﬂa-i—l)-i—l(xa)] & BO,S,;Jrl - B075x = Cstrl - Csw = {.’13} (19)

The proof is by induction on ¢ @=+tDU+1 (2 ) — z. Fix 2. By (18) (for 2 = ¢g>@=+tD+1(z,)) or
by inductive hypothesis (for z < g&(@a+1+1(z,)) fix a stage s’ > s, such that I, N By g =
I, N Cy = (x,g¢@tD+1(z,)] and let s” be the least good stage > s’. Then a will become
active at stage s + 1 and — since Case 2.1 does not apply after stage s, — a will enumerate x

into By and C at stage s” + 1. So s” is the desired stage s;.

In the remainder of the proof we will show that

(Fe e E)(|Wey |z + 1] > x4 +1) (20)
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holds (which will give the desired contradiction since there are only x, + 1 numbers less than
ZTo +1).

For a proof of (20) we first observe that, for ¢’ € E, the enumeration of an element = > x,
of the interval I, into By at stage s, + 1 forces W, to respond with the enumeration of a new

number < z before the next smaller element x — 1 of I, is put into By:
(Vaeels—{za} ) Ve €E)YWep s, , Tx+1# W, [x+1). (21)

Namely, by goodness of s, and s,_1, ls,(Jer) > max(l,) and s, _,(der) > max(l,), hence

W, W,
Bos, () =®_ 2" (z) and Bys, ,(z) =®_ """ (). Since By s, () =0# 1= By, 4+1(z) =

g8z €psSz—1
Bys,_,(z) and @, is an ibT-functional, this implies the claim.

Now, recall that I, = [z4, g¢®«TD+1(2,)]. Hence we can split I, — {x,} into e- (x4 +1)+1
disjoint intervals (z, g(z)] by letting

£y, = g¢ @D (2 ) (ne{0,... e (zq+1)+1})
and

Ig = (anrlvxn] = (xn+1vg(xn+1)] (n € {07 cees € (xa + 1)})

We claim that

Z Wey s, [Tn+1]>n (forne{0,...,e (zo +1)+1}). (22)
e'elk

Note that for n = e (24 + 1) + 1 this amounts to

Z Wep s, TTa+1]>e (za+1)+1,
e'elE

since T¢.(z,4+1)+1 = Ta- By |E| < e this implies (20).

So it only remains to prove inequality (22). The proof is by induction on n. For n = 0
it is trivially true. Assuming that it is true for n < e (z + 1) we show that it is true for
n + 1. Note that, for the x,, — 2,11 numbers y from the interval I = (2,41, T,] it holds that
Sppi1 > Sy = Sz,- S0, by (21), for any ' € E

|(We’2,smn+1 \ Weg,smn) [ Tp + ]-| > Ty — Tyt
By inductive hypothesis this implies

D Wep, Ton+ 120+ |El(zy — 2p1) = n+ |E| - |I]].
e'ek

Moreover, there is at least one e’ € E such that I ¢ W€’27Swn+1’ since otherwise by goodness

43



3. Joins and Meets

of s,., and by (19), o will require attention via Case 2.1 at stage s,,,, + 1 contrary to our

above observation. Since [0, 2,] = [0, Zp41] U (nt1, Zn] = [0, Zpt1] U I7 it follows that

DercE |We’2’szn+1 [ @t + 1] D ek |Weg,swn+l [ @y +1

- Ze’EE |I/Ve’2,sggn+1 n I;”

> (LeepWeys,,,, 1on+1]) —|E]- 11]
> (n+|E|-|I3]) — ([E]- [IZ]).
= n
This completes the proof of (22), the proof of Claim 4 and the proof of the theorem. O

3.6 Joins and Meets in Substructures of R, and R,: Sim-

ple Degrees

Knowing that, by Corollary 3.15, the answer to the question whether Ry, or R are upper
or lower semi-lattices is negative, we may extend this question to substructures of Rj,T or Re.
There are two possible directions these questions might lead into. The first is: Given a certain
lattice, can we find a substructure of R,. which is closed under joins and meets and isomorphic
to this lattice? This is the question of lattice embeddings, which will be addressed in Chapter
4. The second direction is: Given a certain (naturally definable) substructure of R, is it a
lattice, or at least an upper or lower semi-lattice?

One substructure of R;,1 and R, respectively, which was studied recently by Ambos-Spies

[Amboa], is the structure of the degrees of simple sets.

Definition 3.21. A c.e. set A is called simple if its complement N — A is infinite but does
not contain an infinite c.e. subset, i.e. for every e € N, if |W,| = oo, then AN W, # (. For
r € {ibT, cl, wtt, T}, an r-degree a € R,. is called simple if a contains a simple set and nonsimple

otherwise. The substructure of R, consisting of the simple r-degrees is denoted by (S,, <).

Simple sets were first defined by Post [Post 44] during his now famous program to find a
nontrivial property of c.e. sets which would guarantee Turing incompleteness. Finding such
a property which is witnessed by at least one noncomputable set A would immediately have
implied the existence of at least three c.e. Turing degrees, namely the degree 0 of the computable
sets, the degree 0’ of the Turing complete sets and the degree degr(A). Simplicity was a first
candidate for an appropriate property and could be shown to imply many-one incompleteness,
but Post also showed that it is not sufficient to ensure Turing incompleteness; in fact, except
for 0, every c.e. Turing degree contains a simple set. The notion of simplicity has nonetheless
been studied in many different contexts during the last decades.

In [Amboa] Ambos-Spies showed that even for linearly bounded Turing (1bT) reducibility,
which is defined like weak truth-table reducibility but with the use function bounded by a
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linear function (instead of a computable one), it is still true that every 1bT-degree except for 0
still contains a simple set. Considering ibT- or cl- degrees, however, the distribution of simple
degrees turns out to be less trivial. Using a finite-injury argument, Ambos-Spies constructs
a noncomputable c.e. set A such that degj,T(A) is nonsimple. Remarkably, this implies that

deg.1(A) is nonsimple, too, by the following general theorem.

Theorem 3.22 (Coincidence Theorem). [Amboa] For any c.e. set A it holds that degir(A) is
simple if and only if deg(A) is simple.

Concerning the question whether (S,, <) is a lattice for r € {ibT,cl}, we get a negative

answer again.

Theorem 3.23. [Amboa] If A is a noncomputable c.e. set, then there exists a simple set B
with A SibT B.

Theorem 3.24. [Amboa] For r € {ibT,cl}, there is a mazimal pair of simple r-degrees. Hence

the partial order (S,., <) is not an upper semi-lattice.

Proof. By Theorem 3.5, there exist c.e. sets By and By such that (dega(By),dega(B1)) is a
cl-maximal pair. By Theorem 3.23, there are simple sets Cy and Cy such that By <;pr Cp and
By <ipr C1, and a fortiori By <q Cp and By <. C;. Then the pair (deg.(Cop),dega(Cy)) of
simple cl-degrees is cl-maximal too.

Since ibT-reducibility implies cl-reducibility, the pair (degirr(Co), degir(C1)) is also ibT-

maximal. ]

Theorem 3.25. [Amboa] If B is a noncomputable c.e. set, then there exists a simple set A
with A SibT B.

Theorem 3.26. [Amboa] For r € {ibT,cl}, there is a minimal pair of simple r-degrees. Hence

the partial order (S,., <) is not a lower semi-lattice.

Proof. By Theorem 3.9, there exist c.e. sets By and B; such that (deg,(Bo), degr(B1)) is an
r-minimal pair. By Theorem 3.25 there are simple sets Ay and Ay such that Ay <j,T Bg and
A; <ipr Bi, and a fortiori Ag <. By and A; <. Bj. Then the pair (deg,(Ap),deg,(A1)) of
simple r-degrees is r-minimal, too.

Since computable sets are not simple, the degree 0 is nonsimple. Hence deg,(4y) and
deg, (A1) do not have a meet in (S,, <). O

Of course, if two simple r-degrees bg and by have a meet a in R, and a is itself simple, then
bo and by have the same meet in (S, <). Similarly, if two simple r-degrees bg and by have a
join ¢ in R, and c is itself simple, then bg and by have join ¢ in (S,., <). Theorem 3.26 shows
that the condition that a be itself simple is necessary, because S, is not closed under meets.
Note that we cannot analogously conclude from Theorem 3.24 that S, is not closed under joins
(because r-minimal pairs and r-maximal pairs are not quite dual notions). To complete the

picture, we show that the latter is still true.
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Theorem 3.27. For r € {ibT,cl}, S, is not closed under joins, namely there are simple

r-degrees bg and by such that bg and by have a join c in R, and c is not simple.

Proof. We will construct c.e. sets By, By and C such that By and By are simple but deg;pr(C)
is nonsimple and such that degp,T(Bo) V deginr(B1) = degipr(C). By the Coincidence Theo-
rem 3.22 then deg;(C) is nonsimple, too, while by the ibT-cl-Join Lemma degc;(Bo)Vdegq (B1) =
degc1(C). Hence the claim holds for bg = deg,(By) and by = deg,(B1), where r € {ibT,cl}.

The sets need to satisfy the following requirements for ¢ € {0,1} and for all e = (eg, e1, e3) €
N:

e B; <pr C,
° He : Bo = éz[ofez and B1 = i’?jw =C SibT W€27

o Sc: |[We|=00=W,.NBy#0 and W, N By # 0,

o N : W, = égj and C = @Z‘f” = We, not simple.

If By, By and C satisfy all these requirements, then, since By, B; <;pr C, the join require-
ments J. guarantee that deg;p,r(C) is the least upper bound of degiy,T(By) and degi,(B1), that
is degibT (C) = degibr(Bo) V degir(B1). The simplicity requirements 8. make sure that By and
B; are simple if N— By and N— B; are infinite. By the Ne-requirements C' is not ibT-equivalent

to any simple set, hence deg,T(C) is nonsimple.

The construction will be in stages. By s, B1,s and Cs denote the finite approximations of
By, By and C, respectively, after stage s. We define the length of agreement of requirement J.
(e = {ep, e1,€2)) at stage s by

z LV; ,8 =S L@; s
Is(de) = max({z < s: (Vy <x)(Bo,s(y) = Pey'd" (y) and By s(y) = e, :37)}).
Similarly, we define the length of agreement of requirement N, (e = (eg, €1, e2)) at stage s by

L(N.) = max({z < s : (Vy < 2)(Wey s(y) = 9, (y) and Cy(y) = &2)).

€0,S

Note that, since i)eo and i)el are ibT-functionals, the premise of a join requirement J. is
true, i.e. By = @Zzez and By = &)EYEZ, if and only if lim inf,_, oo I5(de) = limsup,_, . ls(Je) = 0.
Mutatis mutandis, the same holds for nonsimplicity requirements N.

Before giving the formal construction we describe the ideas underlying the individual strate-
gies for the requirements and the conflicts between these strategies we have to overcome.

B; <jpr C will hold by permitting, that is, whenever we enumerate a number x into B; at
stage s + 1, then we enumerate a number y < z into Cs41 — Cs.

The simplicity requirements 8. will be satisfied by waiting until a suitable number z is

enumerated into W, and then enumerating this number into By and B;. Our definition of
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“suitable” will be such that almost every number x € W, will be suitable at almost every stage.

Hence we will eventually find a stage such that 8. can be satisfied.

The nonsimplicity requirements N, , ¢,y are satisfied as follows. We try to enumerate an
infinite c.e. set V' of numbers x which we keep out of C. f VNW,, =0, then V C N - W,,,
witnessing that W, is not simple. Otherwise there is some stage ¢ and some v € V such that
v € We, . Now if the premise of N ¢, e,y 18 true, then there is a stage s > t such that
Is(Nieg,er,e5)) > v, in particular We, s [ v+ 1 = @g)s 'v+1and Cs(v) = @Z‘:g(v) We
enumerate v into C' at stage t + 1. To keep up the second part of the premise, C' = @Z‘f“‘z, a

number x < v has to enter W,, after stage s. In fact, since v € W, ,, it must hold that x < v.

2,82

Hence by preserving Cs [ v we can destroy the first part of the premise, W,, = (i)ec;? and thus

satisfy the requirement. We say that v has become a diagonalisation witness for Nieg ¢, e,)-

To satisfy a join requirement J ¢ ¢, e,y the premise of which is true, we enumerate a number
x into C at a stage s + 1 for the sake of a lower priority requirement only if we can enumerate
anumber y > z into By 41 — Bo.s or By g41 — Bis such that By, [ y+ 1= g2 [ y+1 and
Bisly+1l= @3{3 ly+1and [z+1,y] C W, s Then W, has to react by enumerating a
number z < y after stage s. Since [x + 1,y] C W, s, indeed z < z, implying that C < W, by
permitting.

It might be tempting to just let y = z, thus making the condition [z +1,y] C W, s vacuous.
In general, however, this is not possible. Namely, consider the c.e. set V enumerated for the sake
of some nonsimplicity requirement N<66,€,1 )" Moreover, consider some simplicity requirement
8z. For each enumeration of a number v into V, the number v might later occur in W5, causing
8z to ask for an enumeration of v into By and B;. Since we do not know whether W; =V and
V might be infinite, at some stage s we have to allow the enumeration of some such v (otherwise
8e might not be satisfied). But now it happens that v enters W, at a stage t > s. Following
the strategy for the nonsimplicity requirements, we want to enumerate v into Cy41 — but v is
already in By; and Bj ¢, hence we need to choose a number y > v to enumerate it into By or
B;.

This also shows that we need to take care about which numbers we enumerate into V' for the

sake of some N< ) We will enumerate a number v at a stage s+1 only if [v+1,v+n] C W,

PV
60 ,61 ,62

for each join requirement (¢, e, ,) Of higher priority than N< where n is sufficiently

el e’ el
large. This permits us to enumerate n numbers from [v,v + 7;] ilntr?o> By and B; in order to
satisfy up to n simplicity requirements while we still have one number left to enumerate into
By or Bj in order to satisfy the join requirements. By letting the number n grow each time we
enumerate any number into any set V', we can thus make sure that every simplicity requirement
is eventually allowed to enumerate every number it wishes to enumerate.

This leaves us with the task to create situations where suitable numbers v as above exist,
i.e. numbers v with [v+1,v4n] C W, , for each join requirement g ., ¢, e,y from a finite set R
or requirements with true premise. We say that [v + 1,v + n] is R-safe at stage s in this case.

To obtain a new suitable v for N< we assign a finite sufficiently long interval I to

APV EVA R}
60761,62>
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3. Joins and Meets

N<e,0’e,1 )" Then we enumerate the elements b of I one by one in decreasing order alternately
into By and Bj, always accompanied by an enumeration of the largest possible number ¢ < b
into C' (to satisty By, B1 <ijpr C). We only do this at stages s + 1 such that {5(J.) > max([)
for each J. € R, thus ensuring that fori =0or:=1

e, (b) = Bio(b) # Bi(b) = $e* (b),

and hence We, s [ b+ 1 # W, [ b+ 1, since éei is an ibT-functional. If sp +1 < sy +1 < ...
is the sequence of stages at which we conduct these enumerations, b, is the number from
I enumerated into By or By at stage s, + 1, and ¢, is the number enumerated into C at
stage s, + 1 then in fact for each m a new number z,, < b,, has to enter W,, at some stage
$ € [$m + 1, 8my1]. If 2z is always the maximum number possible, which is just ¢,,, then for
sufficiently large m we obtain that |[c,,, bm]| > n—1 and [¢p,, by is R-safe at stage s, and can
set v = ¢, — 1. On the other hand, if z,, < ¢, then at stage s,,+1 + 1 we restart the algorithm
with the interval I N[0, ¢, — 1] instead of 1. We will see that if we choose I sufficiently large,
after finitely many restarts due to lack of space the number z,, will always be maximal.

While we are creating such a suitable v we say that the interval I is being prepared by
Nieh eh.e5):

Once we are finished preparing I, we can allow some simplicity requirements to enumerate a
number z from [v, v+n] into By or By. Of course, to satisfy By, B1 <;pr C, we wish to enumerate
a number y < z into C at the same time. We will reserve a finite part [min([l), min(7) + n|
purely for this purpose, and we will use the interval J = I — [min(]), min(I) 4 n] for the actual
preparation strategy.

Since we cannot compute the premises of which join requirements are true, the actual
construction is a tree construction, using the tree ' = {0,1}*, where a node of length n
corresponds to a guess about which of the first n join requirements are true. The definition of
a-stages and a-expansionary stages for a node o € T' and the definition of §, are the same as
in Theorem 3.20.

3.6.1 The Algorithm

Stage 0: Let By = B1,o = Cy =0 and Vo = 0 for each node . No node has an interval or a

diagonalisation witness assigned or is preparing any interval.

Stage s + 1: We say that a node a of even length |a| = 2(eq, e1,ea) requires attention at
stage s + 1, if o C J,, o has no diagonalisation witness assigned and there exists some interval

I, assigned to « at stage s and numbers v,d € J,, such that
(11) veVasNWe, s,
(1.2) v ¢ Cs,

(1.3) ZS(N<60761,62>) >0,
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(1.4) v is smaller than min(7,,) for each interval I,,, some node 8 C « is preparing at the end

of stage s,
(1.5) v<d<v+n,
(1.6) d ¢ Bo,s UBys,
(L.7) [v+1,d] is {Je : a(e’) = 0}-safe at stage s

We say that a node « of odd length |«| = 2e 4+ 1 requires attention at stage s + 1, if « C s,
B; s NWes=0fori=0ori=1and there exist numbers = and y such that y < x and

(2.1) 2 € We s
(2.2) = <145(der) for each node 8 with S0 C « and |8| = ¢’

(2.3) y > max(I,) for all intervals I,, assigned to nodes o/ < « up to stage s and for all
intervals I, such that some o/ C « has a diagonalisation witness d € I,, assigned at the

end of stage s
(24) Y ¢ (BO,S N Bl,s) U Cs

(2.5) e if x € I, for some interval I, defined up to stage s, then e < n — 1, and if I, is
assigned to some node v C « at the end of stage s, then I, NV, ¢ # 0

e if x € J, for some interval J, defined up to stage s, then y € I,, — J,,

o if x ¢ J, for any interval J,, defined up to stage s, then y = .

If some node requires attention, let a be the least such node and say that « is active at
stage s + 1.

If |a] = 2{ep, €1, €2), let I, be the least a-interval such that v and d satisfying (1.1)-(1.7)
exist, let v € I,, be the least number such that d satisfying (1.5)-(1.7) exists and let d € I,, be
the least number satisfying (1.5)-(1.7). Enumerate v into Csy1 and enumerate d into By 541 and
B s4+1. Assign v as diagonalisation witness to a and say that o is not preparing any interval
at stage s + 1 any more.

If |a| = 2e + 1, let = be the least number such that there exists y satisfying (2.1)-(2.5);
enumerate z into By s41 and By s+1 and enumerate the greatest number y < z satisfying (2.4)
and (2.5) into By st+1, B1,s+1 and Cstq.

In either case, initialise all nodes o’ > «, i.e. cancel all assignments of intervals or diagonal-
isation witnesses to such nodes, say that they are not preparing any intervals any longer, and

set Vi s4+1 = 0. If no node requires attention at stage s + 1, initialise all nodes o > ds.

For all nodes o/ T « (if « is active at stage s + 1) or for all nodes o/ C §, (if no node is

active at stage s + 1) of even length do the following in order of priority:
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3. Joins and Meets

(a)

If o/ has no diagonalisation witness assigned and is not preparing any interval at the end
of stage s, then assign a new interval to o as follows. Let k = |{e/ < || : a(e’) = 0}| and
let x be the least number that is greater than k, greater than all numbers enumerated into
By, By or C up to this point, greater than s and greater than max([l,,) for any interval I,,
already defined. Let m be the least number greater than s such that I,,, is not yet defined
and set

L,=[z,x4+m+ (x+m) - (k+1)-2m],

assign I,,, to o/ and say that I,,, is an o’-interval and that o’ is preparing I,,, at stage s+ 1.
Let
Im = min(l,,) + m,max(L,)] = [t + m,z+m+ (x+m) - (k+1)-2m].

If o/ has no diagonalisation witness assigned and is preparing some interval I,, at the end

of stage s and there is a number ¢ € .J,, such that
I, N (BO,s U Bl,s) CI,NCs = [C + 1,max([n)], (23)
ls(der) > max(I,) for each ¢’ with o/(e’) =0, and for

b=max({y €I, : [c+ 1,y —1]N(BysUB1s) =0, y ¢ BysN By s and

(24)
[c+1,y] is {Je : &/(e) = 0}-safe at stage s})

it holds that b > ¢ + n, then enumerate ¢ into Vo 541 and say that o is not preparing I,,
any more at stage s + 1 (note that such b necessarily exists and that b > ¢, because y = ¢

satisfies the conditions above).

If the conditions from (b) hold, but b < ¢+ n, then enumerate ¢ into Csy1; additionally, if

b ¢ By, s, enumerate b into By s41; otherwise enumerate b into By sy1.

The assignment of intervals and diagonalisation witnesses and the status of intervals being

prepared by nodes, unless mentioned otherwise in the algorithm so far, remains the same at

stage s + 1 as after stage s.

3.6.2 Verification.

Lemma 3.28. It holds that By <ijp1r C and By <;p1 C.

Proof. This holds by permitting since whenever some number x is enumerated into By or B;

at stage s + 1, then some y < x is enumerated into Cs41 — Cs. O

The true path TP of the construction is defined by TP(e) = 0 if the hypothesis of J.,

BO = (i)zgez and Bl = (i)?llez, (25)
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is true (where e = (eg, e1,€2)), and TP(e) = 1 otherwise.

Lemma 3.29 (True Path Lemma). It holds that TP = liminf,_, ds, that is, if « € T, then
a TP if and only if o T 05 for infinitely many s and there are only finitely many s such that
0s < Q.

Proof. As in Theorem 3.20. O

Lemma 3.30. Every node o C TP is initialised at most finitely often and is active at most
finitely often. Moreover, if a with |a| = 2e is active at some stage s > sg, where sq is the least

stage such that « is not initialised at any stage s > sg, then N, is satisfied.

Proof. The proof is by induction. Assume that the claim is true for all @’ C «, and let s¢ be
the least stage such that no o’ C « is active at any stage s > sg and such that §, > « for all
s > sg. Such a stage exists by the inductive hypothesis and by the True Path Lemma. Then
no o < « is active and sg is the least stage such that « is not initialised at any stage s > sq.

If |a] = 2e + 1 for some e, then « can be active at most once: If « is active at stage s + 1,
then some x € W, is enumerated into By s41 and By 41, whence B; ¢ NW, o # () for i € {0,1}
and for all ' > s and « never requires attention after stage s + 1.

It remains to consider the case that |a| = 2{eg,e1,e2) (eg,e1,e2 € N). If W, # <i>(,co or
C # @Z‘f”, then N is trivially satisfied and {ls(N(ey,e,,e,)) : § > 0} is bounded. In this

case, there are only finitely many v satisfying (1.3) for any s; since each time that « is active

60761762>

some such v is enumerated into C, and hence does not satisfy (1.2) at any later stages, we see
that o can be active at most finitely often.

Now assume that
W,, = ¢ and C = &¢)%2. (26)

If « is not active at any stage s > sp, then the claim is proven. For a contradiction assume
that « is active at some stage s +1 > sg. Then a number v from some a-interval I, satisfying
(1.1)-(1.5) is enumerated into C at stage s + 1. By equation (26), (1.2) and (1.3) it holds that

b2 (1) = C(0) = Cyra (v) = 1 £ 0= Cy(v) = Bey2* (v).

Since i)el is an ibT-functional, this implies that there is some z < v such that x € W, — W, .
Indeed, since v € W, s by (1.1), < v, hence W, [ v # W, s | v. It now suffices to show that
C v =Cs | v, because then, by (1.3) and the fact hat i)e(, is an ibT-functional,

O Tv=0 [v=We, [v£W, v,

€0,S

contradicting equation (26).
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3. Joins and Meets

For a contradiction assume that some number y < v is enumerated into C at a stage
t+ 1> s+ 1. Let o be the node causing this enumeration. Then o' C §;. Since o < ¢, for
t > sg, it follows that o £ .

Moreover, |o/| must be even: Otherwise o’ were active at stage ¢t + 1. If &/ T «, then «
were initialised at stage t + 1 > s+ 1 > sg, contradicting the choice of sg. On the other hand,
if & < o/, then by (2.3) o enumerates only numbers greater than max(l,) > v into C at stage
t + 1 (note that « got the diagonalisation witness v € I,, at stage s + 1, which is permanent

since « is never initialised after stage so.)

Since y is enumerated by a node of even length, it follows that y must be an element of
some interval I, assigned to o’ at stage t. If &’ > «, then I,,; becomes assigned to o’ only at
or after stage s + 1, because otherwise, by initialisation of o/, the assignment of I,,; to o’ were
permanently cancelled at stage s + 1 and I, would not be assigned to o’ at stage t. Hence
y > min(I,,/) > max(I,) > v, contradicting y < v. Consequently, @’ C «. Now if I,,; becomes
assigned to o’ only at or after stage s + 1, we arrive at the same contradiction as above. Hence
I,,» was assigned to o before stage s+ 1, and by min(/,,/) <y < v and (1.4) ' is not preparing
I, at stage s any more. But this means that y € I,,; can only be enumerated into C' at stage
t+1 > s by o being active whence « is initialised at stage t + 1 — a contradiction to the choice
of sg. ]

Lemma 3.31. Let I, be an a-interval for some o T TP. Then « is preparing I, at only

finitely many stages.

Proof. Let sy + 1 be the stage at which I,, becomes assigned to a. If « is ever initialised after
stage sg, then the claim is certainly true. Hence assume that « is not initialised after stage
sp. For a contradiction assume that « is preparing I, at infinitely many stages. Then « is
preparing I, at all stages s > sop+1and I, NV, s =0foralls >0. Let s +1 < ... < 8|17, 1
be the first |.J,,| stages s + 1 after stage so + 1 for which s is an a-stage and l4(J./) > max(I,,)
for all ¢’ < |a| with a(e’) = 0. These stages exist since o © TP and by the True Path Lemma.

Since I, NV, ¢ = 0 for every s, no node o enumerates any numbers from I,, into By, B or
C by being active after stage sg + 1; indeed, for o’ < « this holds by the assumption that « is
not initialised after stage sg, for nodes o’ of even length it holds by (1.1), for nodes o’ >, « of
odd length it holds by (2.3), and for nodes o’ J « of odd length it holds by (2.5). It follows
that after stage sp numbers from I, are enumerated into By, By or C' only by a due to the
instruction (c) of the algorithm. In particular, no enumeration of numbers from I,, into By, B;
or C can take place at any stage s + 1 with s, + 1 < s+ 1 < sp,41 for m € {0,...,|J,| — 1},
that is,
1,NCs, +1=1,NC

Sm41

and I, N Bi,sm-‘rl =1,N Bi,Serl for i € {0, 1} (27)
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We claim that
I, N (Bys, UB1s, ) C I,NCs, = (max(l,) —m+ 1, max(1l,)] (28)

and ¢, := max([,,) — m + 1 is enumerated into C' at stage s,, + 1 for m € {1,...,|J,|}.

To prove this, first notice that I,, N (Bo,so+1 U B1,so+1 U Cso4+1) = 0 by the definition of I,
at stage so + 1. By equation (27), this implies I,, N (Bys, U By,5, UCs,) = 0, so equation (28)

is true for m = 1.

Let (28) be true for some m € {1,...,|J,|}. Then ¢ = max(l,) —m + 1 is in J, (since
max(I,) —m+1>max(I,) — |J,| + 1 = max(J,) — |Jn| + 1 = min(J,,)) and satisfies (23) for
s = $py. It follows that c¢ is enumerated into Cs 11 according to (c¢) and is the only number
from I,, to be enumerated into C at stage s,, +1. If m < |J,|, then by equations (27) and (28),
I,nC =1,NCs, 11 =T,NCs, )U{c} = (max(I,) — (m+ 1) + 1, max(l,)].

Sm+1

Additionally, if some number b € I, is enumerated into By or Bj at stage s, +1, then b > ¢,
and hence b € [e,max(],)] C Cs, 11. Using equations (27) and (28) again, for m < |J,,| we
conclude that I, N (Bos,,., U B1,s,,1) = In N (Bo,s,n+1 Y Bis,,+1) € (In N (Bo,s,, UB1s,,)) U

[c,max(I,)] = I, N Cs,,,,. Hence equation (28) is true for m + 1 in place of m.

Let € = (ef,€},¢e5) < |a| such that a(e/) = 0 and let 1 < m < |J,| — 1. Since ¢, is
enumerated into C at stage s,,+1 via (c), by the construction there is also some number b, € I,,
enumerated into B; 5 11 —B; s, fori=0ori= 1. Sincel,, ., (der) > ls,, (der) > max(ly,) > by,
it holds that

We’ s We/ s
P, 2 (bm) = Bi,sm+1(b7n) =1 7é 0= Bi,sm (bm) =, " (bm)

’
€;,Sm+41 €irSm

Since ée; is an ibT-functional, this means that there must be some number z,, < b,, with
Zm € Wer - Wy But by (24), [¢m + 1,b,] is already {J. }-safe at stage s,,, that is

€5,8m-+1 €5y5m

[em +1,bm) C Wey s,,- Hence 2, < ¢y and it follows that (using ¢ppq1 = ¢m — 1)

Hr <empr iz @ Wep s, H<Hz <em:iz g W, } (29)
<Hz<emiz g Wey s, } =1

Letting {¢/ < |a| : a(e’) = 0} = {e1,...,ex}, set w(e;) = e if e; = (e, €l,e5) (5 €
{1,...,k}). Summing up, we conclude that

k k
S e <m0 & Waenn HE Y Ho om0 @ Wagey), H — k. (30)
Jj=1 j=1
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3. Joins and Meets

Furthermore, if 1 < p < p+ 2n < |J,|, then by induction

k k
> He < cppon i@ & Wage))spean HH S Y Ho < cp i ¢ Wage)) o, — 20 k. (31)
j=1 j=1

We will show that this inequality is strict. Indeed, if equality would hold in (31), then for
p < m < p+ 2n equality would hold in (30), too, which in turn implies that for all m with
p<m<p+2nandallj e {1,...,k} equality holds in (29) with m(e;) in place of 5. The latter
for all such m and j, that is, {c;} is {de, : 1 < j < k}-safe at

stage s;,4+1. By induction, since ¢;41 = ¢y — 1,

is equivalent to ¢, € Wr(e,) s s

[Cm, cp] is {de : a(€’) = 0}-safe at stage sp41. (32)

It now follows by another inductive argument that, for all m € {p,...,p + 2n}, if m €
{p+2r —1,p+ 2r}, then b,, — ¢,, > r, and moreover, if m =p + 2r, then ¢,,, +r ¢ B s, +1:

For m = p this holds because b,, > ¢y,. If by, > ¢y, then still ¢, € Bos,,+1 U Bis,,+1;
otherwise, according to the instructions in (c), ¢, is enumerated into By, but not into B; at

stage s, + 1.

For the inductive step, let the claim be true for m. First consider the case that m = p + 2r.
Then by, > ¢, +r by the inductive hypothesis. Hence [min(I), ¢;, +7—1]N(By,s,, UB1,s,,) =0
by (23) and (24). Since by, is the only number from I,, enumerated into By or B; at any stage
s with s, +1 < 5 < Sppq1, it still holds that [min(Z),cp, +7 — 1] N (Bos,,y U Bis,iy) =
(). Moreover, still by the inductive hypothesis, ¢p, +r ¢ (I, N Bis,,+1) = (In N Big,..,)-
Since ¢y +7 < € + 27 = ¢ 4+ (M = P) = C—(m—p) = Cp, by equation (32) we know that
[em+1 + 1, ¢m + 7] = [emyem + 7] 18 {Je : a(e’) = 0}-safe at stage s, 1. Hence y = ¢ + 1
satisfies the conditions from equation (24) at stage s,,4+1 + 1, whence b,,41 > ¢, + 1 and

b1 —Cmy1 ZCmt+r—cmrr=cm+r—(cm—1)=r+1=71 wherem+1=p+2r' — 1.

Similarly, if m = p+ 2r — 1, then again b,, > ¢, + r by the inductive hypothesis and hence
min(I), ¢y + 7 — 1] N (Bo,s,, U B1s,,) = 0 by (23) and (24). Since by, is the only number
from I,, enumerated into By or B; at any stage s with s, +1 < s < $,,41, it still holds that
min(I), ¢y +7r—1]N(Bos,, . UB1s,.,,) =0. Since ¢,y +r—1<cpp+2r—1=cp+(m—p) =
Crm—(m—p) = Cp, by (32) we know that [cp, 11+ 1, ¢ +7—1] = [, e +7—1] s {Jer : a(e’) = 0}-
safe at stage s,,+1. Hence y = ¢,,, + 7 — 1 satisfies the conditions from (24) at stage s;+1 + 1,
whence b1 > e t+r—land b1 —cmp1 2 em+r—1—cpp1=cm+r—1—(em—1) =1,
where m+1 = p+2r. Also, since cpp14+7 =cm+7—1¢ Bos,..,UB1s,. 15 if b1 # Cg1 +7,
then ¢p1 + 17 ¢ Bi s, 1415 and if by 1 = ¢iq1 + 7, then by, 41 is enumerated only into By at

stage spy,41 + 1, hence again cpq1 +7r & B, +1-

But now by4.2, —Cpy2n = n, whence (b) applies to « at stage s, 40, +1 and Vo s, o, 101 # 0,
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a contradiction. This completes the proof that the inequality in equation (31) is strict, that is

k k
S e < cpran @ ¢ Waieyspan < S He S cpia ¢ Wiy} =200k — 1.
j=1 j=1

Let p, =1+ ¢-2n for 0 < ¢ < (min(I,,) +n) - (k+1). Then 1 < p, and

g +2n <1+ (min(l,)+n)-(k+1)-2n
= |[min(l,) + n,min(l,) + n + (min(l,) + n) - (k + 1) - 2n]|
= |Jn|

Hence the above inequality applies to p, and since pg41 = pg + 21, by induction on ¢ we get

S

k
Z |{$ < Cpgy1 - X ¢ W‘ﬂ'(ej),qu+1}| < Z ‘{JT < Cpy - X ¢ W‘fr(ej),spo}| _(Q+1)' (an) - (q_|'1)
j=1

j=1

In particular, for ¢ = (min(Z,,) +n) - (k + 1) — 1 this amounts to

M=

Hm S Cpgyr ° ¢ I/I/'vr(ej),qu+1 }|
1

.
= |l

<D He<ep i w ¢ Waiey)sp = (@ +1) - 20k — (min(ly) +n) - (k+1)
j=1

A

Cpo+1)—k-(¢g+1) -2n—k- (min(l,) + n+1) [since k < min(Z,)]

j
k
kE-(ci+1—(¢+1)-2n— (min(l,) +n+1)).

(
(

Consequently, there is some j € {1,...,k} such that

{r <cpp,ia ¢ Wﬂ(e_j)vqu+1}| <e+1-(¢+1)-2n— (min(l,) +n+1)
=c¢; — (min(l,) +n) - (k+1) - 2n — (min(Z,) + n)

¢1 — (min(l,) +n + (min(Z,) + n) - (k+ 1) - 2n)
= max(I,,) — max(I,)
= 0,
a contradiction. This proves the lemma. O

Lemma 3.32. Every simplicity requirement S, is satisfied and By and B1 are simple.

Proof. Let o = TP | 2e + 1 be the unique node of length 2e 4+ 1 on the true path. By the True
Path Lemma and by Lemma 3.30 there is a stage sg such that a < §, for all s > sy and no node

o' < « is active at any stage s > sg. Then no node o/ <y a gets a new interval assigned at
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3. Joins and Meets

any stage s + 1 > sg (because o' IZ d5); moreover, a node o’ C « has a diagonalisation witness
v € I, assigned at stage s for some s > sg and some n if and only if it has the diagonalisation

witness v assigned at stage sg + 1.

Hence, if we let yo be some number that is larger than max(I,,) for every interval I,, assigned
to any node up to stage sg, then for any y > yo and any s > sg, (2.3) is true. We may assume

that yo = min(I,,,) for some interval I,,,.

If W, is finite, then 8. is trivially satisfied. For a contradiction assume that W, is infinite
and 8. not satisfied. Let x € W, be such that x > yg and = ¢ I,, for n < e + 1. Further, let
51 > sg be a stage such that € W, 4,. Since o C TP, by the definition of the true path and
by the True Path Lemma there is an a-stage so > s1 such that I, (Je) > « for all ¢/ < |a| with
a(e’) = 0. Then (2.1) and (2.2) are true for any a-stage s > sa.

If € I, for some ~-interval I,, with v C «, then v C TP, and by Lemma 3.31, there must
be a least a-stage s3 > so such that I, is defined but not in preparation at stage ss. Then (b)
must have applied to I,, at some stage s < sg and Vi, 5, NI, # 0, or v was initialised since the
assignment of I, and I, is not assigned to  at any stage s > s3. In both cases, the first item
of (2.5) holds for s = s3 + 1. If = ¢ I,, for any ~-interval with v C «, let s3 = so; then the first
item of (2.5) trivially holds at stage s = ss.

We claim that « requires attention due to Case 2 at stage s3+ 1, and hence, by the choice of
So is active and enumerates x into By and B; at stage s3+ 1. Then 8, is satisfied, contradicting

the assumption.

First assume that @ ¢ J, for any interval J, defined up to stage s3. Then (2.5) is true
for y = z and s = s3 and it remains to show that (2.4) is also true for these choices of s
and y. Since 8. is not satisfied by our assumption and since y = = € W,, it follows that
y ¢ Bo,s, N B1,s,. On the other hand, y = = ¢ C; follows from the fact that the only way for
a number outside of any interval J,, which is defined until stage s3 to be enumerated into C
until stage s3 is to be enumerated by some node of odd length being active; but in this case the
number is simultaneously enumerated into By and Bj, contrary to what we just showed. Note

that yo <y < x. Hence (2.1)-(2.5) are all satisified for y = z and s = s3, proving the claim.

Next consider the case that « € J,, for some interval J,, (with n > e+ 1) defined up to stage
s3. We show that there is a number y € I,, — J,, with y ¢ C. Let v be the node I,, is assigned
to. As we just remarked, a number z € I, — J,, can be enumerated into C' at some stage s + 1
only by some node o’ of odd length |o'| = 2¢’ + 1 being active at stage s + 1. Since for each ¢’
only one node of length 2¢’ + 1 is active, it is active at most once and enumerates only a single
number from I,, into C, there are at most n — 1 numbers from I,, enumerated into C' by nodes
o/ with |o/| =2¢’ + 1 and ¢/ <n — 1. On the other hand, no node o’ with |a/| = 2¢/ + 1 and
e/ > n — 1 enumerates any 3’ € I,, into C by being active at any stage s + 1: Otherwise I,
would have to be defined until stage s, because for intervals I,,, defined at or after stage s + 1
it would hold that min(1,,) > ¥'; furthermore, o’ would enumerate some z’ into By or By at
stage s + 1. Now by the second and third item of (2.5) it would follow that =’ € J,, C I, or
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2 =4y € I,, and by the first item of (2.5) it would hold that ¢’ < n — 1, contradicting the
choice of €.

This shows that at most n — 1 numbers from I,, — J,, are enumerated into C by nodes of odd
length being active. Hence |{z € I, — J,, : 2 ¢ C}| > |I, — Jp| — (n — 1) = |[min(L,, ), min(l,) +
n—1]|—-(n—-1)=1

Let y € I, — J, be such that y ¢ C. Note that yo < y, because yo = min(l,), yo < z
and hence yo < min(Z,) < y; hence (2.1), (2.2) and (2.3) are true for s = s3. Also note that
y < z. As above, y ¢ By U By, because if s were minimal with y € By s U By 4, then y would
be enumerated by some node of odd length being active at stage s, and by (2.5) y would be
enumerated into C, as well. Hence (2.4) is true for y at every stage s and (2.5) is true for
s = sg, proving the claim in this case.

To show that By and B; are simple it now suffices to show that N — B; is infinite for ¢ = 0
and 7 = 1. To see this, note that for every m such that I,,, gets defined during the construction
there exists a number y,, € I,,, such that y,, ¢ BoUB;. The proof is as shown above for m = n.

Since there are infinitely many intervals defined, the claim follows. O
Lemma 3.33. Every nonsimplicity requirement N, ¢, ¢,) (€0,€1,€2 € N) is satisfied.

Proof. We only need to consider the case that W,, = @gj and C' = @Z‘f"‘z, because otherwise
Nieg,er,e0) 18 trivially satisfied.

Let « = TP | 2e be the unique node of length 2e on the true path, where e = (eq, €1, €2).
By Lemma 3.30 there is a least stage sy such that « is never initialised at any stage s > sp;
and if « is active at any stage s > sg, then Ny, ¢, .y is satisfied.

It remains to consider the case that « is not active at any stage s > sg. Then « has no
diagonalisation witness at any stage s > sg. By Lemma 3.30 and by the True Path Lemma,
there are infinitely many stages s such that o C d, but no o/ C « is active at stage s + 1. For
each such s (a) applies to « at stage s + 1 unless « is already preparing some interval I,, at
the end of stage s. But since by Lemma 3.31 each interval I,, assigned to « is being prepared
at only finitely many stages, (a) must apply to « infinitely often and « is preparing infinitely
many intervals during the construction. Moreover, after stage sg, since « is not initialised or
active, a only stops preparing some interval I, if (b) applies to « and I,,, whence V, N I,, # ()
for V,, = USZSO Va,s- It follows by Lemma 3.31 again that |V, | = cc.

Since V,, is effectively enumerated during the construction, V,, is computably enumerable.
Hence to show that N, is satisfied, i.e. W, is not simple, it suffices to show that W, NV, = 0.

For a contradiction assume that there is some v € W, NV, and let s; > so be such that
V€ Wey sy NVasy, Ls(Ne) > v for all s > s1 and v < min(l,,) for any interval I,,, some node
o' C « is preparing at the end of any stage s > s1. Such a stage exists by the assumption that
We, = <i>§0 and C' = éZ‘fz and by Lemma 3.31. It holds that (1.1), (1.3) and (1.4) are true for

every s > si.
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Note that v € J,, for some a-interval I,,. Let t < s; be the stage such that v € Vi, 111 — Vo 4.
By the definition of V, it holds that t + 1 > sg. By (b) I, is already defined at stage ¢ and
v & Ciy1. Then v is not enumerated into C by any node o’ of odd length, because such o’ does
not enumerate numbers from defined intervals J,, into C'. Furthermore, v is not enumerated
into C by any node o’ # « of even length, because these nodes do not enumerate numbers from
defined a-intervals. Since « is not active after stage sg, v is not enumerated into C' by « being
active. Finally, (b) and (c) do not apply to « and I,, after stage ¢t + 1 (since « stops preparing
I,, at stage t + 1), hence v is not enumerated into C' by « due to (b) or (c). Altogether this
implies that v ¢ C, hence (1.2) is true for every stage s.

At stage t + 1, since b > ¢+ n = v+ n for b and ¢ defined according to equations (23)
and (24) (with ¢ in place of ), it follows that [v,v+mn—1]N(By U By,) = 0. No number from
I,, is enumerated into By or By due to (a), (b) or (¢) or due to any node of even length being
active after stage t. Since x € J, for every € [v,v + n], by (2.5) only nodes o’ of odd length
|o/| = 2¢’+1 with ¢’ < n—1 can enumerate any number from [v, v+n] into By or B;. Moreover,
for every €’ there is at most one node of length 2¢’ 4 1 ever active and this node enumerates at
most one number from J,, into By U B;. Hence for each ¢’ < n — 1 there is at most one number
from [v,v + n — 1] enumerated into By or By during the construction. In particular, if so > s;
is an a-stage, then there is some d € [v,v + n — 1] such that d ¢ By s, U By 5,. Then (1.5) and
(1.6) are satisfied for sy in place of s. Since [v + 1,v + n] was {J. : a(e’) = 0}-safe at stage ¢
and sy > s1 > t, the same is true at stage sa, so (1.7) is satisfied. Hence « requires attention

and is active at stage s + 1, a contradiction. O

Lemma 3.34. Every join requirement J; y (€0, e1,e2 € N) is satisfied.

€0,e1,62
Proof. If the premise of J., where e = (eg, e1,€2), is false, then J. is trivially true. Hence we
may assume that By = ézovez and By = éZYEZ. Let 8 = TP be the unique node of length e on
the true path. By the definition of the true path, 50 C TP, too.

By Lemma 3.30 there is a stage sg such that S0 is not initialised at any stage s > sg.
To compute C(x) with oracle We, | = 4+ 1 for some z, compute a [0-stage s; > max{sg,z}
such that l5,(J.) > =z, ls,(de) > max(I,) if € I, no o T B0 is preparing any interval I,
with max(I,,) < = at stage s1, and We, s, [z +1=W,, |  + 1. Such a stage exists by the
True Path Lemma, because the hypothesis of J. is true, and by Lemma 3.31. We claim that
Cs, (x) = C(x).

For a contradiction assume that z € Cs11 — C for some s > s7.

If x is enumerated into C' by some node « being active, then a > 30, because otherwise S0
were initialised at stage s + 1, contradicting the choice of s1 > sg.

In fact, if |a is even, then oz 3 0, because nodes to the right of S0 are initialised at stage
s1 + 1 and only assigned intervals I,, with min([,,) > s; > x after stage s1, and because a
node « of even length only enumerates some number x into C at stage s + 1 by being active

if z is in an interval I,, assigned to « at stage s. Since « J 0, we know that 50 C §,, hence
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1s(de) > s, (Je) > max([,). Since some d € [z,x + n| C I,, is enumerated into B; s4+1 — B; s for
i =0 and i = 1, it follows that

be,2(d) = Bi(d) = 1 # 0 = By o(d) = de. 2" (d). (33)

Since ® is an ibT-functional, this implies that Weps [d+1# W, [ d+ 1. But x was

enumerated into V, at some stage ¢t + 1 < s according to (b), whence [z + 1,z + n] was

{Je : a(e’) = 0}-safe at stage ¢. In particular, [t +1,d] C [z + 1,z +n] C W, C W, 5.
Consequently We, s [ * +1 # We, | = + 1, contradicting the choice of s;.

2,

If | is odd and « enumerates x into C' at stage s + 1, then a enumerates some y < z into

Bi¢t1— B; s fori=0o0r i=1. Then
el (y) = Bily) = 1# 0= Bi, (y) = 287 (9).
As above it follows that We, s, [ £+ 1 # W, | z + 1, contradicting the choice of s;.

Finally consider the case that z is enumerated into C' due to (b). Then z € I,, for some
a-interval I,,. Again, o J 0, because nodes to the right of S0 are initialised at stage s; + 1
and only prepare intervals with numbers greater than x after stage s;, nodes below [0 are
not preparing any intervals containing = after stage s; and nodes to the left of 50 are not on
ds. Since l5(d.) > max(l,) and since some b € I, is enumerated into B; ;11 — B; s, where
[+ 1,0 is {Je : a(e’) = 0}-safe at stage s, we conclude that equation (33) holds for b in
place of d and that We, s [ b+ 1 # W, | b+ 1. But since [z + 1,b] C W,,, it must hold that
Weys [ €+ 1%# We, | o+ 1, contradicting the choice of s; again. O

O
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Chapter 4

Lattice embeddings into R, and
Rl

While in Chapter 3 we considered existence theorems for joins and meets separately from each
other, bringing together both, the present chapter is devoted to the study of lattice embeddings.
We give an overview over the known results concerning such embeddings into R, and R and

prove some new embedding theorems.

4.1 Lattice embeddings

While the common degree structures R,. are not lattices and usually not even lower semi-lattices,
there can be subsets of R, which are closed under joins and meets and are lattices. The question
whether a certain lattice (P, <) can be found in R, can be formalised by the concept of lattice

embeddings.

Definition 4.1. Let P = (P, <) be a partial order. An embedding of P into a degree structure
R, (r € {ibT,cl, wtt, T}) is a function h : P — R, such that h is one-one and for all a,b € P
it holds that a < b if and only if h(a) < h(b).

An embedding h of P into R, preserves joins and meets if for all a,b,c € P it holds that

aVb=c= h(a)Vh()=nh(c)

and
aNb=c= h(a) ARh(b) = h(c).

If P is a lattice, then an embedding h of P which preserves joins and meets is called a lattice

embedding.
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4. Lattice embeddings into R, and R

If P has a least element a (with respect to <), then an embedding h of P into R, preserves
the least element if h(a) = 0.
P is called embeddable into R, (preserving joins and meets or the least element, respectively)

if there exist an embedding of P into R, (preserving joins and meets or the least element).

Remark 4.2. Let £’ be the language consisting of the binary relation symbol < and the ternary
relation symbols V and A. If P' and R, are the expansions of P and R, respectively, to L'-
structures, then an embedding of P into R, preserving joins and meets is just an embedding of
P’ into R in the usual sense of mathematical logic.

Similarly, an embedding preserving the least element is just an embedding in the usual sense
if we consider the expansions of the structures to Lg-structures, where Ly is the language of

orders with an additional constant symbol 0.

4.2 Embedding linear orders

The most simple lattices are linear orders P = (P, <), in which joins and meets become trivial,

because a Vb =band a Ab = a for a <5 b.

Lemma 4.3. Every finite linear order is embeddable into R, for r € {T,wtt, cl,ibT} preserving

the least element.

Proof. Let P = ({ag,...,an}, <p) with ag < ... < a, be a linear order. Let A, be a c.e.
noncomputable set. By downward induction, using Sack’s Splitting Theorem [Sack 63] define
c.e. noncomputable sets A, _1,...,A; and B,,_1,...,B; such that A,_1 N By_1 = 0, A, =
Ap_1UBg_1 and Ay, L1 Ag_1 (hence Ay, £, Ap_1)for2 <k <n—1. Let Ag = 0. By Lemma 3.4
and since ibT-reducibility implies r-reducibility, it holds that Ag <, ... <, A,. Hence h(a) =
deg,(Ay) defines an embedding of P into R, which preserves the least element. O

It will follow from Theorem 4.8 that not only every finite but indeed every countable linear
order is embeddable into R, for r € {T, wtt, cl,ibT}.

4.3 Embedding distributive lattices

Next we consider the so-called diamond.

Definition 4.4. The diamond (lattice) is the finite partial order D = ({a, by, b1, ¢}, <n) such
that a <p b; <p cfor i € {0,1}, by Aby = a and by V by = c.

It is obvious that the diamond is indeed a lattice, that up to isomorphism it is the only
lattice with exactly four elements in its domain which is not a linear order, and that every

lattice with less than four elements is already a linear order.
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Lemma 4.5. There is a lattice embedding of the diamond into R, preserving the least element,
for r € {T,wtt,cl,ibT}.

Proof. By the minimal pair strategy which we described in Theorem 3.9, Lachlan [Lach 66]
and independently Yates [Yate 66] constructed c.e. sets By C 2N and B; C 2N + 1 such that
(degr(By),degr(By)) is a minimal pair in Ry. Since r-reducibility implies Turing reducibility,
it follows that the pair (deg,(By), deg,(B1)) is a minimal pair in R,. Moreover, by disjointness
of By and B; and by Lemma 3.4,

deg,(Bo) V deg,(B1) = deg,(Bo U By) (34)

for r € {ibT, cl}. For r € {wtt, T}, equation (34) directly follows from the fact that BoU B; =,
By @ By and deg,.(Bo @ By) = deg,.(By) V deg,(B).
Hence h(a) = 0, h(bo) = deg,(By), h(b1) = deg,(B1) and h(c) = deg,(By U By) defines an

embedding of D into R, preserving the least element. O
We now turn to a whole class of lattices.

Definition 4.6. Let P = (P, <5) be a lattice.
P is called distributive if for all a, b, ¢ € P it holds that

anN(dVe)=(aAb)V(aNc)

and
aV{bnrce)=(aVb)A(aVc).

Otherwise P is called nondistributive.
P is called a Boolean algebra if P is distributive, P has a least element 0 and greatest element

1 and for every a € P there exists some a € P such that
aVa=1andaAa=0.

P is called atomless if P has a least element 0 and the set P —{0} does not have any minimal

elements.

Lemma 4.7 (Folklore). Up to isomorphism, there exists a unique countably infinite atomless
Boolean algebra B = (B, <g). Moreover, for every countable distributive lattice L there is a
lattice embedding of £ into B. If L has a least element, then the lattice embedding can be chosen

to preserve the least element.

Proof. Let the elements of B be all finite unions of intervals [a,b) C [0,1) with a,b € Q, and
let <3 be the subset relation restricted to these sets. It is straightforward to verify that this
defines a countably infinite atomless Boolean algebra B, where the join of two sets in B is just

their union and the meet of two sets in B is their intersection.
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The fact that B is unique with the above conditions is shown by means of a back-and-forth
construction. For details and for the lattice embedding of countable distributive lattices into

B, see for example [Verm 10]. O

Ambos-Spies observed that the proof of the following theorem, which was given long before

the notions of cl- and ibT-reducibility came up, holds for these reducibilities, too.

Theorem 4.8 (Lachlan, Lerman, Thomason [Thom 71]). There is a lattice embedding of the
Boolean algebra B into R, preserving the least element, for r € {T,wtt,cl,ibT}.

Proof (idea). By a computable bijection ¢ : QN [0,1) — N we can define a countably infinite
atomess Boolean algebra B’ = (B’,<gs), where the elements of B’ are the sets of the form
Ve = {u(q) : ¢ € M} with M € B and <g is the subset relation. By Lemma 4.7 B’ is
isomorphic to B (the isomorphism is given by M — V)s) and it suffices to embed B’ into R,..

Given a uniformly computable sequence (V;,)nen of sets such that {V;, : n € N} = B/,
Thomason constructs c.e. sets A; for ¢ € N and defines Ay = {(i,z) : x € A; and i € V'}. Then
he sets h(V) = deg,(Ay) for V € B'.

If V C W, then (i,z) € Ay if and only if ¢ € V and (i,x) € Aw; hence Ay <ipr Aw
and a fortiori Ay <, Aw, that is h(V) < h(W). In particular, h(V7),h(V2) < h(V; U V3)
for V1,Va € B’. Moreover, Ay,uy, = Ay, U Ay,. Tt follows that Ayv,uv, <ipr W whenever
Ay, , Ay, <ipr W. Hence degipr(Av, ) Vdegibr(Ay,) = degint(Av,uv, ). By Lemmas 3.2 and 3.19
it follows that

h(V1) V h(Va) = deg-(Av,) V deg.(Av,) = degr(Av,uv,) = h(V1 U V3).

It also follows that h(Vy N Va2) < h(V1), h(Va). To prove that h is a lattice embedding, for

r = T it now suffices to satisfy the requirements
Di,j SNfAi #Wj

and
Avng AV,

Mn07n1;507el7€2 : (I)Co = (I)€1 = Wez = W€2 <t Al/nlﬁvn2~

For r € {wtt,cl,ibT}, we additonally need to ensure that if the premise of Npg ny eo,e1,e0

is true, then the use of the oracle computation of We, (x) with oracle Ay, v, is bounded by
A n A n
max({ue, " (z), e, " (2)}).

The sets A; satisfying these requirements can be enumerated via a standard tree construc-
tion, where a requirement D; ; is satisfied by chosing a diagonalisation candiate x, waiting until
x is enumerated into W (if ever) and then enumerating = into A;. A requirement M, n; e0,e1,es
is satisfied as in the proof of Theorem 3.9. Of course, since we do not construct Ay, and Ay,
directly, it can now happen that we wish to enumerate a number z into A; at some stage

s+ 1, where i € V,, N'V,,,. In this case (i,z) enters both Ay, and Ay, (which was not
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possible in the construction for Theorem 3.9), but also Avnomfnl . This is why we obtain merely
W62 Sr AV

o1V, instead of We, being computable. O

Corollary 4.9. Forr € {T,wtt,cl,ibT}, every countable distributive lattice is embeddable into

R, preserving joins and meets and the least element.

Proof. This is a direct consequence of Lemma 4.7 and Theorem 4.8. O

4.4 Embedding nondistributive lattices

Turning to nondistributive lattices, the situation becomes more complicated. Since every lattice
with less than five elements is a linear order or (up to isomorphism) the diamond, which
is distributive, the smallest nondistributive lattices can have five elements in their domain.

Indeed, there are exactly two such nondistributive lattices, called the N and the Ms?.
Definition 4.10. The N5 is the finite partial ordering N5 = ({a, bo, b1, ¢, d}, <x) such that
(N1) a < bo <oy b1 <, d,

(N2) a <n, ¢ <n; d,

(N3) bpVe=1b1 Ve=d, and

(N4) b Ac=b; Ac=a.

Definition 4.11. Let n > 2 with n € N or n = w. The M, is the partial ordering M,, =
({a,c} U{b; : 0 <i < n}, <y, ) such that

(M1) b; and b; are incomparable for 4, j < n with ¢ # j,
(M2) b; Vb; =cfori,j <n with i # j, and
(M3) b; Abj =a for 4, j < n with i # j.

It is easy to see that the N5 and the M,, are uniquely defined by these conditions and that
they are lattices. Notice that the My is just the diamond lattice. The following diagrams
illustrate what the M3 and the N5 look like.

a a

IThe notation found in the literature is not consistent here; elsewhere the Mg is called the Ms[Birk 79] or
the 1 —3 — 1 [Wein 88].
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The N5 is nondistributive, because
biA(boVe)=biAd=Dby #byg=byVa=(by ANby)V (b1 Ac).
The M, is nondistributive for n > 3, because
bo A(b1 Vb)) =byANc=by#a=aVa=(byAbi)V (byAb2).

The two lattices N5 and M3 are of particular interest to the study of lattice embeddings
because they are not only the smallest nondistributive lattices with respect to the size of their
domains, but also the only minimal elements of the class of all nondistributive lattices (modulo

isomorphisms) ordered by lattice embeddability.

Theorem 4.12. [Dede 00, Birk 79] A lattice £ is nondistributive if and only if there is a lattice
embedding of the N5 or the Mg into L.

It was shown by Lachlan [Lach 72] that there are lattice embeddings preserving the least
element of both the N5 and the M3 into R. This led to the question whether every finite lattice
could be embedded into Rt by a lattice embedding. Lachlan and Soare [Lach 80] answered
this question to the negative by proving that the 8-element-lattice 8g, consisting of a copy of
the diamond on top of a copy of the Ms (see Definition 4.54), cannot be embedded into Rt
preserving joins and meets.

While some sufficient conditions for finite lattices to be or be not lattice embeddable into R
have been found (see [Lemp 06],[Ambo 86] or [Ambo 89] for examples), a complete nontrivial
characterisation of the embeddable finite lattices is not known up to date.

For Rytt, the situation looks different.

Theorem 4.13. [Stob 83] There are no lattice embeddings of the Mz or the N5 into Ryts.
Hence by Corollary 4.9 and Theorem 4.12 a countable lattice L can be embedded into Ry via
a lattice embedding if and only if £ is distributive.

4.5 Embedding the Nj

Now we consider lattice embeddings of nondistributive lattices into Ry, and R¢. For the Ny

we get the same result as in Rp.

Lemma 4.14. Let P = (P, <9) be a partial order. Then a mapping h : {a,bg,b1,c,d} — P is
a lattice embedding of the N5 into P if and only if

(N1) h(a) <p h(by) <3 h(b1) <o h(d)
(N2’) h(a) < h(c) <p h(d)

(N37) h(bo) V h(c) = h(d)
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(N47) h(b1) Ah(c) = h(a).

Proof. Let h be a lattice embedding of the N5 into P. Then by the definition of lattice embed-
dings and by (N1)-(N4) it is immediate that (N1’)-(N4’) are true.

For the converse, assume that (N1’)-(N4’) are true. Then since, by (N1’) and (N3’),
h(bo) < h(b1) <p h(d) = h(by) V h(c) it follows that h(b;) V h(c) = h(d). By a dual argu-
ment, h(bg) A h(c) = h(a).

Moreover, h(by) € h(c), because otherwise h(by) <p h(d) = h(by) V h(c) = h(c) and then
h(b1) = h(b1) A Rh(c) = h(a) <p h(by), a contradiction to (N1°). It follows that h(a) <o h(bg)
and h(c) <y h(d).

By a dual argument, h(c) €9 h(b1) and hence h(b1) <p h(d) and h(a) <9 h(c).

By h(bg) €9 h(c), h(c) €9 h(b1) and h(bg) <o h(by) it follows that h(c) is incomparable to
both h(by) and h(by).

This completes the proof that h is one-to-one and that (N1)-(N4) are preserved by h. Hence
h is a lattice embedding of the N5 into P. O

Theorem 4.15. (Ambos-Spies, Bodewig, Kriling, and Yu [Amboc]) There is a lattice embed-
ding of the N5 into Ry, and Re preserving the least element.

Proof (idea). To prove the theorem, we need to construct c.e. sets By B;, C and D such
that By <jpr B1 <ijpr D and C' <jpr D and the following requirements are satisfied for all

e = {ep,e1,e2) €N

D, : By # ®Po
Je:®0 = By and &1.* = C = D <gpr W,
M, : @gj = 43601 = W,, = W, is computable.

We claim that then, for r € {ibT,cl}, by defining h(a) = 0, h(by) = deg.(By), h(b1) =
deg,(B1), h(c) = deg,.(C) and h(d) = deg,(D) we obtain a lattice embedding of N5 into R,
preserving the least element. To see this, it suffices to show that (N1’)-(N4’) from Lemma 4.14
are true.

Indeed, if degipr(Bo) < x and degp,T(C) < x for some x € Rjipr, then choose a c.e. set
We, € x and ep and e; such that ézovez = By and &Z‘l@z = C. By J(eg,e1,e0) it follows that
deginr(D) < degir(We,) = x. Since By, C <;pr D, this implies that h(d) = deg,T(D) =
degivt(Bo) V degibr (C) = h(bo) V h(c) for r = ibT. Using Lemma 3.2 we obtain the same for
r =cl, i.e. (N3’) is true.

In an analogous way, satisfaction of the minimal pair requirements M. implies that h(a) =
0 = deg,(B1) A deg-(C) = h(b1) A h(c), i.e. (N4’) holds.

Finally, By <ijpr B1 <ijpbr D and C <;,1 D ensures that h(a) = 0 < h(by) < h(b1) < h(d)

and h(a) < h(c) < h(d). Since satisfaction of all diagonalisation requirements D, ensures that
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4. Lattice embeddings into R, and R

B £a Bg and hence By ipr By, it actually holds that h(bg) < h(b1), i.e. (N1’) and (N2’) are

true.

Since the formal tree construction of By, By, C and D can be found in [Amboc] or [Bode 10],

we confine ourselves to give an overview of the ideas underlying the construction.

Let By s, B1,s,Cs and D denote the approximations to the sets By, B1,C and D, respec-
tively, as constructed after stage s. We guarantee By <jpr B1 <jpr D and C <jv D by
permitting; to be more precise, whenever we enumerate some number x into By at stage s,
then we enumerate a number x; < xy into B; and D at stage s, whenever we enumerate a
number yo into Bj at stage s, then we enumerate a number y; < yg into D at stage s, and
whenever we enumerate a number z, into C' at stage s, then we enumerate a number z; < z
into D at stage s.

To satisfy a diagonalisation requirement D, we use the standard diagonalisation strategy,
i.e. we wait for a stage s+ 1 and an appropriate number z such that @ ff;s () l=0and z ¢ By .
Then we enumerate x into B; s41 and restrain all further enumerations of numbers y < z + e

into By, thus ensuring (since ®, is a cl-functional with aloe (x) < x +e) that

B() = B (2) =0#1 = By,

To satisfy a minimal pair requirement M, with e = (eq, e1, e2) the premise of which is true,
we use the strategy described in the proof of Theorem 3.9. That is, defining the length of
agreement of M at stage s by

Ls(Meg,er,e0)) = max({z < s : B 12 =% |z = We,s [ }),

€0,S €1,S

we take care that, whenever we enumerate some number z < I3(M.) into By or C' at stage
s 4+ 1 for the sake of a lower priority requirement, then we enumerate it into only one of B;
and C' and do not enumerate any number y < z into B; or C before the next stage ¢t > s with
lt(M¢) > x. This makes sure that By [ (t+1)=B1s[z+1lor C,lz+1=Cs [ z+1, and

as in Theorem 3.9 we conclude that We,, is computable.

To satisfy a join requirement J. with e = (eg, e1, e2) the premise of which is true, we follow
the strategy described in the proof of Theorem 3.27. That is, defining the length of agreement
of de at stage s by

Is(T(eo,er,e0)) = max({x < 5 @ZZ% l2=DBys |z and éz[f? le=Cs | z}),

whenever we enumerate a number x into D at stage s + 1 for the sake of a lower priority
requirement, then we simultaneously enumerate some number y > z with [;(J.) > vy and
[x+1,y] CWe, s into By s+1 — Bo,s or Csy1 —Cs. (We say that the interval [z + 1,y] is J.-safe
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at stage s.) Then

be2 ly+1=Bos ly+1#By [y+1=302 [y+1

or
Wey s -

SO Ty +1=Co ly+1£C Ty+1=3"2 [y+1.
Since &,, and &,, are ibT-functionals, this implies that Wey 41 [y+1#We, [ y+ 1. Hence
by [+ 1,y] C W, s there must be some number z < x in W, — W, 5. Then D <j,p W, by
permitting.

When making these strategies work together, we encounter the following problem. Assume
we want to enumerate some number z into B; at stage s+1 in order to satisfy some requirement
D;. To obtain By <;,r D, we need to enumerate some number z’ < x into D at stage s + 1.
Now assume that there are some join requirement J. and some minimal pair requirement M,/ of
higher priority than D; such that the premises of J, and M., are true and 2’ < I5(Je) < Is(M).
Following our strategy to satisfy J., we need to enumerate some number y with 2’ <y < I5(J.)
into By or C at stage s + 1, where [2' 4+ 1,y] is J.-safe at stage s. By our strategy to satisfy
M./, since we already enumerate x into By at stage s + 1, we may not enumerate y into C at
stage s+ 1. Hence we must enumerate y into By. But by our strategy to satisfy D; we are only
allowed to do so if y > x + 1.

The upshot of the previous discussion is that for any n > 0 we need to ensure that there
is a stage s and an interval J of length n such that J is J.-safe at stage s and such that
z =2 =min(J)—1¢ By s UD, and y = max(J) ¢ By ,. Only then can we safely use x as
diagonalisation witness for D; with i < n.

To create such an interval J, starting at some stage so + 1 we assign a long interval I with
IN(By,syUBisy UCsy UDg,) =0to D;. We now enumerate the numbers from I one by one
in decreasing order into C' and D. The k-th such enumeration is performed at a stage s + 1
(k > 1), where l5, (J.) > max(I) and I, (M) > max(I). Note that this is compatible with our
strategies to satisfy the join and meet requirements and with our strategy to make C' <j,r D.
Let 2, = max(I) —k+ 1 be the number enumerated into C' and D at stage s + 1. It holds that

2 Wey s 2 Wey s
@61,§k * (xk) = Csk (xk) # Csk+1 (xk) = (I)Elygkflﬂ (xk)

Since <i>el is an ibT-functional, this implies that there must be some number y, < zj in
W,

€2,Sk+1 Wez,sk- In partlcular’

|W.

€2,5k+1

N [0, max(1)]| > k. (35)

If there is any k such that [zxin—1,2r] C We
length n which is J.-safe at stage sx,, and satisfies the conditions that max(J) ¢ By, ,, and,
provided that min(J) —1 € I, min(J) =1 ¢ By, UD

oyspins then J = [@pyn_1,2;] is an interval of

Sk+n*
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4. Lattice embeddings into R, and R

On the other hand, if there is no such k, then for each k there must be some number
2k € [Tkyn—1,xk] such that z; # yp for k' < k+n — 1. Since for ¥ > k + n we have that
Y < Ty < Tpan < Tpyn—1, it follows that zp # yi for every k. Hence we can refine the
inequality given above to

|W€275k+1 N ([O,max([)] - {Zk' Lk > 1})‘ > k.
Since we enumerate the complete interval I into C' and D in this case, we get
[Wey.sp, 0 ([0, max(I)] — {zp K >1})| > |I] - 1. (36)

By choosing the interval I sufficiently large (without changing min(/)), we can ensure that
Hzr : K" > 1} > min(I) + 1. Then the left-hand side of equation (36) becomes smaller than
max () + 1 — (min(/) + 1) = max(I) — min(I) = |I| — 1, which contradicts equation (36).

In the actual construction, where we have to deal with several join requirements Je,, . .., de,,
at once, the combinatorics become a bit more difficult, but the strategy to obtain intervals of
a desired length which are simulatenously J.-safe for e € {ey,..., e, } basically remains the
same. Since we cannot compute whether the premise of some join or minimal pair requirement
is true, additionally we have to use a tree argument, and the strategies we described so far only

work along the true path of this tree. For details see the references given above. O

4.6 Embedding the 87

Before we turn to lattice embeddings of the M3, we consider a nondistributive lattice which

looks somewhat similar to the M3 but imposes less restrictions on an embedding.
Definition 4.16. The 87 is the finite partial ordering ({a, a1, az, bg, b1, ba, c}, <s.) such that
(S1) a <sg, a; <s, by, b; <s, ¢ for i € {1,2},

(S2) bg, by and by are pairwise incomparable,

(S3) a1 and as are incomparable,

(S4) a1 Vby =as Vb =c,

(S5) a1V az = by,

(S6) bgp ANb; = a; for i € {1,2}

(S7) b1 Abs =a

It is not hard to see that these conditions indeed define a unique partial ordering and that

the 87 is a lattice with least element a and greatest element c as illustrated below.
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b1 b2

We prove the following equivalent characterisation.

Lemma 4.17. Let P = (P, <) be a partial order. Then a mapping h : {a, a1, az, bg,b1,ba,c} —
P is a lattice embedding of the 87 into P if and only if

(51°) h(a) <p h(a;) <p h(bo), h(bi) <o h(c) fori € {1,2},
(S2°) h(b;) £p h(asz—;) fori € {1,2},

(53°) h(c) £ h(bo)

(54°) h(ax) V h(b2) = h(az) V h(b1) = h(c),

(55°) h(ay) V h(az) = h(bo),

(S6°) h(bo) A h(b;) = h(a;) fori € {1,2}

(S7°) h(b1) A h(by) = h(a).

Proof. Let h be a lattice embedding of the 87 into P. Then by (S1)-(S7) and the definition of
lattice embeddings it follows that (S1’)-(S7’) must hold (for (S2’) note that as_; <s, by and
b; £s, bo imply b; £s, az_;).

For the converse, assume that (S17)-(S7’) are true. It suffices to prove that h is an embedding
of the 87 into P. Then the fact that h preserves joins and meets (i.e. h is a lattice embedding)
follows easily by (S1’) and (S4°)-(S7).

First we show that h(b;) # h(c) for i € {1,2}. Otherwise h(bs_;) <9 h(c) = h(b;) by (S1’)
and h(bs—_;) = h(b;) A h(bs—;) = h(a;) <p h(az) by (ST’), contradicting (S2).

It follows that h(asz—;) Lo h(b;) for i € {1,2}, because otherwise h(c) = h(as—;) V h(b;) =
h(b;) by (S4’), contradicting the above. By (S2’) we conclude that h(b;) and h(as_;) are
incomparable for ¢ € {1,2}. Then h(ay) and h(az) must be incomparable too, because otherwise
h(as—;) < h(a;) <p h(b;) fori=1ori=2.
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4. Lattice embeddings into R, and R

Next, h(a) # h(a1), h(az). Indeed, if h(a;) = h(a) for : =1 or i = 2, then h(a;) <p h(bs_;),
contradicting the incomparability of h(a;) and h(bs_;).

Further, it holds that h(ay), h(az) # h(bg), because by (S1°) otherwise h(a;) <p h(by) =
h(as—;) for i =1 or i = 2, contradicting the incomparability of h(a1) and h(az).

Moreover, h(by) # h(c) by (S3’). It also follows from this fact that h(a;) # h(b;) for
i € {1,2}, because h(a;) V h(az—;) = h(bo) # h(c) = h(b;) V h(az—;) by (S5’) and (S4’).

So we have shown that all the inequalities occuring in (S1’) are strict. It remains to show that
h(bo), h(b1) and h(bs) are pairwise incomparable. By (S6’) and since h(a;) # h(bo), h(b;) it holds
that h(bg) and h(b;) are incomparable for ¢ € {1,2}. By (S7’) and since h(a) < h(a;) <p h(b;)
for i € {1,2} it holds that h(b1) and h(b2) are incomparable. O

Now we can use this characterisation to embed the 87 into R;, and Rg.

Theorem 4.18. There is a lattice embedding of the 87 into Ripr and R preserving the least

element.

Proof. We will describe a stage-by-stage construction of c.e. sets A1, As, By, B, Bo and C such
that the desired embedding is given by h(a) = 0, h(a;) = degr(4;), h(b;) = deg-(B;) and
h(c) = deg,(C) for i € {1,2}, j € {0, 1,2}.

During the construction we will meet the following requirements for all e = (eg, e1,e2) € N
and all ¢ € {1,2}.

e A; <ipr Bo, Bi <ipr C,

o Di:B; £ o,

o DV:C # Do,

e Ji: (B, = @ZY““ and Az_; = i)Z“") = C <ijpr We,,
e J°:By=AUAy; and A; N Ay =0,

o Mi: (W, = <i>£° = <i>£’}) = We, <ibT Ai,

o MY: (W, = @21 = i)f;?) = W,, is computable.

Using the fact that ibT-reducibility implies cl-reducibility and Lemmas 3.2 and 3.3 as well
as Lemma 3.4 we see that satisfaction of these requirements ensures (S1°)-(S7’) and hence that
h is a lattice embedding of the 87 into R, by Lemma 4.17.

Let A; s, Bj s, Cs denote the finite approximation to the sets A;, B; and C, respectively, as
given after stage s of the construction (i € {1,2}, j € {0,1,2}).

Again, we will obtain A; <jy,1 Bp, B; <jpr C by permitting. The definition of the lengths
of agreement [4(7%) (i € {1,2}) and [s(M?) (i € {0,1,2}), and the basic strategies to satisfy
the diagonalisation requirements D¢ (i € {0,1,2}), the join requirements J¢ (i € {1,2}) and

the minimal pair requirements MY are — with the obvious changes imposed by the sets and
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functions occuring in the requirements having different names — the same as in the proof of
Theorem 4.15. Remember that we say that an interval [z, y] is J%-safe at stage s if [z,y] C W, s,
where e = (eg, €1, e2); and we say that [z,y] is R-safe at stage s for a set R of requirements if
it is Ji-safe at stage s for every join requirement J¢ € R.

The basic strategy to satisfy some meet requirement M% (i € {1,2},e = (eg,e1,e2)) the
premise of which is true is a slight relaxation of the minimal pair strategy. Let s be a stage
such that [s(M%) > z, assume that we enumerate z into B; (j € {0,i}) at stage s + 1, and
let t > s be the next stage such that [;,(M%) > x. While the minimal pair strategy did not
permit us to enumerate any number y < z into B;_; at any stage s’ with s +1 < s’ < ¢, the
modified strategy allows for such an enumeration, provided that we also enumerate a number
z < x into A; at or after stage s’. In particular, if we know a stage so such that I, (M) >
and A; so41 | ©+1=A; | x+ 1, then for any s,¢ as above with s,t > s¢ with [5(M!) > x and
1I;(M%) > x we know that By s [x+1=Bo; |z +1or B;s |[x+1=B;; | z+ 1 and hence

Wes T2 4+1=380% 1241 =32 o4+ 1=W,, 2+1

e1,s ey,t

or
Wes lz+1=883 1041 =0 1o+ 1=W,, z+1.

e2,s ea,t

By induction it follows that We, s [ ¢ +1 = W, s, [  + 1 for all s > sy and hence We, |
r+1=W,

0,50 | ©+ 1. This shows that we can compute W, [  + 1 given a stage sg as above;

but such a stage is computable from A; [ x + 1, implying W, <i,1 A; as desired.

4.6.1 Conflicts between the requirements

We now take a look at dynamics and the problems which occur when we make these basic
strategies work together. For a start we use the simplified assumption that we know which join,
meet and minimal pair requirements have a true premise.

The diagonalisation requirements D¢, i € {1,2}, do not impose big problems. We can just
reserve some number x for the satisfaction of these requirements and wait for a stage s with
@éi_i’s () =0 = B; s(x) and lS(Mi,) >z, 1s( je/) > ¢ for all requirements MZ,, Ji, of higher
priority than D¢, the premise of which is true. Then, following the basic diagonalisation strategy,
we enumerate x into B; at stage s + 1 and preserve As_; ; [ * + e+ 1. To satisfy B; <jpr C
we also enumerate x into C'. Note that this is compatible with the strategy to satisfy join
requirements J¢, of higher priority than D? (because we enumerated x into B; and the interval
[z + 1,2] = 0 is trivially J°,-safe at every stage). However, for the sake of join requirements
32,_ ¢ of higher priority than Di we also have to enumerate some number y < x into Bz_; or
A;. Since the strategy for the minimal pair requirements does not allow for an enumeration of
x into B; and y into Bs_; at the same stage, we let y = = and enumerate x into A;. To satisfy

A; <;pr By we also enumerate x into By. (The enumeration of x into By and B; at stage s + 1
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4. Lattice embeddings into R, and R

is compatible with the strategy for meet requirements M?,, because we enumerated z into A;,
t00.) Since we only enumerated z into A;, By, B; and C, but not into A3_,; and Bs_;, we did

not hurt the requirement J0.

Satisfying a diagonalisation requirement DY requires for a more advanced technique. Indeed,

suppose that there are join requirements Ji and g2, and a minimal pair requirement M2, all

of higher priority than DY and with true premises. If we want to enumerate some number z
into C' at a stage s + 1 such that ~fg(x) 1= 0 = Cs(x), then by the strategy to satisfy i
we need to enumerate some y > x such that [z + 1,y] is Hél—safe at stage s into By or As; by
the same reasoning for 3?2 we need to enumerate some y’' > x such that [x +1,y] is ng—safe at
stage s into By or A;. Since [;(MY ) may be much larger than z, by the minimal pair strategy
we are not allowed to enumerate y into B; and 3’ into By at the same time. Hence say we
enumerate y’ into A;. Now to satisfy A; <jy1t Bg, we need to enumerate some z < 3 into By
as well. Since the diagonalisation strategy for DY requires us to restrain all enumerations of
numbers less than = + e + 1 into By after stage s, this is only possible if 4’ > x + e. In this
case we can enumerate 3’ into A; and By and, to satisfy A; <;,r B, enumerate y := x into Bj
(thus following the strategy for g , because [z + 1,z] = 0 is trivially J} -safe at every stage).
Note that the simultaneous enumeration of x into B; and %’ into By is compatible with the
meet requirements since we enumerate y’ into A;, too. Also note that requirement J° is not
hurt. Hence these enumerations are compatible with the basic strategies for all join, meet and

minimal pair requirements.

So, as in the proof of Theorem 4.15, we are left with the task of creating a ng—safe interval
J =[z+1,y'] of length e such that ¢’ ¢ A; ; U By . Again, to do this we assign a long interval
I to DY at some stage so + 1, where I N (A1 5, U Aa s, U Bos, UB1s, UBas, UCs,) =0. The
goal is to obtain J C I.

If we try to proceed by the naive approach and — in analogy to the proof of Theorem 4.15
—let D¢ enumerate I one by one in decreasing order into Bs, then we run into a new problem,
which is caused by the fact that now we have to respect two kinds of join requirements (not
counting the requirement J°). Indeed, each enumeration w into By has to be accompagnied by
an enumeration v < w into C to satisfy By <j,r C, and a fortiori by an enumeration of some
v' > v into By or Ay, where [v + 1,0'] is J} -safe at the stage before the enumeration. But
the minimal pair requirements do not allow for an enumeration into By and By at the same
time; hence we must enumerate v’ into A,. Then, since we enumerate v’ into Ay and v into
C, we need to enumerate a number v with v < v” < ¢’ into By. So if we choose v = v in
each such situation, then we must enumerate v into By and will finally obtain that J C By s,
contradicting ¥’ ¢ A; s U By s.

This shows that before we can create a ng-safe interval, we need a 3; l—safe interval, the
construction of which in turn relies on the existence of a 33 2—safe interval and so on. Hence the

above approach fails.

Instead, we will give the responsibility for the creation of safe intervals to the join require-
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ments themselves. For the next section assume that J} has higher priority than J2,.

4.6.2 Building safe intervals for two requirements under a maximal

response hypothesis

Assume that ¢ is a stage such that [;(J. ) > = (i € {1,2}) and we enumerate x into B; ;41 — B
or As_;41 — As—iy, and let ¢’ be the first stage after stage ¢ such that Iy (32) > z. Then we

have that, for e; = (e;, €1, €:2),

2 WC,. St o W‘fi R%
O, (2) = Biy(2) # Biw(x) = @, 75" (2)

or
W, W,

O, 0! (1) = Az u(x) # Az p(z) = O, 0" (2).
Since (i’en and é)eﬁ, are ibT-functionals, this implies that there is some y <z in We,, v —We,, +.

To simplify the construction, for a moment we will assume the following hypothesis to be true.

Hypothesis 4.19 (Maximal response hypothesis). In each situation as described above it holds
that max({z < @ : 2 ¢ We,o.t}) € Weyor- In particular, {x} is J. -safe at stage t'.

The interval I assigned to DY at stage so + 1 is partitioned into the singleton {min(7)} and
t(1) 41 subintervals [min(/) +1,41) = [yo,¥1), [y1 + 1, ¥2), - -, [Yu(1)» Yo(1)+1), Where it will hold
that |[yk, Y11 — 1)| > yx for 0 < k < (7).

We first use the rightmost of these subintervals, [y, (1), ¥.(r)+1), to obtain an (-safe subinterval
Jo € [Wur)s Yory41) of length y, (). Of course, since every interval is (-safe at every stage, this
is a trivial task, because by our assumption that |[y,(r), y.(r)+1 — 1)| > y.(r) We can just take
the subinterval [y, 1y, y,(n+1) itself. Set ¢® = y,(1).

Next, we use the two rightmost intervals, [y,(1)—1,¥.(1)+1), to create a Hél—safe subinterval
J1 € [Wuy=1, Y1) + 1) of length y, ;). This task is less trivial, but still easy. Let so < st <
sy < ... be a computable sequence of stages with ls1 (3;) > max([) for m > 1. Then at
the stages s1 + 1,51 + 1,... we enumerate the elements from [Y.(1)—1,Yu(r) — 1) one by one in
decreasing order into By and C. By the maximal response hypothesis, if we enumerate cq1 into
By at stage s;, + 1, then {c,: } is g} -safe at stage s}, ,,. Hence once we have enumerated the
complete subinterval [yL(I),l,yL(I) — 1) into B; at some stage s’ + 1, then [yL(I),th -1) =
[Yo(r)—15 Yoy — 1) is Hél—safe at stage s}nH, and by assumption, |[y,)—1, A —1) > Yur)—1- Let
m be minimal such that |[cs: ,¢” —1)| > y,(;)—1. The interval J; = [co1 ,¢” — 1) is J}, -safe at
stage s}, 1. Set s' = s ., and set ¢' = ¢,1 . We stop the enumerations into By and C' at stage
st

Note that what we did so far was compatible with the basic strategies for all requirements,
except for J2,. When we enumerated ¢, into C' at stage s, + 1, then if Iy (J2,) > ca ,
the basic strategy for requirement 332 asked for the enumeration of some number into A; or

By, which we did not yet perform. Instead, we satisfy this strategy with some delay and

(6]
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enumerate the number ¢! — 1 < CsL into Ay, By, B, and C at stage s' + 1. Note that this is
again compatible with the basic strategies for all requirements. Also note that by the maximal
response hypothesis {¢! —1} is g}, safe at the next stage s after stage s' with I(d¢,) > max(I).

Finally, we use the three rightmost intervals, [y,(r—2,¥.(1)+1), to create a {3} ,J2, }-safe
subinterval Jo C [y,(5)—2,¥.(1) + 1) of length y,(ry—s. Let s! < s? < ... be a computable
sequence of stages with I,> (1) > max(I) and l,> (32,) > max(I) for m > 1. Then at the
stages s3+1,53+1,... we enumerate the elements from Wu(1)—2, ¢! —1) one by one in decreasing
order into By and C. By the maximal response hypothesis, if we enumerate c 2 into By at stage
52, +1, then {es2 }is ng—safe at stage s2,,;. At the same time, we enumerate the elements from
J1 one by one in decreasing order into Ay and By. By the maximal response hypothesis, if we
enumerate a2 into Ap at stage s2, + 1, then max({z < ap2 : 2 ¢ We, 2 }) € Wey,s2,,,- Since
Jy and {c¢! — 1} are already g}, -safe at stage s;.,, it follows by induction that c,2 € W, 2,00
ie. {cs2 } is g} -safe at stage s2,, ;. Hence once we have enumerated the complete subinterval

1
ey’

[y.(1)—2,c' — 1) into By at some stage s2, + 1, then [y,(5—a,c' — 1) is {g} ,J2, }-safe at stage
52,11, and by assumption |[y,(r—2,¢" —1)| > [[yu1)—2, Yur)—1 —1)| > Yu(1)—2- Let m be minimal
such that |[c,2 ¢! —1)] > y,(;)—1. The interval Jo = [c,2 ¢! — 1) is {3}, ,32,}-safe at stage
s2.1. Set s* =52, and set ¢? = cs2 . We stop the enumerations into Bz and C' at stage s2.

To end the construction, we enumerate ¢ —1 into Ay, By, By and C at stage s> +1 (although
in the case of only two requirements, this would not be necessary). By the maximal response
hypothesis, the interval [¢* — 1,¢! — 1) is still {g} , 2, }-safe at the next stage s after stage s;
such that 15(J,) > max(I) and [5(J2,) > max([).

Since we may assume that y,(5y_o > yo > e, the interval J = [¢* —1, ¢! — 1) is now as desired
and can be used for the diagonalisation strategy of DY (note that indeed max(J) = ¢! — 2 has

not been enumerated into A; or By so far).

4.6.3 Building safe intervals for n requirements under a maximal re-

sponse hypothesis

It is straightforward to generalise the strategy described above to the case that DY has to

respect n join requirements ?1, o3 (i1, i, € {1,2}), all with true hypothesis and such

that g% has higher priority than 32‘;11 We still assume that a maximal response hypothesis as
above holds for all these join requirements. Let Ej = {32’;’, k' <k}for0<k<n.

By induction 0 < k£ < n we define stages s* and t* and intervals J, = [c}‘“,c’“’1 -1 CI
such that

(i) sk <t
(ii) Ji is Ex-safe at stage s*
(iii) {cF — 1} is Ej-safe at stage t*

(IV) [mln([), Ck — 1) N (A07tk U Al,tk U Boﬂfk U BLtk U B2,tk @] Otk) = @
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(V) Jk n (AO,tk U ALtk U BO,tk) - @
(vi) * >y -k
(vii) [Jk| > yury—k-

Indeed, for k = 0 we can set s° = so, t° = so+1 and Jo = [y,(1), Yu(1)+1)- Assume that Ji, s*

and t* have already been defined. Then J¢i*! is responsible for building Jj4 1. Let t¥ = 511”1 <

k+1
sE*1 < ... be a computable sequence of stages such that L1 (30) > max(I), ..., Lx+ (367) >
max(I) for m > 1. Then at the stages s’f“ + 1,5’2“"'1 + 1,... we enumerate the interval

[yL(I),(kH),ck — 1) one by one and in decreasing order into B and C. Let Cylt1 be the

number thus enumerated at stage s¥+! + 1. At the same time, we enumerate the numbers from

Thkt+1

Ji one by one and in decreasing order into By and A;,,,. Every join requirement Hé’;’,, k' <k,
has to respond to the enumeration into By, and Jei"} has to respond to the enumeration into

B By the fact that J, is already {3?2// : k' < k}-safe at stage s®F! and by the maximal
response hypothesis it follows (by induction on m) that [k, ck — 1) is {Je¥, : k¥’ < k + 1}-safe

at stage s . Let m be minimal such that |[c_r+1,¢* — 1)| > y,(—(ks1) and set cFt1
m+1 s (I)—(k+1)

ktl — s’fntrll and set tF*! = s’fnJS:Q By the inductive hypothesis that ¢ > Yu(r)—k and by

Tt

= Cslrcrj»l,
set s
the assumption that |[y,(r)—(k+1), Yu(r)—k — 1)| > Y.(1)=(k+1) it holds that kbt > Yu(I)— (k+1)-
_ BO? B’ik+1
response hypothesis, {c*1 — 1} is {J¢, : & < k + 1}-safe at stage t*T!. At this stage we stop

the construction for Jy 1. We see that s**1, t**1 and J,,; are as desired.

At stage s*T! +1 we enumerate c**' — 1 into A and C. Hence by the minimal

Tkt1)

4.6.4 Building safe intervals without a maximal response hypothesis

Note that in the previous discussion, to build a safe interval for n requirements we just needed
n + 1 subintervals [yg, yr+1] of I, that is, we could have chosen ¢(I) = n.

Now we drop the minimal response hypothesis. To have the construction still work, we will
have to “restart” certain parts of it, which will require the use of exponentially more than n+ 1
subintervals.

We start the construction of {J%.,...,Ji }-safe intervals as before. However, now it can
happen that, why we try to create an interval Jj, which is Ejs-safe (not necessarily k = k'
anymore), we find that {cs;:n } is not Ej-safe at stage s¥, 41 for some minimal m. In this case
we define cf = Csk sk = sf,H_l, th = s’fn+2 and we enumerate ¢® — 1 into A;,,, Bo, B;,, and
C. Of course, we cannot guarantee any longer that {c* — 1} is Ej,-safe at stage t*. Instead,
we define k" < n to be maximal such that {c*¥ — 1} is Ey_-safe at stage t* and we can define

k 2] at stage t* with

some Fy_1-safe interval J, = [c
[T — (A e U Ag e U By r)| > Yu(r)—k- (37)

(Before, this was implied by (v) and (vii).)

7



4. Lattice embeddings into R, and R

Then (i), (iv), (vi) and (vii) still hold, and (ii) and (iii) hold with Ej~_; in place of E.
While (v) does not hold anymore, it can be replaced by the weaker condition (37). As described

above, we can then proceed by trying to build an Fy-safe interval Jy1.

4.6.5 Eliminating requirements

For the construction to work, there are still two obstacles. We have to tackle the following

questions:

(1) How does (37) ensure that whenever we need to enumerate a new number from Jj, into By,

there still exists such a number which is not already enumerated?

(2) If we need too many “restarts” as described above, then finally we may have enumerated
all numbers in I into C' and cannot go on. How can we put a computable upper bound to

the number of “restarts” needed (in order to choose I large enough in advance)?

The important new feature that helps us overcome these questions is that if some join re-
quirement Hze‘;c (ex = (eko, €r1, €x2)) gives too many non-maximal responses to our enumerations
of numbers from I, then we will be able to actively diagonalise against 3@’;

To wit, assume that some requirements which have lower priority than 32’2 enumerate the
number ¢, into C' at stage s;, + 1 and the next smaller number c;,,,, = ¢, — 1 into C at
stage sm+1 + 1. Then by the construction, as described above, we enforce that there must be

- W,

er0,5m - HLETICE

some y < ¢g,, in We, o s000

|{£C < Comyr + T ¢ Wek075m+1}| < |{.’E < Csm * T ¢ Wek()ysm}‘ - L

Moreover, if {c;,, } is not Hé’z_—safe at stage s;,+1, then the above inequality is strict.

Let [s,¢] be an interval of stages during which only requirements of lower priority than Hze’;c
are active, and let s1+1 < so+1 < ... < 5,41+ 1 be the stages in [s, ¢] at which some number
from I is enumerated into C'. Let ¢, be the number enumerated at stage s, +1. Furthermore
let

p=I[{me{l,...,r}: {c,,} is not g -safe at stage s,,11}|.

Then
|{‘r S C$7~+1 X ¢ Wek07‘9T+1}| S |{‘T S Csy X ¢ Weko7$1}| —r—=p S Csq +1*7’*p = cSr+1 +lip

Here, the final equality follows from the fact that we enumerate the numbers from I one by one
and in decreasing order into C'.

If p > min(I) + 1, then we derive that

|{‘T S CST+1 Y §é Wek073r+1}| < CSr+1 + 1 - Hlll’l([) - 1 = |(m1n([), Csr+1]|' (38)
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But by the construction we will ensure that
(min([), Csr+1] N <A1,8r+1 U A275r+1 U BO75r+1 U B175r+1 U B275r+1 U CS¢~+1) = Q)?

hence we can change our strategy at stage s,+1 + 1 and start to enumerate the numbers from
(min(7),cs,,,] one by one and in decreasing order into Ay, By, By and C at stages t with
1:(d% ) > max(I). By (38) and the fact that J%* has to respond to each of these enumerations

by enumerating a new number y < ¢, ,, into We,, we arrive at a contradiction. We say that

€k0o
31;; is ready for elimination.

Note that if Jgt gives sufficiently many non-maximal responses while we try to construct
safe-intervals, then there will always be at least min(7) + 1 such responses during an interval
[s,t] of stages at which no requirement of higher priority is active, unless some requirement
of higher priority gives a non-maximal response. Hence by a combinatorial argument we can
determine an upper bound to the number of non-maximal responses given by any requirement
to enumerations of numbers from I. Since this upper bound only depends on min(I), we can
choose ¢(I) greater than this upper bound. This solves problem (2).

By a refined argument we can make sure that once we had at least k£ non-maximal responses
to enumerations of numbers from 7, then we need to enumerate at most y,(r)_ further numbers
from I into C. Hence it suffices for the interval J; defined at stage s* + 1 to contain at least

Y.(1)—k Many numbers not yet enumerated into Ay, Az or By. This solves problem (1).

4.6.6 Bringing the strategies together on a tree

At last, we drop the assumption that we know the premises of which join and meet requirements
are true. Instead, we have to use a tree argument for the construction. We use the tree
T ={0,1}".

Let p: N—= {J:eeN,je€{1,2}} U{M. : e € N,i € {0,1,2}} be a computable one-to-one
enumeration of all join and meet requirements (except for J°). A node a € T of length n
corresponds to a guess about which of the first n join and meet requirements p(0),..., p(n —1)
have true premises. Moreover, nodes of length 3e + ¢ will be responsible for the strategy to
satisfy the diagonalisation requirement D¢ (i € {0, 1,2}).

The definition of a-stages and a-expansionary stages, and the definition of §, and the true
path TP are analogous to the definitions given in the proof of Theorem 3.20.

Instead of assigning an interval to a certain diagonalisation requirement D¢ (i € {0,1,2}),
each node « of length 3e+i will now get assigned its own interval. When we refer to an interval I
as being an a-interval, we mean that I was assigned to « at some point during the construction.
As long as « gets not initialised, I will be a candidate to construct a long {p(|5]) : 80 C a}-safe
interval within. Whenever « is responsible for enumerating numbers from I at stage s+ 1, this
will be denoted by cand,(«) = I. In particular, we will have cands(«) = I if I becomes freshly

assigned to « at stage s, if s corresponds to one of the stages t* from the informal description
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4. Lattice embeddings into R, and R

of the construction above, or if some node g with S0 C « corresponds to a join requirement
which is ready for elimination at stage s (we say that § is ready for elimination at stage s).

In this status, « tries to give responsibility for the enumeration of numbers from I to some
node 8 with S0 C « corresponding to a join requirement to create a {p(|5’|) : 8’0 E B0}-safe
interval Jy1 if there already exists a {p(|5’]) : 8’0 C 0}-safe interval Jj satisfying the desired
conditions for such an interval. When S becomes responsible for enumerations of numbers
from I, we say that I is demoted to (§; henceforth we write jobs(58) = I at all stages s at
which § is responsible for these enumerations. The node g will return the responsibility for
enumerations of numbers from I to « as soon as it has finished the construction of Jiy; or
some join requirement corresponding to a node 5’ with 5’0 C S0 gives a nonmaximal response.

Finally, the node o can be assigned a diagonalisation witness from I. In this construction,
by the term “diagonalisation witness” we mean a pair (z,y) of numbers, where x is the number
to be enumerated into C' and B; and y the corresponding number to be enumerated into A; and
By according to the basic strategy to satisfy a diagonalisation requirement D? (i € {1,2}). To
avoid case distinctions, diagonalisation requirements D9 will also formally be appointed pairs
(z,y) as diagonalisation witnesses, but in this case only x really matters.

We have now explained all parts of the construction. Putting these together, the algorithm

is as follows.

4.6.7 The construction
Stage 0: Let Ay g = Az = Bop = B1o = B2 = Cp = 0 and joby(8) T and candy(8) 1 for
each node 8. No node has an interval or a diagonalisation witness assigned.

Stage s + 1:

We say that a node « requires attention at stage s + 1 if a C é5 and one of the following
holds.

(Case 1.1) a has no interval assigned to it at the end of stage s.

(Case 1.2) o has an interval I assigned to it at the end of stage s, cands(«) = I, for every
B with 80 C « it holds that I5(p(|8])) > max(I), there is a number ¢, € I such that

In (Al,s U A21s U BO,S @] Bl,s U Bgys) Q In CS = [CS + 1, max(])] (39)

and there is a join requirement J° = p(|3|) (i € {1,2},e = (eo,e1,e2)) for some 3 with
50 C « such that
Hr<cs:x g We st <|{z<cs:xel} (40)

(Case 1.3) o has an interval I assigned to it at the end of stage s, cands(a) = I, for every
B with 80 C « and every o/-interval I’ = jobs(8) it holds that o < &’ and l5(p(|8])) > max(I),

and there are numbers a; and ¢, € I and a node 8 such that

e cquation (39) holds for ¢,
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e [ is the longest node such that either 5 = «, or p(|8]) is a join requirement and 50 C «,
and such that there is some y > ¢, y € I, for which

[cs +1,y] is E'-safe at stage s, where E' = {p(|3'|) : 8’ C 8 and 5’0 C o} (41)
and if I is relevant above yi(I) at stage s, then

Hz€les+1ylNIT:z2¢ A sUAs s UBg s} > yu(l) (42)

o a, =y for the least such y (note that as ¢ A; s U Ay ¢ U By s by minimality of as and by
yk(I) > 0).

(Case 1.4) o has an interval I and a diagonalisation witness (x,y), z,y € I, assigned at the
end of stage s, for every 8 with 80 C « and every o/-interval I’ = jobs(3) it holds that o < o/
and 1,(p(|8])) > y and

(a) if || = 3e, then x +e+1 < y, éfo(x) l=Bi(x)=Cs(x)=0and y ¢ A; sUAs s UBgs;
(b) if |a| = Be+4, i € {1,2}, then ®/**(z) |=0and 2 ¢ Ay ;U Ay UBy,UBy ,UBy,UCs.

We also say that a node 8 requires attention at stage s + 1 and is a-linked if

(Case 2) O C s and « < d5, jobs(B) = I for some a-interval I, for every ' with 5’0 C S0
it holds that Is(p(]8'])) > max(I) and there exists a number ¢, € I satisfying equation (39).

Let 1 be the least node that requires attention at stage s + 1 (such a node exists, because
Js always requires attention due to Case 1 at stage s +1). Let X € {1.1,1.2,1.3,1.4,2} be
minimal such that 7 requires attention due to Case X. We say that n receives attention and is

active due to Case X.

(Case 1.1) If n = « is active due to Case 1.1, then assign a new interval I to « in the
following way. Let || = 3e + 4, ¢ € {0,1,2}. Let = be the least number that is larger than
max(|a|,s + 1) and larger than all numbers from intervals assigned to any node before stage
s+ 1. Let E={f:50C a}. Define

o(I) = (x+3)4F -1
and
I=[2z, 220 (24 1) + (1) + 1)),

ie. I = {m}UUZ(i%[yk,yk_,_l), where yp = yx(I) = 2*(z+1+k) for 0 < k < (1) +1. For k < 0,
define y(I) = . Say that I is an a-interval.

Let cs = y,(1). Set Ay o1 =AU {vun s Ay o1 = Ao, Bysr1 = BosU {n ks Bioy1 =
Bis U{ymn} 3273_;'_1 = By, and Copr = Cs U Wy Yuny+1)- I E = 0 or i # 0, assign
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(z,z 4+ e + 2) as diagonalisation witness to «. Otherwise set candsi1(a) = I. Say that I is

relevant above y,(1) at stage s + 1.

(Case 1.2) If n = « is active due to Case 1.2, set ALSﬂ = Ay, U {es}, 1212,3“ = Ao,
BO,s+1 = BO,S U {CS}, Bl,s+1 = Bl,s U {CS}, BQ’S+1 = BQ’S and CS+1 = CS U {CS}. We say that

« is ready for elimination at stage s + 1.

(Case 1.8) If n = a is active due to Case 1.3, let cand,(a) = I, let as,¢s and B be as in the
hypothesis of Case 1.2. Say that candsi1(«) is undefined.

If 8 = «, assign (cs, as) as diagonalisation witness to o and set Ai’s+1 =A;, fori e {1,2},
Bj,s+l = Bj, for j € {0,1,2} and C’s+1 =C,.

If B # a and p(|B]) = 32, i € {1,2}, then set jobyy1(8) = I, Aj 11 = Ai sUf{as}, Az_i o1 =
Az, Boss1 = BosU{as}, Bisi1 = BisU{cs}, Ba—isi1 = Ba—is and Cspq = Cy U {c,}.
Say that I is demoted to B.

If I was relevant above yi(I) at stage s, say that I is relevant above yx_1(I) at stage s+ 1.

(Case 1.4) If n = « is active due to Case 1.4 and has the diagonalisation witness (z,y)

assigned, then let ¢, = x and a5 = y and

(a) if |a] = 3e, set Aoy = Ay U{as}, Agr1 = Asg, Bosi1 = Bos U{as}, Brey1 =
BLS U {Cs}, B275+1 = 3275 and Os+1 = CS U {CS}.

(b) if || = 3e + i with i € {1,2}, set A; 441 = Ass U{cs}, As_iop1 = As s, Bosy1 =
BO,S U {Cs}a Bi,s+1 = Bi,s U {Cs}a BS—i,s—i—l = B3—i,s and és+1 = Cs U {Cs}~

(Case 2) If n = B is active due to Case 2 and is a-linked at stage s + 1, let I = job,(3) and
let k be such that [ is relevant above yy(I) at stage s. Let p(|8]) = J°.
Let as be the greatest number y € I such that

Y 2 Cs, (43)
Yy ¢ (Al,s U Agys U B(],s)a and (44)
[cs + 1,y is E-safe at stage s for E = {p(|5’]) : 5’0 C B0}. (45)

(Note that such a number exists, because by (39) y = ¢ satisfies all three conditions.)

(a) If [es+1, cs+yx(D)] is {p(|8’]) : B'0 C B0}-safe and [cs+1, cs+yi(1)]N(A1,sUA2 ;UBg s) = 0,
or if {c, 41} is not {p(|8’]) : B0 C B0}-safe at stage s, set A; 11 = A sU{cs}, Az joq1 =
Asz_j s, Bo,s41 = BosU{cs}, éz‘,s-&-l = B, sU{cs}, Bi_ig1 = Bs_; s and Coi1 = CsU ey}
Set jobsy1(8) T and candsyqi(a) = 1.

(b) If {es+1}is {p(|B’]) : B'0 C B0}-safe at stage s, but [cs+1, ¢s+yx ()] is not or has nonempty
intersection with A s U Ay ¢ U By, then set AA1;7S+1 = A; s U{as}, 1213,1-75“ = A3 s,
Bost1 = BosU{as}, Bist1 = BisU{cs}, Bs_j o1 = B3 and Coyy = Oy U {c, ).
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In all cases, initialise all nodes o’ > §,, i.e. declare all intervals I’ assigned to these nodes
unassigned and not relevant above any number, set candy, (/) 1 and set jobsy1(3) 1 for all 3

with jobs(8) = I'. Also initialise every node o’ > «.
Let

Z = {min(I") : (360 C 8,)(jobs(B)) = I' and I’ is an o'-interval for some o initialised at stage s + 1}.

If Ay g1 # Arg, set Ay gig = A1 UZ, As i1 = Ao i1, Bosy1 = Bost1 UZ, B =
Bi 1 UZ, Byoy1=Bagi1 and Coyy = Coy U Z.

Otherwise set Ay 11 = Al,s-s-l, Ay op1 = Az,s-;-l UZ, By st1 = Bo,s+1 UZ, By sp1 = Bl,s-s-l,
Booi1=Bagy1UZand Oy = Coy U Z.

For all nodes o, unless stated otherwise before, leave the assignment of intervals and diag-
onalisation witnesses, the values of cand(a) and job(«) and the relevant parts of a-intervals at
stage s + 1 as they were at stage s.

Quit the stage.

4.6.8 Verification

Lemma 4.20 (True Path Lemma). It holds that TP = liminfs . 05, t.e. if « € T, then
a T TP if and only if o T 05 for infinitely many s and there are only finitely many s such that
0s <1, .

Proof. Analogous to the proof of Theorem 3.20. O
Lemma 4.21. For every a-interval I and every stage s exactly one of the following holds:

e [ is not assigned to « at stage s

o cands(a) =1

e jobs(B) =1 for some BC «

e « has a diagonalisation witness (x,y) with x,y € I assigned at stage s
Proof. Immediate by induction on s. O

Lemma 4.22. Let I be an a-interval and let B be a node such that S0 C «. Assume that I
is demoted to [ and is relevant above yi = yr(I) at stage to + 1 and that for some r < yg
there are minimal stages to < t; < ... < t, such that INCy, 11 # INCy, forn €{0,...,r}
and o is not initialised at any stage s € [to + 1,t,. + 1]. Furthermore assume that {c,} 1is
{p(18']) : B'0 C B0}-safe at stage tp41 for 0 <mn <r.

Then for 1 < n <r the node 8 is active due to Case 2(b) at stage t, +1 if n < yx and due
to Case 2(a) at stage t, + 1 if n = yg, and for 0 < n <r it holds that

[Ctn +1,¢, + Tl] n (A17tn U Ag,t" U BO,t") =0 and ¢, +n+1le Bo7tn. (46)
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Proof. The proof is by induction on n. If n = 0, then the first part of (46) is trivially true
because [ct, + 1,¢, +n] = 0. For the second part, note that cand, (o) = I. Let s < tg
be maximal such that I N Cy # I N Cs41. Then candsy1(a) = I. Hence by Lemma 4.21 the
enumeration into INC at stage s+ 1 must be caused by some node being active due to Case 1.1,
Case 1.2 or Case 2(a). In each case, ¢; € By s11 € Byy,. But by (39) it holds that ¢;, + 1 = ¢s,
so the second part of (46) is true, too.

Now fix n < r and assume that the inductive hypothesis is true for all numbers up to n.

By the inductive hypothesis, since n < r < yy, at stage t,, + 1 either I was demoted to
(if n = 0) or B was active due to Case 2(b). Hence job;,1(f) = I. Then still job;,,,(8) = I.
Since INCy, .41 #INCy,. ., but I is not initialised at stage ¢,41 + 1, 8 must be active due
to Case 2 at stage t,+1 + 1.

By (39) we know that ¢;, ., =¢;, —1and hence ¢;,,, +(n+1)+1=1¢;,, +n+1€ Byy, C
Bo,t, 11
part, since [c;, ., +1, ¢, +(n41)] = [cr,, ¢, +n] and [cq,, ¢, +n] N (A1, UAsy, UBoy, ) =0
by the inductive hypothesis and by (39), it suffices to show that no number from [c;, , ¢, + n]

by the inductive hypothesis. Hence the second part of (46) is true for n+1. For the first

is enumerated into A;, Az or By at any stage ¢ € [t, + 1,t,41]. In fact, since each such
enumeration is accompanied by an enumeration of a new number from [ into C at the same
stage and since I N Cy, 11 = I NCy, ., it suffices to show that no number from [c;, , ¢;, + n] is
enumerated into A;, Ay or By at stage t,, + 1. This means to show that a;, > ¢;, +n = c¢y,.

If n = 0, this is clear by definition of a4, in Case 1.3. If n > 0, by (42), there are at least
Y41 () numbers z € [y, + 1, a4,] which are not in A 4, U Aa s, U Byy,. Since at each of the
stages to+1,t1+1,...,t,—1 + 1 only one such number z is enumerated into A; U As U By, while
at stages t € [to+1,t,] —{to+1,t1+1,...,t,—1 + 1} there are no such enumerations, there are
still yp1+1(I) —n > yr —n > 0 numbers z € [¢;, + 1, a,| which are not in Ay, U Az, UBoy, -
Let y be the greatest such number. Then [¢;, + 1,y] was {p(|5’]) : 5’0 T [0}-safe at stage
to by (41). On the other hand each number z € [c;, + 1, ¢, ] has the form z = ¢, for some
m € [0,n — 1]. Since by the hypothesis {c,, } is {p(|7|) : 70 C 50}-safe at stage t,,+1, hence at
stage tn, it follows that [c;, + 1,9] is {p(|8']) : 8’0 T B0}-safe at stage ¢,,. Hence the number y
satisfies equations (43) to (45) with ¢,, instead of s. It follows that a;, >y > ¢4, .

This completes the proof of (46).

Now if 1 <n+1 < yg, then it follows from the second part of (46) (for n + 1) that 8 must
be active due to Case 2(b) at stage tp41 + 1.

If n+ 1=y, then [cr, ., +2,¢] = [cr, + 1, ¢, +ur] is {p(|8']) : B0 E B0}-safe at stage
tn as we argued above, and {cq, ., + 1} = {¢;, } is {p(|F]) : 8’0 T B0}-safe at stage t, 11 by the
hypothesis. Together with the first part of (46) this implies that 8 must be active due to Case
2(a) at stage tp4+1 + 1. O

Lemma 4.23. Let I be an a-interval. Assume that for some k € {0,...,u(I) — 1} there is a
sequence of minimal stages to < t1 < ... <ty (41 such that Cy, 1 N1 # Cy, N1 and I is
relevant above yy, := yr(I) at stage t, + 1 forn € {0,...,yx + 1}. Then there must be a stage
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t, such that a is ready for elimination at stage t,, + 1.

Proof. For n € {0,...,yx + 1} let B;, be the node that is active at stage ¢, + 1. For a
contradiction assume that « is not ready for elimination at any stage ¢, + 1.

If I would already become relevant above y; at a stage s + 1 before stage to + 1, then since
Cs NI = Cepq NI (by minimality of tp), o would get the interval I and a diagonalisation
witness assigned at stage s + 1. In this case a could only be active due to Case 1.4 at stage
to + 1 and never enumerate anything into C' N I after stage ty + 1, contradicting the fact that
Ctyk+1
I is demoted to B, at stage to + 1.

Let r be the greatest number in {0,...,yx} such that {c: } is {p(|8']) : B0 C S, 0}-safe
at stage t,41 for all n < r. If r = yi, then by Lemma 4.22 f;, is active due to Case 2(a)

NnI# Ctyk+l+1 N I. Hence I becomes relevant above y; at stage to + 1, i.e. 5, = o and

at stage t,, + 1. If r < yg, then by Lemma 4.22 3, is active due to Case 2(b) at all stages
t1+1,...,t. + 1. Then B;, must be active due to Case 2 at stage t,+1 + 1, too (because « is
not initialised but a new number from I is enumerated into C' at stage t,41 + 1). But since
{ct, ., +1} = {ct, } is not {p(|B']) : B0 E B, 0}-safe at stage t,41, By, is active due to Case 2(a)
at stage t,4+1 + 1.

This shows that there is a least stage t, with p < y;, such that 3;, is active due to Case 2(a)
at stage t, + 1. Then candy, () = I. Since « is not initialised or active due to Case 1.3 at
stage tp4+1 + 1 (otherwise I would not be relevant above y;, any more), it must be active due to

Case 1.2, proving the claim. O
Lemma 4.24. Let I be an a-interval and let
E={B:P0C a and p(|B|) is a join requirement} = {By, ..., B[ _1}

with BT P C...C BI/Elfl' Let yo = yo(I). Then fore € {0,...,|E|—1} there is no sequence
of minimal stages so < 51 < ... < 8|g|.y, Such that I is demoted to (B at stage s, + 1 for
n €{0,...,|E|-yo} and I is not demoted to any B, with e < & at any stage s € [so+1, 5|y, +1].

Proof. For a contradiction assume that there is such a sequence sg < s1 < ... < 8p|.y, for some

€. We show by induction on m that, for m € {0,...,|E| - yo},
Z Hw <cs, 1w d Weys, }H < (€+1) - (cs,, +1) —m, (47)
e=0

where p(|5L]) = 82(6?761762> for e < |E|.

For m = 0 (47) is trivially true, because |0, ¢s,]| = ¢s, +1 — 0.

Fix m < |E| - yo and assume that (47) is true for m. Define a sequence of stages s, =ty <
t1 <...<tpp1 = Smy1 such that {t;: 0 < g <p+1} ={t € [sm,Sm41] : INCy #INCyya}.

Let f3;, be the node that is active at stage t, + 1.
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4. Lattice embeddings into R, and R

We will show that, for all ¢ € {0,...,p} and all e < g,
Hw < Ctgyq W ¢ WEo,thrl}‘ < ‘{w < Ct, * W ¢ Weo)tqH -1 (48)
and that there is some ¢ € {0,...,p} and some e < & such that

|{’LU < Ctgyr * W ¢ W807tq+1}| < |{w < Ctg W ¢ W607tq}| -2 (49)

Then, using the inductive hypothesis (47) and ¢ty = s,, we know that
Z Hw < Cty - W ¢ Weo,t0}| < (é+ 1) ! (Cto + 1) —m,
e=0
and by (48) and (49) it follows that, for ¢ € {0, ..., p},
S 0 < Cugp 50 & Wepay i} < 641 (cip +1) —m— (g +1)- (64 1)
e=0
and
e
Z |{w < Ctpyr * W ¢ W€07tp+1}| < (é+ 1) ! (Cto + 1) —m— (p+ 1) ' (é+ 1) -1 (50)
e=0

Since ¢;,,, = ¢;, — 1 must hold for ¢ € {0,...,p}, we see that ¢, ., =ct,,, = ¢, — (p+1).
Using (50) this implies

Zl{wSCSmJA :w¢W€0,Sm+1}‘ < (é+1)'<cto+1)_(m+1)_(p+1)'(é+1)
e=0
= (e+1)-(cp—(p+1)+1)—(m+1)
= (é+1)~(csm+1+1)—(m—|—l),
i.e. (47) is true for m + 1. So to prove (47), it suffices to prove (48) and (49).

To prove (48), fix e < & and ¢ € {0,...,p}. Let p(|B]) = Hieo’ehezy Since T is demoted to
BL at stage s, +1 = to+ 1 and not demoted to any node below 3% at any stage t with tg+1 <
t <tpy1, it holds that 8, T B, C By, E &, and 04, (|BL]) =0, as well as 8, T 5L C By, ,, E 6.,
and &z, (|BL]) = 0. Since B, is active at stage ¢, +1 and 3, is active at stage t,41 + 1 (due
to Case 1.2, Case 1.3 or Case 2), it follows that

Lty (Fep.er.e0)) = e (P(182]) > max(I), (51)
lyis @leger,ea)) = Lt (p(1B2]) > max(I). (52)
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If B, = B,, then ¢ = ¢;, is enumerated into Az_; s, 41 — Az_i¢, OF By 41 — Biy, at stage
ty 41 (note that ¢;, ¢ Az, U By, by (39)). By (51) and (52) it follows that

~ W,

eq,t ~ W, s
ertor 1€+ 1) = Big,y, [ (c+1) # Big, [ (c+1) =@, 7" [ (c+1) (53)
or
< Wegt, = Weg,tq
ot T+ 1) = Ag iy, e+ 1) # Az, [(c+1) =D, 0% [ (c+1).  (54)
Since &, and &, are ibT-functionals, this implies
W607tq+1 r (C+ 1) 7é Wfio,tq f (C + 1)’ (55)

in particular there is some minimal z; < ¢, in W, = Weg ty-

On the other hand, if 5, C f;,, then some ¢ € {ay,, ¢;, } is enumerated into Az_;; 41—Az_i,

thq+1

or Bit, 11— B, at stage t,41. As above we can deduce (55) and there is some minimal zg <c
in Wey 4,1 — Weg,t,- In the case that ¢ = ¢, trivially 2g < i, In the case that ¢ = ay,, by
the conditions on a,, in Case 1.3 or Case 2 [¢;, + 1,a,] is {p(|5]) : /0 C By, }-safe at stage tg,
hence in particular [c;, +1,a,] € We, 4, It follows that 2§ < ¢, again.

Consequently,

{U) < Ctogpq * W §é Weo,tq+1} - {w < Cty + W ¢ Weo,tq} - {Z;}7
and (48) follows.

To prove (49), it suffices to show that for some ¢ € {0,...,p} and some e < €, ¢;, & We

0stg+12

whence 27 # ¢;, and
{U) < Ctgyr * W ¢ Weo,tq-u} C {w < Ctg W ¢ Wﬁo,tq} - {Z;’Ct{]}7

proving (49).

For a contradiction assume that for all ¢ € {0,...,p} and all e < ¢,

Ct, € We (56)

0 tg41°
Let I be relevant above yi(I) at stage to + 1 and let » € {1,...,p} be maximal such that
By, = BL (since T is demoted to 5. at stage to + 1, it must hold that 8;, = /%, hence such r
exists). Then from Lemma 4.22 we can conclude that r = y,(I) and that 5% is active due to
Case 2.2(a) at stage t, + 1. Since ¢;, +1 = ¢, , € We, ., by assumption, it must hold that
lee, +1,¢0,. +yp(D)] is {p(18]) : B'0 C pL}-safe at stage t, and [c;,. + 1, ¢, + yu(I)] N (A1, U
Az, U Bgy,) = 0. Indeed, then by (39), [min(1),¢;, 4+ yr(I)] N (A1, U Aoy, UBoy,) = 0. At
each stage t € {t, +1,...,t, + 1} at most one number from I is enumerated into A; U Az U By
and at stages t € [t, + 1,tp+1] — {t- + 1,...,t, + 1} no such number is enumerated into
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4. Lattice embeddings into R, and R

A1 ] A2 @] Bo. Hence |[Ctp+1 + 1, Ct,. + yk(l)] N (Alvthrl U AQ»tp+1 U BO,tp+1)| S P +1-—r. Since
llee, o + 1c, Fye(D)]| = o, +yr(I) — i,y =p+1 =7+ yp(I), it follows that

|{Z € [Ctp+1 + 1ﬂctr +yk(I)] Tz ¢ Al,tp+1 U A2,tp+1 U Bo,tp+1}| > yk(I) > Yk/ (I),

where [ is relevant above /(1) at stage ¢,,1. Moreover, since each ¢ € [¢;,,, + 1, ¢, + yr(1)]
is of the form ¢ = ¢;, for some ¢ € [0,...,p], by (56) we know that [c;,,, + 1,¢;. + yr(1)] is
{p(|8']) : ' © B and B0 C a}-safe at stage tp41, where 3 = 3L, ife < |[E| -1 and 8 = «
otherwise. But then by (41) and (42) at stage t,+1 + 1 the interval I is demoted to 8 or «
gets a diagonalisation witness from I assigned, contradicting the fact that ¢,41 = s;,41 and the
hypothesis that I is demoted to S at stage spy41 + 1.

This completes the proof of (49).

Now substituting m = |E| - yo in (47), we get

Z Hw < CS|E\.yO Tw ¢ W8075|E\-y0}| < (é+ 1) ’ (CS\E|.yO + 1) - |E‘ “Yo
e=0

(é+ 1) . (cs\El‘yo +1-— yo)

IN

Hence there must be some e < e with

|{w S CS|E\.y0 w ¢ WEO,S\E\.yO}‘

CS‘E|,y0 + 1- Yo

IN

< |[min(7), ¢s,5.,, ]I

Hw < Csippy - W E I and w ¢ At sy U Bo,s 1.0 Y B1,s15). U CS‘E‘_yO}\.

) Yo

Then « is ready for elimination at stage s|g|.,,, +1 and I is not demoted to BL, contradicting
the assumption.
O

Lemma 4.25. Let I be an a-interval such that I C C and such that there is a node [ with
B0 C a. Let Iy = [min(I),y,r(I)], let to < ... < t1y—1 be such that for n € {0,...,[Ilo] — 1},
at stage t, + 1 the number c;, =y, (I) —n is enumerated into C and let By, be the node that
is active at stage t, + 1. Then either « is initialised and the assignment of I to « is cancelled

at stage tr,—1 + 1, or candt‘10|71+1(a) =TI and a [L 65 for any s > t1,)—1-

Proof. We claim that there is some m € {0,...,|Io| — 2} such that « is ready for elimination
at stage t,, + 1. Let E= {8 : f/0C a} = {ﬁév""ﬁfE|—1} with B, C B1... C ﬁ"E‘fl. Note
that by the hypothesis E # (). By Lemma 4.23, if for some k € {0,...,¢(I) — 1} there is a
sequence of stages t, +1 < tpp1+1< ... <lpiy+1+1< tiry|—2 + 1 at which [ is relevant
above yy, := yx(I), then the claim is true.
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For a contradiction assume that there is no such sequence and no m as above. Since
candi,+1(a) = I at stage to+ 1 (when I becomes assigned to a), o must be active due to Case
1.3 at stage t; + 1 and I becomes relevant above y,(;)—1. Hence I is relevant above y,(1)(I) at
stage t,, + 1 if and only if n = 0. Using the assumption that I is relevant above y; at at most

yr + 1 many stages t, + 1 for k € {0,...,¢(I) — 1}, we see that there are at most

o(I)—1 2

1+ > (w+1) = 1+
k=0

—~
~

)—1
(2"(yo + k) +1)

i

o(I)—1

—~
~

(2-2%(wo+ k) —2%(wo + k) + 1)

(]

§

~ ?‘r
|
o

-1
< 1+ (2" (yo + (k +1)) = 2" (yo + k)

k=
n-1

[}

L

= 1+ (Yk+1 — Yr)

= 1+ym)—yo)
= |Ih| -1

—

E
[}

many stages t, + 1, n € {0,...,|Iy| — 1} at which T is relevant above some y(I) with k& > 0.
In particular, at stage #|7,—2 + 1 it is relevant above some y(I) with & < 0. Since I is relevant
above y,(r)(I) at stage to + 1, there must be at least «(I) + 1 many stages t;, +1,...,t;,, +1
(with 0 <ig < ... <) < |Io| — 2 chosen to be minimal) at which « is active due to Case 1.3

and the number y; that I is relevant above is decreased.
For e € {0,...,|E| — 1}, let
D, = {t S {tim - 7tiL(1)} : jObt_;,_l(ﬁ;) = I}

Then each t;,, 0 < k < (1) is in D, for exactly one e. We show that there must be some e
such that

1De| = (1E]-yo+1)- (Y [Der| +1). (57)
e'<e
If this were not true, then for all e < |E,

[Del < (I1B] - yo + 1) - (yo + 2)*, (58)

as we can see by induction on e: In fact, if (57) fails, then |Do| < (|E|-yo+1) = (|E|-yo+ 1) -
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4. Lattice embeddings into R, and R

(30 +2)2°, and once we have shown that [De/| < (|E|-yo+1)- (yo +2)2¢ for ¢/ < e, we see that

e

[Deya| < (IBl-go+1)- (D [Des|+1) [by failure of (57)]
e’=0

< (Bl yo+1)-O_(El-yo+1)- (yo+2)* +1) [by inductive hypothesis|
e’=0

(yo +2)%t2 -1

< El-yo+1)-((|E|-yo+1 1
< (B[ yo+1)-((IE]-yo+1) ot 271 )
2 (o +2)**? -1 :
< (IE|-yo+1)- (((yo+2)% - DW +1) [since 0 < |E| < |a| < yo]
= (1Bl go+1)- (yo+2)*“H,
proving (58) for e + 1.
But then it also follows that
(yo +2)21F1 = 4(I)+1 [by definition of +(I) and o]
|E]-1
= Z |De| [since (Do, ...Dyg—1) is a partition of {t;,,... %, }]
e=0
|E|—1
< D (El-yo+1)- (yo+2)* [by(58)]
e=0
|E|—1
= (El-yp+1)- Z (o +2)*
e=0
(yo +2)*1F —1
< +2)2oq). T o

= (yo + 2)2|E| - ]-7

which is not possible. This shows that (57) must be true for some e.

Let € be the least e such that (57) holds. Assume that Dz = {t;,,..
< 2y

J|IDg|-1"

} with tjo <
|D.| + 1 pairwise disjoint sequences of |E| -y + 1

: 7tj\Dé|71
Since there are at least ), _.

stages T, -+, iy 51y, in Dg, there must be at least one such sequence with

[tjn’tjn+\E|-yo] NnD, = (0 for all e < e. (59)

But the existence of such a sequence is a contradiction to Lemma 4.24. We have thus proven

that « is ready for eliminiation at stage ., + 1 for some m € {0,...,|lo| — 2}.

Now assume that « is not initialised at stage t|;,|—1 + 1. Let m < [Is| — 1 be such that « is

ready for elimination at stage t,, + 1, that is

He < iw @ Weor, 3| <{z < e, i e I}, (60)
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for some 30 C o with p(|8'|) = d%,, ¢’ = (€}, ¢}, eh). We claim that a is ready for elimination
at stage {41 + 1, too.
In fact, a requires attention at stage ¢,, + 1 and — since candy,, (o) = candy,, 41(a) =1 —
at stage t,,4+1 + 1. Hence
I, (35) > max(I)

and
ltmﬂ(ﬁiﬁ) > max([]).

Since (using (39)) c¢,, is enumerated into By ;, 11 — Byrt,, or As_iyr 4, 11 — As_ir4,, at stage

m

tm + 1, it follows that

We’ tm We/ stm
D, 0 (¢, +1) = Birgny | (et +1) # Birg,, (e, +1) =@, 2™ [ (¢, +1)

! !
e,tm41 el tm

or

elitm W, st
D (e, 1) = Azing [ e, + 1) F Az, [ (e, 1) =@, 0" [ (e, +1)

e’2¢m+1 5/27tm m

Consequently, since <i>e/1 and <i>e/2 are ibT-functionals, there is some z < ¢, in W,

lovt”m,+1 -
Wey t,,- Hence
o <y 0 EWepan|l <z <cr, i & Wep, 3 (61)
Also,
Hx <cpixel}=Ho<¢, xellf—1, (62)
since ¢4, = ¢t,,,, + 1.
Using (60), (61) and (62) it follows that
|{I < Ctpgr + L ¢ Wef),tm+1}| < ‘{I < Ctppyr T € I}| (63)

Hence « is ready for elimination at stage t,,41 + 1.

By induction, this shows that « is ready for elimination at every stage t, + 1, m' €
{m,...,|lo| — 1}. In particular, candy, ,_,+1(a) = I and [{z <min(l) : 2 ¢ Wer, =0
and it follows that for s > ¢7,—1

AW, o A We' ,t
<I>e,1€g’°(min(1)) =o, Z;“IOM (min(1)) = Bir s, (min(I)) = 0 # 1 = By s(min([I))
) sUIg|—1
if i/ =1 and

W, . ~ We’ , B
d ;f"b(min(l)) =&, 00l (1in(T)) = Az it ty -, (min(l)) = 0 # 1 = Bz_is s(min(I))

!’
et 19| -1

if i/ = 2.
Then 1,(J%,) < min(I) and « Z &, for all s > t|1,|—-1, Proving the lemma.
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O

Lemma 4.26. (i) Let 50 T 65 and let jobs(B)) = I be an a-interval. Assume that o < §5 and
for every 8" with 8’0 C 0 it holds that ls(p(|8'|)) > max(I). Then B requires attention and is
a-linked at stage s + 1.

(i1) Let « T 65 and let cands(a) = I. Assume that for every ' with 8’0 C « it holds
that 1s(p(|8'])) > max(I) and if jobs(8') = I' is an o' -interval, then o < o'. Then « requires

attention at stage s+ 1.

Proof. (i) From Lemma 4.25 it is clear that I € Cj, because otherwise, if the last enumeration
into I NC were at some stage ¢t < s, then candy (o) = I for all ' > ¢ until a becomes initialised
and the assignment of I to « is cancelled, contradicting the fact that jobs(8) = I. Note that
by (39) the numbers from I are enumerated into C' in decreasing order (unless the assignment
of I to « is cancelled, which does not happen until stage s). Moreover, for i € {1,2} and
j €{0,1,2}, a number b € I is enumerated into A; or B; at some stage only if a number ¢ € I
with ¢ < b is enumerated into C at the same stage. From these facts it follows that there is
¢s € I satisfying (39) at stage s and hence that § requires attention and is a-linked at stage
s+ 1.

(ii) Again, from Lemma 4.25 it follows that I € Cs (there is a node 8 with 80 C «, because
otherwise cands(a) were undefined at every stage). As in (i) we can conclude that ¢s satisfying
(39) exists.

Let 8 be the least node such that 50 C « and p(|8]) is a join requirement, if such a node
exists, and S = « otherwise. Then (41) is trivially satisfied for every y > c;.

At the stage so+1 when I is assigned to «, for c5, = y,(1)(I) there are y, 111 (1) =y, (1) —1
numbers z > ¢, with z € I — (A1 5, U Az 5, UBg s, ). Since a new number from I is enumerated
into A1 UAsU By only if a new number from I is enumerated into C, and since the numbers from
I are enumerated into C' in decreasing order, it still holds that there are y,(r)41(I) —y,(r)(1) —1
numbers z > ¢ with z € I — (A1 s U Ay ;U By 5). But

Yun+1) —ynl) -1 = 2 F (yo (1) + (o(1) + 1)) — 2/ (yo (1) + (1)) — 1
> 2'D(yo(I) + 1(1))
= ymn)
> yr(I).

for k < u(I). Hence for the greatest number y € I with y ¢ (A1 s U A2 s U By ), (42) is true. It

follows that as exists and « requires attention due to Case 1.3 at stage s + 1. O

Lemma 4.27. (i) Let « T TP. Then « is initialised only finitely many times.
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(ii) Let S0 C TP. Then for each interval I, there are only finitely many stages s such that
jobs(B) = 1.

Proof. (i) The proof is by induction on |a|. Let the claim be true for all ¢/ T « and let so
be a stage such that no o/ C « is initialised at any stage s > sg and such that a < §5 for all
s > sp. Such a stage exists by the True Path Lemma. Then whenever an interval is assigned to
some o' C « after stage sg, this assignment is permanent. Hence there are only finitely many
o’-intervals for o/ C « defined during the construction. Whenever « is initialised at some stage
s > sp, this is because some o C « is active at stage s. Then either o/ gets a diagonalisation
witness assigned at stage s — which is possible only once for each o', because these assignments
are permanent, too —, or a new number from some o’-interval is enumerated into C' at stage s,

which by the above observation can happen only finitely often. The claim follows.

(ii) For a contradiction assume that there is some least node 50 C TP such that there exists
an a-interval I with jobs(8) = I for infinitely many s. Note that jobs(8) = I for almost every
s. This holds because whenever jobs(8) = I and jobsy1(8) # I, then either « is initialised at
stage s+ 1 and jobs (B) # I for all 8 > s+ 1, or § is active due to Case 2.2 and a new number
¢s is enumerated into I N Csy1 — I N Cs. Since [ is finite, the latter can happen only finitely
often.

Let so be the least stage such that jobs(f) = I for all s > s¢. In particular, for s +1 > sq,
« is not initialised at stage s + 1; hence a < ds. By the fact that S0 C TP, it holds that
limg o0 Is(p(|8])) = oo for every B’ with 5’0 C 0. Hence at almost every B0-stage s > s¢ it
holds that 80 C és, a < d5 and I5(p(|8'])) > max(I) for 5’0 C 0. By Lemma 4.26 3 requires

attention and is a-linked at stage s + 1 for each such s.

Note that by the True Path Lemma there are infinitely many [0-stages. We can now
conclude that 5 must be active at infinitely many stages s > sg. Let s; be the least 50-stage
after stage sg such that [ requires attention and is a-linked at stage s + 1 whenever s > s
is a B0-stage. Then no node o/ 3 B0 is active at stages s > s;. This implies that there are
only finitely many o’'-intervals with o/ 3 80 defined during the construction. By the True Path
Lemma, the same holds for o/-intervals with o/ <; $0. Finally, since 80 is initialised only
finitely often by (i), there are only finitely many o’-intervals with o/ C S defined during the
construction. Hence by minimality of 3 there is a stage s > s1 such that for all 8/ C S, all
o/-intervals I’ with o/ < 80 or ¢/ 3 80 and all s > sq, jobs(8') # I'. In other words, whenever
I' = jobs(B') for such B, I’ and s, it holds that 50 <, «'.

Hence no 3’ C S requires attention due to Case 2 at any stage s + 1 where s > s3 is a
B0-stage. Moreover, no o’ C /3 requires attention due to Case 1.1, Case 1.2, Case 1.3 or Case
1.4 at any stage s > s3, because otherwise 0 and « were initialised and I # jobs11(3). It now
follows that [ receives attention and is active at every stage s + 1 where s > s3 is a 0-stage.

Hence f is active due to Case 2 infinitely often.
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But each time that happens, a new number from [ is enumerated into C', which is impossible.

This is a contradiction, so the claim must be true. O

We are now ready to show that all requirements are satisfied.

Lemma 4.28. [t holds that Al <ibT Bo,Bl <ibT C, A2 <ibT Bo,BQ <ibT C, BQ = AO @] Al
and AgNA; = 0.

Proof. The desired reductions hold by permitting. This and the fact that J° is true can directly
be verified by considering the conditions and the respective actions in the various cases of the

construction. O
Lemma 4.29. Every meet requirement M2 (e = (eg, e1,e2) € N) is satisfied.

Proof. Let n = p~1(M?) and let v = TP be the unique node of length n on the true path.
Assume that the premise of MY is true, that is W, = @fll = @5;2 (otherwise M is trivially
satisfied). Since v0 = TP by the definition of the true path, due to the True Path Lemma there
are infinitely many ~y0-stages. By Lemma 4.27 (i), there is a y0-stage sp such that 40 is never
initialised at any stage s > sg. Then for no node o < v any numbers from an a-interval are
enumerated into By or By at any stage s > sg.

Now, in order to compute We (x) for some given x, compute the least y0O-stage s; >
max({sg,z}) such that I, (MY) > z, such that I, (p(|8])) > max(I) for every node 80 C 70 and
every interval I assigned to any node up to stage z, and such that < min(I") for every interval
I’ such that jobs, (8) = I' for some S0 C 40. Such a stage exists because lims_, o0 Is(p(]3])) = 00
for all 0 C 40 and by Lemma 4.27 (ii). We claim that x € W, if and only if z € W,

Let s1 < so < ... be the sequence of y0-stages, starting with s;. An inductive proof shows

0,51 "

that for every n > 1, there is at most one interval I with min(I) < x and jobs(8) = I for any
$ € (Sn,Sn+1) and any 50 C ~0. Indeed, any such interval I must be an a-interval for some
a 3 ~0. This is true because if I is an a-interval with a < ~0, then I # jobs, (8) for any
B0 C ~0 and I is never demoted at stages t > sg (otherwise 40 would be initialised at stage t);
if I is an a-interval with 40 <y, «, then the assigment of I to « is cancelled at stage s; + 1, or
I only becomes assigned to « after stage s; + 1, in which case min(I’) > s; > x.

So let above claim be true for n — 1. By the inductive hypothesis there is at most one
interval I with min(7) < x and jobs, (5') for any 8’0 C ~40. If there is no demotion of such an
interval at stage s, + 1, then the same holds with s, + 1 in place of s,,. On the other hand,
if any a-interval I with min(J) < z is demoted to any § with 50 C ~0 at stage s, + 1, then
for all 5’0 C « (hence by the argument from the previous paragraph, for all 5’0 C ~0) and
all o/-intervals I' with jobs, (') = I' it holds that o < o and in fact a < o/, because a can
only have one interval assigned at any time; but then all these o/ are initialised at stage s,, + 1
and jobs, 11(B’) is set to undefined for all such 5’ # 3. Hence I is the only interval I’ with
min(I") <z and jobs, +1(8") = I’ for any 5’0 C ~0.
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Furthermore, at stages t + 1 € (s, + 1, $,,41] there are no demotions of a-intervals I with
min(J) < x, because otherwise 70 C « C §;, as we argued, contradicting the choice of s,, and

Sn+1- This shows that the claim above holds for n.

We claim that, for n > 1,
By, [ (x+1) =By, [(w+1)or Byy, , [(x+1)=DBa,, [ (x+1). (64)

Indeed, the only way that numbers y < x can be enumerated into B; or By at stages s + 1
with s, +1 < s+ 1 < s,41 is because some node § with S0 C ~0 is active due to Case 2
and y is enumerated into an a-interval I = job, (), or because y does belong to an o’-interval,
where o’ is initialised at stage s + 1. As we have argued, the first reason holds for only one
interval I. Since o £ 05 for any s € (Sp, Sn+1), the interval I is not demoted at any stage
s+1€ (sp+1,8,41]. But between two demotions of I numbers from I are enumerated into at
most one of By or By (because each node (8 performs enumerations into at most one of these
sets when it is active due to Case 2). On the other hand, if y belongs to an o’-interval, where
o’ is initialised at stage s + 1, then o/ 3 70, since nodes o’ < 0 are not initialised and nodes
o’ >, 70 have intervals I’ with min(I") > x assigned. But then o’ is only initialised because
some B0 with S0 C ~0 is active due to Case 2 at stage s + 1, and y is enumerated into B; if
B enumerates some number into B; and into By otherwise. This shows that we may neglect

enumerations into B; or By which are due to initialisation at stages s with s, +1 < s < sp,41.

Hence
Bl,sﬂ,+1 f (‘T + 1) = Bl,sn—i-l T (l’ + 1) or BQ,sn_H T (l’ + 1) - B2,sw,+1 f (:C + 1) (65)

Assume that By, ., [ (x4 1) # Bis,41 [ (4 1). Let I be an a-interval such that some
y € I with y < x is enumerated into B; at some stage s € (s, + 1,8,41]. Since I is not
demoted at any such stage s, there is some S with 50 C ~0 such that either jobs (8) = I or
I is demoted to 3 at stage s, + 1. If I is demoted at stage s, + 1, then p(|3|) = J!, for some
€', because the enumeration of y into B; must be caused by § being active due to Case 2.
Then no number is enumerated into I N By at stage s, + 1, that is Ba s, [ (x+1) = Bag, +1 |
(x+1) = Ba,, . [ (x+1) by (65). If I is not demoted at stage s, + 1, then 30 C 70 C d,, and
a < d,, (otherwise o were cancelled at stage s, +1 and y would not be enumerated later). Also,
ls, (p(18'])) = s, (p(18'])) > max(I) for all 8’ with 5’0 C 80 (note that I must become assigned
to a up to stage x, because after stage = only intervals I’ with min(I’) > x are assigned to
nodes). By Lemma 4.26, 8 requires attention at stage s,, + 1. Since there are no nodes ' with
8’0 C 50 and jobs, (B') = I' for any I’ with min(I’) < z and since no node o’ C § can be active
due to Case 1.1, Case 1.2, Case 1.3 or Case 1.4 at stage s, +1, no node below § enumerates any
number z < z into By at stage s, + 1, while by 3 requiring attention nodes above 8 cannot be
active at stage s,, + 1. If 8 is active at stage s,, + 1, then there is neither an enumeration into

B at stage s, + 1, because otherwise this enumeration would be a number from I — but then
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again there were no enumeration of numbers from I into B; until the next demotion of I, that
is until stage s,41. Hence in all cases Bo s, [ (x +1) = Bos,41 [ (x4+1) = By, [ (x4 1).
This completes the proof of (64).

From (64) it follows that, if ¢ W, inductively

0,517

q)eBll,Z:nn (33) = (I)S;Z,ésf (m) = Weq,sn (33) =0.
This is true for s1, because I, (M2) > z. If it is true for s,,, then By 5, ., | (z+1) = By, |
(x4+1)or By, ., [ (x+1)=DBas, [ (x+1). If,say Bi1s,,, [ (x+1) =By, | (x+1), then

0==00rm(z) = @01 onti(x) = 22001 (2) = Wey s, (1),

proving the equality for s,1.
Since We, (x) = limy,—, 00 W,

€0,Sn

(x), this implies that W, (x) = 0. O
Lemma 4.30. Every meet requirement M. (i € {1,2}, e = (eg, e1,e2) € N) is satisfied.

Proof. Let n = p~1(M) and let v = TP be the unique node of length n on the true path.
Assume that the hypothesis of M is true, that is W, = <i>£° = Ci)f; (otherwise M is trivially
satisfied). Since v0 = TP by the definition of the true path, due to the True Path Lemma there
are infinitely many ~0-stages. By Lemma 4.27(i), there is a y0-stage so such that 40 is never
initialised at any stage s > sg. Then for no node @ < v any numbers from an a-interval are
enumerated into By or B; at any stage s > sg.

Now, in order to compute W, (z) for some given x with oracle A; | (z + 1), compute the
least y0-stage s; > max({sg,x}) such that A; s, | (z+1) = A; | (z+1), such that ls, (M?) > =,
such that I, (p(|8])) > max(I) for every node S0 C ~0 and such that x < min(I’) for every
interval I’ such that jobs, (8) = I' for some S0 C v0. Such a stage exists by Lemma 4.27 (ii).

Let s1 < s < ... be the sequence of y0-stages, starting with s;. We claim that, for n > 2,

B0,3n+1 r ($ + 1) = BO,sn, r (1’ —+ 1) or Bi,sn+1 F (SC —+ 1) = Bivsn r (,I + 1) (66)

For a contradiction, assume that there are minimal stages tg,t; € [$n, Spt+1) and numbers
Yo, Yi < x such that yo € By 1,41 — Do, and y; € Bj¢,+1—Bi+,. There must be some ag-interval
Iy such that yy € Iy and some «;-interval I; such that y; € I;.

Note that v0 C ap and 70 C «;: By the choice of sy there are no enumerations into a-
intervals for o < y after stage sg, and nodes o > 70 are initialised at stage s; + 1 and only
assigned intervals I with min(I) > x after stage s; + 1.

We consider the following cases.

e Assume that ag # «; and neither ¢ is initialised at stage to + 1 nor «; is initialised at
stage t; + 1. Since ay # «y, it follows that Iy # I;. Then also ty # t;. Hence there
is j € {0,¢} such that ¢; > s,. Let By and 3; be the nodes which are active at stage
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to + 1 and t; + 1, respectively. Necessarily 3; C «;; in fact §; C v, because 70 £ d;; and
B C d¢;. It follows that j3; is active due to Case 2 at stage t; + 1. Hence job, (3;) = I,
and in fact jobs,+1(B;) = I;, because «; is not active and cannot demote I; at stages
s € (sp +1,8p41]. There are two cases: Either job,, (8;) = I;, or I; is demoted at stage
Sn + 1.

If the second case holds, i.e. I; is demoted at stage s,, + 1, then «; is active and o;_j is
not active. By the conditions on demotion of I, if a;—; < «;, then there is no node §’
with 8’0 C ~0 and jobs, (8") = I;,_;; then, since I;_; is not demoted at stage s, + 1 and
cannot be demoted at any stage s € (s, + 1, $p,11], there is no node 8’ with 8’0 C ~0 and
joby,_,(B') = Ii—;; but then 40 C B;_; and B;_; cannot become active at stage t;_; + 1,
a contradiction. On the other hand, if o;; < ov;—;, then «a;_; is initialised at stage s, + 1,

which implies that ¢;_; = s, and contradicts the assumption on ag and «;.

If the first case holds, i.e. jobs, (8;) = I;, then there is no node ' with 8’0 C ~0 and
jobs, (B") = I;_;. Indeed, otherwise there were a stage s < s, such that jobs(8') = I;_;
and I; were demoted at stage s 4 1, or the other way round. Again, this would lead
to the contradiction that one of ag and a; would be initialised at stage s + 1. It holds
that a; < J,, (otherwise a; were initialised at stage s, + 1, a contradiction again),
B0 C ~0 C d,,, and for every 5’0 C 5,0 we know that I, (p(|8'])) > ls, (p(|5'])) > max(I)
by the choice of s;. Hence by Lemma 4.26 (a) 8; requires attention at stage s, +1. A
fortiori, o;_; is not active and I;_; is not demoted at stage s, + 1. Again, since I;_;
cannot be demoted at any stage s € (s, + 1, $p41], there is no node ' with 8’0 C 70 and

jobs,_(B') = I;—j; then f;_; cannot be active at stage ¢;_; + 1, a contradiction.

Assume that «; is initialised at stage ¢; + 1. Then y; is enumerated not only into B;, but
also into A; 4,41 — Ai, (note that y; = min(I;) ¢ A, ,, because whenever a number from
I; is enumerated into A;, then the same or a smaller number from I; is enumerated into
B;; hence if min(I) were in A; 4, then it would also be in B, ;). This contradicts the

choice of s7.

Assume that «q is initialised at stage tg+ 1 and that tg > s,,. Then there is a node 8 < «gq
which is active at stage to + 1. By the choice of sg, 8 £1 70, and since 70 IZ d;,, neither
B 3 ~0. Hence 8 C ~. Again by the choice of sg, 8 can only be active due to Case 2 and
is a-linked for some o > ~0 at stage to; in particular, job,(5) = I for some a-interval I.
By the fact that g is initialised at stage to + 1 it follows that 70 C o = o/. Then I was
assigned to « before Iy was assigned to ag, and hence max(/) < min(ly) < z. At stage
to + 1 some number 2y € I is enumerated into By. Hence we can substitute yg by 29 and

ap by a and are in the case that «q is not initialised at stage tg + 1.

Assume that «q is initialised at stage to +1 = s, + 1, but «; is not initialised at stage

t; +1. If t; = s,, then y; is enumerated into B; at stage s, + 1 and some number is
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enumerated into A; 5 41 — A;s,. But then yo is also enumerated into A; 5, 11 — A; s,

contradicting the choice of s;.

Hence t; > s,. Let 8; be the node which is active at stage t; + 1. As in the first case
considered above we conclude that either «; is active at stage s, + 1 and I; is demoted
to B, or jobs, (B;) = jobs,+1(8:;) = I;. Since (; enumerates y; into B; by being active
due to Case 2, it must hold that p(|3;]) = J% (¢’ € N). Hence if I; is demoted to 3; at
stage s, + 1, then ag, is enumerated into A; s, +1 — A;s,; then by the instructions for
initialisation yo is enumerated into A; s, +1 — A, , too, contradicting the choice of s;.
On the other hand, if jobs (8;) = jobs,+1(8i) = I;, then as in the first case above we
argue that 3; requires attention at stage s, + 1, and similarly to the argument above we
see that for all nodes o’ J ~0 there is no «o'-interval I’ with jobs, (8') = I' for any g’
with 8’0 C 40. The latter holds for nodes o/ <p, ~0, too, because if jobs, (') = I’ for
an o/-interval I’ with o/ <p v, then by Lemma 4.27 there is a least stage s > s, with
jobs, (8') # I; then o is initialised at stage s or 3’ is active and «o/-linked at stage s — in

either case, 70 is initialised at stage s, contradicting the choice of sg.

It follows that no node 8’ C 3; requires attention due to Case 2 at stage s,, + 1. Hence 3;
receives attention and is active due to Case 2 at stage s, +1. Then (; enumerates a number
into A; 5, +1 — Ai s, , and hence by the instructions for initialisation yq is enumerated into

Ais,+1 — Ais,, too, contradicting the choice of s;.

e Finally, assume that none of the above holds, i.e. ay = «; and neither aq is initialised
at stage top + 1 nor «; is initialised at stage ¢; + 1. Then for j € {0,¢} the interval I,
must already be assigned to ag up to stage s, + 1, because «; is not active at any stage
s € (S, +1,8p41]. In fact I; must be assigned to g at stage s, or s, + 1. It now follows
that Iy = I;, because « has only one interval assigned at any time, and if « were initialised

at stage s, + 1, then it would not get a new interval assigned at stage s,, + 1.

If tg =t; = sy, then yo is enumerated into A; 4,41 — A +,, contradicting the choice of s;.
If s,, < t;, let B; be the node that is active at stage t;4+1. Then again job, (8;) = Iy. Since
y; is enumerated into B; at stage t; + 1, it holds that p(|3;]) = J% (¢’ € N). Moreover,
as above, [; is active at stage tg + 1, or I is demoted to 3; at stage to +1 =s, + 1. In
either case, yo is enumerated into A; ;1 — A, ¢, contradicting the choice of s;. The case

that s, = t; < tg leads to a contradiction in a similar way.

Now from (66) it follows that, if = ¢ We, s,, then for n > 2,
PBosn () = @Bisn(z) = W, 4, () = 0.

€1,5n €2,5n

This is true for n = 1, because I, (M%) > I, (M%) > z. If it is true for sy, then By, ., | (z+
1) =By, | (x+1)or By, ., [ (x+1) = By, | (x+1). If,say Bos,,, [ (x+1) = Bos, [ (z+1),
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then

£ By, __ &B 2B, _
O = (I)elo,ssnn (3?) - q)el(igg,:rll (.’17) - (I)e;”;:Ill (.’17) - W€0,8n+1 (:13),

proving the equality for s, 1. The case that B; s, ., [ (x4 1) = B, [ (x + 1) is analogue.
Since We, (x) = limy,—y 00 We, s, (), this implies that W, (x) = 0.
Hence We,(x) = W, 5, (x), and We, <ipr A;. O

Lemma 4.31. Every join requirement 3% (e € N, i € {1,2}) is satisfied.

Proof. Let n = p~1(3%) and let 8 = TP be the unique node of length n on the true path. For
e = (eg, e1,e2), assume that the premise of J¢ is true, that is B; = @ZO and As_; = @Zﬁo
(otherwise J¢ is trivially satisfied). Since 30 = TP by the definition of the true path, due to the
True Path Lemma there are infinitely many S0-stages. By Lemma 4.27(i), there is a S0-stage
sp such that B0 is never initialised and no node a < 0 is active due to Case 1 at any stage
s > Sp.

Now, in order to compute C(z) with oracle W, | (z + 1) for some given z, using the oracle

compute the least S0-stage s; > max({sg,z}) such that
Wepsa [ (@+1) =W, [ (z+1) (67)

and I, (3%) > .

We claim that € C if and only if x € Cs,41. If © ¢ I for any interval I assigned to
any node during the construction, this is clearly true. So assume that x € I, where I is an
a-interval.

Since at stages s > s1 only intervals I’ with min(I’) > s; > x become assigned to any node,
I must be assigned to a at some stage s < s;. If @ < 0, then z is not enumerated into C' at
any stage s > s1, because otherwise S0 were initialised at stage s, contradicting the choice of
s0. Furthermore, if 80 <, a, then Js, <r, o, whence « is initialised at stage s; +1 and I is not
assigned to « at any stage s > s1; then there are no enumerations of numbers from I into C' at
stages s > s1 + 1.

Hence it suffices to consider the case that 0 C «. For a contradiction assume that C(x) #
Cs,+1(x), i.e. that = enters C at some stage s +1 > s1 + 1. We now consider the possible cases

why x enters C' at stage s + 1. Let 85 be the node which is active at stage s + 1.

e If o is initialised at any stage ¢t + 1 with s1 +1 <t +1 < s+ 1, then y = min(I) < z is

enumerated into B;¢11 — B; ¢ or As_; 441 — As_;+. Then

SV, S W,

e, (y) = Bi(y) =1 #0= B 5, (y) = e, 78, () (68)
or
& We 2 Wep,s1
e, (y) = As-i(y) =1 # 0= As_i 5, (y) = Pes'si™ () (69)
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So there must be some z < y < x in W, — We, s,, contradicting the assumption. Hence

for the remaining cases we may assume that « is not initialised up to stage s + 1.

e If 3, is active due to Case 1.2, Case 1.4 (b) or Case 2 (a) at stage s + 1, or if s is
active due to Case 1.4 (a) and i = 1, then x = ¢, is enumerated into B; 541 — B; s or
As_j s41 — As_i s at stage s + 1 and it follows that (68) or (69) is true with = in place of
y. Again it follows that there must be some z <z in W, — We, s, .

o If B, = «v is active due to Case 1.4 (a) at stage s + 1 and ¢ = 2, then there is some stage
t+1 < s+ 1 such that x = ¢; and (¢, a;) has been assigned as diagonalisation witness
to a via Case 1.3 at stage t + 1. By (41) [e; + 1, a;] was {J}-safe at stage t. By the
hypothesis of Case 1.4, I5(p(|5])) > a; and y = a; is enumerated into Az_; s+1 — Az_; 5.
Then

ey (y) = As-i(y) = 1 # 0 = Ag_is(y) = Der” (). (70)
Since <i>62 is an ibT-functional, there must be some z < y in W, — W, . But since
[T+ 1,y] =[c+1,a;] C Wyt C Wey s, it follows that z < z, contradicting the choice of

S1.

o If Bs = « is active due to Case 1.3 at stage s+ 1 and I is demoted to some 3" with 8 C 3/,
or if 8/ = B, is active due to Case 2 (b) and 50 C S50, then z = ¢; and x is enumerated

into B; s41 — Bi,s or y = as is enumerated into As_; s+1 — As—;s. Then

W, £ Weg.s

bey0 () = Bi(x) = 1 # 0 = By o(w) = ber 9" () (71)
bero(y) = Az—i(y) = 1 # 0 = Az ,(y) = Ders" (y). (72)

If the first inequality holds (in particular, this is the case if 5 = '), there must be some
z < ecs =z in We, — We, 5. If the second inequality holds, there must be some z < a5 in
Wey — We,.s. Since 0 T £'0 in this case, by (41) or (45), respectively, [cs + 1, as] € W, s-

Hence z < ¢y = x again.

e If By = « is active due to Case 1.3 at stage s + 1 and I is demoted to some ' with
B C B, orif B/ = B is active due to Case 2 (b) and 850 C 30, then by Lemma 4.27
there is a least stage s’ > s such that jobg (8') = I # jobs11(8’). If « is initialised and
the assignment of I to a cancelled at stage s’ + 1, then I € Cs by Lemma 4.25, and in
particular min(I) ¢ C,, hence min(I) ¢ A; ¢ U Ay o U By g U By ¢ U By . Then for
y = min(I) < z the same analysis as in the first case above shows that there is some

z<zin We, — W,

0,51°

If I is not cancelled at stage s’ + 1, then 5’ must be active due to Case 2.2 (a) at stage

s'4+1> s+ 1. As we have seen above, then some z < ¢y < ¢, =  enters W, — We ;.
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In all cases we have arrived at a contradiction to (67). Hence C(x) = Cs,4+1(x), completing

the proof of the lemma. O
Lemma 4.32. Every diagonalisation requirement DI (e € N, j € {0,1,2}) is satisfied.

Proof. Let o — TP be the unique node of length 3e + j on the true path. By Lemma 4.27 and
the True Path Lemma, there is some stage sg such that for any stage s > sg, « is not initialised
at stage s and for all o/ < «, all S0 C « and every o/-interval I, jobs(5) # I.

For a contradiction assume that « has no interval assigned at any stage s > sg. Then no
o' 3 « is active after stage sg, because o requires attention at every a-stage s > sg. For any
a-stage s > so some node 8 C « must be active at stage s + 1 and enumerate some number
¢ in Cgy1 — Cs, where ¢ is in an o/-interval for some o' < §,. Since no o’ J « is active after
stage sg, almost all of these enumerations are into o/-intervals with o < «. But by the choice
of stage sp no such enumerations are possible.

Hence there must be a least a-stage s; > so such that a has some interval I assigned at
stage s; + 1. Since « is never initialised after stage s;, I is assigned to « at all stages s > s1 + 1.
Since s; > s¢ and by the choice of sg, for all s > s; it holds that either o has a diagonalisation
witness (x,y) with x,y € I assigned at stage s or cand,s(a) = I.

Since o C TP, there is an a-stage so > s1 + 1 such that I, (p(|8])) > max(I) for all 50 C a.

For a contradiction assume that cands(«) = I for all s > s5. By Lemma 4.26 (ii) « requires
attention at every stage s + 1 for which s > so and s is an a-stage. Hence no node above «
is active after stage s and there are only finitely many intervals assigned to such nodes. Let
$3 > 8o be an a-stage such that for all § with 80 C o and all « C o/, there is no o'-interval I’
with jobs(f8) = I'. Such a stage exists by Lemma 4.27. Nodes o/ C « do not require attention
due to Case 1.1, Case 1.2, Case 1.3 or Case 1.4 at any stage s + 1, where s > s3 is an a-stage,
because otherwise o were initialised, and they do not require attention due to Case 2 at such a
stage s + 1, because if jobs(8) = I' for some 8 with 50 C «, then I’ is an «’'-interval for some
o' > «, hence o’ > §,. It follows that « is active at every such stage s + 1. In fact, since
« has no diagonalisation witness assigned at stage s and since candsy1(a) = I by assumption,
a must be active due to Case 1.2 and enumerates the number ¢; € I into Csy1 — Cs. But
since there are infinitely many a-stages, this implies that infinitely many numbers from I are
enumerated into C, which is impossible.

Hence there is a stage s > so such that cands(a) # I and « has a diagonalisation witness
(z,y) with z,y € I assigned at stage s.

Let (z,y) become assigned as diagonalisation witness to « at stage 5+ 1. Then z ¢ Ay 541U
Az 511U Bosy1 UBysp1 UBg sy UCsy.

Case A: je{1,2}

Then « is active due to Case 1.1 at stage s+1 and y = x+e+2. Now if z is never enumerated
into Bj, then Bj(z) = 0 # Pola— (z): For a contradiction assume that dpl- () = 0. Then
there is an a-stage s4 > max({5,s2}) such that Is(p(|8])) > = + e + 2 for all § with 80 C a,
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As_js, (x+e+1)=A3_; [ (r+e+1) and &)é‘:’;f'“ () = 0. By the choice of s4 > s9, «
requires attention due to Case 1.4 at every stage s + 1, where s > s4 is an a-stage. Similar as
above we can argue that a must be active at some such stage s + 1, whence x is enumerated
into Bj, contradicting the hypothesis.

On the other hand, if z is enumerated into B; at some stage t + 1 > 3, then, since a is not
initialised after stage s, a is active due to Case 1.3 at stage t + 1 and

Bj(x) =1+#0=Bj,(x) = .2 (x).

Since ﬂ;43_j"(x) < z + e, it suffices to show that As_j; [ (x +e+1) = As_; | (x +e+1),
because then i)éi’j’t(x) = ol (x) and D? is satisfied.

But this is true because there are no enumerations into As_; from any o/-intervals with
o' < « after stage ¢ (otherwise a would be initialised and I cancelled), while nodes o with
a < ' are initialised at stage t + 1 and only get intervals I’ with min(I’) > max(7) assigned

at later stages.

Case B: j =0

If there is no S0 C «, then « is active due to Case 1.1 at stage §+ 1 and «(I) = 0,
I=[2,2-(x+2)), and since e < |a| < z it holds that yo(I) = z+ 1 < z + e + 2 < max(J).
Theny =x+e+2¢ A1 541U Az 501 UBysyr.

If there is some 80 C «, then « is active due to Case 1.3 at stage 5 + 1, and by (42)
[z + 1L, 9]l = |[es + 1,y]| = yx(I) > x > min(I) > |a| > e, where I is relevant above yi(I) at
stage §, hence y > x + e+ 1. Moreover, y ¢ Ay 511 U Az 541 U By 511

Now if  is never enumerated into C, then C(z) = 0 # ®5°(z): For a contradiction assume
that ®50(z) = 0. Then there is a stage 54 > max({sy,5}) such that By, | (x+e+1)= By |
(x+e+1) and éfg;&l (x) = 0. By the choice of s4 > s2, « requires attention at every stage
s+ 1, where s > s4 is an a-stage. Similar as above we can argue that o must be active at some
such stage s + 1, whence x is enumerated into C, contradicting the hypothesis.

On the other hand, if x is enumerated into C' at some stage t + 1 > s, then
C(z) =1#0=Cy(z) = D (2).

It suffices to show that By, [ (x +e+1) = By | (z + e + 1), because then éfg‘(az) = ®bo(x)
and D is satisfied.

But this is true because there are no enumerations into By from any o/-intervals with o/ < «
after stage t (otherwise @ would be initialised and I cancelled), while o/-intervals with o < o’
are cancelled at stage t + 1 and nodes o’ > « are assigned intervals I’ with min(I’) > max(I)

at later stages. O

This completes the verification and the proof of Theorem 4.18.
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In the search for a characterisation of the finite lattices for which a lattice embedding into

R exists, the notion of a so-called critical triple turned out to be of interest.

Definition 4.33. Let P = (P,<p) be a partial order. A critical triple in P is a triple
(bo,b1,b2) € P32, such that by, b; and by are pairwise incomparable, by V by = by V by and

b1 A ba < bg (in particular, the two joins and the meet exist).

For example, Downey [Down 90] showed that if a lattice £ has a critical triple, then there is
a c.e. Turing degree a # 0 such that there exists no lattice embedding of £ into (R (< a), <),
where Rr(< a) = {b € Ry : b < a}. He conjectured that the converse were true as well, that
is, if £ has no critical triple, then there is a lattice embedding of £ into every initial segment
Rt (< a) with a # 0. This conjecture was later refuted by Lempp and Lerman [Lemp 97], but
only by giving a rather complicated lattice with 20 elements in its domain as a counterexample.

Since the 87 is lattice embeddable into R, for r € {ibT, cl}, we get the following result as a

corollary.

Corollary 4.34. For r € {ibT,cl} there exists a critical triple (bo,b1,b2) in R, such that
b1 Aby =0.

Proof. For a lattice embedding h of the 87 into R, preserving the least element, such a triple
is given by (h(b())a h(b1)7 h(b2)) O

4.7 Embedding the M;j

So far all our results on lattice embeddings were the same for R;,r and R as for R and Ry
Now, investigating lattice embeddings of the M3 into Ry, and R preserving the least element,
we will see that here the situation looks different.

Note that a critical triple (bg, b1, b2) in R, with by A by = 0 would give rise to a lattice
embedding h of the M3 preserving the least element into R,. if by V ba = bg V by and (bg, by)
and (bg, bz2) both were minimal pairs. We could just set h(a) = 0, h(b;) = b; for i € {0, 1,2}
and h(c) = bg Vb;. However, a critical triple with these additional requirements does not exist
in R, for r € {ibT,cl}.

To prove this, we need the following lemma, which is the dual of Lemma 3.19.

Lemma 4.35 (cl-wtt-Meet Lemma [Ambo 13b]). Let By,..., B,,C be c.e. sets such that
dege(Bo) A ... Adega(Bn) = deg(C).

Then
degwtt (BO) AN degwtt (Bn) = degwtt (O)

Proof. Let W be a c.e. set such that W <yt By, ..., By. For k€ {0,...,n}, let W = <I>fk’< and
let fi, be a computable function such that uZ*(z) < fi(z) for every z. Let f be a computable,
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strictly increasing function such that fi(z) < f(z) for every = and every k € {0,...,n}. Then
Wy ={f(z) 2 € W} <a Bo,...,By,: To compute W¢(y) with oracle By, first check whether
y = f(x) for any z; if not, then Wy (y) = 0. Otherwise Wy (y) = ®5*(x), hence we can compute
Wy (y) with a use bound of fx(z) < f(z) =y.

Since degc1(Bo) A. .. Adege(By,) = deg. (C), it follows that Wy < C, in particular Wy <yt
C. But since Wy = W, it holds that W < C, proving the lemma. O

Lemma 4.36. (Ambos-Spies, Bodewig, Krdling, and Yu [Amboc]) Let r € {ibT,cl} and let
h:{a,bg,b1,ba,c} = R, be a lattice embedding of the M3 into R,.. Then h(a), h(bg), h(b1), h(b2)

and h(c) are all contained in the same wtt-degree.

Proof. Let A € h(a), By € h(by), By € h(b1), Ba € h(bz) and C € h(c) be c.e. sets. We need to
show that degwit(A) = degwit (Bo) = degyit(B1) = degwtt(B2) = degwit (C).

For a contradiction, first assume that degyit(A) # degwtt(C). Since h is an embedding of the
Mj; into R, it holds that deg,(A) < deg,(B;) < deg,(C) for i € {0,1,2}. Since r-reducibility
implies wtt-reducibility, then degyit(A) < degwit(B;) < degwit(C) for i € {0,1,2}. Moreover,
deg,(B;) A deg,(Bj) = deg,(A) and deg,(B;) V deg,(B;) = deg,(C) for i # j, i,j € {0,1,2},
and by Lemmas 3.2, 3.3, 3.19 and 4.35 it follows that degwtt(B;) A degwtt(B;) = degwit(A) and
degwtt(Bi) \ degwtt(Bj) = degwtt(0)~

Now if degwtt(Bo) < degwit(B1), then degyii(Bo) = degwit(Bo) A degwit(B1) = degwii(A)
and degyt (B1) = degwit (Bo)Vdegwtt (B1) = degwtt (C); then further degytt (Bo) < degwtt(B2) <
degwit(B1) and hence

degwit (C) = degwit(Bo) V degwit (B2) = degwte(B2) = degwet (B1) A degy (B2) = degwet(A),

contradicting the assumption that degyit(A) # degwit (C). Hence degywit(Bo) £ degwit(B1).

For symmetric reasons, degwt(Bo), degwit(B1) and degyit(Bs2) are pairwise incomparable.
Since degwit(A) < degwit(Bi) < degwit(C) for i € {0,1,2}, then degyis(A) # degwit(B;) and
degwit(Bi) # degwii(C).

This shows that b’ : {a,bo,b1,bs,c} with h(a) = degwit(A), h(b;) = degwit(B;) for i €
{0,1,2} and h(c) = degytt(C) is a lattice embedding of the M3 into Ry. But the existence of
such an embedding contradicts Theorem 4.13.

We conclude that degyit(A) = degwit(C). Again, since deg,(A) < deg,(B;) < deg,(C) and
r-reducibility implies wtt-reducibility, it follows that degwts(A) = degwit(B;) = degwtt(C) for
1 € {0,1,2}, proving the lemma. O

Theorem 4.37. (Ambos-Spies, Bodewig, Krdiling, and Yu [Amboc]) For r € {ibT,cl}, there is

no lattice embedding of the Mg into R, that preserves the least element.

Proof. If h were such a lattice embedding, then by Lemma 4.36 it would hold that h(c) and
h(a) = 0 = deg, () were contained in the same wtt-degree. But since h(c) # h(a), i.e. every
set C' € h(c) is noncomputable, it holds that C' #.¢; 0. This is a contradiction. O
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We will now show that if we drop the requirement of preserving the least element, then the
M3 and, more generally, the M,, can be embedded by a lattice embedding into R,.. This shows
that not every lattice which can be embedded by a lattice embedding can also be embedded
by a lattice embedding preserving the least element (an unpublished result of Ambos-Spies and
Wang exhibits the 8%, the dual lattice of the 87, as another example of such a lattice).

For the desired embedding, first we simplify the requirement derived from (M1) of Defini-
tion 4.11 that h(bg), ..., h(b,) are pairwise incomparable.

Lemma 4.38. Let P = (P, <9) be a partial order. Let n > 3 (possiblyn = w). Then a mapping
h:{a,c} U{b;:i <n}— P is a lattice embedding of the M,, into P if and only if

(M1°) h(a) < h(b;) <p h(c) fori<n

(M2’) h(c) £p h(a)

(M3°) h(b;) V h(b;) = h(c) fori,j < n withi# j
(M{’) h(b;) Ah(b;) = h(a) fori,j <n withi#j

Proof. Let h: {a,c} U{b; : i <n} — P be a lattice embedding of the M,, into P. Then (M3’)
and (M4’) clearly hold by (M2) and (M3) and the definition of lattice embeddings. By (M2)
and (M3), a <x, b; <u, c for i < n, hence (M1’) holds. And since a # ¢ (otherwise by = by,
contradicting the incomparability of by and by) (M2’) follows, too.

On the other hand, assume that the mapping h : {a,c} U {b; : i < n} — P satisfies (M1’)-
(M4’). For a contradiction assume that h(b;) < h(b;) for some ¢,j < n with ¢ # j. Then
h(b;) = h(b;) A h(b;) = h(a) by (M4’) and h(b;) = h(b;) V h(b;) = h(c) by (M3’). Since n > 3,
there is some k < n with k # ¢ and k # j. Then further h(b;) <p h(br) <o h(b;) and hence

h(c) = h(b;) V h(by) = h(br) = h(b;) A h(br) = h(a),

contradicting (M2’).

This proves that h(b;) and h(b;) must be incomparable for all 7, j < n with ¢ # j. By (M3’)
and (M4’) it follows that h(a) # h(b;) and h(b;) # h(c) for all i < n. Hence h is an embedding;
since by (M3’) and (M4’) h preserves joins and meets, it is a lattice embedding. O

Now we have all the ingredients to prove the next theorem, which for the case n = 3 was
obtained in joint work with Ambos-Spies, Bodewig, and Wang. The details of the proof are

worked out here for the first time.

Theorem 4.39. (Ambos-Spies, Bodewig, Kriling, and Wang) Let n > 3 (possibly n = w) and
let r € {ibT,cl}. Then there is a lattice embedding of the M,, into R,.

Proof. Since the identity function on {a, by, ...,b,} is a lattice embedding of the M,, into the
M,,, it suffices to show that there is a lattice embedding h of the M, into R,.. We describe a
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4. Lattice embeddings into R, and R

stage-by-stage construction of c.e. sets A, B; (i € N) and C such that the desired embedding is
defined by h(a) = deg,(A), h(b;) = deg,(B;) for i € N and h(c) = deg,(C).
We will satisfy the following requirements for all e = (eg, e1,e2) and all 4,5 € N with i # j.

e A <iypr B; <ipr C,

o D.:C# P,

o Ji):(B; = i’?feo and B; = ‘i’zgeo) = C <ipr Wy,
o M (W, = ‘i{ff’ = @gj) = We, <ipt A

The diagonalisation requirements D. ensure that degq(C) £ dega(A) and, since ibT-
reducibility is stronger than cl-reducibility, degipT(C) £ degivr(A). The join requirements
J%7 together with B;,B;j <ipr C ensure that degiyr(B;) V degivr(B;) = degibr(C) for i # j
(1,7 € N}). By Lemma 3.2, this also implies that dega(B;) V dega(B;) = degci(C). The meet
requirements M%7 together with A <ip,1 B;, B; ensure that degi,r(B;) Adegibt(B;) = deginr(A)
for i # j (i,j € N). By Lemma 3.3, this also implies that degq(B;) A degei(B;) = dega(A).
Hence, by Lemma 4.38, h is an embedding into R, for both » = ibT or r = cl.

The construction is quite similar to the one described in the proof of Theorem 4.18.

Let A, B; s and Cs denote the finite approximation to the sets A, B; and C, respectively,
as given after stage s of the construction.

Again, we will obtain B; <;,r C by permitting. Since we want the construction to be
effective, i.e. we may only perform finitely many actions at each stage, however, we will not
enumerate any numbers into B; before stage i + 1. Hence enumerations into A before stage
i+ 1 will not necessarily be permitted by B;. But if we let A; = A— A;, then (since A; is finite)
fli =7 A and /L <ipr B; will hold by permitting. Hence A <y, B;.

The definition of the lengths of agreement I,(J%7) and I4(M%7) (i,j € N, i # j), and the basic
strategies to satisfy the diagonalisation requirements D., the join requirements g%/ and the meet
requirements M%7 are — with the obvious changes imposed by the sets and functions occuring in
the requirements having different names — the same as in the proof of Theorem 4.18. Remember
that we say that an interval [z,y] is %7 -safe at stage s if [z,y] C W, s, where e = {eg, €1, €2);
and we say that [z,y] is R-safe at stage s for a set R of requirements if it is Ji/-safe at stage s
for every join requirement J%’ € R.

Suppose that for some pairwise different numbers i,j,k € N there are a diagonalisation
requirement D., three join requirements Hé’oj, Hi’f and 3{}2’“ and three meet requirements MZGJ?
Mi’,lk and Mé ,Zk the premises all of which are true and such that all meet requirements have
higher priority than each of the join requirements and the join requirements all have higher
priority than the diagonalisation requirement.

Then in order to satisfy D, we want to enumerate a number x into C' at some stage s + 1
such that @ég (z) J= 0 and we wish to restrain the enumerations of numbers z < z + e into

A after stage s. However, by the basic strategy to satisfy 3160] we need to enumerate a number
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y" > x such that [z + 1,y"7] is Ji7-safe at stage s into B; — B; s or B; — Bj s, and analogous
for 821’“ and 32;. Say, for example, we enumerate y*J into B; and y7* into B;. Then due to
the basic strategy for Mzg we need to enumerate a number z < max({y*’,4’*}) into A — A,.
Hence in order to make this compatible with the basic strategy for D, we need to require that
at least one of y*/ and y7* is greater than = + e, i.e. we need to construct an interval J of
length e + 1 which is Hi’oj- or Hg’zk—safe at stage s.

The construction of R-safe intervals of a desired length is very much as in the proof of
Theorem 4.18. If, in the situation described above, 3’603 had higher priority than Hé’lk and Hélk
had higher priority than 3@2’@, then first we would create a very long Héoj -safe interval Jy, use
this interval to obtain a long {J%7, J:¥}-safe interval J;, and finally use that interval to create
the desired {J%7,Ji*, g7:*}-safe interval J of length at least e + 1.

There is one difference to the strategy in the proof of Theorem 4.18. There, every join
requirement J¢ (i € {1,2}) had to react to an enumeration of a number z into A; U By,
j € {1,2} (provided that [4(J.) > z), irrespective of the values of i and j. For this reason, in
(37) it was sufficient to require that there were many numbers in the interval Ji, which were
not in By = Ay U As at stage ty.

Now, in general we will need to enumerate a number a from Jj into many sets B; in order
to make all join requirements which we have to respect give a response. Since we may also need
to respect some meet requirements, this forces us enumerate a into A as well. But then, if the
enumeration of x takes place at stage s+ 1, in order to obtain A < B; we have to enumerate a
number a; less than or equal to a into every set B; with i < s.

Therefore, in order to make the construction as uniform as possible with respect to the

different join requirements we change condition (37) to

[Tk = (A U Bt > ()= (73)
i>0

In order to obtain a J%7-safe interval J containing many numbers that are not yet enumerated
into any set By when J is defined, we change the enumerations performed by g%/ as follows.
Starting with an interval I at a stage s such that Iy N (As U, Bi,s UCs) = 0, we enumerate
the numbers from I into C' one by one in decreasing order and at the same time we enumerate
the numbers from Iy alternately into B; and B; one by one and in decreasing order (unlike in
the proof of Theorem 4.18, where we always enumerated the same number into C' and one of
B; and Bs). That way after 2m stages we end up with an interval of length 2m which has
completely been enumerated into C but the lower half of which, an interval of length m, has
not yet been enumerated into B; or B;. We can now only take the lower half of I into account
for the desired interval J, but since we may choose Iy sufficiently large, this does not provide
an obstacle to the construction.

Once again, the construction takes place on the tree T = {0,1}*. Let p: N — {47 1 e,4,5 €
N,i # jEU{ML : e,i,j € N,i # j} be a computable one-to-one enumeration of all join and
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meet requirements, where we assume that if p(n) = %7, then 4,5 < n. A node o € T of length
n corresponds to a guess about which of the premises of the first n join and meet requirements
p(0),...,p(n—1) are true. Nodes of length e will also be responsible for the strategy to satisfy
the diagonalisation requirement D.. The definitions of a-stages and a-expansionary stages, of
ds and of the true path TP are analogous to the ones from the proof of Theorem 4.18. Note
that if 8 C d,, then |3| < s; hence if p(|3|) = J%7, then 4,7 < s by the choice of p.

4.7.1 The construction

Stage 0: Let Ag = B; o = Cp =0 for i € N and jobo(8) =1 and candy(8) 1 for each node 8. No

node has an interval or a diagonalisation witness assigned.
Stage s + 1:

We say that a node « requires attention at stage s+ 1 if a C é5 and one of the following
holds.

(Case 1.1) a has no interval assigned to it at the end of stage s.

(Case 1.2) « has an interval I assigned to it at the end of stage s, cands(a)) = I, for every
B with 80 C « it holds that I5(p(|8])) > max(I), there is a number ¢ € I such that

IN(A;UBysUB1sU...UB, ) CINCy = [es + 1, max()] (74)

and there is a join requirement J%7 = p(|8]) (i,j € N,e = (eg, 1, e2)) for some § with 30 C «
such that
Hr<cs:ax ¢ We st <|{z<cs:xel} (75)

(Case 1.3) a has an interval I assigned to it at the end of stage s, cands(a) = I, for every
B with 80 C « and every o/-interval I’ = jobs(8) it holds that o < &’ and I5(p(|8])) > max(I),

and there are numbers as and cs € I and a node S such that
e eqation (74) holds for ¢,

e [ is the longest node such that either 5 = «, or p(|g]) is a join requirement and 80 C «,
and such that there is some y > ¢;, y € I, for which

[cs + 1,y] is E'-safe at stage s for E' = {p(|8’|) : B/ = B and 5’0 C o} (76)
and if T is relevant above yi(I) at stage s, then

Hzeles+1LylNI:z¢ A;UBysUBy sU...UBg} > yu(d) (77)

e a; =y for the least such y (note that a5 ¢ A; U By ¢ UDB;sU...U DB, by minimality of
as and by yi(I) > 0).
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(Case 1.4) « has an interval I and a diagonalisation witness (x,y), x,y € I assigned at
the end of stage s, for every § with 80 C « and every o’-interval I’ = job,(3) it holds that
a < o and I,(p(|B])) > v and if |a] = e, then z + e+ 1 < y, 2+ (x) |= Ci(z) = 0 and
Y ¢ A, U BO,s U Bl,s U...UBg;,.

We also say that a node 8 requires attention at stage s + 1 and is a-linked if

(Case 2) B0 C §s and « < d, jobs(B) = I for some a-interval I, for every 5’ with 5’0 C 80
it holds that I5(p(]3’])) > max(I) and there exists a number ¢, € I satisfying (74)

Let 1 be the least node that requires attention at stage s + 1 (such a node exists because
ds always requires attention due to Case 1 at stage s +1). Let X € {1.1,1.2,1.3,1.4,2} be
minimal such that 7 requires attention due to Case X. We say that n receives attention and is

active due to Case X.

(Case 1.1) If n = avis active due to Case 1.1, then assign a new interval I to « in the following
way. Let |a| = e. Let x be the least number that is larger than max(|a|, s + 1) and larger than
all numbers from intervals assigned to any node before stage s + 1. Let E = {8 : 0 C a}.
Define

o(I) = (z+3)4F1 -1

and
I=[2,3' O (x4 1)+ () + 1)),

ie. I = {x}UU;(i%[yk,ka), where yi, = yi(I) = 38 (x+1+k) for 0 < k < (I)+1. For k <0,
define yy(I) = x. Say that I is an a-interval.

Let c¢s = y,(1)- Set flsH = As U{u.n} BLSJA = Bi s U{y, )} for i < s and C'S+1 =
Cs U (1), Yu(r)4+1)- If E =10, assign (z,r + e + 2) as diagonalisation witness to o.. Otherwise
set cand,s;1(a) = I. Say that I is relevant above y,(1) at stage s + 1.

(Case 1.2) If n = « is active due to Case 1.2, define by = ¢5 and set AS+1 = A, UA{cs},
BZ"S+1 = B; s U{cs} for i <s and Cs+1 = CsU{cs}. We say that « is ready for elimination.

(Case 1.3) If n = «v is active due to Case 1.3, let cands(a) = I, let as,cs and B be as in the
hypothesis of Case 1.2 and let by = ¢s. Say that candsyi(«) is undefined.

If B = «, assign (¢, as) as diagonalisation witness to a and let Ay = A, §i7s+1 =B,
for i < s and Cyqq = Ch.

If B # a and p(|B|) = J27, then set jobsy1(B) = I, Agy1 = AsU{as}, Biss1 = By s U{as}
for ©/ < s and ¢’ # 1, Bi’3+1 = B; ;U {cs} and C‘S+1 = Cs;U{cs}. Say that I is demoted to 8.

If T was relevant above yi () at stage s, say that I is relevant above yi_1(I) at stage s+ 1.

(Case 1.4) If n = « is active due to Case 1.4 and « has the diagonalisation witness (z,y)
assigned, then let ¢, = xz and as = y and set flsH = A, U {as}, BLSJA =B;sU{as} fori <s
and Cyq = Cs U {cs )
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(Case 2) If n = 8 is active due to Case 2 and is a-linked at stage s+ 1, let I = jobs(8) and
let k be such that I is relevant above y;(I) at stage s. Let p(|8]) = 7.
Let as be the greatest number y € I such that

Y2 Cs (78)
yé¢ (AsUBysUBysU...UB;,) and (79)
[cs + 1,9y] is E-safe for E = {p(|8']) : 8’0 C B0}. (80)

(Note that such a number exists, because by (74) y = ¢, satisfies all three conditions.)

Let bs be the greatest number = € I such that

cs < x<ag

min(f),z — 1] N (B;,s UBjs) =10
T §é Bi,s N Bj,s and
[cs + 1, 2] is E-safe for E = {p(|5']) : /0 C B0}.

(Note that such a number exists, because again by (74) y = ¢, satisfies all three conditions.)

(a) If [cs + 1, ¢s + i) is {p(|8]) : B'0 C B0}-safe and [cs + 1, ¢ +yx(L)] N (As U Bys UBy s U
...UBy4) =0, orif {¢s + 1} is not {p(|8']) : /0 T B0}-safe at stage s, set A1 = A U {cs},
Bj/7s+1 = Bj ¢ U{cs} for j/ < s and C’s+1 = CsU{cs}. Set jobsy1(B8) 1 and candsyq(a) = 1.

(b) If {cs + 1} is {p(|8']) : B'0 C S0}-safe at stage s, but [cs + 1,¢s + yr(I)] is not or
has nonempty intersection with A; U By s U By sU...U By g, then let i/ =i if by ¢ B; ; and
1/ = j otherwise and set A5+1 = A; U{as}, Bj/’3+1 = Bj s U{as} for j/ < s with j/ # ¢/,
By oi1 = Bir s U{b,} and Cypy = Cs U {c,}.

In all cases, initialise all nodes o >, ds, i.e. declare all intervals I’ assigned to these nodes
unassigned and not relevant above any number, set candsy1(a’) =1 and set jobsy1(5’) T for all
B’ with jobs(8') = I'. Also initialise every node o’ > «.

Let

Z = {min(I') : (360 C 8,)(jobs(8) = I' and I’ is an o'-interval for some o initialised at stage s+1}.

Set Ag11 =As41UZ, Bjsy1 =B s1UZ fori <sand Csy; =Cs4q UZ.

Set B; s41 = B; s for all ¢ > s. For all nodes a, unless stated otherwise before, leave the
assignment of intervals and diagonalisation witnesses, the values of cand(«) and job(a) and the
relevant parts of « intervals at stage s 4+ 1 as they were at stage s.

Quit the stage.
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4.7.2 Verification

Lemma 4.40 (True Path Lemma). It holds that TP = liminf,_, o ds, i.e. if « € T, then
a T TP if and only if o T 05 for infinitely many s and there are only finitely many s such that
ds <1, Q.

Proof. Analogous to the proof of Theorem 3.20. O
Lemma 4.41. For every a-interval I and every stage s exactly one of the following holds:

e [ is not assigned to « at stage s

o cands(a) =1

e jobs(B) =1 for some BC «

e « has a diagonalisation witness (x,y) with x,y € I assigned at stage s

Proof. Immediate by induction on s. O

Lemma 4.42. For i > s it holds that B; s = 0.
Proof. Immediate by induction on s. O

Lemma 4.43. Let I be an a-interval and let B be a node such that S0 C « and p(|8|) = J47.
Assume that I is demoted to B and becomes relevant above yi = yx(I) at stage to + 1 and
that for some r < 2yi there are minimal stages to +1 < t1 +1 < ... < t. + 1 such that
INCi, 1 #INC:, forn €{0,...,r} and « is not initialised at any stage s € [to + 1,t, + 1].
Furthermore assume that {cy, } is {p(|B']) : 8’0 C B0}-safe at stage tp41 for 0 <n <r.

Then for 1 <2n+q <r (g € {0,1}) the node 3 is active due to Case 2(b) at stage to,4q+1
if 2n 4 q < 2yx, and due to Case 2(a) at stage tonyq+ 1 if 2n+q =2y, and for 0 <2n+q <r
it holds that

[Ctanig + 1 Ctory 11N (Aty, U Birtany,) =0 (85)
/€N

and

n Bj7t2n+q qu =0
- Bj7t2n+q qu = 1

itontq

Clopy, TNH1E (86)

B

i,ton4q

Proof. The proof is by induction on 2n + ¢. If 2n + ¢ = 0, then (85) is trivially true because
[cto + 1,¢, + 0] = (0. For (86), note that cand;,(«) = I. Let s < t; be maximal such that
INCs #1NCsy1. Then candgyq(a) = I. Hence the enumeration into I N C at stage s + 1

must be caused by some node being active due to Case 1.1, Case 1.2 or Case 2(a). In each case,
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4. Lattice embeddings into R, and R

¢s € B s41 N Bjsy1 C By, N Bjy, (remember that i,7 < |8] < s). But by (74) it holds that
¢, + 1 = cs, so (86) is true, too.

Now fix 2n + ¢ < r and assume that the inductive hypothesis is true for all numbers up to
2n+q.

By the inductive hypothesis, since 2n +q < r < yy, at stage t2,44 + 1 either I was demoted
to f (if n = ¢ = 0) or B was active due to Case 2(b). Hence job,,, +1(8) = I. Then
still I € jobsy,,,,.,(B). Since INCy,,,,.,+1 # I NCh,, .., but a is not initialised at stage
tontq+1 + 1, B must be active due to Case 2 at stage tapyq41 + 1.

For the proof of equations (85) and (86) we first show that as,, , > ¢, ., +n. If 2n4-q =0,
this is immediate by the definition of a;, via Case 1.4. If 2n 4+ g > 0, since I is demoted at
stage to + 1, by (77), there are at least yr11(/) numbers z € [ey, + 1, a¢,] which are not in
Aty U By, U...U By +,. By Lemma 4.42, these numbers are not in UZ-,GN B +,. Since at
each of the stages to + 1,41 + 1,...,t2n4q—1 + 1 only one such number z is enumerated into
AU U, ey Bir, while at stages t € [to + 1,tanyq—1] — {to + 1,t1 + 1,... ,tanyq1 + 1} there
are no such enumerations, there are still yxr1(I) — (2n + ¢) > yx — (2n + ¢) > 0 numbers
z € [ey, + 1, a4,] which are not in Ag,, . U Uy ey Bir tonyy-
Then [eq, + 1,y] was {p(|5']) : /0 T B0}-safe at stage to. On the other hand each number
x € [cty,,, +1,¢4) has the form x = ¢;,, for some m € [0,2n + ¢ — 1]. Since by the hypothesis
{ct,, }is {p(|B']) : B'0 T B0}-safe at stage t,,41, hence at stage to, 44, it follows that [cy,, ,,+1,9]
is {p(|8']) : 8’0 T B0}-safe at stage ta,44. Hence the number y satisfies equations (78) to (80)
with ?2,,44 in place of s. It follows that ay,,,, >y > c,. But ¢

Let y be the greatest such number.

mir T 1 =1c¢, forall m <,

and hence by induction ¢, ,, + 7 = Ctyppn = Cturyg < Cto < Qtgpyy-

Now first consider the case ¢ = 0. We claim that by,, . + n. This is clear by

= Clanyq
definition if n = ¢ = 0. Forn > 0, indeed x = c,,, ,+n satisfies equation (81) with Zo, +, instead
of s, as we have just shown. Moreover, x satisfies equations (82) and (83) by equation (74) and
equation (85). Finally, x satisfies equation (84) because for every number 2’ € [cs,,,  +1, ¢4,] the
set {z'} is {p(|B’]) : B'0 C B0}-safe at stage ton4q, as already mentioned, and because z < ¢y, .
Altogether, this shows that by,,,, > x. On the other hand, by equation (86), = is the greatest
number in I satisfying both equations (82) and (83) (for ' = x + 1 equation (83) fails and for

x’ > x + 1 equation (82) fails). Hence by,,, + n. Since by the inductive hypothesis

= Cangg
btgpiy = Cloppg TN = Ciy,ppyy +n+1is enumerated into B; at stage 2,44 + 1 due to Case 2
(b), but is not in Bj,,, +1 (this follows from equation (85)), since no other number from I is
enumerated into A or any set By at stage ta,+4 + 1, no number from I is enumerated into A or
any set By at any stage s € (tanyq+1,tantqy1], and since cr,, ooy & Aty oot Uiren Bir tan g
by Lemma 4.42 and equation (74), we can conclude that equations (85) and (86) are true for
2n+q+ 1.

Now we turn to the case ¢ = 1 and claim that by, . = c,,,,+n+1. Similar to the case ¢ = 0,
T = ¢4, , +n+ 1 satisfies equation (81) with ¢, 14 instead of s by what we have shown above,

x satisfies equations (82) and (83) by equations (74), (85) and (86), and x satisfies equation (84)
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because x = ¢4, +1 < ¢4, and because {z'} is {p(|5']) : 8’0 E B0}-safe at stage t2,,4 4 for every
x' € [ehy,,, T 1,¢]. This shows that by, > x. Since x € By, by (86), x is the greatest
number in I satisfying (82); hence by,,,, = z, as claimed. Since by the inductive hypothesis
bty s, 1810 By y,, ., and is enumerated into B; at stage 2,14+ 1 due to Case 2 (b), it holds that
Clopygpr (A1) 1=y An+1=0b1y, ) € Bity 1N Bjitan gy SINCC Clyp o = Choiny o
this proves equation (86) for 2n+ ¢+ 1. Equation (85) for 2n + ¢+ 1 follows from the fact that
no number from I less than by, ., isin Ay, . UUyen Bir o, (by Lemma 4.42, (74) and
(85)) or is enumerated into A or any set By at any stage s € [tantq + 1, tontqt1]-

This completes the inductive proof of equations (85) and (86).

Now if 1 < 2n+ ¢+ 1 < 2y, that is, n + 1 < yy, then it follows from equation (86) that 3
must be active due to Case 2(b) at stage tantq+1 + 1.

If 2n +q + 1 = 2y, that is, n + 1 = yx and ¢ = 1, then [cr,,, ..y + 1, ¢t 000 T Uk] C
[Ctoniqrr +1,c0] is {p(|B']) : B'0 E BO}-safe at stage tonyq11 as we argued above. Together with
equation (85) this implies that 8 must be active due to Case 2(a) at stage tonyq+1 + 1. O

Lemma 4.44. Let I be an a-interval. Assume that for some k € {0,...,u(I) — 1} there is a
sequence of minimal stages to < t1 < ... < tgy, ()41 such that Cy 11 N1 # Cy, N1 and I is
relevant above yi, := yi(I) at stage t,, +1 forn € {0,...,2y; + 1}. Then there must be a stage

t, such that o is ready for elimination at stage t, + 1.

Proof. For n € {0,...,2y; + 1} let B; be the node that is active at stage t, + 1. For a
contradiction assume that « is not ready for elimination at any stage ¢, + 1.

If T would already become relevant above y; at a stage s + 1 before stage ty + 1, then
since Cs NI = Cs41 N I by minimality of #y, o would get the interval I and a diagonalisation
witness assigned at stage s + 1. In this case a could only be active due to Case 1.4 at stage
to + 1 and never enumerate anything into C' N I after stage ty + 1, contradicting the fact that
Ciyy, i1 NI # Cy,, ., N 1. Hence I becomes relevant above yj, at stage ¢ + 1, i.e. S, = a and
I is demoted to B, at stage to + 1.

Let r be the greatest number in {0,..., 2y} such that {c:, } is {p(|5']) : '0 C S, 0}-safe
at stage t,41 for all n < r. If r = 2y, then by Lemma 4.43 5,, is active due to Case 2
(a) at stage toy, + 1. If r < 2y, then by Lemma 4.43 §;, is active due to Case 2 (b) at all
stages t1 + 1,...,t,. + 1. Then B;, must be active due to Case 2 at stage ¢,41 + 1, too (since
« is not initialised but a new number is enumerated into I N C at that stage). But since
{ct, ., +1} = {c, } is not {p(|8']) : B0 C B, 0}-safe at stage t,41, By, is active due to Case 2(a)
at stage t,4+1 + 1.

This shows that there is a least stage ¢, with p < 2y;, such that f;, is active due to Case 2
(a) at stage t, + 1. Then cand;,,,(a) = I. Since « is not initialised and not active due to Case
1.3 at stage tp+1 + 1 (otherwise I would not be relevant above y; any more), it must be active
due to Case 1.2, proving the claim. O
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Lemma 4.45. Let I be an a-interval and let s < s’ be stages such that cands(a) =1 and « is
ready for elimination at stage s+ 1, a is not initialised at stage s' +1 and Cy NI # Cyr 1 N 1.

Then « is ready for elimination at stage s’ + 1, too.

Proof. Tt suffices to show this for the case that s’ is the least stage t > s such that Cy N T #
Cyr1 N I; then the general claim follows by induction on s'.
By the hypothesis it holds that

o <es:wd Wey st < {z <cs el (87)

for some B0 C « with p(|8]) = Hz’j

€o,e1,e2)’

By the conditions of « requiring attention at stage s + 1,
15(357) > max(I).

Since candgy () = candsy1(a) = I, a must require attention and be active at stage s’ + 1, too,

hence
1o (J57) > max(T).

Since ¢, is enumerated into B; ;41 — B; s at stage s + 1, this means that

%% ’ ~ .
0 1 (cs+1)=Biy [ (cs+1) # Big | (cs+1) = D00 | (cs + 1).

e1,s’

)

Consequently, since @el is an ibT-functional, there is some z < ¢s in W, o — We, 5. Since
csr = ¢s — 1 by (74) and the fact that no number from I is enumerated into C' between stages
s+ 1 and s’ + 1, it follows that

Hr <cy:x¢ W o| <|{x <ecs:a¢ Wy sl (88)

and
Hex<cy:rzell=Hr<cs:xel}—1. (89)

Using (87), (88) and (89) it follows that
Hz <cy:x¢We o} <|{x<cey:xzel}l (90)

Hence « is ready for elimination at stage s’ + 1.

Lemma 4.46. Let I be an a-interval and let

E={B:P0C a and p(|B|) is a join requirement} = {By, ..., B[ _1}
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with By C P C...C Bl’EI_l. Let yo = yo(I). Then fore € {0,...,|E|—1} there is no sequence
of minimal stages so < 81 < ... < 8|g|.y, such that, forn € {0,...,|E|-yo}, I is relevant above
some yi(I) with k > 0 at stage s, I is demoted to B at stage s, + 1, and I is not demoted to
any B, with e < e at any stage s € [so + 1, 8|g|.y, + 1]

Proof. For a contradiction assume that there is such a sequence sop < s1 < ... < 5|g|.y, for some

€. We show by induction on m that, for m € {0,...,|E| - yo},
S < oyt 0 & Wigoyon H < @4+ 1)« (e, +1) —m, (91)
e=0

where p(|8L]) = Hé;jfe)’ﬂl(e)mz(e» fore e E.
For m = 0 (91) is trivially true, because

S Hw < eop w0 & Wigers0 ] < @+ 1) - [[0, e ]| = (€4 1) - (e + 1) — 0.
e=0

Assume that (91) is true for m. Define a sequence of stages s, =to <t1 < ... <tpi1 = Sm1
such that {t,: 0 < q¢<p+1} ={t € [sm,5my1] : INCs # I NCiy1}. Let By, be the node that
is active at stage t; + 1.

We will show that, for all ¢ € {0,...,p} and all e <o,

{w <crppr tw & Wege) g H S {w ey tw & Wogey e, — 1 (92)
and that there is some ¢ € {0,...,p} and some e < € such that

Hw < crper 0 & Wrge) g H S Hw <o w0 & Wagey 1,3 = 2- (93)

Then, using the inductive hypothesis (91) and ¢ty = s,, we know that

S Hw < et 1w ¢ Wageo} < (@4 1) - (e, + 1) —m,
e=0

and by (92), (93) and ¢;,,, = ¢;, — 1 (by (74) it follows that, for ¢ € {0,...,p},

q+1

€

Z ‘{w < Ctgyq + W ¢ Wﬂ'o(e),tq+1}| < (é+ 1) : (Cto + 1) —m — (Q+ 1) ' (é+ 1)
e=0

and

Z |{w < Ctpypr - W ¢ Wﬂo(e),tp+1}| < (é+ 1) : (Cto + 1) —-—m-— (p+ 1) . (é+ 1) - L (94)
e=0
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4. Lattice embeddings into R, and R

Since ¢4,,, = ¢, — 1 for ¢ € {0,...,p}, we see that ¢, ,, = ¢, = ¢, — (p+1). Using (94)

this implies

Y Hw <o wd Wegoonn}l < (@41 (e +1) = (m+1) = (p+1)-(€+1)
e=0

= (€+1) (et —(p+1)+1)—(m+1)
= (e+1) (cspy +1) = (m+1),

i.e. (91) is true for m + 1. So to prove (91), it suffices to prove (92) and (93).

To prove (92), fix e < € and ¢ € {0,...,p}. Let p(|BL]) = 3221751762> (in particular, mo(e) =
€o). Since I is demoted to /3% at stage s, + 1 =to + 1 and not demoted to any node below S5
at any stage ¢t with tg +1 <t < 41, it holds that 8, C . C 3;, E d;, and & (|5.]) = 0, as
well as 8, C B; C By, T d¢,,, and &, (|BL]) = 0. Since j3;, is active at stage t, +1 and 3; .,

is active at stage ;41 + 1 (due to Case 1.2, Case 1.3 or Case 2), it follows that

ey (8, e eny) = e, (p(18]) > max(1) (95)
ligir (00 o1 omy) = Ly (p(IBL])) > max(T). (96)

If B, = B,, then B, is active due to Case 2 at stage t441 + 1 and some b € {c;,, b, } is
enumerated into B; ¢, +1 — Biy, or Bjs 41 — By, at stage t, + 1 (note that ¢;, ¢ B;:, U By,
by equation (74), and if by, # ¢, then by & B, N Bj, by (83)). By (95) and (96) it follows

that

~ W, ~ W,

ertr T 1) = Bigyyy [ (0+1) # Big, [ (b+1) =&, 7" [ (b+1) (97)
or
~ Weg ¢ 2 Weg it
entri T+ =By, T(0+1)# By, [ (0+1) =3, 0" [ (b+1). (98)
Since i)el and @62 are ibT-functionals, this implies
Weo,tq+1 r (b + 1) 7é Weo,tq r (b + 1)7 (99)

in particular there is some minimal z§ < b;, in We —Weg,t,- Since [c;, +1,0] C [eg, +1, b4, ]

is {Be}-safe at stage t, by equation (84), necessarily 2§ < c;,.

05tg+1

On the other hand, if 8, C f;,, then some b € {as,,c;, } is enumerated into By, 41 — Biy,
at stage t, + 1 (note that ¢ < |0;,| < ¢, by the choice of p, ¢;, ¢ Bi, by equation (74), and
at, ¢ Bis, by equation (77) or equation (79), respectively). As above we can deduce (99)

and there is some minimal z; < b in W, — Weg t,- In the case that b = ¢, trivially

0,tq+1
zg < ey In the case that ¢ = a;, by the conditions on a;, in Case 1.3 or Case 2 [ctq +1, atq]
is {p(|7]) : 70 C By, }-safe, hence in particular [c;, + 1,az,] € We, ¢, It follows that 27 < ¢,

again.
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Consequently,
{w < Ctygpr - W ¢ WEOytq+1} - {w < Cty - W ¢ WeO)tq} - {Z;}v

and (92) follows.

To prove (93), it suffices to show that for some ¢ € {0, ..., p} and some e < & with mo(e) = eq,

ct, & Weg,t,4,, Whence zg # ¢, and
{U) < Ctgyr * W ¢ Weo,tq+1} C {w < Ctg W ¢ Wﬁo,tq} - {ZSath}»

proving (93).

For a contradiction assume that for all ¢ € {0,...,p} and all e < &,

ct, € Wey, (100)

tg+1-

Let I become relevant above yi(I) at stage to + 1 and let r € {1,...,p} be maximal such that
Bt = (L. Then using equation (100) from Lemma 4.43 we can conclude that r = 2y, (I) and
that 7 is active due to Case 2.2 (a) at stage t,+1. Since ¢;, +1 = ¢, , € We, 1, by assumption,
it must hold that [¢;, + 1,¢:, + yr(I)] is {p(|8]) : 8’0 C SBz}-safe and

[ce, + 1,c, +yp(D)] N (As, UBoy, UBys, U...UBy, 1) = 0. (101)

Let k' be such that I is relevant above yi/(I) at stage t,4+1. By the hypothesis 0 < k' <
k. By Lemma 4.45, a is not ready for elimination at any stage s € [t, + 1,tp41], because
INCi,, 41 #1NC,,, but ais not ready for elimination at stage ;.1 + 1. By Lemma 4.44,
then for each k with k' < k < k there are at most 2y; (I)+1 stages s € [t, +1,tp41] such that T
is relevant above y; (1) at stage s and some new number from I is enumerated into C' at stage
s. For k =k stage s = t, + 1 is the only such stage (because when the next number from I is

enumerated into C after stage t, + 1, then I is demoted), while for k < k' there are no stages
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s as above. Hence there are at most

k-1 k-1
T+ Y Quyp+1) =1+ > (2-3* (g +k) +1)
k=k’ E=k’
k—1 : ~ : ~
=14+ > (3-3"yo+k) —3"wo+ k) +1)
E=k’

k—1
<14 3 (3 o + (4 1) — 3 (o + B) 102

E=k’

k—1
=1+ Y (Wi (D) —yi(D)

k=k'
=1+ye(I) —yw (1)

enumerations of numbers from I into C at stages s+1 € [t +1, tp+1]. Each such enumeration
is accompanied by the enumeration of at most one number from [c¢;,. + 1,¢,. + yi(I)] into
AUV
and (74) it follows that if by € I at stages s+ 1 € [, + 1,¢,41], then by < ¢, ; hence ay is
the only number from [c;, + 1, ¢;, 4 yr(I)] that can possibly be enumerated into AU J,;cy Bi

B;. Indeed, since ¢; is enumerated into By, ..., B;, at stage t, + 1, by equation (83)

r

at such a stage s + 1. Since there are no enumerations into A U |J;cy Bi at stages s + 1 with
INCs =1NCs41, by (101) and Lemma 4.42 we can conclude that

llee, + Loer, + yr(D] N (Ar, U Bis, )l < ys(1) = yae (1)
i€N

If y is the largest number in [c;, + 1, ¢;, + yr(I)] which is not in A, U(J B, , then this means
that
‘{Z S [Cthrl + 17y] NnI:z ¢ Atp U UBi,tpH 2 Yk’

that is, equation (77) (with t,11 in place of s) is true.

Moreover, since each ¢ € [c;,,, + 1,¢4,] is of the form ¢ = ¢;, for some ¢ € {0,...,p}, by
(100) we know that [c;,,, + 1,¢;, +yx(I)] is {p(|8]) : ' C B and 5’0 C a}-safe at stage t, 1,
where 8 = pL,, if € < |E| — 1 and 8 = a otherwise. But then by (76) and (77) at stage
tp+1+1 either the interval I is demoted to 8 (and not to 8z) or « gets a diagonalisation witness

assigned, contradicting the fact that ¢,,1 = sy,41 and the assumption on s,,,1.

This completes the proof of (93).
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Now substituting m = |E| - yo in (91), we get

Z |{’U) < Csim|yy - W ¢ Wﬂo(e),S\E\.yo}‘ < <é+ 1) : (CS\E\.yO + 1) - ‘E| “Yo
e=0

IN

(e+1)- (CS‘E‘_yO +1—yo).
Hence there must be some e < & with

{0 S oy 0 & Wag(e)im1

CS|E‘.y0 + 1- Yo

IN

< [[min(1), s g, |

Hw < ¢y, 1w €T}

Then « is active due to Case 2 at stage s|g|.,, +1 and I is not demoted to 3z, contradicting
the assumption.
O

Lemma 4.47. Let I be an a-interval such that I C C and such that there is a node 8 with
B0 C a. Let Iy = [min(I),y, ) (I)], let to < ... < t1y=1 be such that for n € {0,...,[lo] — 1},
at stage t,, + 1 the number c;, = y,(r)(I) —n is enumerated into C and let B, be the node that
is active at stage t, + 1. Then either « is initialised and the assignment of I to « is cancelled

at stage t1,—1 + 1, or candt‘10|71+1(a) =1 and a [Z 65 for any s > t1,)—1-

Proof. Tt suffices to show that « is ready for elimination at some stage t,,, +1, m € {0,..., |Io|—
2}. Indeed, by Lemma 4.45, in this case, if a is not initialised at stage t|7,|—1 + 1, then « is
ready for elimination at stage ¢|7,|—1 + 1, whence Candt‘10|71+1(a) = I and there is some 3 with
B0 C « such that, for p(|8]) = 31(,3

€o,e1,€2)’

H{z < min(l) : x ¢ We,, H<H{z<min(l):zel}<1,

trgl-1

that is W,

o | min(l) +1 =W, min(J) + 1 = [0, min(])]. Moreover,

05trg|-1 [
lt|10‘_1(32<-g;)»61162>) > max(I)

and min(/) is enumerated into B; at stage ¢r,—1 + 1 (remember that ¢ < |6, | = ?j7,-1 by
our assumptions on p).

Since <i>el is an ibT-functional, it follows that for s > ¢7,—1

~ We ,8 . S eqg,t _ . o .
O, 9" (min(1)) = (I)el,fui\lg‘l " (min(1)) = Bi7t|10|_1(m1n(l)) =0+# 1= B, ¢(min(])).
Then ls(Hé’é o 62>) < min([f) for all s > ¢)7,)—1 and 0 Z &,, hence o [Z J5, proving the
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4. Lattice embeddings into R, and R

lemma.

Let E = {p': B0 C a} = {,86,...,6"15‘_1} with gy C 81... C 6|’E|_1. Note that by the
hypothesis E # (. By Lemma 4.44, if for some k € {0,...,¢(I) — 1} there is a sequence of
stages t, +1 <tpy1+1<... <tnjyay.+1+1 <t —2 + 1 at which I is relevant above yy (1),

then « is ready for elimination at some such stage t,, + 1, as we claimed.

For a contradiction assume that there is no such sequence. Then for each k € {0, ..., ¢(I)—1}
there are at most 2y (1) +1 stages t,, n € {0, |Ip]| —2}, at which I is relevant above yj, := yy(I).
Moreover, since candy,1+1(«) = I at stage to + 1 (when I becomes assigned to «), o must be
active due to Case 1.3 at stage t; + 1 and I becomes relevant above y,(;)—1(f). Hence I is
relevant above y,(1y(I) at stage t,, if and only if n = 0. As in equation (102) we see that there

are at most
(I)—-1

1+ Z Qye() +1) <1+y,n(I) —yo(I) = [Lo] = 1
k=0

many stages ¢, +1, n € {0,...,|Io| — 1} at which I is relevant above some y(I) with k > 0.
In particular, at stage |7,|—2 + 1 it is relevant above some yj. (1) with & < 0. Since I is relevant
above y,(r)(I) at stage to + 1, there must be at least +(I) + 1 many stages t;, +1,...,t; , +1
(with 0 < ip < ... < i) < |lo] — 2 chosen to be minimal) at which I is demoted and the

number yi(I) that I is relevant above is decreased.

For e € {0,...,|E| — 1}, let

De = {t € {ti07~ .. 7tiL(1)} : jObt_;,_l(ﬁé) = I}

Then each t;,, 0 < k < (1) is in D, for exactly one e. We show that there must be some e
such that
1De| > (IE|-yo+1) - (O |Der| + 1). (103)

e'<e

If this were not true, then for all e < |E],
[De| < (|1B|-yo +1) - (yo +2)* (104)

, as we can see by induction on e: In fact, if (103) fails, then |Do| < (|E|-yo + 1) = (|E| - yo +
1) (5o +2)%°, and once we have shown that |De/| < (|E|-yo 4+ 1) - (yo + 2)2¢ for €’ < e, we see
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that

‘De+1|

N

(I1B]-yo+1)- }:U%4+1 by failure of (103)]

< (Bl yo+1)- (Z(|E| yo+1) - (yo +2)* +1) [by inductive hypothesis]
e’=0
(yo +2)%2 -1

< (B -yo+1)-((|B] -yo+1)"2—2—— 41
< (Blwo + 1) (B0 + ) U 4 )
2 (yo +2)%t2 -1 -
< (E] g0+ 1) (o +2) = DEETZEG=m 1) fsince 0 < 1] < o] < o]
= (|B|-yo+1)- (yo+2)%HD.
But then it also follows that
(o +2)%F = (I)+1
|E|-1
= > ID|
e=0
|E|-1
< > (Bl yo+1)- (yo+2)%
e=0
|E|—
= (El-yp+1)- Z Yo +2)°
e=0
(g +2)717 -1 2)2|E| -1

= (yo+2*" -

which is not possible. This shows that (104) must be true for some e < |E|.

Let € be the least e such that (103) holds. Assume that De = {t;, < ... <t;, _ }. Since

there are at least > __.|D.|+1 pairwise disjoint sequences of |E|-yo+1 stagest;,,...,t;

e<é In+|E|-yo
in Dz, there must be at least one such sequence with
(s tjnsimy,) N De =0 forall e <e. (105)
But the existence of such a sequence is a contradiction to Lemma 4.46.
O

Lemma 4.48. (i) Let 0 C 05 and let I = jobs(8) be an a-interval. Assume that o < d5 and
for every 8" with 8’0 C 50 it holds that Is(p(|8’|)) > max(I). Then B requires attention and is
a-linked stage s + 1.

(ii) Let o C 05 and let cands(a) = I. Assume that for every 8/ with 8’0 C « it holds that
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4. Lattice embeddings into R, and R

Is(p(|B'])) > max(I) and if I' € jobss(B') is an o'-interval, then o < . Then « requires

attention at stage s + 1.

Proof. (i) From Lemma 4.47 it is clear that I € Cj, because otherwise, if the last enumeration
into INC were at some stage t < s, then candy (o) = I for all ¢/ > t until & becomes initialised
and the assignment of I to « is cancelled, contradicting the fact that I € jobss(3). Note that
by (74) the numbers from I are enumerated into C' in decreasing order and without gaps (unless
« is initialised, which does not happen until stage s). Moreover, for ¢ € N, a number b € [ is
enumerated into A or B; at some stage only if a number ¢ € I with ¢ < b is enumerated into
C' at the same stage. From these facts it follows that there is ¢; € I satisfying (74) at stage s

and hence that § requires attention and is a-linked at stage s + 1.

(ii) Again, from Lemma 4.47 it follows that I € Cs (there is a node 8 with 80 C «, because
otherwise cand,(«) were undefined at every stage). As in (i) we can conclude that ¢, satisfying
(74) exists.

Let 8 be the least node such that S0 C a and p(|5]) is a join requirement, if such a node
exists, and 5 = « otherwise. Then (76) is trivially satisfied for every y > c;.

At the stage so+1 when [ is assigned to «, for cs, = y,(1)(I) there are y,(1)41(1) —y.(r)(I)—1
numbers z > ¢, with z € I — (As, U Uy Biyso)- A new number from [ is enumerated into
AUU,;cn Bi only when a new number from I is enumerated into C; and at every stage t + 1,
at most two numbers from I are enumerated into A U J,;oy Bi (namely, a; and b;). Since the
numbers from I are enumerated into C' in decreasing order and there at most 3/,(r)+1—min(/) <
Y,(r) many stages at which such an enumeration takes place, it follows that there are still
Yuy+1(I) =2 - y,y(I) — 1 numbers z > ¢, with z € I — (A; U J;cy Biys). But

Yu(n+1 — 24y — 1 3 (o (I) + (1) + 1)) = 2- 3" D(yo(I) + (1)) — 1

> 3 (yo(I) + (1))
= ym)
> yr(1)

for k < «(I). Hence for the greatest number y € I with y ¢ (As UJ;cn Biys), (77) is true. It
follows that as exists and «a requires attention due to Case 1.3 at stage s + 1. O

Lemma 4.49. (i) Let « C TP. Then « is initialised only finitely many times.
(i) Let S0 C TP. Then for each interval I, there are only finitely many stages s such that

jobs(B) =1.

Proof. Literally repeat the proof of Lemma 4.27 (using Case 2 where we used Case 2.2 before,

and Lemma 4.48 where we used Lemma 4.26 before). O

Lemma 4.50. [t holds that A <;pr B; <ijpT C fori € N.
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Proof. Tt can directly be verified by looking at the construction that B; <j,r C' by permitting.
Since ibT-reducibility is invariant under finite variants, for A <;,t B; it suffices to prove that

A — A; <jpr B;. Again, this can immediately be verified by the construction. O
Lemma 4.51. Every meet requirement M%7 (i,j € N, i # j, e = (eg, €1, e2) € N) is satisfied.

Proof. Let n = p~1(M%7) and let v = TP be the unique node of length n on the true path.
Assume that the premise of M%7 is true, that is W, = éfl =g 5}' (otherwise M%7 is trivially
satisfied). Since 0 C TP by the definition of the true path, due to the True Path Lemma there
are infinitely many ~y0-stages. By Lemma 4.49(i), there is a y0-stage so such that 0 is never
initialised at any stage s > sg. Then for no node o < v any numbers from an a-interval are
enumerated into B; or B; at any stage s > sg.

Now, in order to compute We,(x) for some given = with oracle A [ (x 4+ 1), compute the
least y0-stage s1 > max({sg,x}) such that Ay, | (x+1) = A | (x+ 1) and I, (ML7) > 2. We
claim that x € W, if and only if z € W, 5,.

Let s1 < s3 < ... be the sequence of y0-stages, starting with s;. We claim that, for n > 1,
Bis,., [ (x+1) =B, [ (x+1)or Bj,,., [ (x+1)=DBj,, I (x+1). (106)

The proof is by induction. Let equation (106) be true for n. For a contradiction, assume
that there are stages ¢;,t; € [s, Sp+1) and numbers y;,y; <  such that y; € B; 4,41 — Biy,
and y; € Bjt, 41— Bj,. The enumeration of y; into B; at stage ¢; + 1 cannot be caused by the
initialisation of any node or by any node being active due to Case 1.1, Case 1.2 or Case 2(a),
because otherwise y; were enumerated into A;, 11 — Ay, at stage t; + 1, contradicting t; > s1 (if
Yi = ¢, theny; ¢ Ag, by (74); if y = min(I) for some a-interval I, where « is initialised at stage
t; + 1, then y; ¢ A, because each enumeration of a number w € I into A is accompanied by
an enumeration of a number v € I with v < w into C, and y; ¢ Cy,). If it caused by some node
a being active due to Case 1.3 or Case 1.4, then « £ 70 (because otherwise 70 were initialised
at stage t; + 1, contradicting ¢; + 1 > sg) and « ¥ 70 (because otherwise « is initialised at
stage s, + 1 and only enumerates numbers into intervals I’ with min(I’) > s,, > s1 > x at later
stages). Hence in this case a@ J ~0; since ¢; must be an a-stage in this case, it follows that
ti = Sp.

The same analysis holds with j in place of i. There is only one node which can be active at
stage s,+1 and if such a node enumerates both y; into B; 5, +1—B; s, and y; into B; 5. 11—Bj s, ,
then it enumerates y; or y; into A, y1 — As,,, contradicting y;,y; < = and s, > 1.

Hence ¢; # t; and at least one of the enumerations of y; and y; must be caused by some node
B being active due to Case 2 (b) at some stage t € (s, + 1, $p41). Without loss of generality
assume that this is the case for y;. Let y; € I, where I is an o-interval. Since 50 T J;, but
~0 Z ¢, we know that v0 IZ 50; since v0 < d;,, we also know that S0 £ v0; finally, v0 £, 50,
because otherwise 70 <y, «, o were initialised at stage s, + 1 and there were only enumerations

into a-intervals I’ with min(I") > s, > s; > x at later stages. Hence 50 C 0 C_ TP.
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4. Lattice embeddings into R, and R

But then, by Lemma 4.49 (b), there is a least stage ¢’ > ¢; such that joby 1(8) # I. Then
either f3 is active due to Case 2 (a) at stage t'+1 or « is initialised at stage ¢’ 4+ 1. In either case,
some number y < y; < x is enumerated into Ay 1 — Ay, contradicting ¢’ > s;. This completes
the inductive step of the proof of equation (106).

Now from (106) it follows that, if ¢ W, forn > 1,

0,517

GPin (x) = B0 (2) = Weg,s, () = 0.
This is true for n = 1, because Iy, (M%) > z. If it is true for s, then B;, ., | (z+1) =
Bi,sn f (l’ + 1) or Bj,sn+1 f (iC + 1) = Bj,sn f (:L' + 1) If? say Bi,sn_H f (iC + ]-) = Bi,sn f (1' + 1),
then
0= (i)Bi,sn (.%‘) — (i)qu,sn,+1 (l‘) — (i)Bj,an(x) = Weo,syb+1(x)7

€1,5n €1,Sn+1 €2,5n+1

proving the equality for s,1.
Since We, (x) = limy,—, 00 W,

€0,5n

(x), this implies that W, (x) = 0. O
Lemma 4.52. Every join requirement 349 (i,j € N, i # j, e = (eg, e1,e2) € N) is satisfied.

Proof. Let n = p~1(3%7) and let 3 C TP be the unique node of length n on the true path.
Assume that the hypothesis of J%7 is true, that is B; = i)?l/eo and B; = @Zeo (otherwise g%/
is trivially satisfied). Since S0 = TP by the definition of the true path, due to the True Path
Lemma there are infinitely many [0-stages. By Lemma 4.49, there is a S0-stage sg such that
(0 is never initialised and no node v < 50 is active due to Case 1 at any stage s > sg.

Now, in order to compute C(z) with oracle W, | (z + 1) for some given z, using the oracle
compute the least S0-stage s; > max({sg,z}) such that

Wepso [(@+1) =W, [ (z+1) (107)

and I, (J49) > =

We claim that € C if and only if x € Cs,41. If © ¢ I for any interval I assigned to
any node during the construction, then C(x) = 0, and the claim is true. Hence assume that
x € I, where I is an a-interval. We also assume that I is assigned to « at stage s1, because at
stages s > s; only intervals I’ with min(I’) > s; > x become assigned to any node, and if the
assignment of I to « has already been cancelled at or before stage s;, then no numbers from I
are enumerated into C after stage s;.

If o < B0, then x is not enumerated into C' at any stage s > s1, because otherwise S0 were
initialised at stage s, contradicting the choice of sg. Furthermore, if 80 <1, «, then ds, <r a,
whence « is initialised at stage s; + 1 and I is cancelled if it was not cancelled before; then
there are no enumerations into I at stages s > s; + 1.

Hence it suffices to consider the case that S0 C «. For a contradiction assume that C(x) #
Cs,+1(x), i.e. that = enters C' at some stage s +1 > s; + 1. We now consider the possible cases

why x enters C' at stage s + 1. Let 35 be the node which is active at stage s + 1.
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e If o is initialised at stage s + 1, then x = min(J) is enumerated into B; 541 — B; 5. Then

2 We 2 Weq,s

50 (2) = By(a) =1 £ 0 = By, (x) = D97 (a). (108)
Then there must be some z < x in W, — Wy, s,, contradicting the choice of s;. So for the
remaining cases we may assume that « is not initialised at any stage t with s; <t <s+1

(because I is assigned to « at stage s; and still assigned to « at stage s + 1).

e If 35 is active due to Case 1.2 or Case 2(a) at stage s+ 1, then x = ¢, is enumerated into
B; 541 — B; s and as above we conclude that there must be some z < x in W, — We, s,

contradicting the choice of s;.

e If B, = « is active due to Case 1.4 at stage s + 1, then there is some stage t +1 < s+ 1
such that ¢ = ¢; and (¢, a;) has been assigned as diagonalisation witness to a via Case
1.3 at stage t + 1. By (76) [c; + 1, a;] was {g%7 }-safe at stage t. By the hypothesis of Case
1.4, Is(p(18])) > a; and y = a; is enumerated into B; 541 — B; 5. Then (108) holds with y

in place of x.

Since <i>el is an ibT-functional, there must be some z < y in W,, — W, s. But since

[+ 1,y] C W, s, it follows that z < z, contradicting the choice of ;.

e If B, = « is active due to Case 1.3 and I is demoted to some 8’ with 3 = 3, or if B, = '
is active due to Case 2 (b) and S0 C 3,0 at stage s+ 1, then = = ¢, and a, is enumerated
into B; s41 — Bj s or Bj 41 — B, s. If a, is enumerated into B;, then equation (108) holds

with as in place of z and s in place of s1; if a5 is enumerated into B;, then

ber0(a,) = Bj(x) = 1 # 0 = B 4(a,) = bene (ay). (109)

In either case, there must be some z < a, in W, — W, 5. Since 80 T 4’0 in this case, by
(76) or (79), respectively, [cs + 1, as] C We, s. Hence z < ¢y = x, contradicting the choice

of s1 again.

e If B, = « is active due to Case 1.3 and I is demoted to some 8’ with 3’ C 3, or if B, = 3’
is active due to Case 2 (b) and 850 C S0 at stage s + 1, then jobsy1(8") = I, while by
Lemma 4.49 there is a least stage s’ > s such that jobs11(8s) # I. If « is initialised
at stage s’ + 1, then I € Cy by Lemma 4.47, and in particular min(I) ¢ C,, hence
min(l) ¢ B; . Then the same analysis as in the first case above shows that there is some

z <min(]) <z in W, — W, s,, contradicting the choice of s;.

If I is not cancelled at stage s’ 4+ 1, then 5’ must be active due to Case 2.2 (a) at stage
s+ 1> s+ 1. As we have seen above, then some z < ¢y < ¢s = x enters W, — We.s1,

contradicting the choice of s; again.
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4. Lattice embeddings into R, and R

In all cases we have arrived at a contradiction to (107). Hence C(z) = Cs, +1(z), completing
the proof of the lemma. O

Lemma 4.53. FEvery diagonalisation requirement D, (e € N) is satisfied.

Proof. Let o C TP be the unique node of length e on the true path. By Lemma 4.49, there is
some stage sg such that for any stage s > sg, « is not initialised at stage s and for all o’ < a,
all 0 C « and every o'-interval I, jobs(8) # I.

For a contradiction assume that « has no interval assigned at any stage s > sg. Then no
o' J « is active after stage sg, because a requires attention at stage s + 1 for every a-stage
s > sg. For any a-stage s > sg some node  C « must be active due to Case 2 at stage s + 1
and enumerate some number ¢ in Cys11 — C, where ¢ is in an «’'-interval for some o < . Since
no o 3 « is active after stage sg, almost all of these enumerations are into o’-intervals with
o/ < a. But by the choice of stage so no such enumerations are possible.

Hence there must be a least a-stage s; > so such that a has some interval I assigned at
stage s; + 1. Since « is never initialised after stage s1, I is assigned to « at all stages s > s+ 1.
Since s; > s¢ and by the choice of sg, for all s > s; it holds that either o has a diagonalisation
witness (z,y) with x,y € I assigned at stage s, or cands(a) = I.

Since o C TP, there is an a-stage so > s1 + 1 such that I, (p(|8])) > max(I) for all 50 C a.

For a contradiction assume that cands(a) = I for all s > so. By Lemma 4.48 (ii) and the
choice of sg, a requires attention due to Case 1.3 at stage s+ 1 for every a-stage s > so. Hence
no node above « is active after stage s; and there are only finitely many intervals assigned to
such nodes. Let s3 > sy be an a-stage such that for all 8 with 80 C « and all o’ 3 «, there is
no o’-interval I’ with jobs(8) = I'. Such a stage exists by Lemma 4.49. Nodes o/ C « do not
require attention due to Case 1.1, Case 1.2, Case 1.3 or Case 1.4 at stage s+ 1 for any a-stage
s > sg, because otherwise o were initialised, and they do not require attention due to Case 2 at
such a stage s+ 1, because if jobs(8) = I' for some 8 with 80 C «, then I’ is an o’-interval for
some o >, «, hence o’ >, §,. It follows that « is active at every such stage s+1. In fact, since
« has no diagonalisation witness assigned and since candsy1(a) = I by assumption, a must be
active due to Case 1.2 and enumerates the number ¢; € I into Csy1 — Cs. But since there are
infinitely many a-stages, this implies that infinitely many numbers from I are enumerated into
C, which is impossible.

Hence there is a stage s > so such that cands(a) # I and « has a diagonalisation witness
(z,y) with z,y € I assigned at stage s.

Let (x,y) become assigned as diagonalisation witness to « at stage 5+ 1. Then x ¢ Csy1.

If there is no S0 C «, then « is active due to Case 1.1 at stage § + 1 and (1) = 0,
I =[z,3-(z+2)), and since e = |a] < x it holds that yo(I) = 2+ 1 < z + e + 2 < max([).
Theny =z +e+2¢ Asi1 UU;en Bijs1-

If there is some 80 C «, then « is active due to Case 1.3 at stage 5 + 1, and by (77)
lles + 1,9]| > yi(I) >« > min(I) > |a| = e, where [ is relevant above yy(I) at stage 3, hence
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y>cs+e+1l=x+e+1. Moreover, y & ;e Asr1 U Bisy1-

Now if z is never enumerated into C, then C(z) = 0 # ®4(z): For a contradiction assume
that ®2(x) = 0. Then there is a stage s4 > 5 such that A,, | (x+e+1)=A[ (z+e+1) and
ééi“ (x) = 0. By the choice of s4 > s2, a requires attention due to Case 1.4 at stage s + 1 for
every a-stage s > s4. Similar as above we can argue that a must be active at some such stage
s+ 1, whence z is enumerated into C, contradicting the hypothesis.

On the other hand, if x is enumerated into C' at some stage t + 1 > 5, then by the premises
of Case 1.4,

C(z) =1#0=Cyx) = D (2).

It suffices to show that A; [ (x+e+1) = A [ (x+ e+ 1), because then @f;(x) = ®A(z) and
D, is satisfied.

But this is true because there are no enumerations into A from any o’-intervals with o/ < «
after stage ¢ (otherwise av would be initialised), while nodes o’ with o < o are initialised at
stage t + 1 and only get intervals I’ with min(I") > max(J) assigned at later stages.

O

O

At the end of this chapter, we state that there is a finite lattice for which a lattice embedding

into Ripr and R exists but no lattice embedding into Rr.
Definition 4.54. The 8g is the partial ordering 8g = ({a, by, b1, ba, ¢, dp, d1, e}, <s,) such that

1. h(a) = a,h(b;) = b; for i € {0,1,2} and h(c) = ¢ defines a lattice embedding of the M3

into 88,

2. h'(a) = ¢, W (bo) = do, ' (b1) = dy and h'(c) = e defines a lattice embedding of the

diamond into 8g.

The following diagram illustrates what the 8g looks like.

bo b2

Theorem 4.55. [Lach 80] There is no lattice embedding of the S8g into R.
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4. Lattice embeddings into R, and R

To show that the Sg is lattice embeddable into R, for r € {ibT, cl}, we cite a result which

is interesting in its own right.

Theorem 4.56. (Ambos-Spies, Bodewig, Krdling, and Yu [Amboc]) For r € {ibT,cl}, R, is
branching, that is for every c.e. r-degree ¢ there are incomparable c.e. r-degrees dg,d; > ¢ such
that dg A dy = ¢. Moreover, we can choose dg and dy in such a way that dg and di have a

join e.
Corollary 4.57. For r € {ibT,cl} there is a lattice embedding of the S8g into R,..

Proof. By Theorem 4.39 there is a lattice embedding & of the M3 into R,.. For h(c) = c, let
do, d; and e be as in Theorem 4.56. Then we can extend h to an embedding h’ of the 8g into
R,- by deﬁning ]’Ll(do) = do, h/(dl) = d1 and h’(e) =e. ]
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Chapter 5

Cuppable degrees and the
theories of R,;,T and R

5.1 Elementary equivalence of degree structures

Almost all of the results stated about some degree structure R,. in the previous chapters could be
formalised as “R,. satisfies some theorem of first-order predicate logic in the language containing
< as the only non-logical symbol”. For example, the statement of Lemma 4.5 that the diamond
can be lattice embedded into R, preserving the least element (for r € {T,wtt,cl,ibT}) could

be formalised as

R, = (Ja)(3bo)(3b1) (3e) (Va) (@ < ) A (bo £ by) A (b £ bo) A (bo < €) A (b1 < ©)

ANz <bgAx<by szx<a)AN(bp<zAb <z —c<ux)).

This observation leads to the question whether two degree structures R, and R, satisfy the

same first-order theorems.

Definition 5.1. Two partial orders are elementarily equivalent if they satisfy the same theorems

of first-order predicate logic in the language containing < as the only non-logical symbol.

For the most common degree structures studied in the literature, Ry (the structure of the
c.e. degrees with respect to one-one-reducibility), Ry, Ry (the structure of the c.e. degrees with
respect to truth-table reducibility), Ryt and Ry, it is well known that they are pairwise not
elementarily equivalent. This follows from the facts that R, does not constitute an upper semi-
lattice (in contrast to R, for r € {m, tt, wtt, T}), that the c.e. incomplete m-degrees are closed
under joins (in contrast to the c.e. incomplete r-degrees for r € {tt, wtt, T}), that there exist
minimal c.e. tt-degrees (but no minimal c.e. wtt- or T-degrees) and that the upper semi-lattice
of c.e. wtt-degrees is distributive but the upper semi-lattice of c.e. Turing-degrees is not (see
[Odif 99] for details).
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5. Cuppable degrees and the theories of Ry,r and R

Since, for r € {ibT, cl}, R, does not have a greatest element (since there are r-maximal pairs
by Theorem 3.5), while Ry, Ry, Ris, Rty and Ry all have a greatest element (the respective
degree of the halting problem), it follows that Ry, and R are not elementarily equivalent to
any of Ry, Ry, Rit, Rty and Rr.

On the other hand, all theorems we have proven for Ry,r so far were also true for R.. In
some cases (the existence of maximal pairs, for example), the result for Rypr directly carries
over to R by general observations like the ibT-cl-Join and -Meet Lemma, in other cases the
proofs are very similar and just slightly more involved for R (for example, the embedding of
the M3 into Ry, and Ryp). In other cases, however, the known proofs for R are considerably
more complex than the respective proofs for Rj,r. Examples are the proof of Theorem 4.56
or of the fact that neither Rj,r nor R is dense (shown by Barmpalias and Lewis for Ry,
[Barm 06] and by Day for R, [Day 10]).

Thus it would simplify matters if R, and R were elementarily equivalent, whence prop-
erties of the c.e. ibT-degrees would always carry over to the c.e. cl-degrees. In this chapter we
will establish a property witnessing that this is not the case. Most results in this chapter are
from joint work with Klaus Ambos-Spies, Philipp Bodewig and Yun Fan, and were published
in [Ambo 13a].

5.2 Cuppability in Ry
The property we consider is defined in terms of cuppability.

Definition 5.2. Let P = (P, <¢) be a partial order and let a,b € P such that b <p a. Then b
is a-cuppable if there is an element c of P such that ¢ < a and a = bV ¢; and b is a-noncuppable

otherwise, i.e. if, for all ¢ <¢ a, a is not the join of b and ¢ (i.e. bV ¢ does not exist or bV ¢ < a).

Let r € {ibT, cl}. For any c.e. r-degree a let NCu,(a) denote the class of the a-noncuppable
c.e. r-degrees. Ambos-Spies [Ambob] has shown that in case of r = ibT, for each r-degree a > 0

the class NCu,(a) is bounded by some r-degree ¢ < a.

Theorem 5.3 (Ambos-Spies [Ambob)]). For any c.e. ibT-degree a > 0,
NCuibT(a) - {b ceRipr:b<a+ ].}

For the sake of completeness we give the short proof of this result, which uses the following

easy lemma.

Lemma 5.4 (Disjoint Sets Lemma; [Ambob)). Let D and E be disjoint noncomputable c.e.
sets such that D <;u1 E. Then D <7 E + 1.

Proof. By Lemma 2.7 we may assume that there are enumeration functions d for D and e for
E such that for all n, e(n) < d(n). Since D and E are disjoint, in fact e(n) < d(n). Then
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h(n) :=e(n) +1 < d(n), and h is an enumeration function for E + 1; hence D <;v E + 1 by
permitting. O

Proof of Lemma 5.4. Given a noncomputable c.e. set A and a c.e. set B <;,r A such that
B Lt A+ 1, it suffices to find a c.e. set C' <j,v A such that

degibT (A) = degibT(B) \Y degibT(C). (110)

By Lemma 2.7, without loss of generality we may assume that there are computable one-to-one
enumerations {a(n)},>o and {b(n)},>o of A and B, respectively, such that a(n) < b(n) for all
n > 0. Split A and B into c.e. sets

Ag ={a(n) : a(n) =b(n)} and A; = {a(n): a(n) < b(n)}

and
By ={b(n) : a(n) =b(n)} and B; = {b(n) : a(n) < b(n)},

respectively. Note that Ay = By. Hence, by the Splitting Lemma (Lemma 3.4),
degiyr(A) = degir(Ao) V degir (A1) = degir(Bo) V deginr (A1)

So, since (again by the Splitting Lemma) By <i,T B, it suffices to show that A; <ip1 A. (Then
(110) will hold for C' = A;.)

For a contradiction assume that A; =yv A. Then Ay <;pr A;. Hence, by the Disjoint
Sets Lemma, Ag <ipt (A1) + 1. Since, by definition of A; and B, By <yt (A1) +1 by
permitting, it follows, by By = Ao and by the Splitting Lemma, that B <j,1 (A1) + 1. Since
(A1) + 1 <sp7 A+ 1, this contradicts the assumption that B <y, A+ 1. O

We can also look at the converse of Theorem 5.3 and ask whether
{b eERpr:b<a+ ].} - NCuibT(a)

holds for all c.e. ibT-degrees a > 0. Since NCuy,r(a) is closed downwards, this is equivalent
to the question whether a + 1 € NCuy,r(a). Ambos-Spies [Ambob] has shown that the latter
is indeed true if there exists some sufficiently scattered c.e. set A € a, for example a set A

containing only even numbers.

Lemma 5.5 (Ambos-Spies [Ambob]). Let A be a noncomputable c.e. set such that A C 2N =
{2n :n € N}. Then degirr(A + 1) is degipr(A)-noncuppable.

Another partial positive result is that, for any noncomputable c.e. set A, the ibT-degree of
A+ 1 does not cup to the ibT-degree of A by the ibT-degree of any c.e. set B <j,7 A such that
A and B are cl-equivalent. This is a consequence of the following lemma since, for any c.e. sets
A and B such that A =, B, A+ k <;,r B for some k& > 1.
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5. Cuppable degrees and the theories of Ry,r and R

Lemma 5.6. Let a,b be c.e. ibT-degrees such thata+ 1V b =a. Thena+kV b =a for all
k>1.

Proof. We give the proof for k = 2. The general claim follows by induction. Since the bounded
shifts induce automorphisms of the partial ordering of the c.e. ibT-degrees (see [Ambob]), it
follows froma+1Vb =athat a+2Vvb+1=a+1 (note that a+2 = (a+ 1)+ 1). So
a+2Vb+1VvVb=a. Since b+ 1 < b this impliesa+2V b = a. L

Despite the above observations, however, in general a + 1 is not a-noncuppable. In fact, as
we will show now, for any computable shift f there is a nonzero c.e. ibT-degree ¢ = degi,T(C)
such that the f-shift degi,r(Cy) of ¢ cups to c.

Theorem 5.7. Let f be a computable shift. Then there are c.e. sets B and C such that
B <;pt C and degibT(C’f) V degibT(B) = degibT(C).

Proof. W.l.o.g. we may assume that f(z) > x for all numbers z (if this is not the case we may
replace f by f + 1). It suffices to effectively enumerate sets B and C' satisfying the following

requirements for all e = (e, e1,€e2) € N.
B <y C

De: C # b
Je: (Cp =300 and B = d4h0) = C <jpr We,.

Satisfaction of the diagonalisation requirements D. ensures that C' &, B. Satisfaction
of the join requirements J. ensures that for every c.e. ibT-degree d, if d > degi,1(C) and
d > degipr(B), then d > degi,r(C). Namely, if eg, e; and ey are chosen in such a way that W,
is some c.e. set with d = degipr(We,), Cf = é?fo and B = éZe“, then with e = (eq, e1, €2)
the satisfaction of J. implies that degi,T(C) < degipT(We,) = d.

B <;pr C will be satisfied by direct coding. That is, if a new number x is enumerated into
B at stage s+ 1 then x € Cs and z is simultaneously enumerated into C' at stage s + 1.

Note the similarity between the requirements given above and the requirements in the proof
of Theorem 3.20. If we substitute the sets By and B; from that proof by C'y and B, then the
join requirements are exactly the same, and the order requirements are also the same (note
that Cf <. C automatically holds by the Computable Shift Lemma 2.6). The diagonalisation
requirements are different, of course; however, the strategies to satisfy them are very much alike.
In the proof of Theorem 3.20 they basically consisted in putting some number z into C' and
restraining all further enumerations of numbers y < g(z) into By or B;. In the current proof,
to satisfy the requirement D, by the usual diagonalisation strategy, we wait for a stage s such
that @f;(m) = 0 for some appropriate witness z ¢ C; and then put « into Cs;1 and restrain all
enumerations of numbers y < x into B. Since we satisfy B <j,r C by direct coding and since

x < f(z), a stronger condition would be to restrain all enumerations of numbers y < f(x) into
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B and all enumerations of numbers y < z into C, i.e. all enumerations of numbers y < f(z)
into C'y. But this is — substituting By by B and B; by C'y again, and substituting g by f — just
the strategy in the proof of Theorem 3.20.

To clarify matters, we state the modified construction. The notation is as in the proof of
Theorem 3.20.

Construction. Let By = Cy = (). For s > 0, we say that a node a of length e requires
attention at stage s+ 1 if a C 6,5 and

(Case 1) o has no interval assigned to it at the end of stage s, or

(Case 2) « has an interval I assigned to it at the end of stage s such that Cs(z) = @fs(x)
for all z € I, 15(Je) > max(I) for all ¢’ < e with a(¢/)=0and INB;, =INC, C I.

If some node requires attention at stage s+ 1, find the least (with respect to C) such « and
say that « is active at stage s +1. We say that « is active due to Case 1 or active due to Case
2, respectively, depending on whether « has an interval assigned or not at the end of stage s.
Declare all intervals assigned to nodes 8 > « unassigned (i.e., initialise these nodes) and do the

following:

If o is active due to Case 1, let e = |a| and assign a new interval I’ = [z, f¢*+D+1(z)] to
« where x is the least number > s + 1 such that z is larger than all numbers from intervals

assigned to any node before stage s + 1. Let Cs31 = C5 and Bs11 = Bs.

If « is active due to Case 2, then distinguish the following subcases.

(Subcase 2.1) If there exists © ¢ C such that [z, f(z)] € I and [z + 1, f(z)] € Wy, , for
every ¢ < e with a(e’) =0 and ¢ = (e, €], €}), then let Cs11 = Cs U {z} for the least such z

and Bsy1 = B, (we say that o enumerates x into C' at stage s + 1).

(Subcase 2.2) Otherwise, for y = max({x € T : & ¢ Bg}), let Cs11 = Cs U {y} and
Bsi1 = Bs U{y} (we say that a enumerates y into C' and B at stage s + 1).

If no node requires attention at stage s + 1, let Cs11 = Cs, Bs11 = Bs and initialise all
nodes B > d5. Proceed to the next stage.

The verification is completely analogous to the proof of Theorem 3.20 and is left to the

reader. It can also be found in [Ambo 13a]. O

5.3 Cuppability in R
Turning to the c.e. cl-degrees, we first notice that the analogue of Theorem 5.7 is true as well.

Theorem 5.8. Let f be an unbounded computable shift. Then there are c.e. sets B and C such
that B <q C and dega(Cy) V dega(B) = dega(C).

Proof. By Theorem 5.7 there are c.e. sets B and C such that B <j,v C and degiyT(Cy) V
degivT(B) = degipr(C). We will show that B and C have the required properties. By the
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5. Cuppable degrees and the theories of Ry,r and R

ibT-Join Lemma, degq(Cy) V dega(B) = degai(C). So, since ibT-reducibility is stronger than
cl-reducibility, it suffices to show that B % C.

For a contradiction assume that B =, C. Then C + k <;,r B for some k > 0. Since
f is an unbounded computable shift, it follows that f(z) > x + k for almost every z, hence
Ct <ipr C+k <ipr B. So

degibT(Cf) \Y degibT(B) = degibT(B) < degibT(C’).
But this contradicts the choice of B and C. O

This shows that for some degrees a € R there exist cl-degrees d < a which are “much
smaller” than a and still a-cuppable. On the other hand, as we will see, there are degrees
a € R for which we can find a-noncuppable degrees which are arbitrarily close to a in the
sense that they can avoid any given lower cone {d : d < b}, where b < a. Indeed, this will

hold for 2-scattered cl-degrees a.

Definition 5.9. Let Ry = {2™ : m > 0}. Call a set A 2-scattered if A C Ry, and call a c.e.
degree 2-scattered if it contains a 2-scattered c.e. set.

Note that, for any c.e. set A, A= {2™ : n € A} is 2-scattered, c.e. and wtt-equivalent to A.

So any c.e. wtt-degree contains a c.e. 2-scattered set.

Theorem 5.10. Let a and b be c.e. cl-degrees such that a is 2-scattered and b < a. There is

an a-noncuppable c.e. cl-degree ¢ < a such that ¢ £ b.
For the proof of Theorem 5.10 we will need the following observation.

Lemma 5.11. Let A, By,...,By be c.e. sets such that A is 2-scattered and B; <q A for
1€{0,...,k}. Then for k' > k there are c.e. sets BO, ... By, such that

BiCK N+i={k'-n+i:neN}

and B; <q B; <a A fori e {0,...,k}.

Moreover, the sets B; can be chosen in such a way that there is a splitting A = Ag U A1 of
A and a splitting Ei = Eio U Eil of BZ with Bio <a B; and Bil = (A1)y, for some unbounded
computable shift f;.

Proof. W.l.o.g. we may assume that 1,2,...,2% =1 & A and (by replacing B; by some bounded
shift B; + p with B; <¢yppr A) that B; <y A for i € {0,...,k}.

For each ¢ € {0,...,k} do the following:

If B; is computable, then we can just choose By =k N+i.

Otherwise, using Lemma 2.7, we may assume that there are enumeration functions a of A
and b; of B; for i € {0,...,k}, such that a(n) < b;(n) for all n > 0.
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Fix a computable function low; : N — N such that, for m > 3k’ and y € [2™,2mT1)
low;(y) € [2™, 2"+ — KY N (K - N +4), and |low;(y) — y| < 2k'. Such a function exists,
because for y € [2™,2m+L — k'), m > 3K, at least one of the sets {y,y +1,...,y+ k" — 1} and
{y,y—1,...,y—k'+1} is a subset of [2™, 2Tt — k') (since |[2™,2mF! — /)| = 2mFL —2m k' =
om — |/ > 23K _ |/ > 3k — k' = 2K'), and both sets contain a number from &’ - N; and for
y € [2m L — |/ 2mFL) the set [2mF! — 2K/, 2mF! — k) is a subset of [2,2™F! — k') and contains
a number from k' - N.

Also fix a computable function up; : N — N such that, for m > 3k’ and y € [2™,2mF1),
up;(y) is the unique number from [2m+1 — /. 2m*1) which is in &’ - N + .

Then let B; = {(A)l(n) :n > 0} for the computable function b; defined by

B im) = low; (b;(n)) if a(n) < b;(n) < 2a(n)
up;(2a(n) — 1) otherwise (i.e., if 2a(n) < b;(n)).

Obviously, B’Z is c.e. and Ez C k' - N+ 4. Moreover, since A is 2-scattered and a(n) > 23k" for
all n, the function b; is one-to-one and a(n) < bi (n) <b;(n) +2k". So B; <q B; <aq A.
It remains to show that A £ B;. For a contradiction assume A <o B;. Split A, B;, and

B; into the c.e. sets
Ap ={a(n) : a(n) < bj(n) <2a(n)} and A; = {a(n):2a(n) < b;i(n)},

Bip = {bi(n) : a(n) < b;j(n) <2a(n)} and B = {b;i(n) : 2a(n) < bj(n)},

and

Bio = {bi(n) : a(n) < b;(n) < 2a(n)} and By = {b;(n) : 2a(n) < b;(n)},
respectively. Note that, by the fact that any interval [2™, 2™+ —1) contains at most one element
of B,y and by definition of low(y), Bio = Bio- Moreover, B = (A1)y, for the computable
unbounded shift f; defined by

z, if 2z < 23

ile) up; (2™t — 1) +¢q, ifx=2"+ ¢ withm >3k and 0 < ¢q < 2™.
Note that f; is indeed strictly increasing, i.e. fi(z) < fi(x+1) for all z. For z < 23 —1 and for
& = 2™+ ¢ with m > 3k" and ¢ < 2™ — 1 this is clear; for 2 = 23 — 1 we have f;(z) = 23 —1
and f;(z + 1) = up; (238 T1 — 1) > 23K +1 _ /= 93K 1 93K _ /> 93K — f(2) 4 1; and for
o = 2™+ (27 —1) with m > 3k’ it holds that f;(z) = up; (271 — 1)+ (2™ —1) < 2™+l yom 1 <
oamAl om pom L omAL poomAl _ Bf = oM B < yp; (22 — 1) = fi(x + 1).

By the above observation and by assumption,

A <aq B; = Bip UBj; <q Bio U (A1)y,-

135



5. Cuppable degrees and the theories of Ry,r and R

Hence A <u Bjo by the Computable Shift Lemma 2.6. By Big =a Bio and Bjo <a B; this
implies A <. B; contrary to the choice of A and B;.
O

Proof of Theorem 5.10. Fix c.e. sets A and B in a and b, respectively, such that A is 2-scattered.
By replacing B by a bounded shift B + k, we may assume that B <j,r A. Note that A is non-
computable because B <. A. If B is computable, we may substitute B by some noncomputable
set B’ < A, for example B’ = 2A. Hence by Lemma 2.7 we can assume that both A and
B are noncomputable and that there are enumeration functions a of A and b of B, such that
a(n) < b(n) for all n > 0.

It suffices to define a c.e. set C' <. A such that C £, B and degq(C) does not cup to
degc1(A). In the following we inductively define an enumeration function for such a set C. We

ensure that the function ¢ has the following properties.

(Vn) (a(n) < c(n) < 2a(n)) (111)
(Vn) (¢(n) is even) (112)
(Ve) (3ne) (Yn > ne) (e(n) > a(n) +e) (113)

In addition we guarantee that the set C' = {c¢(n) : n > 0} meets the requirements

R.: C # 05,

To show that this guarantees that C has the required properties, note that (111) implies
that C <. A while satisfaction of all requirements R, ensures that C' £, B. It remains to
show that dege(C) does not cup to deg(A). For a contradiction assume that there is a c.e.
set D <. A such that

degai(A) = dega(C) V dega (D).

By Lemma 5.11 (applied to k =1, By =0, By = D and k¥’ = 2), w.l.o.g. we may assume that
D C 2N + 1. Since, by (112), C' C 2N, it follows that A <. C U D by the Splitting Lemma.
So we may fix e such that A = éfUD . Now in order to get the desired contradiction we show
that this reduction can be converted into a cl-self-reduction of A relative to D whence A <., D
contrary to the choice of D. This self-reduction is as follows.

Since A is 2-scattered it suffices to compute A(x) for = 2™ (m > 0). In fact, by (113),
we may fix a number m, such that for any n such that a(n) = 2™ for some m > me, ¢(n) >
a(n) +e = 2" + ¢ and w.l.o.g. we may assume that m > m.. So in the computation ®SVP (z)
any even query y with y > x will be answered negatively since C N [2™,2™ + ¢] = ) and
y < Ge(x) < 2™+ e. For an even query y < x, compute m’ < m such that y € [27"/,27"/“‘1).
Then, by using A | 2™ + 1 as an oracle, check whether 2™ € A. If 27 ¢ A then y ¢ C by

(111). Otherwise, y € C' if and only if ¢(n) = y for the unique n such that a(n) = 2. Odd
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queries in the computation of (i>§UD (z) are simply answered by the oracle D.

Now the enumeration function ¢ of C' is inductively defined as follows. Given s > 0 and
c(0),...,¢(s — 1), let As—1 = {a(0),...,a(s — 1)}, Bs_1 = {b(0),...,b(s — 1)} and Cs_1 =
{c¢(0),...,¢(s —1)}. Say that requirement R, requires attention at stage s if e < s, a(s) +2e <
2a(s),

Coor Ta(s) +2e+1 =857 [ als) +2e + 1, (114)

and b(s) > a(s) + 3e + 1. If no requirement requires attention then let ¢(s) = 2a(s) — 2.
Otherwise, for the least e such that R. requires attention, let ¢(s) = a(s) + 2e and say that

requirement R, is active at stage s.

Obviously, the enumeration function ¢(n) is computable and one-to-one. So it suffices to
show that c¢(n) satisfies (111) to (113) and that, for C = {c(n) : n > 0}, the requirements R,
are met. Now (111) and (112) are obvious. For a proof of (113) note that, for sufficiently large
s, ¢(s) < a(s) + e only if a requirement R, with ¢/ < e is active at stage s, hence requires

attention at stage s. So it suffices to prove the following claim.
Claim. FEvery requirement R, requires attention at most finitely often and is met.

The proof of the claim is by induction on e. Fix e and, by inductive hypothesis, choose
a stage s_1 > e such that no requirement R, with e’ < e requires attention after stage s_1.

W.l.o.g. we may assume that s_; is sufficiently large such that a(s)+2e < 2a(s) for all s > s_;.

Next observe that if R, would require attention infinitely often then there were infinitely
many stages s such that (114) holds. Since lims_, a(s) = oo and since ®, is a cl-functional
this would imply that C = oB i.e., that R, is not met. So it suffices to show that R, is met.

e
For a contradiction assume that
C =95, (115)

Then, by induction on m > 0, let s,, be minimal such that s,, > s, _1,

By 112" +3e+1=B[2"+3e+1, (116)
and
Copmt 127 +2e+1 =0 [2™ 4 2 4 1. (117)

We claim that A(2™) = A, _1(2™) for all m. Since stage s, can be computed from B |
2™ + 3e + 1, it follows that A <. B contrary to the choice of A and B.

For a contradiction assume that there is a number m > 0 such that A(2™) # A, _1(2™).

Then there is a stage s* > s,, such that a(s*) = 2™. It follows by (116) that

b(s*) > a(s*) +3e+ 1. (118)
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5. Cuppable degrees and the theories of Ry,r and R

Moreover, by (117), (116) and @.(z) < x + e, and by (115) it holds that

Copor 127 +2e+1 = &7 127 4 2e+ 1

BB 12m 42 41 (119)
= C2"+2+1.

Since s* > s, it follows that Cg« [ 2" +2e+4+1=C | 2™ 4 2e+ 1 and @5;1 [2" 4+ 2e+1 =

OB 1 2m 4 2¢ + 1.

Now, since a(s*) = 2™ and s* > s,,, > s_1, it follows from (118) and (117) that R, requires
attention and becomes active at stage s*. So ¢(s*) = a(s™) + 2e = 2™ + 2e is enumerated into
C at stage s*, i.e., 2™ + 2e € Cy4« \ Cs+_1. But this contradicts (119).

This completes the proof of the claim and the proof of the theorem. O

Corollary 5.12. The first order theory Th(Rivr) of the partial ordering of the c.e. ibT-degrees
and the first order theory Th(R.) of the partial ordering of the c.e. cl-degrees are different.

Proof. This follows from Theorem 5.3 and Theorem 5.10, because for the theorem o of first-
order predicate logic stating that for all degrees a # 0 the set of the c.e. a-noncuppable degrees
has an upper bound b less than a it holds that

Rivr =0

and
Rcl Fé ag.

Note that the theorem

o =(Va)(3b)(Ve)(Vd)(3)
(a#£0—=b<an(c<aN(d<a—=c<fAdSfAaLf)—=c<Dh))

in the proof above is a II4-statement. It is an open question whether Rj,r and R satisfy the
same theorems of first-order predicate logic with 2 or 3 quantifier changes; it is not hard to see
that they satisfy the same 3;-theorems, since every finite partial order can be embedded into
Ripr and Rg.

By Theorem 5.10 for a 2-scattered cl-degree a, the set NCug(a) has no greatest element.
At the end of this chapter we want to extend this result and show that NCu(a) does not even

have maximal elements.

Lemma 5.13. Let a be 2-scattered. Then NCuc(a) has no mazimal elements.
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Proof. Let b < a with b € NCu(a). By Theorem 5.10 there is a c.e. cl-degree ¢ € NCu(a)
such that ¢ € b. Now if b < ¢, then clearly b is not maximal in NCu.(a). Hence assume
that b and c are incomparable. We claim that there is some c.e. cl-degree d with b,c < d and
d € NCu,(a); since ¢ is incomparable to b but not to d, necessarily b # d. Hence b < d and
b is not maximal in NCug(a) again.

To prove that such d exists, choose c.e. sets A € a, B € b and C € ¢ such that A is 2-
scattered. Then B < A and C <. A. By Lemma 5.11 (applied to k = 1, By = B, B; = C and
k' = 3) there are c.e. sets B C3Nand C C3N+1such that B<gq B <q Aand C <, C <gq A
and such that there are splittings A = Ay U A; and A = A}y U A} of A, B= By U By of B and
C = Co U €y of C and unbounded computable shifts fg and fo with Bo <a B, B = (A1) fs,
Co <aq B and C; = (A1) fe-

Let d = dega(B U C). By the Splitting Lemma, d > degeq(b) and d > degq(c). Hence it
suffices to prove that d € NCu(a).

For a contradiction assume that there is some c.e. cl-degree e < a such that d Ve = a. Let
E be a c.e. set such that £ € e. Without loss of generality we may assume that £ C 3N + 2
because otherwise using Lemma 5.11 (applied to k = 2, By = By = 0, By = F and k¥’ = 3)
we can replace E by a set E with this property and such that degq(E) < dega(E) < a, and
replace e by degcl(E).

Now by the Splitting Lemma again, since B , C and F are pairwise disjoint,
dega(BUC UE) = dega(BUC) Vdeg, (E) =dVe=a.

Hence
BiUC,UByUCyUE =4 A.

Since By is disjoint from Cy U By U Cy U E and By = (A;),, it follows by the Computable
Shift Lemma 2.6 that
él UE0U00UEEC1 A.

By similar reasoning for C, instead of B; we conclude that
BoUCyUE = A.
Now since By <. B and deg.(B) =b € NCu(a), it follows that
éo UFE =4 A.

Finally, since Co <o C and dega(C) = ¢ € NCug(a), we see that E = A, contradicting
e <a.
O
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