A CLT CONCERNING CRITICAL POINTS OF RANDOM FUNCTIONS
ON A EUCLIDEAN SPACE

LIVIU I. NICOLAESCU

ABSTRACT. We prove a central limit theorem concerning the number of critical points in
large cubes of an isotropic Gaussian random function on a Euclidean space.
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1. INTRODUCTION

Throughout this paper X (t) denotes a centered, isotropic Gaussian random function on
R™, m > 2.

Assume that X is a.s. C'. For any Borel subset S C R™ we denote by Z(S) the number
of critical points of X in S. For a positive number L we set

Zp = Z([-L, [)™),

and we form the new random variable

¢ :zW(ZL—E[ZLD. (1.1)
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In this paper we will prove that, under certain assumptions on X (¢), the sequence of random
variables ((y), converges in distribution as N — oo to a Gaussian with mean zero and finite,
positive variance.

The proof, inspired from the recent work of Estrade-Leén [11], uses the Wiener chaos
decomposition of Zj.

Notations.
o N:= Z>0, NO = ZZO‘
e For any positive integer n we denote by 1, the identity map R™ — R™.
o Fort = (t1,...,tm) € R™ we set

e For any v > 0 we denote by =, the Gaussian measure on R with mean 0 and variance
.

e If X is a scalar random variable, then we will use the notation X € N(0,v) to
indicate that X is a normal random variable with mean zero and variance v.

e If Ais a subset of a given set S, then we denote by I 4 the indicator function of A

1, se€A,
IA:S—>{O,1}, IA(S):{O SES\A

e If X is a random vector, then we denote by E[X] and respectively var(X) the mean
and respectively the variance of X.

2. STATEMENT OF THE MAIN RESULT
Denote by K(t, s) the covariance kernel of X (t),
K(s,t):=E[X(t)X(s)], t,s € R™

The isotropy of X implies that there exists a radially symmetric function C' : R™ — R such
that K(t,s) = C(t — s), Vt,s € R. We denote by p(dX) the spectral measure of X so that
C(t) is the Fourier transform of y

Ct) = (27) % / e~ iEN) (AN, (2.1)

m

2.1. The setup. For the claimed central limit result to hold, we need to make certain as-
sumptions on the random function X (¢). These assumptions closely mirror the assumptions
in [11].

Assumption A1l. The random function X (t) is almost surely C3.

To formulate our next assumption we set

Y(t) == max{ |0fC(t)]; |a] <4}, te€R™, (2.2)
where for any multi-index o = (aq, ..., ;) € Nj* we set
|Oé’::0é1+"'+04m, 8?:8%18?7;"

Assumption A2.
lim ¢(t) =0 and o € L'(R™).

[t|]—o0
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Our next assumption involves the spectral measure p(dX) and it states in precise terms that
this measure has a continuous density that decays rapidly at oco.

Assumption A3. There exists a nontrivial even, continuous function w : R — [0,00) such
that
p(dA) = w(|A[)dA.

Moreover w has a fast decay at oo, i.e.,

IN*w(A]) € LYR™) N L2 (R™).

Remark 2.1. (a) Let us observe that A1-A3 imply that
Y € LYR™), VYq > 0.
(b) The assumptions A1-A3 are automatically satisfied if the density w is a Schwartz function
on R.
(c) The paper [11] includes one extra assumption on X, namely that the Gaussian vector

J2(X(0)) := (X(0), VX(0), V2X(0)).

is nondegenerate. We do not need this nondegeneracy in this paper, but we want to mention
that it is implied by Assumption A3; see Proposition A.6. O

Fix real numbers v > 0 and v > 0. Denote by 8,, the space of real symmetric m x
m matrices, and by 8p;" the space 8, equipped with the centered Gaussian measure T'y, ,
uniquely determined by the covariance equalities

E[aijakg] = u0;0ke + ’U(dik(sje + 51‘Z5jk)7 V1<, 5,.k L <m.
In particular we have

Ela}] = u + 2v, Elajiaj;] = u, E[a?j] =wv, V1<i#j<m, (2.3)

while all other covariances are trivial. The ensemble S?;Lv is a rescaled version of the Gaussian
Orthogonal Ensemble (GOE) and we will refer to it as GOEy,. As explained in [20, 21],
the Gaussian measures I, are invariant with respect to the natural action of O(m) on §,,.
Moreover (i)
dTo,(A) = (20)" "0 T e A4, (2.4)
The ensemble 8,;" can be given an alternate description. More precisely a random A € 8;;°
can be described as a sum

A=B+ X1,,, BeGOE,,
We write this

X € N(0,u), B and X independent.

8% = GOEY, + N (0, u) 1y, (2.5)
where + indicates a sum of independent variables. We set 8¢, := 8,,". Recall from (2.1) that

m

E[X(®)X(0)] = C(t) = K(t,0) = (21) % / ¢~ EN) (| A[)dA.

Following [23] we define

1 1 2
Sm = pymrz /Rm w(lzl)de, dn = (27r)m/2/Rm ww(|z))de,
1
hp = W /]Rm x%x%wﬂm])dm
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Clearly s, dm, hy > 0. If we set
I (w) = / w(r)rdr, (2.6)
0

then we have (see [23])

9 m 9 m
(@m)" s = L (W), (20)™dn = S L (w),
INCD ml' (%)
) - (2.7)
22 by = = | atw(a)de = —— L s(w).
Then we deduce that
E[X(0)-8;,X(0)] = E[8;,X(0)-8;,,X(0)] =0, Vi,jk (2.8a)
E[X(0)%] = sm, E[0,X(0)-9,X(0)] =dmbij, Vi,j, (2.8b)
E[X(0)- 08, X(0)] = —duby, Yinj (2.50)
E[87,,X(0)- 074, X(0)] = hun(0ij0ke + 6ikdje + Siebjn ), Vi, j, k. L. (2.8d)
The equality (2.8b) shows that VX (0) is a R™-valued cenetered Gaussian random vector
with covariance matrix d,, 1,,, while (2.8d) shows that V2X (0) € 8hm. 0

2.2. The main result. We can now state the main result of this paper.

Theorem 2.2. Suppose that X (t) is a centered, stationary, isotropic random function on
R™ m > 2 satisfying assumptions A1, A2, A3. Denote by Zn the number of critical points
of X(t) in the cube Cn := [N, N|™. Then the following hold.

(i)

E[Zy] = Cp(w)(2N)™, VN, (2.9)
where
Con(w) = <2:sm> " B [|det A]]. (2.10)

(ii) There exists a constant Voo = Vo (m,w) > 0 such that
var(Zy) ~ VooN™ as N — oc. (2.11)

Moreover, the sequence of random variables
(v =N""?(2zy - B[ Zx] )

converges in distribution to a normal random variable (5 with mean zero an positive
variance Vys.

Remark 2.3. (a) The isotropy condition on X (t) may be a bit restrictive, but we believe
that the techniques in [11] and this paper extend to the more general case of stationary
random functions. However, for the geometric applications we have in mind, the isotropy is
a natural assumption. Let us elaborate on this point.

Suppose that (M, g) is a compact m-dimensional Riemannian manifold, such that vol, (M) =
1. Denote by p the injectivity radius of g. For € > 0 we denote by g. the rescaled metric
g- := £ 2g. Intuitively, as ¢ — 0, the metric g. becomes flatter and flatter. Denote by Ay
the Laplacian of g and by A, of g.. Let

MM L
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be the eigenvalues of A,, multiplicities included. Fix an orthonormal basis of L?(M,dV,)
consisting of eigenfunctions ¥y, of A,

AgTy = ATy

Then the eigenvalues of A, are \;(¢) = €2\, with corresponding eigenfunctions W§ := £ Wy,
We now define the random function Y (p) on M,

Ye(p) =) w( V(o))

k=0

NI

Zr Vi (p),

where (Zi)r>0 is a sequence of independent standard normal random variables.

Fix a point p, € M and denote by exp, the exponential map T} M — M defined by the
metric g.. (This is a diffeomorphism onto when restricted to the ball of radius e~ !p of the
tangent space Tp, M equipped with the metric g..) Denote by R. the rescaling map

Tp, M — Tp, M, v+ cv.

This map is an isometry (Tp,M,g) — (Tp,M,g:). We denote by X. the random function
on the Euclidean space (Tp,M, g) obtained by pulling back Y. via the map exp.oR.. The
random function X.(t) is Gaussian and its covariance kernel converges in the C'*° topology
as € — 0 to the covariance kernel of random function X we are investigating in this paper.
Denote by N(Xe, B,) the number critical points of Y; in a g-ball of radius r < p on M, and
by N (X, Br) the number of critical points of X in a ball of radius R. In [23] we have shown
that

E[N(Y.,B:)] ~ E[N(X,B,). | = const.e™™ ase — 0.

Additionally, in [22] we looked at the special case when M is a flat m-dimensional torus and
we showed that the variances random variables

(N, B,) ~ BIN(YV..B,)] ). e /2 N(X.B,y.) — B[N(X,B,.)] )

have the identical finite limits as € > 0. In [22] we were not able to prove that this common
limit is nonzero, but Theorem 2.2 shows this to be the case.

These facts suggest that the random variable N(Yz, B,) may satisfy a central limit theorem
of the type proved in [5, 13]. We will pursue this line of investigation elsewhere. O

2.3. Organization of the paper. The strategy of proof owes a great deal to [11]. In
Subsections 3.1 and 3.2 we describe the Wiener chaos decomposition of the random variable
Zn in the Gaussian Hilbert space generated by the Gaussian family

(X(¢),VX(t),V?X(t)), teR™

In the first half of Subsection 3.3 we show that var({y) has a finite limit V, as N — co. In
the second half of this subsection we prove that V., > 0. The central limit theorem is then
obtained using the Breuer-Major type central limit theorem in [11]. Appendix A contains
estimates of the lower order terms in the Hermite polynomial decomposition of | det A| where
A€ 8, m > 1. These estimates can be used to produce explicit lower bounds for V,, for
large m.
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2.4. Related work. Central limit theorems concerning crossing counts of random functions
go back a while, e.g. T. Malevich [18] (1969) and J. Cuzik [9] (1976).

The idea to use Wiener chaos decompositions to establish such central limit theorems is
more recent, late 80s early 90s and we want to mention here the pioneering contributions of
Chambers and Slud [8], Slud [27, 28] and Kratz and Ledn [15].

This topic was further elaborated by Kratz and Leén in [16] where they also proved a
central limit theorem concerning the length of the zero set of a random function of two
variables. We refer to [6] for particularly nice discussion of these developments.

Azais and Ledn [5] used the technique of Wiener chaos decomposition to give a shorter and
more conceptual proof to a central limit theorem due to Granville and Wigman [13] concerning
the number of zeros of random trigonometric polynomials of large degree. Recently, Adler
and Naitzat [1] used Hermite decompositions to prove a CLT concerning Euler integrals of
random functions.

Acknowledgments. I want to thank Yan Fyodorov for sharing with me the tricks in Lemma
AL

3. PROOF OF THE MAIN RESULT

The random variables X (t), t € R™ are defined on a common probability space (2,0, P).
We denote by Ox the o-subalgebra of O generated by the variables X(¢), t € R™. For
simplicity we set L?(2) := L?(Q2,Ox, P).

As detailed in e.g. [14, 17, 26], the space L?(Q2) admits an orthogonal Wiener chaos
decomposition

? Q) = éLQ(Q)m
q=0

where L%(Q), denotes the g-th chaos component. We let P, : L%(Q) — L?(Q2), denote the
orthogonal projection on the ¢g-th chaos component.
Let T denote a compact parallelipiped

T :=[a1,b1] X -+ X [am, bp], a; <b;, Vi=1,...,m.
From [2, Thm.11.3.1], we deduce that X is a.s. a Morse function on T'. In particular, almost

surely there are no critical points on the boundary of T'.

3.1. Chaos decompositions of functionals of random symmetric matrices. The dual
space (8Y)* = Hom(8?,,R) is a finite dimensional Gaussian linear space in the sense of [14]
spanned by the entries (ai;)i1<i<j<m of a random matrix A € 87,. Its Fock space is the space
L2(8,, I',,) and admits an orthogonal chaos decomposition,

= @LQ(S%)q
q>0

We recall that
q
Pow 1= @L%smk

is the subspace of L?(8Y,) spanned by polynomlals of degree < n in the entries of A € §7,
and L?(8Y,), is the orthogonal complement of ?q 1 in (Pq »- The summand L%(8Y,), is Called
the g-th chaos component of L*(8Y,,).
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The chaos decomposition construction is equivariant with respect to the action of O(m)
on 82,. In particular, the chaos components L?(82,); are O(m)-invariant subspaces. If we
denote by L?(8Y,)™ the subspace of L?(8?,) consisting of O(m)-invariant functions, then we
obtain an orthogonal decomposition

L2(8u)™ @ L2(8y,)inv, (3.1)
k>0

where L?(8%,)i™ consists of the subspace of L*( 82, )k where O(m) acts trivially. In particular,

we deduce that L2(87‘;1)§€”” consists of polynomials in the variables tr A, tr A%, ..., tr A™.
We define the O(m)-invariant functions

D,q, f:8m = R, p(A) = (trA)?, q(A) :=trA?, f(A)=|detA|.

A basis of f]A)’é”;’ is given by the polynomials 1, tr A, p(A), ¢(A). Clearly, since tr A is an odd
function of A, it is orthogonal to the even polynomials 1,p(A),g(A). We have

Eg | Z Ela;] +2 Z Elajaj;] = 3mv +m(m — 1)v = m(m + 2)v. (3.2)
1<j
We have
Esy [¢(A) =) Elaj] +2>  Elaj;] = 3m + m(m — 1) = m(m + 2)v. (3.3)
i=1 i<j

We deduce that the polynomials
p(A) = p(A) — Esy [p(A)] = p(A) —m(m + 2)v, (3.4)
q(A) = q(A) — Esy [qa)] = q(A) —m(m + 2)v '

form a (non-orthonormal) basis of L?(8Y,)4™.

3.2. Hermite decomposition of Z(T'). For € > 0 define
55 :R™ — R, (55 = (28)_mI[_E7E]m.

Observe that the family (d.) approximates the Dirac distribution §y on R™ as € N\, 0. We
recall [11, Prop. 1.2] which applies with no change to the setup in this paper.

Proposition 3.1 (Estrade-Leén). The random variable Z(T) belongs to L?(2). Moreover
Z(T) = lim / | det VX (t) |6 ( VX (t) )dt
almost surely and in L*(Q). 0
The above nontrivial result implies that the random variable Z(T') has finite variance and
admits a chaos decomposition as elaborated for example in [14, 17, 26].

Recall that an orthogonal basis of LQ(]R,'yl(dx)) is given by the Hermite polynomials,
(14, Ex. 3.18], [19, V.1.3],

»

Ho(z) == (—1)"eF dﬁ;(e—%) A S Gt i (3.5)
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In particular

0 n =1 mod 2
H,(0) = ’ ’ 3.6
) {(_1),,(22:2;7 " (36)

For every multi-index o = (a1, g, ... ) € NON such that all but finitely many «g-s are nonzero,
and any

gz(xl,arg,...)E]RN

la == Zak, al = Hak!, Hy(z) = HHak(xk)
k k

k

we set

To simplify the notation we set

U(t) = \/%VX(t), A(t) = V2X ().

Thus U(t) is a R™-valued Gaussian random vector with covariance matrix 1,, while A(¢) is
a Gaussian random symmetric matrix in the ensemble 8/,

Recall that f(A) = |det A|l. We have f € L?(8"m)" and we denote by f,(A) the com-
ponent of f(A) in the n-th chaos summand of the chaos decomposition (3.1). Since f is an
even function we deduce that f,(A) = 0 for odd n. Note also that

Jo(A) = By, [ det A]] £0.
Following [11, Eq.(5)] we define for every o € N{j* the quantity
1 m
d(a) == J(dem)’fHa(O). (3.7)
Arguing exactly as in the proof of [11, Prop. 1.3] we deduce the following result.

Proposition 3.2. The following expansion holds in L*(Q)

T) =7 Z/T)
q=0

where
Z,T)=P,Z(T) = / H A(t) )dt. O

OéENO , n€Np,
o +n=q

Observe that the expected number of critical points of X on T is given by

E[Z(T)] =E|[Z(T)] :d(o)AE[HO(U(t))fO(A(t))]dt
(use the stationarity of X (t))
(2rd,, / g [ F(A®) ]dt = (2dyn)~ % B [ |det A|] vol(T)

hm,
= <27rdm> ES}n“detA” vol(T).

This proves (2.9) and (2.10).
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3.3. Asymptotic variance of Z(T). Denote by Cx the cube [-N, N|™ and by B the cube
[0,1]™. For any Borel measurable subset S C R™ such that vol(S) # 0 we set

1
S)i=—=(Z(S)—E|Z(5)|).
0(8) = s (2(5) = B[2(9)])
Thus, ¢y = ¢(Cy). Since (y € L?(Q) we deduce var({y) < oo.
Proposition 3.3. There exists Vi € (0,00) such that
A}l_r)rloo var((y) = V.

Proof. To prove that the above limit exists we follow closely the proof of [11, Prop. 2.1]. We
have

(v =¢(Cn) = (2N)"2 Y Z,(Cw),

q>1
Vy :=wvar(¢(Cn)) =Y (2N) "E[Z,(Cx)].
a=1 =Vy N
To estimate V, y we write
20 = [ puttyat
where
pe®)= > da)Ha(U(t)) fu( Alt)) (3.8)
a€eNG', neNg
lal+n=q
Then

Von = (2N)™™ /C  Bln(e)n(o) Jdsi

(use the stationarity of X (t))

_ (2N)—m/C y E [ p,(0)p,(t — 5)]dsdt :/T B[ py(0)pg(w)] T (1 N |2uzkv|> .

N k=1
The last equality is obtained by integrating along the fibers of the map

CNXCNB(S,t)'—)t—SETQN.

To estimate the last integral, we fix an orthonormal basis (b;;)1<i<j<m of the Gaussian Hilbert
space Hom(SZ’",R). We denote by B the vector (b;j)i<i<j<m, by A the vector (ai;)i<i<j<m
both viewed as column vectors of size

m(m + 1)

—

There exists a nondegenerate deterministic matrix A of size v(m) x v(m), relating A and B,
A = AB. We now have an orthogonal decomposition

fa(A)= Y c(B)Hp(B).

BeNL™ | |Bl=n

v(m) :=dim8§,, =

Let us set
T = (NFY) x (N™).
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We deduce
> d@)e(B)Ha(U () )e(B)Hp( B(t)).
(a,8)€Im
We can further simplify this formula if we introduce the vector
Y(t):= (U(t),B(t)), B(t)=ATA).
For v = (o, B8) € T, we set

a(v) :=d(a)c(B) Hy(Y(t)) = Ho(U(t) )Hp(B(t)).
Then

YE€Im, |v|=¢

E[p0)ps(w)] = > a(y)a(y)E[H,(Y(0))Hy(Y(u))].
¥y €Im
[vI=1"1=q

We set w(m) := m + v(m), and we denote by Y;(t), 1 < i < w(m), the components of Y (t)
labelled so that Y;(t) = U;(¢), V1 < i < m. For u € R™ and 1 < i,j < w(m) we define the
covariances
Lij(u) :== E[Y;(0)Y;(u)].
Observe that there exists a positive constant K such that
|Tij(u)| < Ky(uw), Vi,j=1,...,w(m), ueR™, (3.10)

where 1) is the function defined in (2.2).

Using the Diagram Formula (see e.g.[17, Cor. 5.5] or [14, Thm. 7.33]) we deduce that for
any 7,7 € I, such that |y| = |y/| = ¢ there exists a universal homogeneous polynomial of
degree ¢, P, in the variables I';;(u) such that

E[H,(Y(0))H,(Y(u))] = P, (Tis(u)).
Hence

Vov= S a(maly) /

VY €Im Ton
IvI=1v'1=q

Py (T ﬁ( plaw.

=Ry (vY')
From (3.10) we deduce that for any ~,+" € J,, such that |y| = |y/| = ¢ there exists a
caonstant C, ,» > 0 such that

‘ ( )‘<C,Ww( )4, Yu € R™.
Since ¢ € LP(R™), Vp > 1, we deduce from the dominated convergence theorem that
]\}im RN(777/) = Roo('%’y/) = / P’y’y ( ( ))du (3.12)
—00 Rm™
and thus
lim Vo =Viso:= D a(a(y)Reo(v.7) = / E[pg(0)pg(w) Jdu.  (3.13)
7,7 €0m R
=17 =q

Since V, ny > 0, Vg, N, we have
Vg0 >0, Vq.
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Lemma 3.4. For any positive integer ) we set

V>Q,N = Z V’N.

>Q
Then
li V- =0 3.14
dim (sup Vg ) =0, (3.14)
the series
> Vaes
q>1
is convergent and, if Voo is its sum, then
Voo = lim Vi = ngnooz VN (3.15)

g=>1
Proof. For s € R™ we denote by 05 the shift operator associated with the field X, i.e.,
0s X (o) =X (o+s).

This extends to a unitary map L?(Q) — L?(Q) that commutes with the chaos decomposition
of L?(2). Moreover, for any parallelipiped 7' we have

Z(T+s)=0sZ(T).
If we denote by L the set of lattice points
Ly :=[-N,N)"nz™

then we deduce

C(CN) = (2N)_m/2 Z QSC(B)7 B = [07 1]m'

S€ELm
We denote by P~ ¢ the projection
P>q= Z Pq.
>Q

where we recall that P, denotes the projection on the g-th chaos component of L2(2). We
have

P-q¢(Cn) = 2N)™™2 3 7 0.P-q((B).
sc€lm,
Using the stationarity of X we deduce

Vaon = B| [PoC(Cn) | = @N)™ 3 wl(s, N)E[P0¢(B) - 0,P50¢(B)],  (3.16)

seLlon
where v(s, N) denotes the number of lattice points ¢ € £ such that t — s € L. Clearly
v(s,N) < (2N)™. (3.17)

With K denoting the positive constant in (3.10) we choose positive numbers a, p such that

1
P(s) < p< I3 V|s|oe > a.

We split V> n into two parts

Vaoun = Vign + Vg n
where V;Q ~ is made up of the terms in (3.16) corresponding to lattice points s € Loy such
that |s|e < a+1, while VI  corresponds to lattice points s € Lo such that [s|ec > a+1.
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We deduce from (3.17) that for 2M > a + 1 we have
—m m m 2
| Vigw | < @N)7 (20 +2)"(2N)"E| [P50¢(B)[* ]

As ) — oo, the right-hand side of the above inequality goes to 0 uniformly with respect to
N.
To estimate V;’QN observe that for s € Lo such that |s|s > a + 1 we have

E[P-q¢(B) - 0sP-0¢(B)] = Z /B /B E[ pg(t)]pg(u + s) | dtdu, (3.18)

>Q

where we recall from (3.9) that

)= Y aH (V). T = NNy, ) = D
YE€Im, |7|=q
Thus
E[pput9)] =B ( Y amH(y®))( D anH(Y(s+w))]
YEIm, [7|=¢ YEIm, [vl=¢
Arcones’ inequality [4, Lemma 1] implies that
E[py(t)pg(u+s)] < KWi(s+u—-t)" > la()*. (3.19)

YE€Im, [v1=q
The series > g la(7)|*! is divergent because the series > e, 0(VHA(Y), Y = (U, B), is
the Hermite series decomposition of the distribution do(v/d,,U)| det A|.
On the other hand, for v = (a, 8) € I, we have a(y) = d(a)c(B), where, according to
(3.7) we have d(a) = é(dem)nga(O). Recalling that

»(2r)!

Hor(0) = (=1)" 5550 H2r41(0) = 0.
we deduce that . , L/
r
| o = 2 () <1,
(2r) ’(27‘)! 2r(0) 22r (r) -
and )
d(a)?a! < C =
(a) o= (27Tdm)m/2

This allows us to conclude that
> laP < @rdp) g™ Y oB)?B! < CqM Egny [ | det AP
¥€Im, [vl=¢ BeNy ™ |81<q

Using this in (3.18) and (3.19) we deduce
E[P-q((B) - 0sP-0¢(B) ]

< CEgy, [ |det A?] quKq/ / V(s +u —t)idudt
>Q BJB

=:C"

V2o x| < C’(Z quqqul) ( 3 /B/sz(s fu— t)dudt),

>Q s€LaN; [8|leo>a+1

Hence
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Where we have used the fact that for |s|c > a+ 1, |ul, [t| < 1 we have (s +u —t) < p.
Since p < %, the sum
> gt

>Q
is the tail of a convergent power series. On the other hand,

Z //ws+u—tdudt< Z/ P(s+u) <2 Y(u)du < co.
s€LaN; [8[oo>a+t1 sclyy, Y [FLU™ R™

This proves that supy | ”Q ~| goes to zero as ) — oo and completes the proof of (3.14).
The claim (3.15) follows immediately from (3.14). 0

Lemma 3.5. The asymptotic variance Vs is positive. More precisely,
Va,00 > 0. (3.20)
Proof. From (3.13) we deduce

Voo = / E[ pg(0)pg(u) ] du, (3.21)
where, according to (3.8) we have

pa(t) = > dla)Ha(U(t))fa(At))

aEN, neNy
|a]+n=2

The second chaos decomposition fa(A) is a linear combination of the polynomials p(A) and
G(A) defined in (3.4) where v = hy,.

In the above sum the only nontrivial terms correspond to o = 0 or a = (201, 2d;2, - - - , 20im),
i=1,...,m. In each of these latter cases we deduce from (3.6) that
1 ) m
d(a) = —5d(0), d(0) D (9rd,) %,
and we conclude that
m ~ ~ fo(A m
pa(t) = d(0) (fo( ALt Z Ui(8))) = d(0) (xp(A0) +oa(a®) - S mue)).
1 i=1
For uniformity we set
__fo(4)
2

so that
pa(t) = d(0) ((p(A) + ya(A HZ% )).
We first express the polynomials p(A) and g(A4) in terms of Hermite polynomials. We set
1 . .
~ Tar—Qii, =],
Qjj 1= ?hm " .,
Vhn Qg #J
We have

1<J
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= 3hm Y S (Ha(@3) + 1) + 6k Y H (i) H (35)

1<J

p(A) = (tr A)? — m(m + 2)hum, (32}12 Gii) + 6> Hi (i) H(aj;) — m(m — 1)) .

1<J
We have
tr A? = 3hy, Z 2R YA = 3hpy, ZHQ Qi) + 2hm > Ha (@) + m(m + 2)hp,
1<j 1<J
321{2 Gii) + 2 Ha(ay) |-
1<j
Define
=Y Hy(Ui(t)), Fi(t) =Y Ha(au(t)), Fa(t)=> Hp(d;(t))
i i 1<J
Fy(t) =Y Hi(@u(t)) Hi(ay;(t) ).
1<j
Thus

p2(t) = d(0) (mhm (3FL(t) + 6F3(t) — m(m — 1) ) + yhpy, (3F1(t) + 2F5(t) ) + zFo(t))-

BIF(0)] = BF(0)] = "D Bla, 0 o) = "
We set R
F3(t) = F5(t) — E[F5(t)].
Then R R
E[Fy(0)F3(t)] = E[Fo(0)F5(t)], E[F1(0)F3(t)] = E[F1(0)F3(t)],
[ 2(0)F3(t)] = E[F2(0)Fa(t)),
pa(t) = d(0 )(3:1:h (Fi(t) + 2F5(t)) ) +yhm (3FL(E) + 2F(t) ) +zF0(t)). (3.22)

__zl( ) =:2(t)

To estimate FE [ p2(0)p2 (u)] we will rely on the following consequences of the Diagram For-
mula [7], [14, Thm. 3.12].

Lemma 3.6. Suppose that X1, Xo, X3, Xy are centered Gaussian random variables such that

E[X3 =1, E[X,Xj]=cy, Vi,j=1,2,4, i#].

Then
E[H\(X1)H.(X2) ] = ci2, (3.23a)
E[Hy(X1)Ha(Xo)] = 2c1y, E[Ho[X1]H1(X2)H:i(X3)] = 2c12¢13, (3.23b)
E[H(X1)H(X2)H1(X3)H1(X4) ]| = c12¢34 + c13¢24 + c14c23. (3.23¢c)

O
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To compute the expectations involved in (3.21) we need to know the covariances between
a;;(0) and @ji(t). These are determined by the covariance kernel
C(t) = Fu(N)];

where F denotes the Fourier transform. For any ij,...,i; € {1,...m} we set

Cirig (8) 7= 0f_y, C(#), FL(=)"Niy - Xiou(N) ].

We have
B[0f, , X3 X()] = (~DCi iy (8
1 1
U;(t) = O X (1), au(t) = , it 2th
() mtz()a() \/W () CL]() Ft ()
Recalling that the spectral measure p(dX) has the form
(X)) = w(|A[)dA
we introduce the functions
My i (A) = Ny - Ajw(|A])
and denote by J;, ;, their Fourier transforms
i) = (20) [0t ()i
Then ) .
E[U(0)U;(t)] = -—Cij = —T;(t), (3.24a)
~ A 1 ) .
E[U;(0)a;;(t)]= —E[a;;(0)U;(t)] = —m@ja‘(t) = mfﬂjj(t% Vi, j, (3.24b)
~ . 1
E[Ui(0)a;,(t)]= —E[a,,(0)Ui(t)] = _mcijk(t)
; (3.24c)
- 1 1
E[am(O)aﬂ (t)] = %Ciijj(t) = %?ij(t), (3.24d)
= N = "N 1
E[a;(0)a;x(t)] = E[a;,(0)as(t)] = ——=Ciiju(t)
hinV/3
. (3.24¢)
:73‘% ta v.a .akv ] ka
= N . N 1
E[a;;(0)ar(t)] = Elare(0)as(t)] = Tciijk(t)
m (3.24f)

_ b
==

BIFy(0)Fo(t)] = 3 B (U(0)Ha(Us ()] = = 37 550

Using the fact that the Fourier transform is an isometry and the equality Ml%- = M;; M
we deduce

S:z]kf(t% Vl,j,k,g, Z#]v ]{?756
We have

/ Fij(t)%dt = / M;j(A)?dX = / Mi(XN) M (N)dX
Rm m m
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and thus,

E[Fy(0)Fy dt_< ZMu,d ZMM> (3.25)

Rm
L2

E[FO)F(t)] = Y BUHUA0) Haldss ()] = g7 > (i5355(t)

2 A
Since Mm M;;M;;;; we deduce

/mE[FO(())Fl(t)]dt:3hjdmZHMijo%2:<;/§Z ity 3ho Z JJJJ> - (3:26)
ij m

L2

Arguing similary we deduce

/m E[Fy(0)Fy(¢)]dt = /m E[Fy(t)F1(0)]dt.

E[F, z;fb 0)) Ha (a1 (¢ 21% W Fiji(t),
/ E[Fy(0)Fy(t < ZM” ™ ZMJM> =/, E[Fy(t)F>(0)]dt.  (3.27)
E[Fy(0)Fs(t)] = > E[Hy(Ui(0))Hy(a; () Hi (@i (t) ] = -2 ) M%?ijj(t)(t)?ikk(t),
i,j<k i,7<k

o E[Fo(0)F3(t)]dt = 3h, d z<:k Mgy, Mzkk>

(3.28)
= < ZMZZ 3h Z ]kk> = o E[Fo(t)Fg(O)]dt
j <k 2
We have ] '
B[R O)F()] = Y BUH@(0) Ha(i(1)] = 5o 3 T 1)
/m E[Fi(0)Fi(t)]dt = <3\}f1 ZMuuy ?:f/bi Z Mzzzz> : (3.29)
E[F(0)F(t)] = ) E[Ha(au(0))Ha(au(t)) ] = % > Fuiji(t)’,
i,j<k mi<k
/m E[F1(0)F2 <3h ZMuu Z}:CMjk]k> . (330)
™ i< 12
E[F1(0)Fs5(t)] = Y E[Ha(a:i(0))H (d;(t)) Hi (G () Z Fiiji () Fiirer (¢
ij<k i i,j<k
/m E[Fi(0)F3(t) |dt = <3\£i ZMzm, B\f/Li Zk ijkk> . (3.31)
[ 1< L2
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E[R0)FR)] = ) E[H@;(0)Ha(ak(t)] =2 Y Fire(t)?,
1<j,k<t 1<j,k<t
/mE[Fg(O)Fg( < ZMW, ZMW> . (3.32)
1<j 1<J L2
E[FQ Z E H2 al] )Hl(akk( ))Hl(aﬂ Z ?'L]kk zﬂ@( )
i<j, k<t m i<j,k<l
/m E[F(0)F5(t)] = <f > M, i 3 ZMkm> . (3.33)
™ oi<y ™ k<t 2
E[F0)F5(t) ] = Y E[Hi(@:(0)Hi(aj;(0)) Hy (arn(t)) Hi (Gee(t))]
1<j,k<l
= > E[@:(0)aj;(0) Ede(t)au(t) I+ = > (&’“kk Fjjee(t) + ?m(t)?jjkk(t))
1<j,k<t m j<j k<t
= E[F3(0)]° + 9% > (fﬂ'ikk(t)?jja(t) + ?iieé(t)gjjkk(t))
Mg k<t
E[F3(0)F3(t)] = E[ F3(0)F3(t) | —E[F3(0)) = Z <3"ukk Fijee(t )+3"me(t)3"jjkk(t)>-
m i<j,k<l
We deduce ’
/m E[ﬁg(O)ﬁg( dt = Z / ukk ]]M( ) + 971186( )?]jkk( ))dt
m i<j, k<l

and we conclude

/m E[F3(0)F3(t) ]dt = <3\f > M, i 3 Z Mkk£€> (3.34)

™ i<y ™ k<t 12

To put the above equalities in perspective we introduce the functions

= ;/jZMiia G = ?)\f/fnZMmu Go = . ZMﬂkm Gs = %Gz

i<k

The assumption A3 implies that Go, G1,Go € L2(R™,d)\). Using the notation
FleF,:— / E[F(0), F;(t)].
we can rewrite the equalities (3.25, ..., 3.34) in a more concise form
FieF;=FjeF,=(Gi,Gj)2, FieFy=FeF; Vij=0,1,2

ﬁg’ﬂ :FiOﬁg = <G1,G3>L2, Vi :0,...,3.
From (3.21) and (3.22) we deduce

Voo = / pa(t)dt = d(0)?2 (thmzl + yhmZa + zFO)) . (3thz1 + yhmZo + zFo))

2
- d(0)2H3th(G1 +2Gs) + yha (3G + 2G) + zG()’

L2
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_ (d(O))2H3th (G1 + ;G:s) + 3yhy (Gl + ;Gz) + ZG0H;

= d(O)ZHShm(x +y) (G1 + ng) + ZGOH;'

The functions G + %GQ and Gy are linearly independent and
1 1
z=—5fo(A) = =5 E[|det A[] #0.
Hence Vo o > 0. O
This concludes the proof of Proposition 3.3. O

Remark 3.7. The numbers z, y that describe fa(A), the 2nd chaos component of f(A) seem
hard to compute in general. In Appendix A we describe their large m asymptotics; see (A.16).
O

3.4. Conclusion. To conclude the proof of Theorem 2.2 we observe that from (3.14) we
deduce that

lim lim var(‘P>QCN> =0.

Q—o00 N—oo

Hence, it suffices to establish the asymptotic normality of the sequence

1
P<oln = (zN)m/g/C D py(t)dt.

N 2<¢<Q

This follows from a Breuer-Major type central limit theorem, [7, 24, 25]. In our instance, we
can invoke [11, Prop. 2.4] and its proof to reach the desired conclusion.

APPENDIX A. ASYMPTOTICS OF SOME (GAUSSIAN INTEGRALS

We want to give an approximate description of the 2nd chaos component of | det A| when
m > 0.

Observe that if u : §,, — R is a continuous function, homogeneous of degree k, then for
any v > 0 we have

[SIE

Esy [u(A)] = (2v) ES%Q [u(A)].

Proposition A.1. Set C,, := 25T (T+3) We have the following asymptotic estimates as
m — 00
2
Eg > [ | det A|] ~ C’m\[ m-2. (A.1)
m T
2C,, 3
Eg > [p(A)f(A)] ~ IV (A2)
cC,, 1
Es[a(A)f(A)] ~ 2 m}, (A.3)
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Proof. We need to make a brief detour in the world of random matrices.

We have a Weyl integration formula [3] which states that if f : 8,,, — R is a measurable
function which is invariant under conjugation, then the value f(A) at A € §,,, depends only
on the eigenvalues A\j(A) < --- < A, (A) of A and we have

1 T
Ecorr (f(X)) = Z.0) FOL-Sa) [ T =1 T e 3 1dA -+ dnl,
m R™ 1<i<j<m i=1
=:Qm,u(N)
(A4)
where Z,,(v) can be computed via Selberg integrals, [ (2 5.11)], and we have
m(m+1 m m m m ]
Z,,(v) = (2 Zrii Zm - TIr (). A.
() = (20)™ Em ~25m]] (1) @

For any positive integer n we define the normalzzed 1—p01nt correlation function py, ,(z) of
GOE}, to be

1
() = 5—— no(T, Aoy oy Ap)dAL - - d )y,
p ) (‘/I:) Zn(U) Rnfl Q ) ('1" 2 ) 1
For any Borel measurable function f : R — R we have [10, §4.4]
7EGOE” tI' f / f pn v (A6)

The equality (A.6) characterizes py . Let us observe that for any constant ¢ > 0, if
A € GOE!, <=>cA € GOES™..

Hence for any Borel set B C R we have

/ p’rL,CQU(:B)d'r:/ ,On,v(y)dy,
cB B

Cpn,c2v(cy) = pn,v(y)a Vn, ¢, y. (A7)
The behavior of p, , for large n is described the the celebrated Wigner semicircle theorem.

and we conclude that

Theorem A.2 (Wigner). As n — oo, the pmbability measures
pn,vn*1< )‘d)“ - n an( 1/2>‘)’d)“
converge weakly to the semicircle distribution
poes A = Tpycayms /40— R2JdA. 0
We have the following result of Y. Fyodorov [12]; see also [20, Lemmas C.1, C2.].

Lemma A.3. Suppose v > 0. Then for any A € R we have
+1

m 2 3
EGOE};( | det()\ + B|) = (QU)TCmeﬂpm_’_Lv()\)’ C,, = 2%{‘ <Tn;—> . (A.S)

By, (|det(4)]) = (20)5" 2

/EGOE” (|det()\—|—B|)e 2vd)\

— (zv)’"T“ Cm
V2 JR

pm+1,y()\)e*@d)\.
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O
We will also need the following asymptotic estimates
Lemma A.4. Let k be a nonnegative z'nteger Then
a2 20(2k — !
MAZRe d/\ ~ as n — 0o A.10
V2T / VTN ( )
Proof. Consider the function
2
A2k e %
w(A) = .
( ) 2k+1 (2]{,‘—1)” o
Then
/ w(A)dA = 1.
R
We set wy,(A) := y/nw(y/n\). The probability measures wy, (A)dA converge to dp and we have
2k+1
2k — 1)!!
A AZFe~ d)\—(/ A wn (N)dA.
—= [ T [ )
Arguing exactly as in [21, Sec. 4.6] we deduce
. 2
nlgngo Rpmﬁ(/\)w”()‘)d)‘ = pooé(O) =1\
O
The estimate (A.1) follows from (A.9) and (A.10)
To simplify the notation we set
EG = EGOE}T{Q, ES = ES”}r{Q'
Let us observe that the equality (2.5) implies that
Es[p(A)f(A)] = = / E¢[p(A+ B)f(\ + B)Je ¥dA, (A11a)
R
(A.11b)

Es[q(A)f(4)] = = /R Ec[a(A+ B)f(A+ B)Je ™V ax.
To estimate Eg[p(A)f(A) | and Eg[q(A)f(A)] for m large we use a nice trick we learned

from Yan Fyodorov. Introduce the functions
00, 1) = R,

O,0 R x (—
®(), 2) = Eg[|det(A + B)|e” "B ] w(), 2) i= B[] det(A + B)|ez "7,
Obviously
®(X,0) = ¥(A,0) = Eg||det(A+ B)|]
so both W(A,0) and W(\,0) can be determined using (A.8)
Observe next that
+B)|| = E¢[p(A\+ B)f(A+ B)], (A.12a)
(A.12b)

" (X, 0) = EG[ (tr(A + B))?| det(A
207, (X,0) = Eq[ (tr(A + B)? | det(X

We have the following key observation

+ B)|] = Eg[q¢(\+ B)f(A+ B)|.
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Lemma A.5 (Y. Fyodorov).

22 m 2 m
D\, 2) = ™ TFND(N +2,0) = e~ "2 2O B(N + 2,0), (A.13a)
o) = — 7 g < A 0) (A.13b)
Ty I\ VT ) |
Proof. Using (2.4) we deduce
D\, 2) =K, / |det(\ + B)|e* "M B s B2 gp — om(% K, / (B-2)’gB

(make the change in variables C' := B — z2)
22
= em(2+’\z)Km/ |det(\ + z + B)|e 2" "dB
Sm

22 22
=™ T EG[|det(A + 2 + C)|] = ™ Z BN + 2,0).

Similarly, for 2 < 1 we have
T(A 2) = Km/ |det(\ + B)|es tO+B -3 0B
Sm

msz

=e / |det(\ + B)|e *B-22uBp.

m

Making the change in variables B = (1 — z)~/2C so that

dB:(l—Z)J’% A+ B) = (1—v)"2 det(A\WW1—2z+C).
We deduce
mz)\2
1 Az
V(A z) = ein(mme/ \det(Aﬂ%— C’)|e_5tr(c_m)2dc
(1—2)" 1 8m

an)\

e

:W‘K / |det)\\/1—2+
(1-2)

1 2
+ B)le 2" B4R
\/ —Z

mzA2

()
1o m \Vi-z)

The asymptotic behavior of Eg[p(A)f(A)]. Using (A.13a) we deduce

mA2 d2 mA2

- ™ (Af2)2 _ma? ma?
3" (N, 0) = e "2 32 0( 2(’\+)<I’()\+z,0)):e 2 W(e 2 ®(),0)).
Using (A.11a) and (A.12a) we deduce

Es[p(A)f / 2 &m0, 0))e N
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:ﬁ/Rd)\Q(em;zq)()\,O))e_

Since ®(A,0) has polynomial growth in A\, we can integrate by parts in the above equality
and we deduce

m+214\2
TEEA

dX.

Es[p(A)f( \f/ d;( JHTHAQ)CD‘
0 / ”pmﬂmd&( R ay
\/T/ (m+21>x2pm+1()\)dcl)\22(em;2x2)d)\
Zw/pmﬂl (m+2)22 —1)e % dx L0 W(mﬂ)po@,;m).
We have thus proved that
Es[p(A)f(A)] ~ mL_HCm(m+2)(m+ Dpse,3(0) asm — oo, (A.14)

This proves (A.2).
The asymptotic behavior of Eg[q(A)f(A)]. We set

(2) 1= el e s
T (1 B Z) 7n('rz+3) - (1 B Z) m(rz+3) .
Then
TN, 2) =u(z)¥(A\(1 - z)712 0),
WL, 2) =/ ()T (A1 —2)"V2,0) + gu(z)(l —2) 732 (A(1 - 2)712)0).
W (N, 2) = u" ()W (M1 —2)72,0) + ;\u (2)(1 = 2) 7320, (AL — 2) 72,0
Ad —3/2 \y/ —1/2 302 —4qy -1/2
+5 - (u(2) (1= 272 ) W (AL = 2)712,0) + = u(e)(1 - 2) TR (AL - 2) 72, 0).
Thus
W7(A,0) =u"(0)¥(X0)+ gu’(O)\If;(A, 0)
2
FA(0) + 2u0)) 2 (0,0) + o) u4, (0,0)
A 3 , 3\? "
W (0)¥ (), 0) + (2u (0) +§u(0)>%(x,0) + Zu(0) W5 (1, 0).

Setting x(m) = M we deduce
mx? d _maZ
u/(z) = e_TA% <62(1z) (1 _ Z)-H(m))

2 mA2 mA2
_ e_mTAQ <77712)\62(1f2)(1 . Z)—n(m)—? + H(m)ez({lz) (1— Z)—n(m)—l) .
Thus
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We set )

1 A, 3y _ A/mA 3

§A1(>\) = §(u (0) + 5) =3 (72 + k(m) + 5 )
Similarly, we deduce

P mA? [ mA? mA?
u(0) = - <2—|—n(m)+2 +m(m)(7+n(m)+1)
2)\4
- m4 + (k(m) + 1)m)\2 + /ﬁ(m)(n(m) + 1) .

We set Aa(A) := 3A2. We have
20..(X, 0) = Ao (M) W55 (A, 0) + A1 (A) TR (A, 0) + Ag(A) (A, 0).
Using (A.11b) and (A.12b) we deduce

Es[q(A)f(A)] = ;%A(AQ(A) (0 0) + AL)TAL0) + AW (A, 0) )e VA

~ L [en dzAA’AZ A1 (N)e ™) + Ag(N)e™ | dx
== [P0 5 (A ) = (A We™) + Ao Jan

where
Pym(N) = AJN) — 4NAL(N) + 402 Az(\) — AT (N) + 20 A1 (N) + Ag(N)
= Cy(m)A* + C2(m)A* + Co(m),
where the coefficients Cy(m), Ca(m), C4(m) are polynomials in m. Recalling that
U(X,0) = Eg[|det(A+ B)||Crmpmi1,1/2(A),

we deduce
m e_/\2 m e_>‘2
Bs[al) ()] = 2 [ o oS A [ e o
Co(m e
+ i}%)/Rpmﬂé(A)ﬁdA’

Using (A.10) with v = 1/2 we deduce that as m — oo we have
-~ —1/26% [ 9-1 3C4(m) —1/2 Ca(m) | Co(m)
Es[q(A)f(A)] ~ Cpm 22(2 NG +2 NG + ik
Upon investigating the definition of Ag(A), A1(\), and Ag(A\) we see that of the three
deg Cp(m) = 4 > deg Ca(m), deg Cy(m).

The degree-4 term in Cy(m) comes from the product

4

2k(m)(k(m) +1) = % + lower order terms.

We conclude that as m — oo we have

Es[q(A)f(4)]

[

Cm
v 2T .

23
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O

To understand the 2nd chaos component of | det A| we need to also understand the inner
product in LQ(S%)Q””. For simplicity will write E instead of the more precise Egy .
We know that
E[p(A)]= [¢(4)] = m(m + 2)v.
This implies that
E[p(A)ﬂ = E[(tr A)* |= 3m*(m + 2)%?
To compute E[p( A)], E[q(A)?] we will use Wick’s formula, [14, Thm. 1.28]. We have

q
( aj; +2 Z i@ (Z g + 2 Z aké)

1<j k<t
- Z az; + 2 Z a’makkz +2 Z ama’kZ +2 Z akka%a]J +4 Z a”aJ]akZ
i<k i, k<t k,i<j 1<j, k<t
S1 So S3 S4 Ss

We have
E[S] = [Z a“] = mEla},] = 27mv?.

)

E[S3] = E |2 Z a?iaig = m*(m — 1)Ela},] Elat,] = 3m*(m — 1)v?
i, k<{

E[S;s|=FE |4 Z aijajiaz, | = m*(m —1)?Ela11a]Elaiy] = m*(m — 1)*?
1<j, k<t

=FE [2 Z a?ﬂ%k] = m(m — 1)Elaf, a3,]
i<k
Using Wick’s formula we deduce
E[a},a3,] = E[a},|E[a},) + 2E[a11a22)* = 110%. (A.15)

Hence

3 3 2
=2F 2 QiG55 | + 2F Z i Q5 +2F Z AL QiiGjj
i<j i<j i<j, k#ij

=4F Z a?iajj +m(m — 1)(m — 2) Ela11a22035)
1<J
= 2m(m — 1)E[a3};a2)] + +m(m — 1)(m — 2) E[a11a20035].
Using Wick’s formula we deduce
E[a?lagz] = SE[G;%l]E[allCLQQ] = 9’02
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E[allaggagg] = E[a11a22]E[a§3] + 2E[a11a22]2 = 51)2,
Hence
E[S,] = 18m(m — 1)v? + 5m(m — 1)(m — 2)v* = m(m — 1)(5m + 8)v>

We have )

g(A? =Y a2 +2) a}, | =X*+Y2+2XY.
( k<t
X Y
The random variables X and Y are independent and thus
E[q(A)?] = E[X?] + E[Y?]+2E[X]E[Y].

We have
E[X] =3mv, E[Y]=m(m—1)v, 2E[XY] = 6m?(m — 1)v*.

2 _ 4 § 2 2
X = Za“’ +2 a,i,ia]'j,
7

1<j

Next,

(A.15)

E[X? = mE[a},] + m(m — 1)E[a},a3,) 27mv? + 11m(m — 1)v? = 11m20? + 16mv?,

2
Y2:4<Zazg> =4 aj+8 > ajay

k<t k<t i<j, k<t
(1,9)7(k,€)

gy =4y ) Blat) +5(12)) Blat

= 6m(m — 1)v2+8<ZL> ((7;) - 1> v? = m(m — 1)v?(6+2(m+1)(m —2)).

We summarize the results we have obtained so far. Below we denote by o(1) a function of m,
independent of v that goes to 0 as m — oo.

E[p(A)] =m(m+ 2)v,
E[p(A)2] = 3m2(m + 2)%v? = 3m*' (1 + 0(1)),
E[q(A)] = m(m +2)v,
E[q(A)?] = mv*(2m?® +2m? + 9m + 14) = 2m*v?*(1 + o(1)),
Elp(A)q(A)] = (m® + 3m? + 12m + 11)mv® = m*v*(1 + o(1)).
We have
E[p(A)Y] = E[p(A)?] — 2m(m + 2)E[p(A)] + m(m + 2)v = 2m*?(1 4 o(1)).
E[p(A)q(A)] = Elp(A)g(A)] = m*(m + 2)*v* = —m*v*(1 + o(1)),
E[G(A)?] = mv*?(1 4 o(1)).
Thus, in the basis p(A), G(A) of L*(8%,)5" the inner product is given by the symmetric matrix

m

Qm = m'v* [ 0(21) 0(11) ] '
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This proves that the component of f(A) in L?(8Y,)4" has a decomposition

where, as m — oo

Tm "~ ﬁ (Esyn [p(A)f(A)] —m(m+2)vEsgy [ f(A)] )
~ B (Bl s) - " g L)),
i~ iy (Bsy [(A)F(A)] — mim + 2)0Bs, [1(4)] ).
<O (B ey - M 2 g 1)),

Using (A.1),(A.2) and (A.3) we deduce that there exist two universal constant z1, z2,indepndent
of m and v such that, as m — co.

m—2 5/2

T = 21C v 2 m™% yp, ~ ZQCm'UmT_Qm_l/Q. (A.16)

In the problem investigated in this paper the variance v also depends on m, v = h,,. Recall
that the constant C,, grows really fast as m — oo

1
log C,,, ~ 5™ logm.

Proposition A.6. The Gaussian vector
Jo(X) = (X(0), VX(0), V2X(0) ).

s nondegenerate.
Proof. We set H := V?(0) and we denote by H;; its entries. The equality (2.8d) shows that
H € 8 is a centered Gaussian random real symmetric matrix whose statistic is defined by
the equalities

E[H}] =3hm, E[HiH;;]| = E[H};| = hm, Vi#j,
while all the other covariances are trivial. This shows that the second jet Jo(X) is the direct

sum of mutually independent Gaussian vectors, Jo(X) = A@® Hy @ D, where D = VX (0),
Hy is the vector with independent entries (H;;);<; and A is the vector

A= (X(0),Hi,...,Hnm).

The components Hy and D are obviously nondegenerate Gaussian vectors. Thus, the jet
Jo(X) is nondegenerate if and only if the component A is. The covariance matrix of A is
Ry (8my Ay hyy) where for any s, d, h > 0 we denote by R, (s, d, h) symmetric (m+1)x (m+1)
matrix with entries

roo =58, roi =—d, Vi=1,...,m, 1y =3h, r;j=~h, V1<i<j<m.
Note that multiplying the first row by s~'/2 and then the first column by s~1/2 we deduce
det Ry (s, h,d) = sdet Ry (1,d, h), d=ds™"/2.
If we add the first column multiplied by d to the other columns we deduce that
det Ry (1,d, h) = det Gy (3h — d, h — d*),
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where G, (a,b) denotes the symmetric m x m matrix whose diagonal entries are equal to a,
and the off diagonal entries equal to b. As explained in [21, Appendix B], we have

det Gp(a) = (a —b)™ ' (a+ (m —1)b).
Thus
det Ry (s, d, h) = s(2h)™ ((m + 2)h — md?) = (2h)™ " ((m + 2)hs — md*).

Thus J2(X) is nondegenerate if and only if h%im - Using (2.7) we deduce that

hmsm —— m Ipo1(w) Ipys(w)
d%n N m 4+ 2 Im+1 (w)2

From the Cauchy inequality we deduce that I,,.1(w)? < I,—1(w) Iy 3(w). We cannot have
equality because the functions y/w(r) r™7 and Vw(r) r™3 are linearly independent. O
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