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Abstract

Peg solitaire is a game in which pegs are placed in every hole but
one and the player jumps over pegs along rows or columns to remove
them. Usually, the goal is to have a single peg remaining. In a 2011
paper, this game is generalized to graphs. In this paper, we consider
a variation in which each peg must be jumped twice in order to be
removed. For this variation, we consider the solvability of several
graph families. For our major results, we characterize solvable joins
of graphs and show that the Cartesian product of solvable graphs is
likewise solvable.

1 Introduction and preliminary results

Peg solitaire is a table game which traditionally begins with “pegs” in every
space except for one which is left empty (in other words, a “hole”). If in
some row or column two adjacent pegs are next to a hole (as in Figure 1),
then the peg in  can jump over the peg in y into the hole in z. In [6], peg
solitaire is generalized to graphs. A graph, G = (V, E), is a set of vertices,
V', and a set of edges, E. If there are pegs in vertices x and y and a hole in
z, then we allow x to jump over y into z, provided that zy,yz € E. Such

*Corresponding author.
Key words and phrases: games on graphs, peg solitaire
AMS (MOS) Subject Classifications: 05C57 (91A43, 05C35)

Received: 28 March 2020 0
Accepted: 19 September 2020



PEG SOLITAIRE

—_
[\
w

Figure 1: A typical jump in peg solitaire, z- 5 -z

a jump will be denoted z- ¥ -z. Because of the nature of peg solitaire we
assume that all graphs are connected finite graphs with no loops or multiple
edges, unless specified otherwise. For more information on the traditional
game, see [1, 10]. For all undefined graph theory terminology, refer to West
[15].

Since the 2011 paper by Beeler and Hoilman, there have been a number
of papers that consider variations of the original game (see for example
[4, 8, 11, 12, 13]). Building on these papers, we consider a variation in
which the pegs require two (not necessarily consecutive) jumps in order to
remove them. As an analogy, we can think of these pegs as soldiers wearing
armor. The first jump over the peg removes its armor and the second jump
removes the peg. For convenience of exposition, we will refer to pegs that
have not been jumped as 2-pegs and pegs that have been jumped once as
1-pegs. The goal of this paper is to explore the solvability of graphs in this
variation.

Traditionally, the game begins with a starting state S = (Sp, S1, S2), where
So is the set of vertices with holes, S is the set of vertices with 1-pegs, and
So is the set of vertices with 2-pegs. In order to mirror the original game,
we will assume that |Sp| = 1, S1 = 0, and Sy = V(G) — Sy unless otherwise
noted. After a sequence of legal moves we will arrive at an associated
terminal state where no further jumps are possible. We denote this terminal
state T = (T, T1, T»), where the T; are defined analogously to the S;. Note
that the above definition implies that 77 U 75 is an independent set of
vertices. Our goal is usually to minimize |T; U T:|. A graph is solvable if
there exists a starting state .S and an associated terminal state T' such that
|7 UTs| = 1. If the graph is not solvable, then we say that it is k-solvable,
where k is the minimum value of |71 UT5| across all possible terminal states
associated with a starting state with one hole and 2-pegs elsewhere.

In the solvable cases, we may be interested in whether the final peg is a
1-peg or a 2-peg. If we can end the game with a single 1-peg, then we
say that the graph is T7-solvable. Likewise, if we can end the game with a
single 2-peg, then we say that the graph is Ts-solvable. If a graph is both
Ti-solvable and Th-solvable, then we say that it is T1T>-solvable.
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We now present a few preliminary results and observations to aid us in our
main results.

Observation 1.1.

(i) If G is a graph in which there is a move available, then there is a
first move, say s s 5. This Jump results in a hole in s”, a 1-peg
in s, and 2-pegs elsewhere. If G is solvable from the configuration
So ={s}, S1 =0, and So = V(G) —{s}, then it is also solvable from
the configuration S{ = {s"}, Sy ={s'}, and S5, =V (G) — {¢,s"}.

(i) If G is Ty-solvable, then there is a final jump, say .t Hence, we
can “stop short” of this final jump. This results in a configuration
where T, = V(G) = {t',¢"}, T{ = {¢',t"}, and Ty = 0.

iii) If G is Te-solvable, then there is a final jump, sa .0t Asin (i ,
J Y
we can “stop short” of this final jump, resulting in a configuration
where T = V(G) = {t/, "}, T} = {t'}, and Ty = {t"}.

Using Observation 1.1, we can show that most T5-solvable graphs are also
Ti-solvable. Whether there are Ti-solvable graphs that are not Ts-solvable
is unknown at this time. As usual, we let P,, C,,, and K, denote the path,
cycle, and complete graph on n vertices, respectively.

Proposition 1.2. Suppose that G is a Tx-solvable graph such that the final
jump occurs on the last three vertices of a Py-subgraph or a Cs-subgraph.
It follows that G is also T1-solvable.

Proof. Suppose that G is Ty-solvable, with the final jump being t” vt
Suppose that these three vertices are the last three vertices of a path on
four vertices, t,t',t”, and ¢, where t"t" € E(G). To achieve a solution
—
with a single 1-peg, we solve G but stop before the final jump of ¢”- ¢ -t
(see Observation 1.1 (iii)). We now have a 2-peg in t”, a 1-peg in ¢, and
— —
holes elsewhere. Making the jumps t'- ¢/ -t and t"’- ¢’ -t' ends the game
with a single 1-peg in ¢'.

For the case where the final jump occurs on a Cs-subgraph, we let ¢t = "
and repeat the above argument. O

As in [6, 12, 13], we can restrict our solution to the edges of a solvable
spanning subgraph. Hence the following proposition is immediate.
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Proposition 1.3. Suppose that H is a spanning subgraph of G and that
H is Ty -solvable (Ty-solvable). It follows that G is likewise Ty -solvable (Ts-
solvable).

One of the more important notions for obtaining alternative solvable con-
figurations as well as the fool’s solitaire problem (see [8, 14]) is the notion
of the dual configuration. In the original game, the dual configuration is
obtained by reversing the roles of pegs and holes. The Duality Principle
states that if S is a starting state with associated terminal state T and S’
and T" are their respective dual configurations, then T is a starting state
with associated terminal state S’. While the dual was important for the
original variant, so far the analog has yet to prove as valuable. However,
we include it for completeness.

Theorem 1.4. (Analog of the Duality Principle) Let S = (Sp, S1,.52) be
a starting state of a graph G. Let T = (To,T1,Ts2) be a terminal state
obtained from S via a sequence of moves such that a 1-peg is never used to
Jjump another peg. Define 8" = (Tz,T1,To) and T' = (S, 51, S0). It follows
that S’ is a starting state of G with associated terminal state T".

Proof. Suppose that S = (Sp, S1,S2) is a starting state of a graph G. Let
J1,---,Jn be a sequence of jumps such that a 1-peg is never used to jump
another peg. This results in a terminal state T = (Tp, T1,T2). Using this
sequence of jumps, we transition through a sequence of states Iy, I1,...,1,,
where Iy = S, I, =T, and I} is obtained from I;_; via the jump ji. Note
that we can write each of these states as Iy = (I}, I¥, I%), where I is the
set of vertices at step k that have holes, I} is the set of vertices at step k
that have 1-pegs, and I} is the set of vertices that have 2-pegs at step k.

Define a sequence of configurations I, I1,..., I, by I} = (Ig_k, If_k, Ig_k).
Note that I/ = (I*, I}, I"). Since the choice of state is arbitrary, it

n—m
suffices to show that I 1 can be obtained from I]_, via the jump

n—m- m

. —
Jm =a- b -C.

Case 1: Suppose that in I,, 1, b € I;"~'. Thus, I;* = (IJ* "' U{a, b})—{c},
I = 1=t — b}, and I3 = (I5"' U {c}) — {a}. Note that j, = a- b -c is
a legal move from state I),_, asc € Ig_m/ = 13" and a,b € Ig_m/ = Iy".
This move results in a state with Igfmﬂl = (Igf*m, Ufa}) —{c} =11
oA = et ey = 0t and 1Y = (1 U {e)) = {a,b) =
I~ . Hence proving the claim.
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Case 2: Suppose that in I,,,_1, b € I5"~". Thus, I;* = (15" ' U{a}) - {c},
I =171 U{b}, and I* = (I 1 U {c}) — {a,b}. Note that j,, =a- b -
is a legal move from state I},_,, as c € Ig_m/ =" be If_m/ = I{", and
a € I;’_m/ = I§*. This move results in a state with I{f‘mﬂl = (I{f‘m/ U
{a,b}) = {c} = I 1, Iyt = - (b} = I and I3 =
(Ig_m/ U{e}) — {a} = IJ**. Hence proving the claim. O

To see why the restriction on making jumps using only the 2-pegs is nec-
essary, consider the graph G with V(G) = {a,b,c,d,e, f} and E(G) =
{ab,bc,bd, ce,de,ef}. Beginning with the hole in d, the jumps f- ¢ -d,
ce-f, a-?-c, b-c e, e-?-b, and d- b -a result in a terminal state with
To = {b,d,e}, Ty = {a,c}, and T = {f}. The dual of this terminal con-
figuration has S, = {f}, S1 = {a,c}, and S}, = {b,d,e}. Beginning with
this starting state and reversing the above sequence of jumps immediately
results in an attempt to jump into vertex a, which contains a 1-peg. As
this is an illegal move, the sequence of moves cannot be reversed.

2 Graph families

Theorem 2.1. For n € {2,3}, the path on n vertices is Ta-solvable, but
not T -solvable. For n > 4, the path on n vertices is T1T5-solvable.

Proof. Assume that the vertices of P, are vg, v1,..., vp_1, where the labels
are assigned in the obvious way. For n = 2, no moves are available and the
result is trivial.

For n = 3, suppose that the hole is in v;. Clearly, no moves are possible.
Thus, we can assume without loss of generality that the initial hole is in
vg. The moves vq-v1 -vg and vg-v1 -v2 are then forced. This ends the game
with the final 2-peg in vs.

Suppose that n > 4. Place the initial hole in vg. For i = 1,...,n — 2, jump
Viy1-v; v;—1 and v;_1-v; -v;41. This ends with the final 2-peg in v,_1. As
this is the end vertex of a P,-subgraph, the graph is also Tj-solvable by
Proposition 1.2. O

Corollary 2.2. Forn > 3, the cycle and the complete graph on n vertices
are ThTs-solvable, regardless of the placement of the initial hole.
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Proof. Note that C,, and K,, have P, as a spanning subgraph. Hence their
solvability follows from Proposition 1.2, Proposition 1.3, and Theorem 2.1.
Since C,, and K, are vertex transitive, this is true regardless of where the
initial hole is placed. O

The star is the graph on vertices u, vi,...,v,, where wv; is an edge for
1 =1,...,n. This graph is denoted Kj ,,.

Proposition 2.3. For n € {1,2}, the star K, is Tz-solvable, but not
Ty -solvable. Forn > 3, the star K1, is (n — 1)-solvable.

Proof. Note that K; ; and K o are isomorphic to P, and Ps, respectively.
Hence the result follows from Theorem 2.1.

For n > 3, only the peg in the center vertex u can be removed. This is
accomplished by placing the initial hole in v; and jumping ve- « -v; and
v1- w -vg. As these are the only available moves, the game ends with n — 1
2-pegs on the graph. O

The double star is the tree with vertex set V- = {x,y, 1, ..., Tn, Y1, s Ym }
and edge set E = {xy,zz;,yy; : 1 < i < n,1 <j < m}. This graph is
denoted S, ,,. Without loss of generality, we will assume that n > m > 1.

Theorem 2.4. For the double star Sy, m:

(i) If m =1, then Spm is ThTa-solvable if n = 1, Ty-solvable if n = 2,
and (n — 1)-solvable if n > 3.

(i) If m > 2, then Sy is ThTo-solvable if n < 2m, Ty-solvable if n =
2m+ 1, and (n — 2m)-solvable if n > 2m + 2.

Proof. We begin with the case of m = 1. If n = 1, then the graph is
isomorphic to Py, and the result follows from Theorem 2.1. If n > 2, then
we prove the result by case analysis. If the hole is in y, then the initial
jump x,- @ -y is forced. Noting that y- z -z, ends the game, we instead
jump z1- 7 -z, and y1- ¥ -x. The jump z- ¥ -y1 ends the game, so instead
we jump - = -x1. The next jump from this configuration will result n — 1
2-pegs and a 1-peg. If the hole is in z, then the jumps y1-7-x and x-iyﬁ-yl
are forced, leaving us with no available moves. If the initial hole is in y1,
then the jumps 2- ¥ -y1, y1- ¥ -x, and x,- = -y are forced. A jump over z
will end the game, so we instead jump @ ¥ -y1, y1- ¥ @, and z1- @ -,. The
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game ends with 2-pegs in x9,...,x,. Note that this proves that S is Ts-
solvable. Finally, suppose that the initial hole is in x,,. If we jump 21- = -2,
then this results in a hole in z1, a 1-peg in x, and 2-pegs elsewhere. Up to
automorphism on the vertices, this is the configuration obtained when the
initial hole is in y and the (forced) jump z;- « -y has been made. So we
instead jump y- z -z, followed by z1- = -y and y;- ¥ -z. If we jump y- = -z,
then the next jump ends the game with one 1-peg and n — 1 2-pegs. If we
jump x-?-yl, then we end the game with n 2-pegs. So we instead jump
Zn- 2 -x1. Any further jump ends the game with one 1-peg and n — 1 2-
pegs. As all possibilities have been examined, the minimum of n — 2 2-pegs
is achieved by beginning with the initial hole in y;. Further, the graph is
not TY-solvable.

We address the case of m > 2 by first establishing necessary conditions.
Consider how we can remove a peg from the set X = {z1,...,2,}. To
remove a peg from X, we must first have a peg in x. If that peg is not
there, we must place it there with the jump yz7x Further, once a 2-peg is
in x, two 2-pegs from X may jump over it and out of X before another jump
of the form yl?x is required to place an additional peg in x. Hence each
2-pegin yi, ..., Ym can “exchange” with two 2-pegs in X. Therefore, n < 2m
is necessary for the graph to be TjT5-solvable. Moreover, if n > 2m + 1,
then, at best, n — 2m 2-pegs remain in the graph.

We now show that the conditions described above are sufficient when m > 2.
We begin by showing that .S, ,, is T175-solvable if n =m. Begin with the
initial hole in x. For ¢ = 1,. -1, Jump Ym* v, Yi o Yms Tm Ty,
H —
and ;- @ -&p,. Then jump ym- ¥ -y1, y1- Y x, Ty @ -y, and y- z -Z,,. The
game ends with a 2-peg in x,,,. As this is the end vertex of the P;-subgraph
induced by the vertices ym, y, x, and z,,, the graph is also T3-solvable by
Proposition 1.2.

Assume that m > 2 and n > m + 1. Begin with the initial hole in x, and
jump y- @ -z, and x,- z -y. If n = m + 1, then this reduces the graph to
the initial state of the n=m n case. If n > m + 2, then continue the game
by jumping yi- ¥ T and Ym- y Y1. Next for i =1,. min{m — 1 n—m—
1}, jump pgi1- @y, y1- Y Y, Yme Y YLy Tne2i° T Y, Ym—i' Y Ym, and
Ym- ¥ -x. Then jump z1- 2 -y.

If n < 2m — 1, then jump xgm,nﬂ-?qz:l. This reduces the graph to the
initial state of the n = m case. Thus, it is T17T5-solvable.
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If n = 2m, then we instead jump y- z -2 to end the game with a 2-peg in
x1. As this is the end vertex of the Pj-subgraph induced by the vertices
1, x, y, and y1, the graph is also Ti-solvable by Proposition 1.2.

If n > 2m + 1, then jump = ¥ -y, y1- ¥ -, and xo- = -y. If n = 2m +1,
then this ends the game with a 2-peg in y. If n > 2m + 2, then this ends
the game with a total of n — 2m 2-pegs in x3, ..., Tp—2m+1, Y- O

It is worth noting that Pa,11 (where n > 2), Co,y1 (where n > 2), and
Sp,m (where m+2 < n < 2m+2) are solvable in this double jump variation,
but unsolvable in the original single jump variation (see for example [6, 7]).
Whether there is a graph that is solvable in the single jump variation but
unsolvable in the double jump variation is unknown at this time.

3 Joins of graphs

In this section, we characterize when the join of two graphs is solvable.
The join of graphs G and H, denoted G V H, is the graph with vertex set
V(GVH)=V(G)UV(H) and edge set E(GV H) = E(G) UE(H)U{gh :
g € V(G),h € V(H)}. Note that in this section, our component graphs
may be disconnected graphs. However, the resulting join will be connected.
We first show that if both graphs have at least two vertices each, then the
join is solvable.

Theorem 3.1. If |V(G)| > 2 and |V(H)| > 2, then the join GV H is
TiT5-solvable.

Proof. Let V(G) = {¢1,...,9n} and V(H) = {h1, ..., hy,}. Begin with the
holein g,,. Fori=1,...,m—1, jump gl-ﬁgn and gn-ﬁ-gl. This results in
2-pegsin gj,...,gn—1 and h,, with holes in all other vertices. For j =1,...,n—
1, jump hyy,-g; -h1 and hy-g; -hy,. This results in a single 2-peg in h,,,. This
is the end vertex of the Py-subgraph with vertex set {gy, k1, g1, hm }. Hence
it is also Ti-solvable by Proposition 1.2. O

Note that the complete bipartite graph K, », is the join of the complements
of K,, and K,,. Hence the following result is immediate.

Corollary 3.2. The complete bipartite graph Ky, m, is T1T5-solvable if n > 2
and m > 2.
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Note that the star K; , is the join of K; with the complement of K,,. So
not all joins are solvable (see Proposition 2.3). In our next theorem, we
show that the remaining joins are solvable.

Theorem 3.3. If G is a graph with at least one edge, then GV K; is
TiT5-solvable.

Proof. Let the vertex of K; be denoted u. Let two vertices of G that
share an edge be denoted b; and bs. Let all other vertices of G be de-
noted pi,...,pr. Begin with the initial hole in w. For i = 1,...,|k/3],

. - — — —
jump b1 b2 u, pr—3ziv2r u b1, Pr—3i+3° u Pr—3i+2, b1 b2 U, Pr_3it2- u b1,
—

and pk_3i+1-7-b2. Then jump b1- be -u.
If k=0 (mod 3), then jump u-z-bl to end the game.

Otherwise, we follow with the jumps bo-u -b1, p1- uw -ba, and bg'???'u. If
k=1 (mod 3), then this ends the game. If £ =2 (mod 3), then we follow
with the jumps po-w by and by- 7w -by to end the game.

Note that in all of the above cases, the game ends with a 2-peg jumping
over a 1-peg on the C3 subgraph induced by u, b1, and by. Thus the graph
is also Ti-solvable by Proposition 1.2. O

Note that Corollary 2.2, Proposition 2.3, Theorem 3.1, and Theorem 3.3
characterize the solvability of all joins. This is summarized in the following
corollary.

Corollary 3.4. Let G and H be graphs with at least one verter each.
The join GV H is TiTa-solvable if and only if min{|V(G)|,|V(H)|} > 2
or min{|E(G)|,|E(H)|} > 1. The join GV H is Ty-solvable, but not Tj-
solvable, if and only if [V(G)| + |V(H)| = 3 and |E(G)| = |[E(H)| = 0.
The join GV H is not solvable if and only if |V(G)| =1, [V(H)| > 3, and
|[E(H)| =0.

In [3], the question of how much any single edge addition can improve
the solvability of a graph is explored in the single jump variation. If the
addition of any edge changes the solvability of the graph, then we say that
the graph is edge-critical. Note that in this double jump variation, the star
is an edge-critical graph. Further, the addition of any edge to K , changes
the number of remaining pegs from n — 1 2-pegs to either a single 2-peg or
a single 1-peg. Ergo, the number of pegs can be reduced by an arbitrarily
large amount by the addition of a single edge.
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4 Cartesian products

In this section, we give results on the Cartesian product of two solvable
graphs. For graphs G and H, the Cartesian product of G and H is denoted
GOH [15]. For g € V(G) and h € V(H), let (g9,h) € V(GOH) denote the
vertex in the Cartesian product induced by those vertices. We define Gj
to be the copy of G induced by the vertex h € V(H). Per the notation
used in Observation 1.1, we will also assume that G is solvable with the
initial jump being gg-Z- gs. In the case where G is solvable, the final jump

is denoted g;'- g?-gt. Analogous definitions will be used for H.

Theorem 4.1. If G is T;-solvable, then the Cartesian product GOPs is
Ty -solvable. If G is Ta-solvable, then the Cartesian product GOPy is T1Ts-
solvable.

Proof. If G is isomorphic to Ps, then GOP, is isomorphic to C4 which is
T1T»-solvable by Corollary 2.2. We only consider connected graphs and (up
to isomorphism) P» is the only connected graph on two vertices. Thus we
may assume that |V(G)| > 3.

Let V(P2) = {ho,h1}. Place the initial hole in (gs,ho) and make the
jumps (g%, h1)-(gs, h1)-(gs, ho) and (gs, ho)-(gs, h1)-(g%, h1). As both G}, and
Gp, have holes in gs; and 2-pegs elsewhere, we solve them independently
with the final pegs in (g¢, ho) and (g¢, h1). If G is Ty-solvable, we jump
(gt hl)-(gﬁm)-(gg, ho) to solve. If G is Tx-solvable, then we make the addi-
tional jump (g, ho)-(gﬁzo)-(gt, h1). As this final jump is on the P;-subgraph
with vertex set {(g¢, ho), (g, ho), (g1, h1), (g9¢, h1)}, it follows that this is also
Ti-solvable by Proposition 1.2. o

Theorem 4.2. If G and H are both Ts-solvable, then the Cartesian product
GUOH 1is T1Ts-solvable.

Proof. Place the initial hole in (gs, hs) and solve Hy, ending with the fi-
nal 2-peg in (gs, ht). We then make the jumps (gé,ht)'(g-:;lt)'(g& h}) and
(gs,hé)-(gjzt)~(gg,ht). Now all copies of G have a hole in g5 and 2-pegs
elsewhere. For h ¢ {h’,h"}, we solve these copies, ending with the final 2-
peg in g;. For Gy, and G we stop before making the final jump, leaving
a 1-peg in g}, a 2-peg g/, and holes elsewhere. We then make the jumps

A U R N A AN AU R AR A}
(ge, W) (g¢, )+ (g;, RY), and (gi, hY)-(gi, h.)-(gs, RL). All of the remaining
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pegs are on the subgraph Hy,. This subgraph has a hole in 27, a 1-peg
in h., and 2-pegs elsewhere. Thus it is solvable by Observation 1.1 with
the final 2-peg in (g¢, ht). As this peg is the end vertex of the P;-subgraph
with vertex set {(g¢, h}), (95, h2), (g5, Pe)s (ge, he)}, it follows that this is also
Ti-solvable by Proposition 1.2. O

A similar technique yields our next result.

Theorem 4.3. If G is T5-solvable and H is T1-solvable, then the Cartesian
product GOH 1is Ty -solvable.

Proof. Begin with the initial hole in (gs, hs). Solve H,, ending with the
final 1-peg in (gs, ;). We then jump (g%, he)-(ga, he)-(gs, 7)) followed by
(gg',h;)-(gﬁ;)-(g;,ht). With the exception of Gy, all copies of G have
a hole in g; and 2-pegs elsewhere. As for Gy, it has a hole in g, a 1-
peg in ¢4, and 2-pegs elsewhere. By Observation 1.1, we solve each copy
of G leaving the final 2-peg in g;. Now jump (gt,h;)~(gﬁzs)-(g,’5,hs) and
(945 hs)-(gﬁs)(gt, h%). Since Hgy, has a hole in hy and 2-pegs elsewhere, it
is Ty-solvable with the final 1-peg in (gq, ht). O

A natural question is when the Cartesian product of two T3-solvable graphs
is also solvable. For this, we need an additional hypothesis regarding the
solvability of one of our graphs in the original “single jump” variation. In
order to keep the different levels of abstraction sufficiently clear, we will
assume that if a graph H is solvable in the single jump variation, then the

first jump is s s -5 and the final jump is #.¢ +. Another useful concept
is when a graph is distance 2-solvable in the single jump variation. A graph
is distance 2-solvable if the final two pegs are located in vertices ¢; and
ts which share a mutually adjacent vertex to. There have been a number
of papers determining the solvability of various graphs in the single jump
variation. For these results, the interested reader is referred to [2, 5, 6, 7, 9].

Theorem 4.4. Suppose that G is Ti-solvable. Suppose that H is Ti-
solvable and that H is either solvable or distance 2-solvable in the single
Jump variation. It follows that the Cartesian product GOH is Ti-solvable.

Proof. As usual, we begin with the initial hole in (g, hs). Solve H,,, end-
ing with the final 1-peg in h;. Jump (g;,ht)~(g;7u)-(gs,h;) followed by
(97, g)-(gﬁz;)-(g;,ht). With the exception of Gy, each copy of G has
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a hole in g and 2-pegs elsewhere. As for Gy, it has a hole in g, a
1-peg in g%, and 2-pegs elsewhere. Per Observation 1.1, we can solve
each of these copies of G independently, ending with the final 1-pegs in

gi/E and gi We then Jump (91/57 /I).(g;“ /)'(gh /)7 (91/517 )'(g:ln )'(gh )7 and
(9t,5")-(9t,)-(g,5). Note that Hyy has a hole in s and 1-pegs elsewhere.

Further note that Hy, has holes i 1n s’ and s” and 1-pegs elsewhere. Hence
they are solvable or distance 2-solvable by the analog of Observation 1.1.

Suppose that H is solvable in the single jump variation. We solve both
copies of H independently, ending with the final 1-pegs in (g}, t) and (g}, t).

The jump (gy, t)-(g?,t)-(gt, t) completes the solution.

Suppose that H is distance 2-solvable in the single jump variation. Distance
2-solve both copies of H independently, ending with the final 1-pegs in
(97,t1), (9/,t3), (g;,t1), and (g;,t3). To complete the solution, we make

the following three jumps (g7, t1)-(gh, 11)- (g t2), (g4, t3)-(a/ts)-(g!', t2), and
—
(g7 t2)-(g},t2)-(g¢, t2). O

5 Additional open problems

In this final section, we present additional problems as possible avenues for
future research.

n [8, 14], the problem of maximizing the number of pegs on the graph
(under the caveat that the player makes a jump whenever possible) is ex-
plored. This is called the fool’s solitaire problem. In this variation, there
are two natural analogs to the fool’s solitaire problem. The first is to try
and maximize |77 U Tz|. The second is to maximize the “weight” of the
pegs, i.e., maximize |T1| + 2|Ts|.

A natural extension is to consider k-jump peg solitaire on graphs. However,
the solvability of many of these cases would be implied by smaller values
of k. For example, any graph solvable in the single jump variation would
also be solvable in the triple jump variant. To see this, replace any jump
of the form a- b -¢ with the jumps a~7-c, c-?-a, and a- b -c. Therefore,
it is of interest to find graphs that are solvable in triple jump that are not
solvable in single jump.
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To continue on with this thread, we may also consider an arbitrary starting
state S = (S, S1, ..., Sk ), where Sy is the set of vertices with holes and S; is
the set of vertices with i-pegs. Given a graph GG and an initial configuration
S on the vertices of G, is the graph solvable from this configuration?

Finally, we could consider a variation in which 1-pegs are allowed to jump
into other 1-pegs, creating a 2-peg. We could also consider a variation in
which the “top peg” of a 2-peg is allowed to jump, leaving a 1-peg behind.
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