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The parallel transport responsible for the geometric phase is reviewed empha-
sizing the role of transition probabilities and of the metric of Bures.

Introduction

The phase of a single state is not an observable quantity. In particular, the phase
commutes with the observables which define the system. Nevertheless the change of states
is generally accompanied by a change of the phase that can be called phase transport. If
a state w is changed in two different ways to become another state w’, the transport of
the phases may yield different phases. Then their “difference”, the relative phase, may
become observable by virtue of the superposition principle. A particular case is the cyclic
change, where w comes back to itself, and the change of the phase will be compared with
that of a “trivial” process, where w remains stationary.

All this is obvious, both experimentally and theoretically, for pure states. But it
should remain true, to a certain instant, for mixed states: At first, in deviating from
the pure to the mixed states, i.e. in going from the extreme part into the inner parts of
the state space, coherence and correlations will not be destroyed suddenly but gradually,
continuously. Secondly, if embedded in a larger system, the mixed states may be seen as
restrictions of pure states. Then some “parts” of the relative phase of a cyclic change in
the larger system may become decodable already by observables of the smaller system in
which the states appear as mixed ones.

The phase transport and the relative phase consist (at least) of two parts, a dynamical
and a geometrical one. The geometric part depends only on the shape of the curve in
state space which describes the changes of the system, but not on the time needed for
that changes. It is a feature that allows to distinct the geometric phase and its transport
from the total phase change.

This remarkable fact also opens a heuristic way to see why the geometric phase
survives the adiabatic approximation in which the changes become “infinitely slow”.

tThe invited lecture to the XX VII Symposium on Mathematical Physics, Torusi, 6-9 December, 1994.
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Thus, as seen from to-day, it seems quite natural that the geometric phase firstly appeared
within applications of the Born-Oppenheimer approximation, Herzberg and Longuet-
Higgens [5], Mead and Truhlar [15]. Berry [28], has shown, beside others, the generality
of the phenomenon for adiabatically guided Hamiltonians, remarking that the transport
condition appears, in the language of mechanics, as an anholonomic constraint. Simon
[27], elegantly explained its geometric structure in showing that it is a morphism from
the cyclic evolutions, which form a loop group in the state space, into the holonomy
group of a natural parallel transport. Because he restricted himself to pure states, that
holonomy group is U(1). Then Aharonow and Anandan [34] settled the existence of the
geometric phase in every cyclic evolution of pure states, whether adiabatic or not. See
also [41].

F. Wilczek and A. Zee [29] have been the first in considering the geometric phase of
degenerate eigenstates of a parameter dependent Hamiltonian. Here the state w can be
described by the projection P onto the subspace of eigenvectors. Choose in the Hilbert
space ‘H any orthoframe 9, ..., %, of length m of eigenvectors. It can be considered as
a point of an orthogonal Stiefel manifold which is an U(n)-bundle over the Grassmann
manifold of projections P of rank m. Changing the projections along a curve C, t —
P(t), calls for a (parallel) transport of the orthoframes, which constitute the fibers over
the projections. For a cyclic evolution of the projections, one comes back to the same
subspace, and hence to another orthoframe. This latter one is related to the one chosen
at the beginning of the evolution by a U(m)-transformation U, the holonomy of the loop.
In [29] the transport condition reads

<wj,%wk>=o, 1<j<m, 1<k<m. (1)

Physically U has to be regarded as a relative phase. It is called a geometric phase as it
depends only on the oriented loop of the projection operators and not on the velocity
with which the system runs through it.

In that scheme the fiber bundle depends on the length of the orthoframes. A reformu-
lation without that unconvenience is as follows: With an auxiliary orthoframe ¢y, ..., on,
define the partial isometry W := 3" |4;)}{¢;|. Then (1) can be expressed by

W (;—111 =0. WHnu* =P~ rank P=m. (2)
Indeed, let C : t — P = P(t) be a curve of projections of rank m and C' a path of
orthoframes v, ..., %y of PH. The path C : t — W = W(t) respects (2) if and only
if it is of the form W := 3 |4;){p;|, where the path C' fulfils (1) and the auxiliary
orthoframe remains unchanged along the path, W*W = const.

If W with WW™* = P runs through all lifts of a given curve C of fixed rank projections,
parallelity is characterized by

/(dW d(z/) dt = Min! or / (dW dW)dt Min!,
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with (Wg, Wg) = TI'W;WQ . (3)

As a device to transport orthoframes of degenerate eigenvectors Fock [2, appendix] mini-
mizes as in {3) an “energy integral” to obtain (1).

However, a finite rank projection is nothing but a rather special density operator,
and the present author could extend [32] the scheme to all density operators: Assume a
curve of states is given by a curve of density operators (normalized or not):

b wy, wi(A) = Tr D()A / Tr D(¢), rank D(t) = const. (4)
A lift
t-W(), DE)=WHWEH" (5)
is called parallel iff
LAW A"
Uil g ©)

see also Dabrowski and Jadczyk {38]. One may regard every W with WW* = D as an
amplitude of the state given by D, so that two amplitudes of the same state differ by an
unobservable unitary (or partial isometric) phase U, W — WU. Again, transporting the
amplitude (the phase) along a closed curve of density operators yields a holonomy which
is an observable relative phase.

It has been remarked in 1987 [36] that the parallel condition (6) follows from the
variational principle like in (3), which in turn is related to the Riemann metric tied fo
the Bures distance. We shall come back to this point of view.

The following exposition aims to explain the occurrence of the geometric (Berry)
phase within a completely natural, as it seems to me, geometric setting. Looking at
rather general state spaces, some parts of the theory concerning pure vector states,
which are due to the commutative nature of its U(1) gauge theory, are left aside. There
are numerous good papers describing them. Instead, the state space or the cone of
positive linear forms equipped with the distance of Bures are viewed as (topological)
metric spaces, and as a possible background for defining the transport of amplitudes and
phases. The behavior of the metric under actions of stochastic mappings, the Riemann
form of the Bures metric, and its distinguished place within a certain class of Riemann
metrics {a la Petz) will be discussed. On the other hand the gauge theory associated
with the parallel transport and living on *-representations with values in the commutant
does not belong to the content of this paper.

The last two sections are devoted to density operators where more explicit expression
for various quantities can be derived. In the last section some calculations for two-level
systems are shown in the vague hope that the deviations for mixed from the pure state
case could be dedected experimentally.

Transition probability, parallelity, and Bures distance

Let us denote by A a unital C*-algebra with unit element e, and by w one of its
positive linear forms. If in a unital *-representations 7 of .4 with representation space
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‘H, the linear form w can be represented as a vector state
wla) = (Y, w(a)v), all a € A, e My, (7)

the vector 9 is called an amplitude of w in =.
Now let wy and wy be two positive linear forms. A linear form v is called a transition
form from wy to wq if and only if

[v(a*d)|* < wy(a*a)w; (b*b) for all a,be A. (8)

If v is a transition form from wq to wy then v*, defined by v*{a) = (a*), is a transition
form from wy to w;.
Given amplitudes ¥4, ¥2 of the positive linear forms wy,ws in m, the linear form

aw via):= (Yo, m(a)yn) with aea€A (9)

is a transition form from wy to ws. Every transition form can be gained this way. This
justifies the interpretation of v(e) as a transition amplitude and, if the positive forms are
states, of its absolute square |v(e)|? as a transition probability. It is tempting to consider
the supreme of all transition probabilities reachable by pairs of amplitudes. Thus, if
the positive forms are states of the algebra, the supreme of |v(e)|? marks the maximally
possible transition probability between them. This was the reason in [13] to define the
transition probability of two positive linear forms on A by

P{wy,ws) 1= sup §v(e)[2, (10)

where v runs through all transition forms from wy to ws. In case the transition probability
is not zero, the two states are called overlapping. In turn, vanishing transition probability
marks a non-overlapping pair of positive linear forms.

Remark: A correct probability interpretation needs w;(e) = 1. However, the word
“transition probability” will be used even if this assumption fails.

The transition probability is symmetric and homogeneous of degree one,
P(wl,wg) = P(wz,wl), P()\lwl,/\gwg) = )\1)\2P(UJ1,LL)2), )\j 2 0. (11)

Notice that P{w,w) = w{e), and that w is the unique transition form from w to w with
that property.

Let us return to the transition forms. As the definition implies the weak compactness
of the set of all transition forms from w; to wy, the supreme of the function e — |v(e)] is
attained on this set. If this happens with v it will be called mazimal. A transition form
v is called optimal iff it is maximal and v(e) is a not negative real number.

Two amplitudes satisfying (9) with an optimal » are called parallel [32].

The transition probability is nicely connected with elementary geometrical properties.
Denote by 1, 12 two amplitudes of the positive linear forms w; and ws in the same
representation 7. With v defined by (9) one gets for the Hilbert space distance

Il 42 = 1 |1*= wile) + wale) = v(e) = v*(e). (12)
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The shortest possible distance one obviously gets with an optimal v or, what is the same,
with parallel amplitudes. Then v{e} is the square root of the transition probability. This
way we arrive at the distance of Bures, distg, see [7],

distg(wy,ws) \/w1 €e) + wsa(e P(wi,w?) - (13)

Instead of minimizing the Hilbert distance (12) one could have maximized the Hilbert
space norm || %1 + %2 ||, which reminds us of the phase convention of Pancharatnam
[4]. While Pancharatnam was looking for maximal intensities if two rays of polarized
light superpose, Bures asked for a non-commutative version of the Kakutani mean [3].
Though outside the scope of this paper, I mention the appearance of the Bures distance
in the theory of “quantum channels” as anticipated by Holevo [19]. Presently we need
the metrical aspect to express parallelity.

Before calling (13) a distance one has to check the axioms for a topological metric.
The only nontrivial part is in proving the triangle inequality. Starting with three positive
linear forms w, w;, w3, and optimal transition forms v; from w to w;, one considers the
GNS-representation 7 of w based on the amplitude v. Because of (8) there are amplitudes
17 and s such that

Yy (CL) = <¢j’7r(a)1/}>» w; (a) = <¢j7ﬂ(a)d)j>

with u, < wj. The Hilbert space triangle inequality now reads

\/wi(e) +wh(e) — 2Rwia(e) < \/wﬁe.) +wle) — 21 (e) + \/wfz(e) + wle) — 2uo{e),

where 3 is the transition form from wj to wj given by the -amplitudes ;. From such
an inequality v/ < /T1 ++/T3 it follows v/Z + a1 + az < \/T1 + a1 ++/T2 + ag if a; > 0.
Setting a; = w;(e) — wj(e) we get

\/wl e) + wale) — 2Rv1a(e) < distp(wy,w) + distg(w,ws) .

By definition the left hand side is larger than the Bures distance of the linear forms
involved. q.e.d.

Equipped with the distance distg the cone of positive linear forms is a complete topo-
logical metric space. Its metric is an inner one.

The metric is inner because every pair of positive linear forms can be connected by
{at least) one curve, called short geodesic arc, the Bures length of which is equal to the
Bures distance of the pair.

To prove this one chooses a parallel pair of amplitudes 1,1, and denotes by w; the
vector state given by ¥ = 1o + t(v1 — 9g). For 0 < t < 1 one gets

distp(wo, we) + distp(we,wr) < || o~ el + [ e — ¥ [ = || o~ 1 || -

But the right hand side equals the Bures distance between wy and wy, and must hence
be equal to the left hand side because of the triangle inequality. Thus ¢, is parallel to
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1o and ;. The same argument now shows that 1, ¢, are parallel for all 0 < s <t < 1.
Thus the Bures length of the curve t — 1y, 0 < ¢t <1 is equal to the Bures distance of
the forms it connects. It remains to prove completeness. Using parallel amplitudes in
‘H, as in the setting above one estimates

lwi(a) —wola)| <lall {Vwile)+ vwole)}dists(wr,wo). (14)

Hence the metrical topology is stronger than the || . ||; topology. q.e.d.
We have seen how an optimal transition form v from wy to wy determines a short
geodesic arc by

t—=w = (1—t)%wo + 2wy +t(1 - t) (v +v*). (15)

By differentiating and setting ¢t = 0 we get a linear form Wy, the tangent of the curve
(15) at wo,

wo=v+v—-2w. (16)

An obvious question is to be asked: Is there only one short geodesic arc connecting
two given states? It follows from (15) that this will occur if the transition form between
the initial and final state is uniquely determined. This can happen for overlapping pairs
of states only. Sufficient conditions have been proved by Alberti [39] (see also [44]),
who uses the word “skew form” to denote certain transition forms. The perhaps most
interesting one reads:

A pair wy, we, of two positive linear forms with equal supports, i.e. annihilating the
same left ideals, allows for one and only one optimal transition form from wy to wa.

Let us now look again at the cone of positive linear forms as a topological metric
space equipped with the Bures distance. A curve £ — g, is a continuous map from some
interval of the reals into this space. The curve is rectifiable iff it is of finite length. This
length is called Bures length. A curve consisting of finite many short geodesic arcs is a
geodesic polygon. A curve of finite length can be metrically approximated by geodesic
polygons.

Every subset of a metric space is a metric space again. If in addition every two of its
points can be connected by a curve of finite length, the infimum of these length define a
new metric which is inner and which is topologically equivalent to the induced relative
topology.

This remark applies to the state space £2(A), the set of the positive linear forms w
with w(e) = 1. It becomes a metric space by restricting distp to it. Clearly, distp is
not an inner metric of the state space. To cure this we start with two states wg,w; and
a pair of its parallel amplitudes g, %1, in a *-representation 7. They mark two point
of the unit sphere in H, and generate a real plane in that space. The sphere and the
plane intersect through a large circle of the sphere, and there is no shorter curve on the
unit sphere than the one on this large circle. Hence there is no curve on the state space
connecting wo and w; with a Bures length shorter than that of ¢+ — w;(e)~'w;, where w;
is given by (15) and v by the amplitudes ¥ and ¢, see also [52] Therefore, the Bures
length of this curve defines an inner metric on the state space. Let us call this distance
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Distg. Elementary geometry tells us
1
P{wo,w;) = cos*(Distg(wg, w1)), distg = Zsin ~2-Dist3, Distg < 7/2. (17)
At the manifold of pure states of a type I factor Distp is the Study-Fubini distance.

Parallel transport, Riemann form of the metric

We have seen that parallelity of amplitudes takes place iff their Hilbert distance equals
their Bures distance distg. Equivalently, one can require that their Study--Fubini distance
is measured by Distg. These observations can be interpreted as a parallel transport along
short geodesic arcs if the term parallel transport is suitably defined. Before doing so the
definition of lifts is necessary.

Let v t — wy, tp <t < ¢y be a curve of finite Bures length in the cone of positive
linear forms. A lft I" of v is a (strongly continuous) curve ¢t — #; in a *-representation =
such that every 1, is an amplitude of w; in w. A lift transporis the amplitude and hence
the phase from its departure 1 to its termination ;. If the base curve v is closed, v
will differ from v by a relative phase which is an isometry of the commutant. What can
be observed from the point of view of the algebra A is the transition form defined by the
in- and out-vectors; Every lift I" of v defines a transition form

a— vr{a) = {1, 7{a)o) (18)

from wyp to wy. In case vy is a closed loop, wy = wy, the transported and the not transported
amplitude may superpose to a new amplitude g + ¥4 resulting in a new positive linear
form

11 .
3w -+ -2-(1/p +vr). (19)

Its value at ¢ = e measures the intensity.

A lift I" of v is called parallel iff for every tg < #' < ¢; the Bures length of ¢ — ws,
to <t <, is equal to the Hilbert length of the lift 3; restricted to the same parameter
interval tg < # < t'. We then write

Vo == VP, I' parallel lift of v, (20)

to indicate that what is visible from .4 does not dependent on the choice of the parallel lift.
(It is fairly straightforward to prove this for geodesic polygons. A curve with finite Bures
length can be approximated by such polygons. To convert this into an approximation of
a parallel lift is technically not easy. See the proof of Alberti {45] in a slightly different
but similar setting.) If «v is closed then the relative phase comparing the initial and the
final state is usually called the geometric phase of the loop. The geometric phase of a
loop consisting of strictly pure states is Berry’s phase factor.

If a parallel lift exists, there is no lift with a Hilbert space length properly smaller
than that of the parallel one. This is the minimal length property of parallel lifts. One
should notice at this place the possibility of choosing any complete inner topological
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metric on the positive linear forms or on the states, and to define parallelity of lifts just
in the same way by requiring the equality of the original and the Hilbert arc length. This
may give useful alternatives. But the minimal length property gets lost.

Let us consider a strongly differentiable parallel lift ¢t — ;. Denoting the t-derivatives
by the dot notation, the square of the line element along the curve is (¢, ). Applying the
unitaries U(t} = exp it B with a bounded hermitian operator B to the lift, U{t)¢; := ¢{t)
one gets another lift of the base curve, provided B commutes with w{4}. The minimal
length property results in o

(W,9) < (9.9), (21)

which may be rewritten as
0 < (iBy, ) + (4,iBy) + (B, By).
This can only be valid for all real multiples of B iff the parallelity condition

(,Bv) = (¢, BY),  Bemn(A) (22)

is true for all hermitian and hence for all elements of the commutant n{A). This is
equivalent with the statement that every curve t — By with By in the commutant
fulfils Berry’s transport condition [28]. In the situation considered in the introduction,
equations (6) and (22) are equivalent.

The equations (22) give necessary conditions for the tangent ¥ at ¢. Dabrowski and
Jadczyk [38] had the idea to solve them by an ansatz

v=m(g)Y, g=g €A (23)
Let us call these tangents regular. They form a real linear submanifold of H,. The latter
becomes a real pre-Hilbert space by

2 {1,020 == (01, 02) + (@2, 1) (24)

so that for two regular tangents zz}j at ¢

2 (1, %2)™ = (¢, (9192 + g291)¥) - (25)

The closure of the space of real tangents becomes a real Hilbert subspace, the space of
horizontal tangents T$°‘. Its real orthogonal complement 7,/* consists of the vertical
tangents. Thus the tangent space of the representation space, seen as real Hilbert space,
splits at every vector different from 0 in an horizontal and a vertical subspace. The real
Hilbert scalar product on every fiber T, of the tangent space is a real Riemann structure.
(If 4 is the GNS vacuum of a faithful normal w of a von Neumann algebra, the tangents
(23) point into Araki’s O-cone [9, 10] based at ¢.)
Going back to the algebra, equation (23) is equivalent with

w(a) = w(ag + ga), g=4g", VYae A. (26)
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A linear form w allowing for a representation (26) is called a regular tangent at w.
According to Sakai, [6] and [8], proposition 1.24.4, g exists if in case of a normal state w
of a W*-algebra w can be written as the difference of two positive forms both of which
are dominated by w.

Though the element ¢ is not necessarily unique,

(W, )y = %w(g) = w(g?), dgs = \/(w,w)dt (27)

is uniquely associated to a given regular tangent. It extends to a real positive definite
scalar product. The closure 7, of the real linear space of all regular tangents with respect
to it is the tangent space at w, and the real quadratic form (27) extended to the whole
tangent space defines a Riemannian metric form at w. It is the Riemannian metric
belonging to the Bures distance distg, and dgs is its line element at w. See also [51]. As
a so-called statistical distance (27) appears (for matrix algebras) in [55].

For every w and any of its amplitudes ¢ the correspondence between w(g)y and
w(a) := w(ag + ga) induces an isometry between 7, and T$°‘.

The different fibers of the tangent space are not on equal footing but depend on
the support and further properties of the base point w. This expresses the fact we are
considering “manifolds with boundaries”.

By (27) the state space becomes a Riemannian submanifold with the distance function
Distp, while a tangent at a state w has to satisfy the subsidiary condition w(e) = 0. The
costraint is solved by the map w — w — w(e)w. .

The quadratic form which reduces to (27) on the state space, and which is invariant
against rescaling w — Aw with real and positive functions A = A(w), reads

. . 2
On the pure vector states both, (27) and (28), encodes the Study-Fubini metric.
Examples, stochastic maps
Let us assume that the following relation holds:
wj(a) = w(cjac;), ji=12, Vaec A. (29)
with elements ¢;, c; and a positive linear forms w. The Schwarz inequality shows
P(wi,ws) > w(ciea)?, and v(a) =: w(ciacs) (30)
is a transition form from wy to ws. If
ciea=cyc1 >0 {31)

then v as defined by (30) s optimal [8,9,13].
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Let us look only at the proof under the simplifying assumption of invertibility of c;.
Defining

c:=cacT! = (}) " Hetea)ert >0 (32)

one gets
w(eier) = wile) = wale™) (33)

whose square is, according to (30), a lower bound of the transition probability. But it is
also an upper bound: Substituting e and b in (8) by the positive square roots of ¢ and of
¢~! is showing this, q.e.d. In the case just considered with ¢ as in (32) the comparison
with (15) and (16) proves the element g := ¢ — e to be the regular tangent at w; of the
short geodesic arc connecting wy with ws.

The statement above can be used to parallel transport along certain geodesic polygons.
Let wi,ws,...,wy, be an ordered set of states (or positive linear forms). Assume wy(.) =
w(ci.c1) and the possibility of choosing inductively ¢j+1 by wji1 = w(cfiy.¢j41) and
cjeit1 > 0. The optimal transition forms w(cj.c;+1) then define a geodesic polygon, 7,
and the result of the parallel transport along v equals v, := w(c}.cp).

Quite another interesting application is to unital commutative C*-algebras F. Being
canonically isomorphic to some algebra C(X) of continuous functions on a compact X,
the states are indexed by measures: The expectation value w(a) is the integral of the
function @ on X over a measure du. Denoting by ¢1, c2 the positive roots of the Radon-
Nikodym derivatives of two measures, duq,dps, with respect to du, the condition (31)
is trivially fulfilled. The optimal transition form ¢ — w{ejcea) is the Kakutani mean.
With e = e one obtains Kakutani’s invariant which is nothing but P{w;,w;), where the
states w; are defined by the measures du;. Starting from this statement it is possible
to identify the Bures distance Distg with the distance function of what is now called
Fisher metric on measure spaces. In Fisher's paper [1] the commutative version of the
the quadratic form (27) is assumed to measure the “intrinsic accuracy of an error curve”.
Explicit expressions on the simplex of probability vectors are due to Wotters [18], who
also noticed similarities with the Study—Fubini metric. An independent proof that Distpg
fulfils the triangle inequality on measure spaces has been given in {30].

It is Cantoni’s idea [12] to apply Kakutani’s procedure in order to get a transition
probability between two states of a suitable algebra. Starting with a pair of states
he defined their transition probability to be the supreme of the Kakutani invariants of
their restrictions to all maximal commutative unital *-subalgebras, see also [23]. Araki
and Raggio [21], see also [22], proved for normal states of von Neumann algebras the
equivalence of Cantoni’s definition with the one given by (10). Their results could be
extended by Alberti [24] and, in other directions, by Gudder, Marchand, and Wyss [14],
and Kosaki [26].

Alberti proved the validity of

Plw,p) = irgfw(b) o(b™1), b>0, bbleA (34)

for any two positive linear forms w, g of a unital C*-algebra. (Notice (33) as a particular
case.) Because b and b~! obviously commute, (34) is a sharpening of Cantoni’s procedure.
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Let us now turn to mappings. A stochastic map ¢ is the dual of a positive unital map
¢. mapping a unital *-algebra A into another one A. It maps positive linear forms as
well as states of A into those of A according to

¢ wrwod=w, &a)=uw((a)).

Applying this notation to (34) with a positive and invertible element b of A, one gets by
an inequality of Choi [16]

P(w,0) < w($()) 0(d+(8) ™) < w(g:(B)) e@u (571))-

Taking the infimum with respect of A as required by Alberti’s relation one arrives at [25]
Plwog,004)> Plw,0). (35)

Thus the transition probability is increasing and, by (13), (17), the Bures distances distp
and Distg are contracting under the action of a stochastic map.

A particular case of a stochastic map is the restriction of the positive forms onto a
unital C*-subalgebra, i.e. the dual of a unital inclusion map. The condition (8) is less
stringent if only the elements of a subalgebra are at our disposal. Hence (35) is rather
elementary for restrictions. We shall ask for functors associating to every pair w;,wg of
every unital C*-algebra a real number Is(wl ,wo) such that P is increasing under the action
of restriction maps. One can relate some of these objects to the transition probability,
and this is the occasion to introduce the following.

A state w of A is called sirictly pure iff there is a projection p € A such that

Vac A: pap=wla)p, p=p‘=p’cA, (36)

and one says p implements w. With every overlapping positive linear form g one obtains
the optimal transition form

a — via) = 2lap) (37)

v elp)

from w to g. The reasoning is as from (29) to (31), for instance with ¢; = ¢ and ¢z = p.
Thus

P(w,0) = o(p), p implements w. (38)

If (37) exists, i.e. if g and the strictly pure state w are overlapping, then there is no other
optimal transition form than that given by (37), [31].

Let us return to an arbitrary pair of states, wy, wz and let us chose parallel ampli-
tudes 9y, 99 for them in a unital and faithful *-representation 7. In B = B(H,) these
amplitudes define strictly pure states, ¢1, 92, and = embeds A into B. Because of the
assumed parallelity,

P(&)l,QJg) = P(Qlys?z)} Wi = @5 onm”.
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Assume a functor P, defined on pairs of states of every unital C*-algebra, is increasing
under restrictions and coincides with P for pairs of strictly pure states. Then

P(wi,w2) = P(o1, 02) = Plo1, 00) < Plwy,wy).

Every functor P on pairs of states, increasing under restrictions and coinciding with P
for pairs of strictly pure states, satisfies P < P.

Further, assume on every state space a distance Dist is given, contracting under
restriction maps and coinciding with Distg on pairs of strictly pure states. Then Dist
< Distg. If Dist can be gained from a Riemann metric, its line element will be smaller
than Bures’s one.

There are several variants of these statements. For example, assume P is defined for
pairs of normal states on B(H) and H is not finite dimensional. If P coincides with P on
pairs of normal pure states and if P is increasing for stochastic cp-endomorphisms, then
P > P for pairs of normal states. (cp means complete positive.) Similarly Distp can be
characterized on the set of normal states of an infinite type I factor.

New questions arise in asking for Riemann structures defined on the set of faithful
states and contracting under stochastic mappings. For finite *-matrix algebras Petz [56],
see also [57], relying on the classification of operator means by Kubo and Ando [17] has
been able to classify them. On commutative (sub)algebras they reduce, up to a numerical
factor, to the Fisher metric. This has to be so by the Cencov uniqueness theorem [20,
33]. To get rid of the above mentioned factor, Petz demands equality with the Fisher
metric on finite commutative unital *-subalgebras. (For full matrix algebras it suffices
to have equality at the tracial state.)

The class of metrics described by Petz can be analysed in terms of its extremal
members. In Petz’s classification scheme they belong to the operator monotone functions
f(z) = sz + 1~ 5. We define them on their complexified tangent spaces over the cone of
positive linear forms of a general C*-algebra.

Choosing first for our task a real number s from the unit interval, a linear form v is
called a regular complex tangent on the positive linear form w if there is ¢ € A such that

v(a) = 2(1 - s)w(ag) + 2sw(ga), ae A. (39)

For 5 = 1/2 and hermitian g we fall back to the Bures case (26). With two tangents v;
of (39) induced by the elements g1, go we perform

(vi,v2)i, = (1 — s)w(g7g2) + sw(gag7) (40)
so that 1 1
(1,205 = 50a(g?) = 5¥(92) = (5,05 (41)

There may be different g in (39) resulting in the same tangent. However, (40) is indepen-
dent of that arbitrariness and it defines a positive definite scalar product on the regular
tangents. The completion of the regular complex tangents with respect of that scalar
product is denoted by CT?, and called the complex s-tangent space at w. The completion
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can and will be performed within A*. This setting defines a Riemannian metric on the
space C7° of complex s-tangents. The map v — v* is an isometric conjugation from C7T°
onto CT'™* as one can see from (41). For s = 1/2, the Bures case, the complex tangent
space is self-conjugate.

The class of metrics described by Petz is obtained through

(1, 1) = / (1,025, duls) (42)

where dy is a measure on the unit interval. On commutative *-algebras every one is a
multiple of the Fisher metric. To get equality du has to be a probability measure. We
then call (42) Fisher adjusted.
In type I factors the extremal metrics (41) are tied together by the harmonic mean
interpolation
1+t

(v w)s = (=) inf [t(o,00)2 + (v2,12)2 ] (43)
with s’ and s” fixed to give
]‘ 7 t £
_ 44
=T TTe (44)

while the infimum runs through all v; such that v = v; + 1.

While the proof is rather straightforward for a faithful w representable by a density
operator, at the time being I do not know a technically complete proof in the general
case of unital C*-algebras.

The metrics (42) for which ¥ — v* is an involution induce a real Riemann metric
on the real tangent space. In terms of (42) this means du{s) = du(1 ~ s). Restricting
ourselves to the cases of validity let us use in (43) and {44) the values s = 1/2, ¢ = 1,
s' =" =k, and the tangents v; = (1/2)v. We get

() < 31000 + ) E).

On the left hand side one identifies the metric of Bures, the metrics of the right hand
side are the extremal ones within the real metrics of (42). Thus we have gone another
way to see a conclusion of Petz, which we now combine with estimates above:

Let o real metric be given by (42). If it is Fisher adjusted then its line element
s never smaller than that of the Bures metric. If it is Study-Fubini adjusted, {which
18 not always possible), then its line element is never larger than that of Bures. The
metric of Bures is the only one in the considered class which is simultaneously adjusted
to the Fisher and to the Study-Fubini metric.

According to Petz [56, 57] the metric forms (42) exhaust all (real or not) monotone
Riemann metrics on the manifold of faithful states of the algebras M,,. Monotonicity
means the action of completely positive stochastic maps is metrically contractive. In
our setting monotonicity can be seen rather easily (see below). However, that one gets,
under cleverly chosen assumptions, “all” monotone Riemann metrics in the general case
is tempting but an open question.
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Indeed, with a completely positive unital map ¢, from Ainto Aand afixed 0 < s < 1
one associates

w=wod,  vy(a)=2(1-s)0(ag(9)) + 2s0(4(g)a) (45)

for a tangent v given by (39). Now, as an immediate consequence of the Kadison in-
equalities, one gets from (40)

(V} ‘V)fu 2 (Véay¢’)§1 . (46)
Hence all the metrics {42) are monotone (contracting) like in (46).

Remark: Petz classifies the monotone metrics by an operator monotone function f.
In terms of our definition (42) this function reads

F@) = frla) ) = / ( L du(s). (47)

1-s)z+s
To every contracting metric {42) there is a parallel transport by requiring coincidence
of the line element on a path of states with the Hilbert line element along its Lift into
a unital *-representation. Interesting enough, those transports were all described, for
matrix algebras, by Dittmann and Rudolph [46]. In their paper, another function — let
me call it fpgr — characterizes the different parallel transports. Recently J. Dittmann
[58] discovered the relation between fp and fpg.

Density operators

We now simplify the treatment considerably assuming the algebra A to be isomorphic
to B(H), that is to the algebra of bounded operators acting on a Hilbert space H. Since
B(H) is an operator algebra, we denote its elements as usual by capital letters.

Before we exclusively consider normal states expressible by density operators let us
consider a singular state ¢ and a normal state w. Denoting by 1,4 the unit element, by
Q) a finite rank projection, by A a positive real, and abbreviating B = 1ig + AQ,

A
e -1y PO ———
o(B) =1, w(B ™) =1 T Aw(Q).
Now Alberti’s estimation (34) shows

Pw,0) <1-w(Q),

(2 being an arbitrary finite projection operator. Hence,

P (Wnormah Qsingular) =0 (48}

so that no normal positive form overlaps with any singular one.
From now let us restrict ourselves to normal positive linear forms, respectively states.
To express the Bures distance with the help of positive trace class operators we consider
three states
w{A)=TrAD, wi{A) =TrA D;, A€ B(H), (49)
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where 7 = 1, 2. Given the last two states we can choose the first in such a way that
we meet the situation assumed in (29) with bounded operators C;. These operator are
uniquely determined by requiring C;¢ = 0 if Dy = 0. It is convenient to introduce the
Hilbert Schmidt operators

W;=C;DY?  obeying W;W; =D;. (50)

To get an optimal transition form from w; to ws we have to ensure, according to (31),
the positivity condition

CICQ Z 0 or Wl*WQ Z 0. (51)

The positivity enables us to write

WiW, = /WIWL, Wi Wy = /W Wi W W, . (52)
From (51) and the polar decompositions
w; =DY*v;,  j=1.2, (53)
we conclude
WW, = Vi'\/ DY/2 D, DY?V, = v/ DY D, DY Vs (54)

Because of parallelity (30) together with (54) shows
P(D],Dz) = P(wl,OJg) =w(C{‘Cz) = TI‘WI*Wz, (55)

P(Dy,Dy) = Tr\/ DY?D,DY? = T \/DY*D, DY? (56)

as well as the optimal transition amplitude from wq to wo
v(A) = w(CTACy) = Tr AW, W} . (57)

The polar decomposition (53) applied to (52) provides us with

DY*w,Wwy =/ DY*D,D}/*DY/? (58)

In order to get not too involved with support discussions, let us assume faithfulness (or
equal supports) of our density operators. We then see explicitly how Alberti’s uniqueness
theorem works. Abbreviating the Pusz and Woronowicz geometric mean [11] by (S, R
positive)
S#R:= RVX(R™12 g R-1/2)'?R1/2 (59)
(58) tells us
Wa = (D #D7H) Wy . (60)

Taking into account (53) one can define a relative phase by

Wo = Dy/?Us 1 Vi,  Ulws,wi) = U(Da, Dy) i= Uy (61)
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so that (58) or (60) yields
Uyy = D; 2 D7Y3(DY/2 Dy D212 (62)

This phase depends only on the ordered pair of states (density operators).
In finite dimensions and for foithful states the unitaries (62) are expressed through
products of positive operators. Therefore, their determinants have to be one:

det Ugyl = det U(D2, Dl) = 1, Ue SU(TL) . (63)

The reduction of these relative phases to SU(n) in the interior of the state space is due
to Dittmann and Rudolph [47], and to Alberti [45].
An ordered finite set of faithful density operators (states) determine a geodesic polygon

D1:Dn+1<=Dn¢...¢D2<=D1 (64)

in the state space. Then the amplitudes and phases are parallel transported according
to

WU = Wyt = (Di#D; ) (Do#D ) .. (Do Dy Y Wy (65)

or, using the notations (61) and (62), according to
WiU = Wop1 = DY ?Uni1mUnim—t ... Uz Vi (66)

The transport condition (6) allows parallel transport for lifts of arbitrary (regular enough)
curves of density operators. SU(2)-orbits [40] and, with less details, further Hamiltonian
motions [43, 53] have been considered.

The parallel transport as determined by the Bures metric is governed by a gauge
theory [43,50]. Its connection A form is given by

WdW —dW*W = W"WA+ AW'W. (67)

The case of dimension two is well described by Dittmann and Rudolph [47]. Here A is
a connection on the 7-sphere with a 3-semisphere as base space. Not much is known for
n > 2.

The Riemann form of the Bures metric and of the metrics of Petz can be gained as
following. A bounded operator X is a regular (complex) tangent of (40) iff there is G(*)
such that

X =2(1-5)G®D+2sG®D. (68)

Then .
(Y, X): = iTrY*G(S), (69)
where D is the density operator of w. Remind the Bures metric which one gets with

s = 1/2. Relying now on the representation (42) one gets

(Y,X)fj‘ — %TrY*G(d“), Glde) — /G(s) du. (70)
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In this large area of interest let us look only at the extreme boundary, where

D=[)(l, X =)+ )l (71)
Adopting the subsidiary condition (1|¢) = 0 one gets
1 . 1 .
(s) — _— - lh
2G) = —— )] + =) (). (72)
Hence we get for the submanifold of strictly pure states
L sty Y L ‘

The factor on the right hand side is 1 for the Bures metric only, otherwise it is larger than
1. In order to adjust a general metric (42) to the Study-Fubini metric on the extreme
boundary, one has to divide the Fisher adjusted metric by the factor

du(s) _

This is only possible if that factor is finite. The finiteness condition shows which of the
considered metrics can be extended to the pure states.

Two-level systems

The 2-dimensional case allows for an explicit treatments [42] which could not be
achieved for higher dimensions yet.

But there are further reasons to embark on it. Indeed, to the first experiments [35] es-
tablishing Berry’s phase belong configurations with mirrors or mirror-like devices which
can be described by geodesic polygons on the 2-sphere of pure states (with diameter
one if Study-Fubini adjusted). If one respects helicity reversals by an extra iw phase,
the polygon can be thought of as consisting of short geodesic arcs. These and similar
situations (use of filters) with “quantum jumps” are clearly examined in [37]. An exper-
imental check of parallel transport of amplitudes and phases within the region of mixed
states could perhaps become possible in two-level systems. The experimental difficulty is
in the accuracy within which a degree of polarization (as an equivalent of a temperature)
can be adjusted.

Two-by-two density operators may be described by

1
D= —1ig + z10y + 2202 + 2303 =

3 2 lig +£Q, (75)

where @ is a rank one projection and {2z, 2x2, 2z3} is the polarization vector. Its length
£ is the degree of polarization

2 =4 +22+2d), 4r?=detD=1-¢% (76)
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The transition probability in (10) can be computed to [48, 49]

1
P(D, Dl) = 5 + 2(.’1)1%"1 + :I?Q.’L‘lz + 1‘337?3 + 27.’1:’) . (77)

One can establish in a straightforward way

_D'+2'zD™!

typ-1 —
D'#D ' = 5D (78)
and for the relative phases (65), (66) one gets
D\V/2 (D'\1/2 1(D)-1/2 (D')-1/2

P(D', D)

This is valid for all short geodesics of length smaller than 7/2, i.e. if P(D', D) # 0. The
numerator in the equation above is a polynomial in the matrix elements of v/D and of
v'D'. Hence (79) is well defined for all pairs of overlapping states.

A particularly simple case appears if the degree of polarization does not change,
£=¢,z=2" Then

VP(D',D)D'#D =14+ D' — D =14+ £Q — Q). (80)

As an application, let us compute the geometric phase U of geodesic triangles and quad-
rangles consisting of short geodesic arcs. Let us denote, as in (75), the common degree of
polarization by £, and the projections of the involved density operators D; by Q; = |7)(j].
We abbreviate

a1z = (1]2) (2]1), asz1 := (3]2) (2]1)(1|3), andsoon. (81)
Geodesic triangles:
The expression relevant for the intensities is

ayz + ags + agy + 2a321 — 3

Vanazas DU = lagy +E(1-¢) 5
€0 P EEEIS ag e+ (-0 (2

For £ = 1 on gets € = aszs;/]ase1| which is Berry’s phase factor of the cyclic process
Q1,Q2,Q3, Q1 as it should be.

Geodesic quadrangles:

4
1 —
Va12023a34a51 TtD1U = &% agsn + %i) (6ass2r — a2 — a1 + 3431
+ 3asz1 + a4z + a21 + aq1 + anz + ag2 — a1z +2) + ... (83)

Again for £ = 1, complete polarization, the quadrangle expression (83) returns Berry’s
phase.
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Another easy to caiculate process makes use of
D'#D~'=p'/2p-Y2 (D', D)=14, if DD=D'D (84)

for commuting density operators.

Let us consider the following cyclic process with photons travelling in 2-direction.
The in-state D, is linear polarized in, say, z-direction with polarization degree £. Then,
conserving the polarization direction, its degree is changed to 5. To do this we use
(84) to get D,. In the next step the degree of polarization remains constant but the
linear polarization is changed by an angle o. We arrive at Dj. The third step consists
of changing the degree of polarization back to £, leaving its direction unchanged. We
obtain Dy. Finally the direction of the polarization is rotated back to the z-direction, so
that the initial state Dy is recovered.

To get from Dy to D3 we have to calculate the relative phase transporting the state
along a piece of a SU(2)-orbit on the Poincaré sphere. This has been calculated in
different settings in [32] and [40] yielding

U{(Ds, Dy) = exp(~ianos). (85)

Because of (84) the phase obtained in the cyclic process, its holonomy, is computed to
be
U = U{(Dy, Da) U(D3, Dq) = expli a(§ — n)os]. (86)

What can be observed from the relative phase U according to the formalism of quantum
theory is encoded by the transition form

A— v(A)=Te DV?ADY?U* (87)

a special form of (18), see also (19). Similar considerations can be done with spin 1/2
particles and other two-level systems.
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