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1. INTRODUCTION

The suggestion that, in analogy with K0, K̄0 oscillations, there could be
neutrinoÄantineutrino oscillations ( ν → ν̄) was considered by Pontecorvo in
1957 [1]. It was subsequently considered by Maki et al. [2] and Pontecorvo
[3] that there could be mixings (and oscillations) of neutrinos of different 
avors
(i. e., νe → νμ transitions).

In the general case there can be two schemes (types) of neutrino mixings
(oscillations): mass mixing schemes and charge mixing schemes (as it takes
place in the vector dominance model or vector boson mixings in the standard
model of electroweak interactions) [4].

In the standard theory of neutrino oscillations [5] it is supposed that physically
observed neutrino states νe, νμ, ντ have no deˇnite masses and that they are
directly produced as mixture of the ν1-, ν2-, ν3-neutrino states. However, the
computation has shown that these neutrinos have deˇnite masses and transition
widths [4]. Then neutrino mixings are determined by the neutrino mass matrix
and neutrino mixing parameters are expressed through elements of the neutrino
mass matrix.

In the scheme of charge mixings the oscillation parameters are expressed
through weak interaction couple constants (charges) and neutrino masses [4].

In both cases the neutrino mixing matrix V can be given [4] in the following
convenient form proposed by Maiani [6] (θ = θ12, β = θ13, γ = θ23):

V =

⎛
⎝

1 0 0
0 cγ sγ

0 −sγ cγ

⎞
⎠

⎛
⎝

cβ 0 sβ exp(−iδ)
0 1 0

−sβ exp(iδ) 0 cβ

⎞
⎠

⎛
⎝

cθ sθ 0
−sθ cθ 0
0 0 1

⎞
⎠,

(1)
ceμ = cos θ, seμ = sin θ, c2

eμ + s2
eμ = 1;

ceτ = cosβ, seτ = sinβ, c2
eτ + s2

eτ = 1; (2)

cμτ = cos γ, sμτ = sinγ, c2
μτ + s2

μτ = 1;

exp(iδ) = cos δ + i sin δ.

Now we will come to computation of neutrino wave functions Ψνe , Ψνμ , Ψντ and
to a probability of transitions (oscillations) of these neutrinos.
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2. GENERAL EXPRESSIONS FOR NEUTRINO WAVE FUNCTIONS
AND PROBABILITIES AT THREE-NEUTRINO TRANSITIONS

(OSCILLATIONS) IN VACUUM IN DEPENDENCE ON TIME

Using the above matrix V , we can connect the wave functions of physical
neutrino states Ψνe , Ψνμ , Ψντ with the wave functions of intermediate neutrino
states Ψν1 , Ψν2 , Ψν3 and write down them in a component-wise form [5]:

Ψνl
=

3∑
k=1

V ∗
νlνk

Ψνk
,

Ψνk
=

3∑
k=l

Vνkνl
Ψνl

, l = e, μ, τ, k = 1 ÷ 3, (3)

where Ψνk
is a wave function of neutrino with momentum p and mass mk.

We suppose that neutrino mixings (oscillations) are virtual if neutrinos have
different masses. If we suppose that these transitions are real, as it is supposed
in the standard theory of neutrino oscillations, then it is necessary to accept that
expression (3) is based on a supposition that mass differences of νk neutrinos
is so small that coherent neutrino states are formed in the weak interactions
(computation has shown that this condition is not fulˇlled, i. e., neutrino as wave
packet is unstable and decays).

Ψνk
(t) = e−iEktΨνk

(0). (4)

Then

Ψνl(t) =
3∑

k=1

e−iEktV ∗
νlνk

Ψνk
(0). (5)

Using unitarity of matrix V or expression (3) we can rewrite expression (5) in
the following form:

Ψνl
(t) =

∑
l′=e,μ,τ

3∑
k=1

Vνl′νk
e−iEktV ∗

νlνk
Ψνl′(0)

, (6)

and introducing symbol bνlνl′ (t)

bνlνl′ (t) =
3∑

k=1

Vνl′νk
e−iEktV ∗

νlνk
, (7)

we obtain

Ψνl
(t) =

∑
l′=e,μ,τ

bνlνl′ (t)Ψνl′ (0), (8)
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where bνlνl′ (t) is the amplitude of transition probability Ψνl
→ Ψνl′ .

And the corresponding transition probability Ψνl
→ Ψνl′ is:

Pνlνl′ (t) =|
3∑

k=1

Vν′
lνk

e−iEktV ∗
νlνk

|2 . (9)

It is obvious that

∑
l′=e,μ,τ

Pνl′νl
(t) = 1. (10)

2.1. Expressions for Neutrino Wave Functions of νe, νμ, ντ → νe, νμ, ντ

Transitions (Oscillations) with CP Violation in Vacuum. The wave functions
of νe, νμ, ντ → νe, νμ, ντ transitions with CP violation have the following form:

1) For the case of νe → νe, νμ, ντ transitions:

Ψνe→νe,νμ,ντ (t) = [cos2(β)cos2(θ)exp(−iE1t) + cos2(β)sin2(θ)

exp(−iE2t) + sin2(β)exp(−iE3t)]Ψνe(0)+

+ [cos(β)cos(θ)exp(−iE1t)(−cos(γ)sin(θ)−
− sin(β)exp(−iδ)sin(γ)cos(θ))+

+ cos(β)sin(θ)exp(−iE2t)(cos(γ)cos(θ)−
−sin(β)exp(−iδ)sin(γ)sin(θ))+

+ sin(β)exp(−iδ)exp(−iE3t)sin(γ)cos(β)]Ψνμ(0)+

+ [cos(β)cos(θ)exp(−iE1t)(sin(γ)sin(θ)−
− sin(β)exp(−iδ)cos(γ)cos(θ))+

+ cos(β)sin(θ)exp(−iE2t)(−sin(γ)cos(θ)−
− sin(β)exp(−iδ)cos(γ)sin(θ))+ (11)

+sin(β)exp(−iδ)exp(−iE3t)cos(γ)cos(β)]Ψντ (0).

2) For the case of νμ → νe, νμ, ντ transitions:

Ψνμ→νe,νμ,ντ (t) = [(−sin(γ)sin(β)exp(iδ)cos(θ)−

− cos(γ)sin(θ))exp(−iE1t)cos(β)cos(θ)+

+ (−sin(γ)sin(β)exp(iδ)sin(θ)+

+ cos(γ)cos(θ))exp(−iE2t)cos(β)sin(θ)+
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+ sin(γ)cos(β)exp(−iE3t)sin(β)exp(iδ)]Ψνe(0)+

+ [(−sin(γ)sin(β)exp(iδ)cos(θ)−
− cos(γ)sin(θ))exp(−iE1t)(−cos(γ)sin(θ)−

− sin(β)exp(−iδ)sin(γ)cos(θ))+

+ (−sin(γ)sin(β)exp(iδ)sin(θ)+

+ cos(γ)cos(θ))exp(−iE2t)(cos(γ)cos(θ)−
− sin(β)exp(−iδ)sin(γ)sin(θ))+

+ sin2(γ)cos2(β)exp(−iE3t)]Ψνμ(0)+

+ [(−sin(γ)sin(β)exp(iδ)cos(θ)−
− cos(γ)sin(θ))exp(−iE1t)(sin(γ)sin(θ)−

− sin(β)exp(−iδ)cos(γ)cos(θ))+

+ (−sin(γ)sin(β)exp(iδ)sin(θ)+

+ cos(γ)cos(θ))exp(−iE2t)(−sin(γ)cos(θ)− (12)

− sin(β)exp(−iδ)cos(γ)sin(θ))+

+ sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψντ (0).

3) For the case of ντ → νe, νμ, ντ transitions:

Ψντ→νe,νμ,ντ (t) = [(−cos(γ)sin(β)exp(iδ)cos(θ) + sin(γ)sin(θ))

exp(−iE1t)cos(β)cos(θ) + (−cos(γ)sin(β)exp(iδ)sin(θ)−
− sin(γ)cos(θ))exp(−iE2t)cos(β)sin(θ)+

+ cos(γ)cos(β)exp(−iE3t)sin(β)exp(iδ)]Ψνe(0)+

+ [(−cos(γ)sin(β)exp(iδ)cos(θ)+

+ sin(γ)sin(θ))exp(−iE1t)(−cos(γ)sin(θ)−
− sin(β)exp(−iδ)sin(γ)cos(θ))+

+ (−cos(γ)sin(β)exp(iδ)sin(θ)−
− sin(γ)cos(θ))exp(−iE2t)(cos(γ)cos(θ)−

− sin(β)exp(−iδ)sin(γ)sin(θ))+

+ sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψνμ(0)+

+ [(−cos(γ)sin(β)exp(iδ)cos(θ)+
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+ sin(γ)sin(θ))exp(−iE1t)(sin(γ)sin(θ)−

− sin(β)exp(−iδ)cos(γ)cos(θ))+

+ (−cos(γ)sin(β)exp(iδ)sin(θ)−

− sin(γ)cos(θ))exp(−iE2t)(−sin(γ)cos(θ)− (13)

− sin(β)exp(−iδ)cos(γ)sin(θ))+

+ cos2(γ)cos2(β)exp(−iE3t)]Ψντ (0).

2.2. Expressions for Neutrino Wave Functions and Probability of νe, νμ,
ντ → νe, νμ, ντ Transitions (Oscillations) without CP Violation in Vacuum. If
we do not take CP violation into account, then the expression for the amplitude
of neutrino transitions has the following forms:
1) If primary neutrinos are νe ones, then for the neutrino wave function for
νe → νe, νe → νμ, and νe → ντ transitions we get

Ψνe→νe,νμ,ντ (t) = [cos2(β)cos2(θ)exp(−iE1t)+

+ cos2(β)sin2(θ)exp(−iE2t)+

+ sin2(β)exp(−iE3t)]Ψνe(0)+ (14)

+ [cos(β)cos(θ)exp(−iE1t)(−sin(γ)sin(β)cos(θ)−

− cos(γ)sin(θ)) + cos(β)sin(θ)exp(−iE2t)(−sin(γ)sin(β)sin(θ)+

+ cos(γ)cos(θ)) + sin(β)exp(−iE3t)sin(γ)cos(β)]Ψνμ(0)

+ [cos(β)cos(θ)exp(−iE1t)(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))+

+ cos(β)sin(θ)exp(−iE2t)(−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ))+

+ sin(β)exp(−iE3t)cos(γ)cos(β)]Ψντ (0).

Expression (14) can be rewritten in the following form:

Ψνe→νe,νμ,ντ (t) = bνeνeΨνe(0) + bνeνμΨνμ(0) + bνeντ Ψντ (0), (14a)

where b... are coefˇcients before neutrino wave functions.
2.2.1. Probability of νe → νe neutrino transitions obtained from expression

(14) is as follows:

Pνe→νe(t) = 1 − cos4(β)sin2(2θ)sin2(−t(E1 − E2)/2)

cos2(θ)sin2(2β)sin2(−t(E1 − E3)/2)− (15)

− sin2(θ)sin2(2β)sin2(−t(E2 − E3)/2).
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2.2.2. Probability of νe → νμ neutrino transitions obtained from expression (14)
is as follows:

Pνe→νμ(t) = 4 cos2(β)cos(θ)sin(θ)[−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]

[sin(γ)sin(β)cos(θ) + cos(γ)sin(θ)]sin2(−t(E1 − E2)/2)− (16)

+ 4 cos2(β)sin(β)cos(θ)sin(γ)[sin(γ)sin(β)cos(θ) + cos(γ)sin(θ)]×
× sin2(−t(E1 − E3)/2) − 4 cos2(β)sin(β)sin(θ)sin(γ)[−sin(γ)sin(β)sin(θ)+

+ cos(γ)cos(θ)]sin2(−t(E2 − E3)/2).

2.2.3. Probability of νe → ντ neutrino transitions obtained from expression (14)
is as follows:

Pνe→ντ (t) = 4 cos2(β)cos(θ)sin(θ)[− cos(γ)sin(β)cos(θ)+ (17)

+ sin(γ)sin(θ)][cos(γ)sin(β)sin(θ) + sin(γ)cos(θ)]sin2(−t(E1 − E2)/2)−
− 4 cos2(β)cos(θ)sin(β)cos(γ)[−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]

× sin2(−t(E1 − E3)/2) + 4 cos2(β)sin(θ)sin(β)cos(γ)[cos(γ)sin(β)sin(θ)+

+ sin(γ)cos(θ)]sin2(−t(E2 − E3)/2).

The control conˇrmed that Pνe→νe(t) + Pνe→νμ(t) + Pνe→ντ (t) = 1.

2) For the case of νμ → νe, νμ, ντ transitions we get

Ψνμ→νe,νμ,ντ (t) = [cos(β)cos(θ)exp(−iE1t)

(− sin(γ)sin(β)cos(θ) − cos(γ)sin(θ))+

+ cos(β)sin(θ)exp(−iE2t)(−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ))+

+ sin(β)exp(−iE3t)sin(γ)cos(β)]Ψνe(0)+

+ [(−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ))2exp(−iE1t)+

+ (−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ))2exp(−iE2t)+

+ sin2(γ)cos2(β)exp(−iE3t)]Ψνμ(0)+

[(−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ))exp(−iE1t)

(− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))+

+ (−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ))exp(−iE2t) (18)

(− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)) + sin(γ)cos2(β)

exp(−iE3t)cos(γ)]Ψντ (0).
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Expression (18) can be rewritten in the following form:

Ψνμ→νe,νμ,ντ (t) = bνμνeΨνe(0) + bνμνμΨνμ(0) + bνμντ Ψντ (0), (18a)

where b... are coefˇcients before neutrino wave functions.
2.2.4. Probability of νμ → νμ neutrino transitions obtained from expression

(18) is as follows:

Pνμ→νμ (t) = 1 − 4[−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]2

[− sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]2sin2(−t(E1 − E2)/2)

− 4[−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]2sin2(γ)cos2(β)

sin2(−t(E1 − E3)/2) (19)

− 4[−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]2sin2(γ)

cos2(β)sin2(−t(E2 − E3)/2).

2.2.5. Probability of νμ → νe neutrino transitions obtained from expression (18)
is as follows:

Pνμ→νe(t) = − 4 [−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]cos2(β)cos(θ)

[− sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]sin(θ)sin2(−t(E1 − E2)/2)

− 4 [−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]cos2(β) (20)

cos(θ)sin(γ)sin(β)sin2(−t(E1 − E3)/2)

− 4 [−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]cos2(β)sin(θ)sin(γ)sin(β)

sin2(−t(E2 − E3)/2).

2.2.6. Probability of νμ → ντ neutrino transitions obtained from expression (18)
is as follows:

Pνμ→ντ (t) = − 4 [−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]

[−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)][−sin(γ)sin(β)sin(θ)

+ cos(γ)cos(θ)][−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]sin2(−t(E1 − E2)/2)

− 4 [−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]

[− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]sin(γ)cos2(β)cos(γ) (21)

sin2(−t(E1 − E3)/2)

− 4 [−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]
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[− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]sin(γ)cos2(β)cos(γ)

sin2(−t(E2 − E3)/2).

The control conˇrmed that Pνμ→νe(t) + Pνμ→νμ(t) + Pνμ→ντ (t) = 1.

3) For the case of ντ → νe, νμ, ντ transitions we get

Ψντ→νe,νμ,ντ (t) = [cos(β)cos(θ)exp(−iE1t)

(− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)) + cos(β)sin(θ)exp(−iE2t)

(− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ))+

+ sin(β)exp(−iE3t)cos(γ)cos(β)]Ψνe(0)+

+ [(−sin(γ)sin(β)cos(θ) − cos(γ)sin(θ))exp(−iE1t)

(− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)) + (−sin(γ)sin(β)sin(θ)+

+ cos(γ)cos(θ))exp(−iE2t)(−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ))+

+ sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψνμ(0)+ (22)

+ [(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))2exp(−iE1t)+

+ (−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ))2exp(−iE2t)+

+ cos2(γ)cos2(β)exp(−iE3t)]Ψντ (0).

Expression (22) can be rewritten in the following form:

Ψντ→νe,νμ,ντ (t) = bντ νeΨνe(0) + bντ νμΨνμ(0) + bντ ντ Ψντ (0), (22a)

where b... are coefˇcients before neutrino wave functions.
2.2.7. Probability of ντ → ντ neutrino transitions obtained from expression (22)
is as follows:

Pντ→ντ (t) = 1 − 4[−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]2

[− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]2sin2(−t(E1 − E2)/2)

− 4 [− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]2cos2(γ)cos2(β)

sin2(−t(E1 − E3)/2) (23)

− 4 [− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]2cos2(γ)cos2(β)

sin2(−t(E2 − E3)/2).
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2.2.8. Probability of ντ → νe neutrino transitions obtained from expression (22)
is as follows:

Pντ→νe(t) = − 4 [− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]

cos2(β)cos(θ)[− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]sin(θ)

sin2(−t(E1 − E2)/2)

− 4 [− cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]cos2(β)cos(θ)

cos(γ)sin(β)sin2(−t(E1 − E3)/2) (24)

− 4 [−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]cos2(β)sin(θ)cos(γ)sin(β)

sin2(−t(E2 − E3)/2).

2.2.9. Probability of ντ → νμ neutrino transitions obtained from expression (22)
is as follows:

Pντ→νμ(t) = − 4 [−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]

[− sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]

[− cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)] (25)

[− sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]sin2(−t(E1 − E2)/2)

− 4 [−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]

[− sin(γ)sin(β)cos(θ) − cos(γ)sin(θ)]cos(γ)cos2(β)sin(γ)

sin2(−t(E1 − E3)/2)

− 4 [−cos(γ)sin(β)sin(θ) − sin(γ)cos(θ)]

[− sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]

cos(γ)cos2(β)sin(γ)sin2(−t(E2 − E3)/2).

The control conˇrmed that Pντ→νe(t) + Pντ→νμ(t) + Pντ→ντ (t) = 1.

We can rewrite expressions (14a), (18a), (22a) for three-neutrino wave func-
tions in the following compact form:

⎛
⎝

Ψνe→νe,νμ,ντ (t)
Ψνμ→νe,νμ,ντ (t)
Ψντ→νe,νμ,ντ (t)

⎞
⎠ =

⎛
⎝

bνeνe bνeνμ bνeντ

bνμνe bνμνμ bνμντ

bντ νe bντ νμ bντ ντ

⎞
⎠

⎛
⎝

Ψνe(0)
Ψνμ(0)
Ψντ (0)

⎞
⎠ . (26)

9



We can also introduce matrix Vprob(t) probabilities of three-neutrino tran-
sitions (oscillations) in dependence on time and write three-neutrino transition
probabilities in the following compact form:

Vprob(t) =

⎛
⎝

Pνe→νe(t) Pνe→νμ(t) Pνe→ντ (t)
Pνμ→νe(t) Pνμ→νμ(t) Pνμ→ντ (t)
Pντ→νe(t) Pντ→νμ(t) Pντ→ντ (t)

⎞
⎠ . (27)

Now we consider neutrino wave functions and a probability of neutrino
transitions at the absence of νe → ντ transitions.

2.3. Expressions for Neutrino Wave Functions and Probability of νe, νμ,
ντ → νe, νμ, ντ Transitions (Oscillations) in Vacuum in the Absence of the
Direct νe → ντ Transitions. If primary neutrinos are νe ones and there are no
direct transitions between νe and ντ neutrinos, i. e., these transitions are closed,
then only νe → νe, νe → νμ, and νμ → ντ after νe → νμ transitions can exist.
The wave function for these transitions has the following form:

Ψνe→νe,νμ,ντ (t) = [cos2(θ)exp(−iE1t) + sin2(θ)exp(−iE2t)]Ψνe(0)+ (28)

+ [− cos(θ)sin(θ)cos(γ)exp(−iE1t) + cos(θ)sin(θ)cos(γ)exp(−iE1t)]Ψνμ(0)+

cos(θ)sin(θ)sin(γ)[exp(−iE1) − exp(−iE2)]Ψντ (0).

Probabilities of these neutrino transitions (oscillations) are described by the fol-
lowing expressions (in reality after transitions νe → νμ there must be transitions
between νμ → ντ ):

For νe → νe:

P (νe → νe, t) = 1 − sin2(2θ)[cos2(2γ) + sin2(2γ)]sin2(L/L12). (29)

For νe → νμ:

P (νe → νμ, t) = sin2(2θ)cos2(2γ)sin2(L/L12). (30)

For νe → ντ :

P (νe → ντ , t) = sin2(2θ)sin2(2γ)sin2(L/L12), (31)

where

Lik(m) = 1.27
Eνe(MeV)

|m2
i − m2

k|(eV
2)

L = ct, (32)

Eνe is energy of primary neutrino and Ek =
√

m2
k + p2

νe
� pνe + m2

k

pνe
, i, k = 1÷3.

If primary neutrinos are νμ neutrinos and there are no transitions between νe

and ντ neutrinos, then

10



Ψνμ→νe,νμ,ντ (t) = [−cos(θ)exp(− itE1)cos(γ)sin(θ)+

+ sin(θ)exp(− itE2)cos(γ)cos(θ)]Ψνe(0) + [cos2(γ)sin2(θ)exp(− itE1)+

+ cos2(γ)cos2(θ)exp(− itE2) + sin2(γ)exp(−itE3)]Ψνμ(0)+ (33)

[− cos(γ)sin2(θ)exp(− itE1)sin(γ) − cos(γ)cos2(θ)exp(− itE2)sin(γ)+

sin(γ)exp(− itE3)cos(γ)]Ψντ (0).

If primary neutrinos are ντ neutrinos, there are no transitions between νe and
ντ neutrinos

Ψντ→νe,νμ,ντ (t) = [cos(θ)exp(− itE1)sin(γ)sin(θ)−

− sin(θ)exp(− itE2)sin(γ)cos(θ)]Ψνe(0)+

+ [−cos(γ)sin2(θ)exp(− itE1)sin(γ)− (34)

− cos(γ)cos2(θ)exp(− itE2)sin(γ) + sin(γ)exp(−itE3)cos(γ)]Ψνμ(0)+

[sin2(γ)sin2(θ)exp(− itE1)+

sin2(γ)cos2(θ)exp(− itE2) + cos2(γ)exp(− itE3)]Ψντ (0).

3. SOME ANALYSIS OF NEUTRINO OSCILLATION POSSIBILITIES

The value of the Solar neutrino 
ow measured (through elastic scattering)
on SNO [7] is in good agreement with the same value measured in Super-
Kamiokande [8].

Ratio of νe 
ow measured on SNO (CC) to the same 
ow computed in the
framework of SSM [9] (Eν > 6.0 MeV) is:

φCC
SNO

φSSM2000
= 0.306± 0.026(stat.)± 0.024(syst.). (35)

This value is in good agreement with the same value of νe relative neutrino 
ow
measured on Homestake (CC) [10] for energy threshold Eν = 0.814 MeV.

Φexp

ΦSSM2000
= 0.34 ± 0.03. (36)

From these data we can come to a conclusion that the angle mixing for the Sun
νe neutrinos does not depend on neutrino energy thresholds (0.8 ÷ 15 MeV).

11



Now it is necessary to know the value of this angle mixing θνeνμ . Estimation of
the value of this angle can be extracted from KamLAND [11] data as follows:

sin2(2θνeνμ) ∼= 1.0, θ ∼=
π

4
, Δm2

12 = 6.9 · 10−5eV2 (37)

or
sin2(2θνeνμ) ∼= 0.83, θ = 32◦, Δm2

12 = 8.3 · 10−5eV2.

The angle mixing for vacuum νμ → ντ transitions obtained on Super-Kamiokande
[12] for atmospheric neutrinos is:

sin2(2γνμντ ) ∼= 1, γ ∼=
π

4
Δm2

23 = 2.1 ÷ 2.5 · 10−3eV2. (38)

Now we can estimate the third angle mixing for νe → ντ transitions by using
expression (15). For this aim we average the time dependence of expression
(15) taking into account that the Earth is moving over the elliptic orbit and then
( ¯sin2(−t(Ei − Ej)/2) = 1/2, i, j = 1, 2, 3)

P̄νe→νe = 1 − 1
2
[cos4(β)sin2(2θ) + cos2(θ)sin2(2β) + sin2(θ)sin2(2β)] =

= 1 − 1
2
[cos4(β)sin2(2θ) + sin2(2β)]. (39)

By substituting the value of sin2(2θ) in (39) from expression (37) and the
value of P̄νe→νe from expressions (37), (38) we get

1.30 � [cos4(β) + sin2(2β)]. (40)

From the above expression we can come to conclusion that

β � π/4, (41)

i. e., this angle is close to the maximal angle π/4.
If we suppose that direct νe → ντ transitions are closed (β = 0), then we can

use expression (15) to estimate value of P̄νe→νe(t). For this aim we average the
time dependence of expression (15) taking into account that the Earth is moving
over the elliptic orbit, then

P̄νe→νe(t) = 1 − 1
2
sin2(2θ). (42)

By substituting the value of sin2(2θ) from expression (37) in (42) we get

P̄νe→νe(t) = 0.585, (43)
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and then we come to a contradiction with expressions (37), (38), i. e. with
experiments, but it was supposed that this contradiction can be removed by using
the mechanism of resonance enhancement of neutrino oscillations in matter [13].
However, this is not the case. If we suppose that on the Sun surface all νe

neutrinos are transformed into νμ neutrinos, through the resonance mechanism,
then by neutrino vacuum oscillations at neutrinos moving to the Earth we get

P̄νμ→νe(t) = 1 − 1
2
sin2(2θ) = 0.415. (44)

Again we came to contradiction with expressions (37), (38). It is clear that the
supposition β(θ13) = 0 is not conˇrmed.

Besides, it is necessary to remark that the resonance mechanism is not con-
ˇrmed by the Solar neutrino spectrum (the Solar neutrino spectrum is not dis-
torted) and the DayÄNight effect is not observed [8]. Unlikely, it is possible to
obtain a 
at neutrino energy spectrum without distortion in broad energy region
E = 1 ÷ 15 MeV by using this mechanism.

It is also detected that using expression (15) we can obtain limitation on
value of angle β. For this purpose we have fulˇlled graphical modelling of
this function by using the following values for θ = 32.45◦, Δm2

12 [11], Δm2
23

from expressions (37), (38) [12] for the case when Δm2
13 = Δm2

12 + Δm2
23 and

Δm2
13 = 10−5eV2, 5.7 · 10−5eV2, 8.3 · 10−4eV2 (for examination) for different

values of β = 10 ÷ 45◦ at the average electron neutrino energy Ēνe = 7 MeV
and established that the value for Pνe→νe(t) become a positive deˇned value
at β = 15 ÷ 17◦ (Pνe→νe(t) � 0 at some values of t). If β � 15 ÷ 17◦,
then Pνe→νe(t) becomes negative at some values of t. Since the value for the
probability of νe ↔ νe transitions Pνe→νe(t) must be positive deˇned one then, if
in reality neutrino oscillations take place, the value for β must be β � 15 ÷ 17◦.

4. CONCLUSION

I have considered three-neutrino vacuum transitions and oscillations in the
general case and obtained expressions for neutrino wave functions in three cases:
with CP violation, without CP violations and when direct νe ↔ ντ transitions
are absent β(θ13) = 0 (some works indicate this possibility). Then using the
existing experimental data some analysis has been fulˇlled. This analysis deˇ-
nitely has shown that direct transitions νe ↔ ντ cannot be closed for the Solar
neutrinos, i. e., β(θ13) �= 0. It is also shown that the possibility that β(θ13) = 0
cannot be realized by using the mechanism of resonance enhancement of neutrino
oscillations in matter (the Sun). It was found out that the probability of νe ↔ νe

neutrino transitions is positive deˇned value, if in reality neutrino oscillations
take place, only if the angle of νe, ντ mixing β � 15 ÷ 17◦.
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