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‘¨¸É¥³  RUSEEP ¨ ¶·μ¡²¥³  ¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨ ¢ ²¨´¥°´μ°  ²£¥¡·¥

‚ · ¡μÉ¥ ¤ ¥É¸Ö  ´ ²¨§ ¸μ¸ÉμÖ´¨Ö μ¸´μ¢´ÒÌ ´ ¨¡μ²¥¥ ¨§¢¥¸É´ÒÌ ¶·¨±² ¤-
´ÒÌ ¶ ±¥Éμ¢ ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, ¢ Éμ³
Î¨¸²¥ ¶²μÌμ μ¡Ê¸²μ¢²¥´´ÒÌ. �´ ²¨§ ¢Ò¶μ²´¥´ ¢ · ³± Ì ´μ¢μ° Ê´¨¢¥·¸ ²Ó-
´μ° ¸¨¸É¥³Ò RUSEEP. �·¨¢μ¤¨É¸Ö μ¶¨¸ ´¨¥ μ¸´μ¢´ÒÌ Ô²¥³¥´Éμ¢ ÔÉμ° ¸¨¸É¥³Ò.
�¡¸Ê¦¤ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¥´¨Ö ´μ¢μ£μ ¶ ±¥É  JINRLINPACK ¸ ´ ¨¡μ²¥¥ ¨§-
¢¥¸É´Ò³¨. �·¨¢μ¤¨É¸Ö ´μ¢Ò° ÔËË¥±É¨¢´Ò° ³¥Éμ¤ ¢Ò¡μ·  ¶ · ³¥É·  ·¥£Ê²Ö·¨§ -
Í¨¨ ´  μ¸´μ¢¥ ¶·¨´Í¨¶  ³¨´¨³Ê³  ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¨ ¸· ¢´¨¢ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ
Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¶·¨ · §²¨Î´ÒÌ ¸¶μ¸μ¡ Ì ¢Ò¡μ·  ¶ · ³¥É·  ·¥£Ê²Ö·¨§ Í¨¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ � ÊÎ´μ³ Í¥´É·¥ ¶·¨±² ¤´ÒÌ ¨¸¸²¥¤μ¢ ´¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2005

EmelyanenkoG.A. et al. P11-2005-173
RUSEEP Benchmark and the Ill-Conditioning Problem in Linear Algebra

Here we present a comprehensive analysis of a few most known linear alge-
bra software packages, including those capable of solving ill-conditioned problems.
The tests are performed with the help of the new universal benchmarking system
RUSEEP, a brief description of which is provided in the paper, and the results of
the comparison of these programs' performance with the new software package
JINRLINPACK are discussed. We propose a new highly effective method for
choosing the regularization parameter based on the uncertainty principle and give
the results of numerical experiments demonstrating its advantage over other existing
regularization techniques.

The investigation has been performed at the Scientiˇc Center of Applied Research,
JINR.

Communiction of the Joint Institute for Nuclear Research. Dubna, 2005
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¸ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ ´ ÊÎ´μ-¶·¨±² ¤´ÒÌ É¥³ É¨-
Î¥¸±¨Ì ¶·μ£· ³³´ÒÌ ¶ ±¥Éμ¢. — ¸Éμ ¢μ§´¨± ¥É ¶· ±É¨Î¥¸± Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ
¢Ò¡μ·  ¨§ μ¤´μÉ¨¶´ÒÌ (¶μ ´ ÊÎ´μ° ¶·μ¡²¥³ É¨±¥) ¶ ±¥Éμ¢ ´ ¨¡μ²¥¥ μ¶É¨-
³ ²Ó´μ£μ ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ±μ´±·¥É´μ° ´ ÊÎ´μ° § ¤ Î¨. ‚ · ¡μÉ Ì [1,
2] ¡Ò²  · §· ¡μÉ ´  ¨ μ¶¨¸ ´  ¸¨¸É¥³  Ô±¸¶¥·É´μ° μÍ¥´±¨ É¥³ É¨Î¥¸±¨Ì
´ ÊÎ´μ-¶·¨±² ¤´ÒÌ ¶·μ£· ³³´ÒÌ ¶ ±¥Éμ¢ RUSEEP (Russian born Universal
System of Expert Evaluation of Packages) ¤²Ö ¸· ¢´¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ÔÉ¨Ì
¶ ±¥Éμ¢. ’ ³ ¦¥ ¡Ò²¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò ±μ´Í¥¶Í¨Ö, ¶·¨´Í¨¶Ò, ¶·μ¡²¥³Ò ¨
§ ¤ Î¨ RUSEEP.

�·¥¤²μ¦¥´´ Ö ¸¨¸É¥³  Ô±¸¶¥·É´μ° μÍ¥´±¨ É¥³ É¨Î¥¸±¨Ì ´ ÊÎ´μ-¶·¨±-
² ¤´ÒÌ ¶·μ£· ³³´ÒÌ ¶ ±¥Éμ¢ (RUSEEP) Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´μ°, É. ¥. μ´ 
³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  ±  ´ ²¨§Ê ¶·μ£· ³³´μ£μ ¶ ±¥É  ¶μ ¶· ±É¨Î¥¸±¨ ²Õ-
¡μ° ´ ÊÎ´μ° ¶·μ¡²¥³¥. � ¶·¨³¥·, ¢ · ¡μÉ¥ [1] ¡Ò²μ ¶·μ ´ ²¨§¨·μ¢ ´μ ¸μ-
¢·¥³¥´´μ¥ ¸μ¸ÉμÖ´¨¥ ¸¶¥±É· ²Ó´μ° ¶·μ¡²¥³Ò,   É ±¦¥ ¨§¢¥¸É´Ò¥ ¶ ±¥ÉÒ ¶μ
¸¶¥±É· ²Ó´μ° ¶·μ¡²¥³¥ ¢ · ³± Ì RUSEEP.

‚ ¶·μÍ¥¸¸¥ ¶·μ¢¥¤¥´¨Ö  ´ ²¨§  ¸μ¢·¥³¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶ ±¥Éμ¢ ¶μ ·¥-
Ï¥´¨Õ ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ´ ³¨ ¡Ò²μ μ¡´ ·Ê¦¥´μ,
ÎÉμ ¨ ¢ ÔÉμ° ´ ÊÎ´μ° μ¡² ¸É¨, ¶μ¤μ¡´μ ¸¶¥±É· ²Ó´μ° ¶·μ¡²¥³¥, ´¥É ¥¤¨´μ°
¸¨¸É¥³Ò μÍ¥´±¨ ÔËË¥±É¨¢´μ¸É¨ ¶·μ£· ³³´ÒÌ ¶ ±¥Éμ¢. ‚μ ³´μ£¨Ì ¨§ ´¨Ì
É ±¦¥ ²¨ÏÓ ®Ê£ ¤Ò¢ ÕÉ¸Ö¯ μÉ¤¥²Ó´Ò¥ Ô²¥³¥´ÉÒ ¸¨¸É¥³Ò, ´μ ¸ ³  ¸¨¸É¥³  ¢
Í¥²μ³ ´¥ μ¶·¥¤¥²¥´ .

‘ ÊÎ¥Éμ³ ·¥§Ê²ÓÉ Éμ¢ Ê± § ´´ÒÌ · ¡μÉ,   É ±¦¥ ´¥±μÉμ·ÒÌ ³¥Éμ¤μ²μ£¨Î¥-
¸±¨Ì ¶·¨¥³μ¢  ´ ²¨§  ¶ ±¥Éμ¢, ¨¸¶μ²Ó§μ¢ ´´ÒÌ ¢ [3, 4], ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥
¸Ëμ·³Ê²¨·μ¢ ´Ò μ¸´μ¢´Ò¥ § ¤ Î¨ RUSEEP ¸μ¡¸É¢¥´´μ ¤²Ö ¶·μ¡²¥³Ò ·¥Ï¥-
´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°.

�¥Ï¥´¨¥ ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° Ö¢²Ö¥É¸Ö, ± ± ¨§-
¢¥¸É´μ, μ¤´μ° ¨§ ¸²μ¦´ÒÌ ¶·μ¡²¥³ ¢ÒÎ¨¸²¨É¥²Ó´μ° ³ É¥³ É¨±¨. 	Éμ μ¤¨´
¨§ ´¥³´μ£¨Ì · §¤¥²μ¢, £¤¥ ¦¥² É¥²Ó´μ É ± ¦¥, ± ± ¢ ¸¶¥±É· ²Ó´μ° ¶·μ¡²¥³¥,
¶μ²Ó§μ¢ ÉÓ¸Ö ³´μ£¨³¨ Ê¦¥ £μÉμ¢Ò³¨ ¶·¨±² ¤´Ò³¨ ¶ ±¥É ³¨. � §· ¡μÉ±  ´μ-
¢ÒÌ ³¥Éμ¤μ¢ ¨ ¶·μ£· ³³´ÒÌ ³μ¤Ê²¥° ¨ ¨Ì ¢¸¥¸Éμ·μ´´¥¥ É¥¸É¨·μ¢ ´¨¥ ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ¸²μ¦´ÊÕ ´ ÊÎ´ÊÕ ¶·μ¡²¥³Ê. �´  ·¥Ï ¥É¸Ö, ± ± ¶· ¢¨²μ,
¡μ²ÓÏ¨³¨ ±μ²²¥±É¨¢ ³¨ ¢Ò¸μ±μ±¢ ²¨Ë¨Í¨·μ¢ ´´ÒÌ ³ É¥³ É¨±μ¢ ¨ ¶·μ£· ³-
³¨¸Éμ¢ ¢ É¥Î¥´¨¥ ³´μ£¨Ì ²¥É ¨´É¥´¸¨¢´μ° · ¡μÉÒ [1]. �¤´ ±μ ´μ¢Ò¥ ´ ÊÎ´Ò¥
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§ ¤ Î¨, ¢ Î ¸É´μ¸É¨ ¢ É¥μ·¥É¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¥ [5, 6], ¨ ´μ-
¢Ò¥ ¨´Ëμ·³ Í¨μ´´Ò¥ É¥Ì´μ²μ£¨¨ ¢Ò¤¢¨£ ÕÉ ¡μ²¥¥ ¦¥¸É±¨¥ É·¥¡μ¢ ´¨Ö ± ± ±
Î¨¸²¥´´Ò³  ²£μ·¨É³ ³, É ± ¨ ± ± Î¥¸É¢¥´´μ ´μ¢Ò³ ¶·μ£· ³³´Ò³ ¶·μ¤Ê±É ³.
�μ ÔÉμ° ¶·¨Î¨´¥ ¸μ§¤ ´¨Õ, ´ ¶·¨³¥·, ¶ ±¥É  JINRLINPACK ¤²Ö ·¥Ï¥´¨Ö ¸¨-
¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶·¥¤Ï¥¸É¢μ¢ ² ËÊ´¤ ³¥´É ²Ó´Ò°
 ´ ²¨§ ¸μ¢·¥³¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·μ¡²¥³Ò. �μ¢Ò° ´ ÊÎ´μ-¶·¨±² ¤´μ° ¶ ±¥É
JINRLINPACK ´ ·Ö¤Ê ¸ μ¶¨¸ ´´Ò³ ¢ [2] JINREISPACK ¶μ ¸¶¥±É· ²Ó´μ°
¶·μ¡²¥³¥, Ö¢²ÖÕÉ¸Ö ¸μ¸É ¢´Ò³¨ Î ¸ÉÖ³¨ Ê´¨¢¥·¸ ²Ó´μ£μ ´ ÊÎ´μ-¶·¨±² ¤´μ£μ
¶ ±¥É  JINRLAPACK ¶μ ²¨´¥°´μ°  ²£¥¡·¥, ¸μ§¤ ¢ ¥³μ£μ ¢ �ˆŸˆ.

Š ± ¢¨¤´μ ¨§ ¶·¨¢¥¤¥´´μ° ´¨¦¥ ¸Ì¥³Ò (·¨¸. 1), μ¸´μ¢Ê ±μ´Í¥¶Í¨¨
RUSEEP ¸μ¸É ¢²ÖÕÉ ¶ÖÉÓ ¶·¨´Í¨¶μ¢:

1) ¶·¨´Í¨¶ (®μ§ ¤ Î¥´´μ£μ¯) ¶μ²Ó§μ¢ É¥²Ö Å μÉ¡μ· μ¶É¨³ ²Ó´μ£μ É¥³ -
É¨Î¥¸±μ£μ ¶ ±¥É  ¶μ²Ó§μ¢ É¥²Ö;

2) ¶·¨´Í¨¶ (¤μ¸ÉÊ¶´μ°) ¶² ÉËμ·³Ò Å Ê¸²μ¢¨Ö · ¡μÉÒ ¸ ¶ ±¥Éμ³;
3) ¶·¨´Í¨¶ (³ É¥³ É¨Î¥¸±¨Ì) ¢μ§³μ¦´μ¸É¥° Å ¤μ±Ê³¥´É¨·μ¢ ´´μ¸ÉÓ ¨

¢μ§³μ¦´μ¸É¨ ¶ ±¥É ;
4) ¶·¨´Í¨¶ (¸· ¢´¨É¥²Ó´μ£μ)  ´ ²¨§  Å É¥¸ÉÒ ¶ ±¥É  ¨ ¨Ì  ´ ²¨§;
5) ¶·¨´Í¨¶ (£· Ë¨Î¥¸±μ£μ) ¨´É¥·Ë¥°¸  Å £· Ë¨Î¥¸± Ö ¸·¥¤  ¶ ±¥É .
�μ²¥¥ ¶μ¤·μ¡´μ ¸ ÔÉ¨³¨ ¶·¨´Í¨¶ ³¨, ¶·μ¡²¥³ ³¨ ¨ § ¤ Î ³¨ RUSEEP

³μ¦´μ μ§´ ±μ³¨ÉÓ¸Ö ¢ · ¡μÉ Ì [1, 2].
Š ± Ê¦¥ ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¶·¥¤²μ¦¥´´ Ö RUSEEP ³μ¦¥É ¡ÒÉÓ ¶·¨-

³¥´¥´  ¤²Ö  ´ ²¨§  ¶ ±¥Éμ¢ ¨§ ²Õ¡μ° ´ ÊÎ´μ-¶·¨±² ¤´μ° μ¡² ¸É¨. �·¨ ÔÉμ³
¶·¨´Í¨¶Ò ¨ ¶·μ¡²¥³Ò RUSEEP ¸μÌ· ´ÖÕÉ¸Ö, ±μ´±·¥É¨§¨·ÊÕÉ¸Ö ²¨ÏÓ ´¥-
±μÉμ·Ò¥ § ¤ Î¨ ¶·¨´Í¨¶  (³ É¥³ É¨Î¥¸±¨Ì) ¢μ§³μ¦´μ¸É¥° ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸
±μ´±·¥É´μ° ´ ÊÎ´μ° ¶·μ¡²¥³μ°.

‚ ÔÉμ° · ¡μÉ¥  ´ ²¨§¨·ÊÕÉ¸Ö, ¢ · ³± Ì RUSEEP, ¶ ±¥ÉÒ ¤²Ö ·¥Ï¥´¨Ö
¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸± § ´´Ò³
¢ÒÏ¥ μ¸É ´μ¢¨³¸Ö ¶μ¤·μ¡´¥¥ ´  ±μ´±·¥É¨§ Í¨¨ § ¤ Î É·¥ÉÓ¥£μ ¶·¨´Í¨¶ .

�·μ¡²¥³  1. ’¥³ É¨±  ¨ ¤μ±Ê³¥´É Í¨Ö ¶ ±¥É .
‚¸¥ § ¤ Î¨, μ¶¨¸ ´´Ò¥ ¢ [2], μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨ ¤²Ö ²Õ¡μ£μ ´ ÊÎ´μ-

¶·¨±² ¤´μ£μ ¶ ±¥É .
�·μ¡²¥³  2. Œ É¥³ É¨Î¥¸±¨¥ ³¥Éμ¤Ò ( ²£μ·¨É³Ò, ¶·μÍ¥¤Ê·Ò) ¶ ±¥É .
“´¨¢¥·¸ ²Ó´Ò° ¶ ±¥É ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢-

´¥´¨° ¤μ²¦¥´ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¶·μ£· ³³´Ò³¨ ±μ³¶²¥±¸ ³¨ ¤²Ö ± ¦¤μ° ¨§
¸²¥¤ÊÕÐ¨Ì § ¤ Î:

Å ·¥Ï¥´¨¥ ¸¨¸É¥³Ò ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, ¢ Éμ³ Î¨¸²¥ ¸
ÊÎ¥Éμ³ ¸¶¥Í¨Ë¨±¨ ³ É·¨ÍÒ ¸¨¸É¥³Ò;

Å ´ Ìμ¦¤¥´¨¥ μ¡· É´μ° ³ É·¨ÍÒ;
Å ¢ÒÎ¨¸²¥´¨¥ μ¶·¥¤¥²¨É¥²Ö ³ É·¨ÍÒ;
Å ¢ÒÎ¨¸²¥´¨¥ ¢¥¤ÊÐ¨Ì Ê£²μ¢ÒÌ ³¨´μ·μ¢ ³ É·¨ÍÒ;
Å μÍ¥´±  Î¨¸²  μ¡Ê¸²μ¢²¥´´μ¸É¨ ³ É·¨ÍÒ ¨ ¸¨¸É¥³Ò;
Å ¢ÒÎ¨¸²¥´¨¥ μÉ¤¥²Ó´ÒÌ ±μ³¶μ´¥´É ·¥Ï¥´¨Ö ¸¨¸É¥³Ò;
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�·¨´Í¨¶¨ ²Ó´ Ö ¸Ì¥³  (³μ¤¥²Ó ¢¥·Ì´¥£μ Ê·μ¢´Ö) RUSEEP (Russian born Universal

System of Expert Evalution of Packages)

Å ²¨¡μ ±μ³¡¨´ Í¨Ö ¨§ ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥ § ¤ Î.
� ±¥É ¤μ²¦¥´ ¶·¥¤¸É ¢²ÖÉÓ μÉ¤¥²Ó´Ò¥ ¶ÊÉ¨ ·¥Ï¥´¨Ö ¤²Ö ¸²¥¤ÊÕÐ¨Ì É¨-

¶μ¢ ³ É·¨Í:
Å É·¥Ì¤¨ £μ´ ²Ó´ Ö ³ É·¨Í  μ¡Ð¥£μ ¢¨¤  (¸¨³³¥É·¨Î´ Ö ¨ ´¥¸¨³³¥É·¨Î-

´ Ö);
Å ¡²μÎ´μ-É·¥Ì¤¨ £μ´ ²Ó´ Ö ³ É·¨Í ;
Å ¤¢ÊÌ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í  μ¡Ð¥£μ ¢¨¤  (¢¥·Ì´¥¤¢ÊÌ¤¨ £μ´ ²Ó´ Ö ¨

´¨¦´¥¤¢ÊÌ¤¨ £μ´ ²Ó´ Ö);
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Å ²¥´ÉμÎ´ Ö ³ É·¨Í ;

Å § ¶μ²´¥´´ Ö ³ É·¨Í  μ¡Ð¥£μ ¢¨¤  (¸¨³³¥É·¨Î´ Ö ¨ ´¥¸¨³³¥É·¨Î´ Ö);

Å ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö (¸¨³³¥É·¨Î´ Ö) ³ É·¨Í ;

Å · §·¥¦¥´´ Ö ³ É·¨Í .

1. ���‹ˆ‡ ‚ ��ŒŠ�• RUSEEP ‘�‚�…Œ…��›•
Œ�’…Œ�’ˆ—…‘Šˆ• ��Š…’�‚ „‹Ÿ �…˜…�ˆŸ ‘ˆ‘’…Œ

‹ˆ�…‰�›• �‹ƒ…���ˆ—…‘Šˆ• “��‚�…�ˆ‰

‚ ¶μ¤ ¢²ÖÕÐ¥³ ¡μ²ÓÏ¨´¸É¢¥ ´ ¨¡μ²¥¥ ¨§¢¥¸É´ÒÌ ¶ ±¥Éμ¢ ¨ ¡¨¡²¨μÉ¥±
¶·μ£· ³³ ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¨¸¶μ²Ó-
§ÊÕÉ¸Ö, ± ± ¨§¢¥¸É´μ,  ²£μ·¨É³Ò, μ¶Ê¡²¨±μ¢ ´´Ò¥ ¢ [7]. 	É  ¶μ¤¡μ·±  · ¡μÉ
· §²¨Î´ÒÌ  ¢Éμ·μ¢ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸μ¡· ´¨¥ ¶·μÍ¥¤Ê·, ´ ¶¨¸ ´´ÒÌ ´ 
Ö§Ò± Ì �²£μ² ¨ ”μ·É· ´, ¢³¥¸É¥ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±μ³³¥´É ·¨Ö³¨ ¶μ ¶μ-
¢μ¤Ê ³¥Éμ¤μ¢ ¨ ¢ ¦´Ò³¨ ¢ÒÎ¨¸²¨É¥²Ó´Ò³¨ ¤¥É ²Ö³¨. “³¥¸É´μ §¤¥¸Ó μÉ³¥-
É¨ÉÓ [4], ÎÉμ, ± ± ¶· ¢¨²μ, · §· ¡μÉ±  ¶ ±¥Éμ¢ §´ Î¨É¥²Ó´μ μÉ¸É ¥É μÉ ¨³¥-
ÕÐ¨Ì¸Ö ´  ®³ É¥³ É¨Î¥¸±μ³ ·Ò´±¥¯ ´μ¢ÒÌ Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢. ‘¢¨¤¥É¥²Ó-
¸É¢μ³ ÔÉμ£μ, ¢ Î ¸É´μ¸É¨, Ö¢²Ö¥É¸Ö · §· ¡μÉ±  ´μ¢μ£μ ¶ ±¥É  JINRLINPACK
´  μ¸´μ¢¥ [9Ä12]. �¨¦¥ ¶·¨¢¥¤¥´  É ¡². 1 ·¥§Ê²ÓÉ Éμ¢ ¸· ¢´¨É¥²Ó´μ£μ  ´ -
²¨§  ¸μ¢·¥³¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶ ±¥Éμ¢ LAPACK, CERNLIB, MATLAB, NAG,
JINRLINPACK ¶μ RUSEEP. �´ ²¨§ ·¥§Ê²ÓÉ Éμ¢, ¶·¨¢¥¤¥´´ÒÌ ¢ É ¡². 1, ²¥£±μ
¢Ò¶μ²´¨ÉÓ ¸ ÊÎ¥Éμ³ ¶·¨¢¥¤¥´´ÒÌ ´¨¦¥ ¶μÖ¸´¥´¨° ± μ¡μ§´ Î¥´¨Ö³, ¶·¨-
´ÖÉÒ³ ¢ ÔÉμ° É ¡²¨Í¥. ‚ Î ¸É´μ¸É¨, ¨§ É ¡². 1 ¢¨¤´μ, ÎÉμ ¶ ±¥É JINRLIN-
PACK ´ Ìμ¤¨É¸Ö ¥Ð¥ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢ ¸É ¤¨¨ · §· ¡μÉ±¨. ‚ É ¡². 1 ´¥
§ ¶μ²´¥´ ¶μ¸²¥¤´¨° ¸Éμ²¡¥Í. …£μ ¸μ¤¥·¦ ´¨¥ μÉ· ¦¥´μ ¢ ¶·¨¢μ¤¨³ÒÌ ´¨¦¥
É ¡². 2Ä11, ¨§ ±μÉμ·ÒÌ ¢¨¤´μ É ±¦¥, ÎÉμ ¸μ¡¸É¢¥´´μ Î¨¸²¥´´Ò¥  ²£μ·¨É³Ò
¶ ±¥É  JINRLINPACK ¢ ·¥ ²¨§μ¢ ´´μ° ¢¥·¸¨¨ Ê¦¥ ¤μ¸É ÉμÎ´μ ±μ´±Ê·¥´Éμ-
¸¶μ¸μ¡´Ò¥.

�μÖ¸´¥´¨Ö ± É ¡². 1. ‚ ¶¥·¢μ³ ¸Éμ²¡Í¥ É ¡²¨ÍÒ Ê± § ´Ò ¨³¥´  ¨¸¸²¥-
¤μ¢ ´´ÒÌ ¢ · ¡μÉ¥ ¶ ±¥Éμ¢, ¢ ¶μ¸²¥¤ÊÕÐ¨Ì ¸Éμ²¡Í Ì Å Ô²¥³¥´ÉÒ ¸¨¸É¥³Ò
RUSEEP.

‚ É ¡²¨Í¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

+ (¢ Í¢¥É´μ³ ¢ ·¨ ´É¥ ´  Ëμ´¥ §¥²¥´μ£μ Í¢¥É ) Å Ô²¥³¥´É ¢ ¶ ±¥É¥
¶·¨¸ÊÉ¸É¢Ê¥É ¨ μÉ¢¥Î ¥É É·¥¡μ¢ ´¨Ö³ RUSEEP;

± (¢ Í¢¥É´μ³ ¢ ·¨ ´É¥ ´  Ëμ´¥ Ë¨μ²¥Éμ¢μ£μ Í¢¥É ) Å Ô²¥³¥´É ¢ ¶ ±¥É¥
¶·¨¸ÊÉ¸É¢Ê¥É, ´μ ²¨ÏÓ Î ¸É¨Î´μ μÉ¢¥Î ¥É É·¥¡μ¢ ´¨Ö³ RUSEEP;

Ä (¢ Í¢¥É´μ³ ¢ ·¨ ´É¥ ´  Ëμ´¥ ±· ¸´μ£μ Í¢¥É ) Å Ô²¥³¥´É ¢ ¶ ±¥É¥
μÉ¸ÊÉ¸É¢Ê¥É.
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’ ±¦¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸μ±· Ð¥´¨Ö:
PC Å μ¤´μ¶·μÍ¥¸¸μ·´Ò°, IBM-¸μ¢³¥¸É¨³Ò° ±μ³¶ÓÕÉ¥·;
SMP Å ¸¨³³¥É·¨Î´Ò¥ ³Ê²ÓÉ¨¶·μÍ¥¸¸μ·´Ò¥ ¸¨¸É¥³Ò;
MPP Å ³ ¸¸¨¢´μ-¶ · ²²¥²Ó´Ò¥ ¸¨¸É¥³Ò;
S : N ∼ 10m Å ¶μ± § É¥²Ó μ¤´μ¶·μÍ¥¸¸μ·´μ° ¸¨¸É¥³Ò ¸ Ê± § ´¨¥³

N ∼ 10m ³ ±¸¨³ ²Ó´μ£μ ¶μ·Ö¤±  ³ É·¨Í;
M : N ∼ 10m Å ¶μ± § É¥²Ó ³Ê²ÓÉ¨¶·μÍ¥¸¸μ·´μ° ¸¨¸É¥³Ò ¸ Ê± § ´¨¥³

N ∼ 10m ³ ±¸¨³ ²Ó´μ£μ ¶μ·Ö¤±  ³ É·¨Í;
R (¢ Í¢¥É´μ³ ¢ ·¨ ´É¥ ´  Ëμ´¥ É¥³´μ-¸¥·μ£μ Í¢¥É ) Å Ô²¥³¥´É ¤¥É ²Ó´μ

´¥ ¶·μ· ¡μÉ ´;
R+ (¢ Í¢¥É´μ³ ¢ ·¨ ´É¥ ´  Ëμ´¥ ¸¢¥É²μ-¸¥·μ£μ Í¢¥É ) Å Ô²¥³¥´É ¢ ¸É ¤¨¨

· §· ¡μÉ±¨;
Win Å Windows 9x, Windows 2000, Windows XP;
Mac Å Mac OS platform, Apple.
�·¨ μÍ¥´±¥ ± Î¥¸É¢  (¶μ ¸ÊÉ¨ ¸μ¤¥·¦ ´¨Ö ¶μ¸²¥¤´¥£μ ¸Éμ²¡Í  É ¡². 1)  ²-

£μ·¨É³μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö X ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°
WX = Y, W: C2 Å ¤¢ÊÌ¤¨ £μ´ ²Ó´ Ö, C3 Å É·¥Ì¤¨ £μ´ ²Ó´ Ö, A = AT Å
¸¨³³¥É·¨Î´ Ö, A �= AT Å ´¥¸¨³³¥É·¨Î´ Ö ³ É·¨ÍÒ, ¶·¨´ÖÉμ · ¸¸³ É·¨-
¢ ÉÓ Ê¸Éμ°Î¨¢μ¸ÉÓ (μÉ´μ¸¨É¥²Ó´μ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¨ ´ ¸²¥¤¸É¢¥´´ÒÌ ¶μ£·¥Ï-
´μ¸É¥°) ¢¥²¨Î¨´: Î¨¸²μ μ¡Ê¸²μ¢²¥´´μ¸É¨ ¸¨¸É¥³Ò (¥¸É¥¸É¢¥´´μ¥ Î¨¸²μ μ¡Ê-
¸²μ¢²¥´´μ¸É¨), Î¨¸²μ μ¡Ê¸²μ¢²¥´´μ¸É¨ ³ É·¨ÍÒ ¸¨¸É¥³Ò (¸É ´¤ ·É´μ¥ Î¨¸²μ
μ¡Ê¸²μ¢²¥´´μ¸É¨), ´¥¢Ö§± , μÉ´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ·¥Ï¥´¨Ö. ‚ ¦´μ°
Ì · ±É¥·¨¸É¨±μ° Î¨¸²¥´´μ£μ ³¥Éμ¤  Ö¢²Ö¥É¸Ö É ±¦¥ ¶μ²´μ¥ ¢·¥³Ö ¸Î¥É  ·¥-
Ï¥´¨Ö.

’¥¸É¨·μ¢ ´¨¥ Î¨¸²¥´´ÒÌ  ²£μ·¨É³μ¢ ·¥Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· -
¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ¢ ¤ ´´μ° · ¡μÉ¥ ³ É¥³ É¨Î¥¸±¨Ì
¶ ±¥Éμ¢ ¶·μ¨§¢μ¤¨²μ¸Ó ´  É¥¸É Ì ¨§ Ï¨·μ±μ ¨§¢¥¸É´μ° ¢ ³¨·μ¢μ° ³ É¥³ -
É¨Î¥¸±μ° ²¨É¥· ÉÊ·¥ ¡¨¡²¨μÉ¥±¨ É¥¸Éμ¢ [12]. �·¨ ÔÉμ³ ¶·¨ É¥¸É¨·μ¢ ´¨¨
¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ ¶μ¤¶·μ£· ³³Ò ¨§ ¶ ±¥Éμ¢:

MCC Å ¶·μ£· ³³Ò Lin2dsysccmSolver, Lin3dsysccmSolver ¨ Linsysccm-
Solver ¨§ ¶ ±¥É  JINRLINPACK ( ²£μ·¨É³Ò ³¥Éμ¤  ±·¨É¨Î¥¸±¨Ì ±μ³¶μ´¥´É
[9Ä11]);

GS Å ¶·μ£· ³³  DEQN ¨§ ¡¨¡²¨μÉ¥±¨ CERNLIB [13] (³μ¤¨Ë¨Í¨·μ¢ ´-
´Ò¥  ²£μ·¨É³Ò ³¥Éμ¤  ¨¸±²ÕÎ¥´¨Ö ƒ Ê¸¸ );

QR Å ¶·μ£· ³³  DGELS ¨§ ¶ ±¥É  LAPACK [14] ( ²£μ·¨É³Ò QR-³¥Éμ¤ );
SVD Å ¶μ¤¶·μ£· ³³ -ËÊ´±Í¨Ö PSOL ¨§ ¡¨¡²¨μÉ¥±¨ LINA [16] ( ²£μ-

·¨É³ ³¥Éμ¤  ¸¨´£Ê²Ö·´μ£μ · §²μ¦¥´¨Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨¸Î¥·¶ ´¨Ö);
TRM Å ¶μ¤¶·μ£· ³³  SLAY ¨§ ¡¨¡²¨μÉ¥±¨ LIBJINR ( ²£μ·¨É³Ò ³¥Éμ¤ 

·¥£Ê²Ö·¨§ Í¨¨ ¶μ �.�. ’¨Ìμ´μ¢Ê [16Ä18]).
�μÖ¸´¨³, ¶·¥¦¤¥ ¢¸¥£μ, ¸μ±· Ð¥´¨Ö ¨ μ¡μ§´ Î¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ¶·¨¢μ-

¤¨³ÒÌ ´¨¦¥ É ¡². 2Ä15:
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’ ¡²¨Í  2.

C2 : {qi = 1, i = 1, . . . , m; ri = 2, i = 2, . . . , m}Y : {yi =
(3i + 1)

i (1 + i)
,

i = 1, . . . , m − 1; ym =
1

m
}; X : {xi = 1/i, i = 1, . . . , m}
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’ ¡²¨Í  3.
C2 : {qi = ε∗, i = 1, . . . , m; ri = 1 − ε∗, i = 2, . . . , m; ε∗ = 0.01};

X : {xi = 1/(2i + ε∗), i = 1, . . . m}; Y : {yi =
(2i + 3ε∗)

(2i + ε∗) (2i + ε∗ + 2)
,

i = 1, . . . , m − 1; ym =
ε∗

2m + ε∗
};
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’ ¡²¨Í  4.
C2 : {qi = 7/5, i = 1, . . . , m; ri = 11/3, i = 2, . . . , m}; X : {xi = 1/(2i + 1), i =

1, . . . , m}Y : {yi =
(152i + 118)

15(2i + 1) (2i + 3)
, i = 1, . . . , m − 1; ym =

7

5(2m + 1)
};
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’ ¡²¨Í  5.
ε∗ = 10−7, ε̃∗ = 10−4; C2 : {q1 = ε∗, qi = −1, i = 2, . . . , m − 1, i �= k, qk = ε̃∗, qm =

ε̃∗; ri = 2, i = 2, . . . , m}; Y : {y1 = (ε∗ − 2)(1 + ε∗), yi = (−1)i3(1 + ε∗), i =

2, . . . , m − 1, i �= k, yk = (−1)k(2 − ε̃∗)(1 + ε∗); ym =

(−1)m+1ε̃∗(1 + ε∗)}; X : {xi = (−1)i+1(1 + ε∗), i = 1, . . . , m}

10



’ ¡²¨Í  6.
C2 : {qi = 3, i = 1, . . . , m; ri = 7, i = 2, . . . , m}; Y : {yi = 10,

i = 1, . . . , m − 1; ym = 3}; X : {xi = 1, i = 1, . . . , m}
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�·μ¤μ²¦¥´¨¥ É ¡²¨ÍÒ 6.

m Å ¶μ·Ö¤μ± ³ É·¨ÍÒ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò;

econd(W, Y ) = ||W−1||2 · ||Y ||E/||X ||E Å ¥¸É¥¸É¢¥´´μ¥ Î¨¸²μ μ¡Ê¸²μ-
¢²¥´´μ¸É¨;

cond(W ) = ||W−1||2 · ||W ||2 Å ¸É ´¤ ·É´μ¥ Î¨¸²μ μ¡Ê¸²μ¢²¥´´μ¸É¨;

δY =
||WX̃ − Y ||E

||Y ||E
Å ´¥¢Ö§± ;

δX =
||X̃ − X ||E

||X ||E
Å μÉ´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ X̃ Å ´ °¤¥´´μ£μ ·¥Ï¥-

´¨Ö ¸¨¸É¥³Ò;

δL =

∣∣∣ ||X̃ ||E − ||X ||E
∣∣∣

||X ||E
;

||W−1||2 · ||WX̃ − Y ||E
||X ||E

= δR = δY econd(W, Y ) Å ´¨¦´ÖÖ ¨ ¢¥·Ì´ÖÖ

£· ´¨ÍÒ δX . �·¨ ÔÉμ³ δL � δX � δR.

ε1 Å μÉ´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¢¥Ð¥¸É¢¥´´μ°  ·¨Ë³¥É¨±¨ 	‚Œ.
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’ ¡²¨Í  7.
C3 : {qi = 1, i = 1, . . . , m; ri = 1 − ε∗, pi = 1 + ε∗, i = 2, . . . , m};

ε∗ = 10−7 X : {xi = 1, i = 1, . . . , m}Y : {y1 = 2 − ε∗; yi = 3,

i = 2, . . . , m − 1; ym = 2 + ε∗}

13



’ ¡²¨Í  8.
C3 : {qi = 6, i = 1, . . . , m; ri = 3, pi = 4, i = 2, . . . , m}; X : {xi = 1,

i = 1, . . . , m}Y : {y1 = 9; yi = 13, i = 2, . . . , m − 1; ym = 10}
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’ ¡²¨Í  9.

A : {aij =
1

i + j − 1
, i = 1, .., m − 1; j = 1, . . . , m, am1 = 333,

amj =
1

m + j − 1
, j = 2, . . . , m}F : {fi =

m∑

k=1

1

(2k + 1)(i + k − 1)
,

i = 1, . . . , m − 1; fm =
m∑

k=2

1

(2k + 1)(m + k − 1)
+ 111;

Z : {zi = 1/(2i + 1), i = 1, . . . , m}
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’ ¡²¨Í  10.

F : {fi = (m − i)
i+1∑
k=1

(−1)k

k
+

i∑
k=1

(−1)k

k
, i = 1, . . . , m − 1; fm =

m∑
k=1

(−1)k

k
};

A : {aij = n − i + 1, i = 1, .., m; aij+1 = n − i; j = 1, . . . , i; aij = 0,

i = 1, .., m; j = i + 2, . . . , m}Z : {zi = (−1)i/i, i = 1, . . . , m}
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’ ¡²¨Í  11.

A : {aij =
1

i − j + m
, i = 1, .., m, j = 1, . . . , m, }; F : {fi =

m∑

k=1

1

k(i − k + m)
,

i = 1, . . . , m}; Z : {zi = 1/i, i = 1, . . . , m}
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’ ¡²¨Í  12.

A : { aij =
1

i + j − 1
, i = 1, . . . , m; j = 1, . . . , m} Ä ³ É·¨Í  ƒ¨²Ó¡¥·É  ¶μ·Ö¤±  m;

Y : {yi =
m∑

k=1

1

k(i + k − 1)
, i = 1, . . . , m}; X : {xi = 1/i, i = 1, . . . , m}
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„ ²¥¥ ¢ É ¡². 13Ä15 ¶·¨¢¥¤¥´Ò Ê¸·¥¤´¥´´Ò¥ §´ Î¥´¨Ö μ¶¨¸ ´´ÒÌ ¢ÒÏ¥
Ì · ±É¥·¨¸É¨± δL, δX , δR, δY ¤²Ö ¶·μÉ¥¸É¨·μ¢ ´´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥-

’ ¡²¨Í  13. ‘·¥¤´¨¥ §´ Î¥´¨Ö Ì · ±É¥·¨¸É¨± ¶·¨ (1 � μ(W ) � 1/
√

ε1), N̄1 = 175

Program δ̄Y δ̄L δ̄X δ̄R

C2X = Y N1 = 10
μ̄(C2) = 1.13¥07

MCC
INV
GS
QR
SVD
TRM

1.3362e-16
3.4928e-12
1.3362e-16
1.3362e-16
3.2247e-16
1.6410e-10

7.8079e-12
6.9509e-12
8.3186e-12
7.8079e-12
9.0695e-12
4.1647e-03

1.4052e-11
1.4276e-11
1.5009e-11
1.4052e-11
3.0778e-11
7.6656e-03

9.3324e-10
1.2427e-04
9.3324e-10
9.3324e-10
2.7247e-09
7.6630e-03

C3X = Y
N2 = 84
μ̄(C3) = 9.03¥05

MCC
INV
GS
QR
SVD
TRM

1.396e-13
1.518e-01
1.388e-13
6.016e-13
5.533e-12
3.164e-10

1.999e-15
2.245e-01
2.214e-15
7.618e-12
2.811e-12
5.847e-09

4.733e-15
3.165e-01
3.388e-15
5.448e-10
4.451e-11
3.745e-08

3.427e-12
2.080e01
3.630e-12
8.245e-10
4.707e-10
3.784e-08

AX = Y
A �= AT

N3 = 45
μ̄(A) = 4.10¥06

MCC
INV
GS
QR
SVD
TRM

1.117e-15
1.980e-11
5.651e-16
3.385e-15
1.308e-15
2.692e-11

4.138e-12
1.217e-11
2.760e-12
6.748e-12
4.116e-12
1.243e-04

3.431e-10
5.211e-10
3.293e-11
4.889e-09
1.333e-09
1.810e-04

3.388e-09
2.676e-04
2.005e-09
7.189e-09
3.358e-09
1.939e-04

AX = Y
A = AT

N4 = 36
μ̄(A) = 3.64¥06

MCC
INV
GS
QR
SVD
TRM

7.371e-16
7.399e-12
4.416e-16
3.510e-15
4.352e-16
8.741e-16

4.187e-12
1.436e-11
2.646e-12
2.289e-12
8.461e-12
3.890e-13

8.270e-11
3.267e-10
2.928e-11
1.867e-09
7.399e-11
2.856e-11

8.394e-10
4.759e-05
3.794e-10
3.838e-09
5.283e-10
1.088e-09

¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° WX = Y ¶·¨ 1 � μ(W ) � 1/
√

ε1 Å Ìμ·μÏ¥° μ¡Ê-
¸²μ¢²¥´´μ¸É¨, 1/

√
ε1 < μ(W ) � 1/ε1 Å ¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨, μ(W ) �

1/ε1 Å ¶ Éμ²μ£¨Î¥¸±¨ ¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨ ÔÉ¨Ì ¸¨¸É¥³ ¸μμÉ¢¥É¸É¢¥´´μ:

δ̄L =
1

Nj

Nj∑
l=1

(δL)l; δ̄X =
1

Nj

Nj∑
l=1

(δX)l;

δ̄R =
1

Nj

Nj∑
l=1

(δR)l; δ̄Y =
1

Nj

Nj∑
l=1

(δY )l;

μ̄(W ) =
1

Nj

Nj∑
l=1

cond(W )l;
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£¤¥ N̄i =
s∑

j=1

Nj , Nj Å Î¨¸²μ ¶·¨³¥·μ¢ ¤ ´´μ£μ É¨¶ ; s Å Î¨¸²μ É¨¶μ¢

¶·¨³¥·μ¢ ¢ É ¡²¨Í¥; i Å ´μ³¥· É ¡²¨ÍÒ.

’ ¡²¨Í  14. ‘·¥¤´¨¥ §´ Î¥´¨Ö Ì · ±É¥·¨¸É¨± ¶·¨
(1/

√
ε1 < μ(W ) � 1/ε1), N̄2 = 62

Program δ̄Y δ̄L δ̄X δ̄R

C2X = Y
N1 = 15
μ̄(C2) = 2.64¥14

MCC
INV
GS
QR
SVD
TRM

1.4836e-16
3.6827e-04
1.4836e-16
1.4836e-16
5.6917e-16
4.8974e-10

7.0057e-05
1.9740e-04
7.3354e-05
7.0057e-05
6.6489e-05
1.0842e-01

1.2743e-04
8.6439e-04
1.3375e-04
1.2736e-04
2.9139e-04
1.8893e-01

2.2364e-02
3.2987e11
2.2364e-02
2.2364e-02
8.6348e-02
4.7762

C3X = Y
N2 = 8
μ̄(C3) = 4.53¥14

MCC
INV
GS
QR
SVD
TRM

1.0246e-16
1.4315e12
9.8755e-17
7.1177e-16
4.7431e-16
2.3750e-10

1.1543e-04
2.9665e12
2.5760e-06
2.3140e-03
1.0072e-04
2.3753e-10

1.3119e-02
2.9665e12
1.8625e-03
5.5573e-02
9.7611e-03
1.4068e-07

6.0463e-02
8.4342e26
5.7820e-02
2.9398e-01
2.0939e-01
1.4026e05

AX = Y
A �= AT

N3 = 21
μ̄(A) = 2.61¥14

MCC
INV
GS
QR
SVD
TRM

6.2337e-16
1.1897e-03
3.2278e-16
9.0515e-16
6.2391e-16
5.0053e-08

1.0149e-03
4.1997e-04
1.4779e-04
4.7017e-05
1.0149e-03
1.4243e-01

2.0510e-03
1.6935e-03
1.0323e-03
6.0242e-04
2.0510e-03
3.3744e-01

3.8013e-02
1.1001e12
1.8468e-02
5.5378e-02
3.8013e-02
3.3742e03

AX = Y
A = AT

N4 = 18
μ̄(A) = 1.60¥14

MCC
INV
GS
QR
SVD
TRM

4.6953e-16
3.3759e-05
6.8707e-16
1.5955e-15
6.8639e-16
6.2736e-11

8.1606e-06
1.0941e-05
4.1985e-06
2.9916e-05
6.0107e-06
4.0112e-03

8.0616e-04
1.7547e-03
5.0442e-04
5.6098e-04
6.5452e-04
2.1744e-02

1.1632e-02
1.5293e10
2.0489e-02
5.0963e-02
5.5103e-02
5.9348e03

�´ ²¨§ Î¨¸²¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢, ¶·¨¢¥¤¥´´ÒÌ ¢ É ¡². 2Ä16, ¶μ± §Ò¢ ¥É,
ÎÉμ ¶·μ£· ³³Ò MCC, μ¸´μ¢ ´´Ò¥ ´  ³¥Éμ¤¥ ±·¨É¨Î¥¸±¨Ì ±μ³¶μ´¥´É [9Ä12] ¨§
´μ¢μ£μ ¶ ±¥É  JINRLINPACK, ¶μ μ¸´μ¢´Ò³ ¶μ± § É¥²Ö³ ´¥ ÌÊ¦¥,   ¢ É ¡². 4
¨ 8 ¤ ¦¥ ²ÊÎÏ¥ ¨§¢¥¸É´ÒÌ  ´ ²μ£¨Î´ÒÌ ¶ ±¥Éμ¢.

�·μ£· ³³  SVD ¶·¥±· Ð ¥É · ¡μÉÊ (´¥§ ¶μ²´¥´´Ò¥ ¸É·μ±¨ ¢ É ¡²¨Í Ì)
¶·¨ ¶ Éμ²μ£¨Î¥¸±¨ ¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨ (μ(W ) � 1/ε1), ´¥¸³μÉ·Ö ´  Éμ,
ÎÉμ É ³ ³μ£ÊÉ ¡ÒÉÓ · §Ê³´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ´ ¶·¨³¥·, É ¡². 6, 8.

�·μ£· ³³  TRM, μ¸´μ¢ ´´ Ö ´  ³¥Éμ¤¥ ·¥£Ê²Ö·¨§ Í¨¨ �.�. ’¨Ìμ´μ¢  ¤²Ö
´¥¡μ²ÓÏ¨Ì Î¨¸¥² μ¡Ê¸²μ¢²¥´´μ¸É¨, ¢ ¸·¥¤´¥³ ¤ ¥É ÉμÎ´μ¸É´Ò¥ Ì · ±É¥·¨-
¸É¨±¨ ´¥³´μ£μ ÌÊ¦¥, Î¥³ μ¸É ²Ó´Ò¥ ³¥Éμ¤Ò, ´μ ¢ ¸²ÊÎ ¥ ¶²μÌμ° μ¡Ê¸²μ¢²¥´-
´μ¸É¨ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ÔÉμ° ¶·μ£· ³³μ°, μ± §Ò¢ ÕÉ¸Ö ²ÊÎÏ¥ (É ¡². 7Ä
9, 12).
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’ ¡²¨Í  15. ‘·¥¤´¨¥ §´ Î¥´¨Ö Ì · ±É¥·¨¸É¨± ¶·¨ (μ(W) � 1/ε1), N̄3 = 49

Program δ̄Y δ̄L δ̄X δ̄R

C2X = Y
N1 = 35
μ̄(C2) = 4.18¥16

MCC
INV
GS
QR
SVD
TRM

4.2229e-16
4.6739e03
4.2075e-16
4.1694e-16
7.4156e-16

2.0241e01
6.0546e03
2.0085e01
2.0241e01
8.6993e-02

2.0384e01
6.0551e03
2.0220e01
2.0384e01
3.2188e-01

1.2011e01
3.5296e20
1.2046e01
1.1925e01
1.0855e01

C3X = Y
N2 = 4
μ̄(C3) = 7.79¥16

MCC
INV
GS
QR
SVD
TRM

0

4.5270e-13
6.3740e-16

8.7531e-16

0

2.7796e04
6.0006

6.2803e-16

0

2.7796e04
6.7123

7.2367e-14

0

2.9000e04
3.5713e01

6.5762e+01
AX = Y
A �= AT

N3 = 4
μ̄(A) = 1.45¥17

MCC
INV
GS
QR
SVD
TRM

4.0077e-16
6.8709e-02
2.2204e-16
4.9435e-16
5.0253e-10

1.6416e-02
2.3897e-02
3.3519e-02
3.1180e-02
4.7496e-02

6.2648e-02
1.4535e-01
9.3824e-02
1.0449e-01
7.7085e-02

5.4767e01
1.0834e15
2.1194e01
2.5573e01
2.6379e06

AX = Y
A = AT

N4 = 6
μ̄(A) = 6.41¥18

MCC
INV
GS
QR
SVD
TRM

2.6277e-16
5.6823e-01
9.2350e-17
5.2177e-16
1.1792e-10

3.5213
1.7492e01
5.2816
1.8694e01
3.2023e-02

4.0536
1.8154e01
5.7438
1.9316e01
1.8701e-01

9.4735e02
1.0548e17
9.3216e01
4.2647e03
1.5652e08

Š·μ³¥ Éμ£μ, ¢ ¸²ÊÎ ¥ ¤¢ÊÌ- ¨ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ ¶·μ£· ³³Ò Œ‘‘
¨³¥ÕÉ É ±¦¥ ¨ ²ÊÎÏ¨¥ ¢·¥³¥´´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¤²Ö ²Õ¡ÒÌ μ¡Ê¸²μ¢²¥´´μ-
¸É¥° ¸¨¸É¥³ Ê· ¢´¥´¨°. �μ ¤²Ö ³ É·¨Í μ¡Ð¥£μ ¢¨¤  ¶·μ£· ³³Ò MCC Ê¸ÉÊ¶ ÕÉ
¶μ ¢·¥³¥´¨ ¶·μ£· ³³ ³ GS ¨ QR. 	Éμ ¸¢Ö§ ´μ ¸μ §´ Î¨É¥²Ó´Ò³¨ § É· É ³¨
¢·¥³¥´¨ ´  ·¥¤Ê±Í¨Õ ¸¨¸É¥³Ò WX = Y μ¡Ð¥£μ ¢¨¤  ± ¸¨¸É¥³ ³ ¸ ¤¢ÊÌ- ¨
É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥°.

2. � ‘��‘���• ‚›���� ����Œ…’�� �…ƒ“‹Ÿ�ˆ‡�–ˆˆ ��ˆ
�…˜…�ˆˆ �‹�•� ��“‘‹�‚‹…��›• ‘ˆ‘’…Œ ‹ˆ�…‰�›•

�‹ƒ…���ˆ—…‘Šˆ• “��‚�…�ˆ‰

„²Ö ·¥Ï¥´¨Ö ¶²μÌμ μ¡Ê¸²μ¢²¥´´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¢ ¶ ±¥É¥ JINRLINPACK ¨¸¶μ²Ó§μ¢ ´Ò ± ± ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ³¥-
Éμ¤Ò [9Ä11], É ± ¨ ³¥Éμ¤ ·¥£Ê²Ö·¨§ Í¨¨ [16Ä18]. �·¨ ÔÉμ³ ¤²Ö ¢Ò¡μ·  ¶ · -
³¥É·  ·¥£Ê²Ö·¨§ Í¨¨ α μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ¸Ö Ï¨·μ±μ ¨§¢¥¸É´Ò¥ ³¥Éμ¤Ò:
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’ ¡²¨Í  16. ‘·¥¤´¨¥ §´ Î¥´¨Ö Ì · ±É¥·¨¸É¨± É ¡². 13Ä15, N=286

Program δ̄Y δ̄L δ̄X δ̄R

μ̄(W ) = 2.88¥06
N̄1 = 175

MCC
INV
GS
QR
SVD
TRM

6.745e-14
6.908e-02
6.687e-14
2.904e-13
2.656e-12
1.682e-10

2.373e-12
1.022e-01
1.731e-12
6.309e-12
4.667e-12
2.699e-04

1.060e-10
1.440e-01
1.535e-11
1.904e-09
3.811e-10
4.846e-04

1.099e-09
9.466
6.486e-10
3.087e-09
1.354e-09
4.878e-04

μ̄(W ) = 2.57¥14
N̄2 = 62

MCC
INV
GS
QR
SVD
TRM

3.9657e-16
7.5339e+10
3.5744e-16
8.9754e-16
6.0950e-16
1.7121e-08

3.7797e-04
1.5613e11
6.9356e-05
3.4015e-04
3.7458e-04
7.5637e-02

2.6523e-03
1.5613e11
7.6877e-04
7.5684e-03
2.2147e-03
1.6632e-01

2.9464e-02
4.4391e25
2.5075e-02
7.6896e-02
7.6782e-02
2.0964e04

μ̄(W ) = 8.33¥17
N̄3 = 49

MCC
INV
GS
QR
SVD
TRM

3.6661e-16
3.3386e03
1.9608e-14
4.5027e-16
6.4707e-11

1.4890e01
4.3277e03
1.1984e03
1.7473e01
6.7094e-02

1.5061e01
4.3282e03
1.1986e03
1.7706e01
2.4865e-01

1.2905e02
2.5213e20
1.2567e03
5.4615e02
2.2612e07

1) γη(α) = ||zα
η ||2;

2) βη(α) = ||Ahzα
η − Fδ||2;

3) ρη(α) = ||Ahzα
η − Fδ||2 − (δ + h||zα

η ||)2 Å μ¡μ¡Ð¥´´ Ö ´¥¢Ö§± :
 ) ¥¸²¨ ||Fδ|| � δ, Éμ zη = 0.
¡) ¥¸²¨ ||Fδ|| > δ, Éμ

Å ¥¸²¨ α∗ > 0 Å ±μ·¥´Ó Ê· ¢´¥´¨Ö ρη(α) = 0, Éμ zη = zα
η ;

Å ¥¸²¨ ρη(α) > 0, Éμ zη = lim zα
η .

‚ ¶ ±¥É¥ JINRLINPACK ¤²Ö ¢Ò¡μ·  μ¶É¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¶ · ³¥É·  α
¨¸¶μ²Ó§Ê¥É¸Ö ¸²¥¤ÊÕÐ Ö (´¥ ¨É¥· Í¨μ´´μ£μ É¨¶ ) Ëμ·³Ê² :

αopt =

⎧⎪⎪⎨
⎪⎪⎩

√
λm

2
· δL

1 − δL
, ¥¸²¨ cond(A) < 1/

√
ε1,

√
λm

2
· δL

1 − δL

√
δL(2 − δL), ¥¸²¨ cond(A) � 1/

√
ε1,

(1)

£¤¥ λm, λ1 Å ³¨´¨³ ²Ó´μ¥ ¨ ³ ±¸¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö AT A

δL � 3

[
1
2

ε1√
λm

· 1
1 − ε1

λm

· ((1 − ε1

λm
) · ||f ||||y|| + 1)

]2/3

; (2)

λm � min
i=1,n

| Λi+1 − ri+1G
−1
i pi+1 | ;

22



’ ¡²¨Í  17 �¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¶²μÌμ μ¡Ê¸²μ¢²¥´´ÒÌ ‘‹�“ ¶·¨
· §²¨Î´ÒÌ ¸¶μ¸μ¡ Ì ¢Ò¡μ·  ¶ · ³¥É·  α. „²Ö ¸¨¸É¥³Ò AX = Y , £¤¥

A : { aij =
1

i + j − 1
, i = 1, . . . , m; j = 1, . . . , m} Å ³ É·¨Í  ƒ¨²Ó¡¥·É ;

Y : {yi =
m∑

k=1

1

k(i + k − 1)
, i = 1, . . . , m}; X : {xi = 1/i, i = 1, . . . , m}

N Program α δY δL δX

5 cond=4.766E05

MCC 8.83e-17 0 9.54e-12
TRM(α1) 2,06E-18 1,12E-13 5,51E-16 5,32E-08
TRM(α2) 3,75E-176 1,17E-13 7,34E-16 5,54E-08
TRM(α3) 2,94E-11 1,05E-09 7,17E-08 3,79E-04
MCC(αopt) 7.31E-020 1.17E-13 9.17E-16 5.53E-08

8 cond=1.526E+10

MCC 1.36e-16 2.46e-14 2.21e-07
TRM(α1) 2,67E-19 8,16E-13 1,44E-05 5,36E-03
TRM(α2) 1,69E-11 7,17E-10 2,43E-08 2,21E-04
TRM(α3) 2,07E-15 5,91E-13 4,84E-10 3,11E-05
MCC(αopt) 1.14E-15 4.94E-13 8.83E-10 4.20E-05

9 cond=4.931E11

MCC 3.59e-16 8.19e-12 4.05e-06
TRM(α1) 8,85E-20 2,12E-11 1,65E-03 5,74E-02
TRM(α2) 5,51E-13 6,47E-11 1,23E-09 4,98E-05
TRM(α3) 8,60E-15 1,05E-12 1,84E-10 1,91E-05
MCC(αopt) 1.17E-15 2.85E-12 3.97E-09 8.92E-05

10 cond=1.604E13

MCC 1.89e-16 3.37e-09 8.21e-05
TRM(α1) 1,27E-19 6,75E-12 1,38E-04 1,66E-02
TRM(α2) 1,14E-12 1,10E-10 1,96E-09 6,29E-05
TRM(α3) 5,99E-18 2,17E-12 1,36E-06 1,65E-03
MCC(αopt) 1.20E-15 8.46E-13 2.25E-10 2.12E-05

11 cond=5.311E14

MCC 1.47e-16 1.01e-04 1.42e-02
TRM(α1) 1,89E-19 7,54E-13 5,41E-06 3,29E-03
TRM(α2) 2,36E-12 1,92E-10 3,38E-09 8,25E-05
TRM(α3) 2,48E-17 1,38E-12 9,12E-08 4,27E-04
MCC(αopt) 1.25E-15 8.44E-13 6.01E-10 3.47E-05

12 cond=1.374E16

MCC 1.14e-16 4.35e-02 0.2983
TRM(α1) 2,38E-19 1,54E-12 3,39E-05 8,23E-03
TRM(α2) 2,44E-12 1,78E-10 5,16E-09 1,02E-04
TRM(α3) 1,02E-16 7,42E-13 6,14E-09 1,11E-04
MCC(αopt) 4.47E-16 1.32E-12 9.95E-09 1.41E-04

13 cond=1.590E17

MCC 2.69e-16 1.52e01 1.62e01
TRM(α1) 1,26E-19 1,70E-12 4,30E-05 9,27E-03
TRM(α2) 2,51E-12 1,69E-10 7,61E-09 1,24E-04
TRM(α3) 2,45E-15 7,36E-13 2,88E-10 2,40E-05
MCC(αopt) 4.23E-16 1.76E-12 9.46E-09 1.38E-04
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||f ||
||y|| � ( ||A|| = λmax ) � max

i=1,n
{| pi | + | qi | + | ri+1 |}, £¤¥ {Λi }, {Gi} ,

{pi, qi, ri} ¨§ [ 11].
”μ·³Ê²Ò (1), (2) ¶μ²ÊÎ¥´Ò ´  μ¸´μ¢¥ ¶·¨´Í¨¶  ´¥μ¶·¥¤¥²¥´´μ¸É¨ [19].

‚ É ¡². 17 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö ¶²μÌμ μ¡Ê¸²μ¢²¥´´ÒÌ ¸¨¸É¥³ Ê· ¢-
´¥´¨° ³¥Éμ¤μ³ ·¥£Ê²Ö·¨§ Í¨¨ ¶·¨ · §²¨Î´ÒÌ ¸¶μ¸μ¡ Ì ¢Ò¡μ·  ¶ · ³¥É· ,  
É ±¦¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ (·¥£Ê²Ö·¨§μ¢ ´´μ£μ) ³¥Éμ¤  ±·¨É¨Î¥¸±¨Ì ±μ³¶μ-
´¥´É Å MCC(opt).

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³ ¸²¥¤ÊÕÐ¥¥. �μ± § ´  ¢μ§³μ¦´μ¸ÉÓ ¶·¨³¥´¥´¨Ö
¸¨¸É¥³Ò RUSEEP ¤²Ö  ´ ²¨§  ¶ ±¥Éμ¢ ¶· ±É¨Î¥¸±¨ ¨§ ²Õ¡μ° ´ ÊÎ´μ° μ¡² -
¸É¨, ¢ Î ¸É´μ¸É¨, μ¶·¥¤¥²¥´Ò μ¸´μ¢´Ò¥ ¶·μ¡²¥³Ò, ¸²¥¤ÊÕÐ¨¥ ¨§ ¶·¨´Í¨¶μ¢,
¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ § ¤ Î¨ ¤²Ö ¶·μ¡²¥³Ò ·¥Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ  ²£¥¡· -
¨Î¥¸±¨Ì Ê· ¢´¥´¨°. �·μ¢μ¤¨É¸Ö  ´ ²¨§ ·¥§Ê²ÓÉ Éμ¢ ¸· ¢´¥´¨Ö ´μ¢μ£μ ¶ ±¥É 
JINRLINPACK ¸ ´ ¨¡μ²¥¥ ¨§¢¥¸É´Ò³¨  ´ ²μ£¨Î´Ò³¨. �·¨¢μ¤¨É¸Ö ´μ¢Ò° ÔË-
Ë¥±É¨¢´Ò° ³¥Éμ¤ ¢Ò¡μ·  ¶ · ³¥É·  ·¥£Ê²Ö·¨§ Í¨¨ ´  μ¸´μ¢¥ ¶·¨´Í¨¶  ³¨´¨-
³Ê³  ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¨ ¸· ¢´¨¢ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¶·¨
· §²¨Î´ÒÌ ¸¶μ¸μ¡ Ì ¢Ò¡μ·  ¶ · ³¥É·  ·¥£Ê²Ö·¨§ Í¨¨.
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