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—¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ³µ¤¥²¨ ¨¸¶ ·¥´¨Ö ¢² £¨
¢ ¸É·µ¨É¥²Ó´ÒÌ ³ É¥·¨ ² Ì

‚ · ¡µÉ¥ ¨¸¸²¥¤ÊÕÉ¸Ö ¸¢µ°¸É¢  ³µ¤¥²¨ ¨¸¶ ·¥´¨Ö ¢² £¨ ¢ ¶µ·¨¸Éµ³ ¸É·µ¨-
É¥²Ó´µ³ ³ É¥·¨ ²¥ ¶·Ö³µÊ£µ²Ó´µ° Ëµ·³Ò, ¶·¥¤²µ¦¥´´µ° ¢ [1].

� §· ¡µÉ ´Ò ¨ ¨¸¸²¥¤µ¢ ´Ò  ²£µ·¨É³Ò ·¥Ï¥´¨Ö ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¤¨Ë-
ËÊ§¨¨ ¸ ±· ¥¢Ò³¨ ¨ ´ Î ²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, ³µ¤¥²¨·ÊÕÐ¥£µ ¤¨´ ³¨±Ê · ¸¶·¥-
¤¥²¥´¨Ö ±µ´Í¥´É· Í¨¨ ¢² £¨, ¨ ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ ¶µ²¨´µ³ , µ¶¨¸Ò¢ -
ÕÐ¥£µ ¶¥·¥´µ¸ ¢² £¨, ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨§³¥·¥´¨° ±µ´Í¥´-
É· Í¨¨ ¢² £¨ ¢ µ¡· §Í¥.

�·µ¢¥¤¥´µ ¨§ÊÎ¥´¨¥ ¸¢µ°¸É¢ ³µ¤¥²¨ ¢ § ¢¨¸¨³µ¸É¨ µÉ ¸É¥¶¥´¨ ¶µ²¨´µ³ , ´ -
¡µ·  ¥£µ ±µÔËË¨Í¨¥´Éµ¢ ¨ ±µ²¨Î¥¸É¢  ¨¸¶µ²Ó§Ê¥³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ.

� ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ ¨´Ëµ·³ Í¨µ´´ÒÌ É¥Ì´µ²µ£¨° �ˆŸˆ.
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Numerical Investigation of a Moisture Evaporation Model
in Building Materials

The properties of a model of moisture evaporation in a porous building material
of a rectangular form proposed in [1] are investigated.

Algorithms of solving a nonlinear diffusion equation with initial and boundary
conditions simulating the dynamic distribution of moisture concentration, calculation
of coefˇcients of a polynomial describing transport of moisture with usage of ex-
perimental measurement of moisture concentration in a sample are developed and
investigated.

Research on the properties of the model is carried out depending on the degree
of the polynomial, a set of its coefˇcients, and the quantity of the used experimental
data.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�·µ´¨±´µ¢¥´¨¥ ¨ ¶¥·¥´µ¸ ¢² £¨ ¶·¨¢µ¤ÖÉ ± Ì¨³¨Î¥¸±¨³ ¨ Ë¨§¨Î¥¸±¨³
¶µ¢·¥¦¤¥´¨Ö³ ¸É·µ¨É¥²Ó´ÒÌ ³ É¥·¨ ²µ¢. �µÔÉµ³Ê ¨§ÊÎ¥´¨¥ ÔÉ¨Ì ¶·µÍ¥¸¸µ¢ ¢
¶µ·¨¸ÉÒÌ ¸É·µ¨É¥²Ó´ÒÌ ³ É¥·¨ ² Ì ¢ ¦´µ ¤²Ö µÍ¥´±¨ ¤µ²£µ¢¥Î´µ¸É¨ ¸É·µ¨-
É¥²Ó´ÒÌ ¸µµ·Ê¦¥´¨°, ¢ ±µÉµ·ÒÌ ¨¸¶µ²Ó§ÊÕÉ¸Ö ÔÉ¨ ³ É¥·¨ ²Ò. ”¥´µ³¥´µ²µ-
£¨Î¥¸±¨ ¶¥·¥´µ¸ ¢² £¨ µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ¤¨ËËÊ§¨¨ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
±µÔËË¨Í¨¥´É  ¶¥·¥´µ¸  ¢² £¨, ±µÉµ·Ò° § ¢¨¸¨É µÉ ±µ²¨Î¥¸É¢  ¢² £¨. „²Ö
µ¶·¥¤¥²¥´¨Ö ±µÔËË¨Í¨¥´É  ¶¥·¥´µ¸  ¢² £¨ ¢ µ¶·¥¤¥²¥´´µ³ ³ É¥·¨ ²¥ ´¥-
µ¡Ìµ¤¨³Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ±µ²¨Î¥¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö ¶·µ¸É· ´¸É¢¥´´µ£µ
· ¸¶·¥¤¥²¥´¨Ö ¢² £¨ ¢ · §´Ò¥ ³µ³¥´ÉÒ ¢·¥³¥´¨.

‚ · ¡µÉ¥ [1] ¶·¥¤²µ¦¥´ ³¥Éµ¤  ´ ²¨§  ±µ²¨Î¥¸É¢  ¢² £¨ ¢ ¸É·µ¨É¥²Ó´ÒÌ
³ É¥·¨ ² Ì, µ¸´µ¢ ´´Ò° ´  µ¡²ÊÎ¥´¨¨ ´¥°É·µ´ ³¨ µ¡· §Í  ¸É·µ¨É¥²Ó´µ£µ
³ É¥·¨ ² , ´¥ · §·ÊÏ ÕÐ¥³ ¥£µ, ¨ ·¥£¨¸É· Í¨¨ ¸¨£´ ²µ¢ µÉ ´¥ ¶µ£²µÐ¥´´ÒÌ
µ¡· §Íµ³ ´¥°É·µ´µ¢. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨¢µ¤ÖÉ¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´-
´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢² £¨ ¢ ¶·Ö³µÊ£µ²Ó´µ³ ±¨·¶¨Î¥ ¸ · §³¥· ³¨ 3×9×12 ¸³
¢ ¶·µÍ¥¸¸¥ ¥£µ ¸ÊÏ±¨. ‚¸¥ ¡µ±µ¢Ò¥ ¶µ¢¥·Ì´µ¸É¨ µ¡· §Í  ¢µ¤µ- ¨ ¢µ§¤ÊÌµ´¥-
¶·µ´¨Í ¥³Ò, ±·µ³¥ µ¤´µ°, ¸ · §³¥· ³¨ 3 × 12 ¸³, µÉ±Ê¤  ¶·µ¨¸Ìµ¤¨É ¨¸¶ -
·¥´¨¥ ¢² £¨ ¢  É³µ¸Ë¥·Ê. ‚ ¶·¥¤¶µ²µ¦¥´¨¨ µ¤´µ³¥·´µ£µ ¤¢¨¦¥´¨Ö ¢² £¨ ¢
µ¡· §Í¥ ¢¤µ²Ó ¥£µ £· ´¨ · §³¥·µ³ 9 ¸³ ¢ÒÎ¨¸²¥´ ±µÔËË¨Í¨¥´É ¢² £µ¶¥·¥-
´µ¸  ¢ µ¡· §Í¥, Ô³¶¨·¨Î¥¸±¨ µ¶·¥¤¥²¥´´Ò° ¢ ¢¨¤¥ ¶µ²¨´µ³  É·¥ÉÓ¥° ¸É¥¶¥´¨
µÉ ±µ´Í¥´É· Í¨¨ ¢² £¨. ŠµÔËË¨Í¨¥´ÉÒ ¶µ²¨´µ³  ¢ÒÎ¨¸²Ö²¨¸Ó ¨§ Ê¸²µ¢¨Ö
³¨´¨³Ê³  ±¢ ¤· É¨Î´µ£µ ËÊ´±Í¨µ´ ² , µ¶·¥¤¥²ÖÕÐ¥£µ µÉ±²µ´¥´¨¥ Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ µÉ É¥µ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ ¥³ÒÌ ´  µ¸´µ¢¥ Î¨-
¸²¥´´µ£µ ·¥Ï¥´¨Ö ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨.

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ · §· ¡µÉ ´Ò  ²£µ·¨É³Ò, ·¥ ²¨§ÊÕÐ¨¥ Î¨¸²¥´´Ò°
³¥Éµ¤, ¶·¥¤²µ¦¥´´Ò° ¢ [1], ¨ ¢Ò¶µ²´¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¨Ì ÉµÎ´µ-
¸É¨. �  µ¸´µ¢¥ · §· ¡µÉ ´´ÒÌ  ²£µ·¨É³µ¢ ¶·µ¢¥¤¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥
§ ¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ Éµ¢ µÉ ¶ · ³¥É·µ¢ ³µ¤¥²¨ ¸ Í¥²ÓÕ ¨§ÊÎ¥´¨Ö ¢µ§³µ¦´µ-
¸É¨ ¸µ±· Ð¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨§³¥·¥´¨° ±µ´Í¥´É· Í¨¨ ¢² £¨ ¢ µ¡· §Í¥
¨ µ¡µ¸´µ¢ ´´µ¸É¨ Ô³¶¨·¨Î¥¸±µ° Ëµ·³Ê²Ò ¤²Ö ±µÔËË¨Í¨¥´É  ¢² £µ¶¥·¥´µ¸ .

1. ��‘’���‚Š� ‡�„�—ˆ

Š ± ¨ ¢ · ¡µÉ¥ [1], ³µ¤¥²¨·µ¢ ´¨¥ ¶¥·¥´µ¸  ¢² £¨ ¡Ê¤¥³ ¶·µ¢µ¤¨ÉÓ ´ 
µ¸´µ¢¥ ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨

∂w

∂t
=

∂

∂x

[
D(w)

∂w

∂x

]
, t > 0, 0 < x < 1. (1)
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‡¤¥¸Ó w Å ±µ´Í¥´É· Í¨Ö ¢² £¨, D(w) Å ±µÔËË¨Í¨¥´É ¢² £µ¶¥·¥´µ¸ , t Å
¢·¥³Ö, x Å ¶·µ¸É· ´¸É¢¥´´ Ö ±µµ·¤¨´ É  ¢¤µ²Ó Ï¨·¨´Ò µ¡· §Í . ‚ ¤ ´´µ°
· ¡µÉ¥ D(w) ¢Ò¡· ´µ ¢ ¢¨¤¥ ¶µ²¨´µ³  N -° ¸É¥¶¥´¨ D(w) = D0 + D1w +
D2w

2 + · · · + DNwN .
“· ¢´¥´¨¥ (1) ¡Ê¤¥³ ·¥Ï ÉÓ ¸µ ¸²¥¤ÊÕÐ¨³¨ ´ Î ²Ó´Ò³ ¨ £· ´¨Î´Ò³¨

Ê¸²µ¢¨Ö³¨:

w(x, 0) = w0(x),
∂w

∂x
(0, t) = 0, w(1, t) = v1, t > 0, (2)

£¤¥ w0(x) Å · ¸¶·¥¤¥²¥´¨¥ ¢² £¨ ¶·¨ t = 0, v1 Å ±µ´Í¥´É· Í¨Ö ¢² £¨ ¢
¢µ§¤ÊÌ¥.

‚¸¥ ¢¥²¨Î¨´Ò, ¢Ìµ¤ÖÐ¨¥ ¢ § ¤ ÎÊ (1), (2), ¶¥·¥¢¥¤¥´Ò ¢ ¡¥§· §³¥·´Ò¥
¥¤¨´¨ÍÒ. ‡¤¥¸Ó w = w(x, t)/w0 (w0 = 0, 2 £/¸³3 Å · §³¥·´ Ö ±µ´¸É ´É ),
t = t/t0 (t0 = 28800 ³¨´ Å ¢·¥³Ö ¨¸¶ ·¥´¨Ö), x = x/x0 Å ±µµ·¤¨´ É 
(x0 = 9 ¸³ Å · §³¥· µ¡· §Í , ¢¤µ²Ó ±µÉµ·µ£µ ¶·µ¨¸Ìµ¤¨É ¶¥·¥´µ¸ ¢² £¨).

‡ ³¥É¨³, ÎÉµ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö µÉ²¨Î ÕÉ¸Ö µÉ · ¸¸³ É·¨¢ ¥³ÒÌ ¢ · -
¡µÉ¥ [1], ÎÉµ µ¶· ¢¤ ´µ ¢ · ³± Ì ³µ¤¥²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö.

� Î ²Ó´µ¥ Ê¸²µ¢¨¥ w0(x) ¢Ò¡¨· ¥³ ¢ ¢¨¤¥ É ¡²¨Î´µ° ËÊ´±Í¨¨, ±µÉµ· Ö
 ¶¶·µ±¸¨³¨·Ê¥É ¶·µË¨²Ó ±µ´Í¥´É· Í¨¨ ¢² £¨ ¶µ¸²¥ ¶¥·¢µ£µ ¤´Ö ¨¸¶ ·¥´¨Ö
(·¨¸. 1, ¡) ¢ ¡¥§· §³¥·´µ° Ëµ·³¥.

�¨¸. 1. �·µË¨²¨ ¶¥·¥´µ¸  ´¥°É·µ´µ¢ ¢¤µ²Ó 9-¸³ £· ´¨ ¶·¨ t = 1, 2, 7, 14 ¨ 21-°
¤¥´Ó ( ) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì · ¸¶·¥¤¥²¥´¨° ±µ´Í¥´É· Í¨° ¢² ¦´µ¸É¨ (¡), ¶µ²ÊÎ¥´´ÒÌ
¸ ¶µ³µÐÓÕ  ´ ²¨§  ¶·¥µ¡· §µ¢ ´´ÒÌ ¸¨£´ ²µ¢ [1]

� · ³¥É·Ò D = {D0, D1, D2, · · · , DN} ¡Ê¤¥³ µ¶·¥¤¥²ÖÉÓ ¨§ Ê¸²µ¢¨Ö ³¨-
´¨³Ê³  ËÊ´±Í¨µ´ ² 

S(D) =
M∑

j=1

∫ 1

0

[w(x, tj) − we(x, tj)]2dx, (3)
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£¤¥ M Å ±µ²¨Î¥¸É¢µ ¤´¥°, §  ±µÉµ·Ò¥ ¶·µ¢µ¤¨²¨¸Ó ¨§³¥·¥´¨Ö ±µ´Í¥´É· Í¨¨
¢² £¨, we(x, tj) Å ¶·µË¨²Ó Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ tj-£µ ¤´Ö, w(x, t) Å
·¥Ï¥´¨¥ § ¤ Î¨ (1), (2).

2. Œ…’�„ —ˆ‘‹…���ƒ� �…˜…�ˆŸ

� ¸¸³µÉ·¨³ ¸²¥¤ÊÕÐÊÕ ³µ¤¥²Ó´ÊÕ § ¤ ÎÊ.
1. �·¥¤¶µ²µ¦¨³, ÎÉµ § ¤ ´ ´¥±µÉµ·Ò° ´ ¡µ· ¶ · ³¥É·µ¢ D∗ = {D∗

0 , D
∗
1 ,

D∗
2 , · · · , D∗

N}. �¥Ï Ö ¶·Ö³ÊÕ § ¤ ÎÊ (1), (2) ¤²Ö ÔÉµ£µ ´ ¡µ· , ³Ò ¶µ²ÊÎ ¥³
·¥Ï¥´¨Ö w(x, t1), w(x, t2), w(x, t3), · · · , w(x, tM ). �É¨ ·¥Ï¥´¨Ö ¶·¨´¨³ ¥³
¢ ± Î¥¸É¢¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ § ¤ Î¨.

2. „ ²¥¥ ¡¥·¥³ ´¥±µÉµ·Ò° ´ ¡µ· ¶ · ³¥É·µ¢ D = {D0, D1, D2, · · · , DN}.
ˆ¸Ìµ¤Ö ¨§ ÔÉµ£µ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö, ³¨´¨³¨§¨·Ê¥³ ËÊ´±Í¨µ´ ² (3).

—¨¸²¥´´µ¥ ·¥Ï¥´¨Ö ³µ¤¥²Ó´µ° § ¤ Î¨ ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ ¢§ ¨³µ¸¢Ö§ ´´ÒÌ
Î ¸É¥°: ·¥Ï¥´¨Ö ¶·Ö³µ° § ¤ Î¨ (1), (2) ¨ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ²  (3).

1. � ¸¸³µÉ·¨³ Î¨¸²¥´´µ¥ ·¥Ï¥´¨¥ ¶·Ö³µ° § ¤ Î¨ (1), (2).
‚¢¥¤¥³ · ¢´µ³¥·´ÊÕ ¶·Ö³µÊ£µ²Ó´ÊÕ ¸¥É±Ê {tj = τj (j = 0, 1, ..., n), xi =

hi (i = 0, 1, ..., m)}, £¤¥ h ¨ τ Å ¸µµÉ¢¥É¸É¢¥´´µ Ï £¨ ¶µ ¶¥·¥³¥´´Ò³ x ¨ t.
„²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸ ´ Î ²Ó´Ò³ ¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (2)

¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ  ¡¸µ²ÕÉ´µ Ê¸Éµ°Î¨¢ÊÕ ±µ´¥Î´µ-· §´µ¸É´ÊÕ
¸Ì¥³Ê ¸ ÉµÎ´µ¸ÉÓÕ  ¶¶·µ±¸¨³ Í¨¨ O(τ + h2) [2]:

wj+1
i − wj

i

τ
=

1
h

[
Cj+1

i

wj+1
i+1 − wj+1

i

h
− Cj+1

i−1

wj+1
i − wj+1

i−1

h

]
,

i = 1, 2, · · · , m − 1, (4)

Cj+1
i = C(wj+1

i ) =
[
Dj+1

i+1 + Dj+1
i

]
/2, (5)

3wj+1
0 − 4wj+1

1 + wj+1
2

2h
= 0, (6)

wj+1
m = v1, j = 0, 1, · · · , n − 1. (7)

�  ± ¦¤µ³ j + 1-³ ¸²µ¥ Ê· ¢´¥´¨¥ (4) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ´¥²¨´¥°´ÊÕ
£· ´¨Î´ÊÕ § ¤ ÎÊ, ±µÉµ· Ö ·¥Ï ¥É¸Ö ³¥Éµ¤µ³ ¶·µ¸ÉÒÌ ¨É¥· Í¨°. �·¥¤¶µ²µ-

¦¨³, ÎÉµ §´ Î¥´¨¥ ¢² £¨ w
j+1(s)
i ´  s-° ¨É¥· Í¨¨ ¨§¢¥¸É´µ. �·¨ ¢ÒÎ¨¸²¥´¨¨

¸²¥¤ÊÕÐ¥£µ s+1-£µ ¶·¨¡²¨¦¥´¨Ö ¡Ê¤¥³ ¡· ÉÓ ¢ ËÊ´±Í¨¨ C(wj+1
i ) ¢Ò· ¦¥´¨Ö

(5) §´ Î¥´¨¥ ¢² £¨ w
j+1(s)
i ¨§ ¶·¥¤Ò¤ÊÐ¥° ¨É¥· Í¨¨.
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’ ±¨³ µ¡· §µ³, ³Ò ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¸Ì¥³Ê ¨É¥· Í¨°:

− C
j+1(s)
i−1 w

j+1(s+1)
i−1 +

[
C

j+1(s)
i−1 + C

j+1(s)
i +

h2

τ

]
w

j+1(s+1)
i −

− C
j+1(s)
i w

j+1(s+1)
i+1 =

h2

τ
wj

i , (8)

i = 1, 2, · · · , m − 1,

3w
j+1(s+1)
0 − 4w

j+1(s+1)
1 + w

j+1(s+1)
2 = 0, (9)

wj+1(s+1)
m = v1. (10)

‚ ÔÉµ³ ¸²ÊÎ ¥ ³Ò ¨³¥¥³ ²¨´¥°´ÊÕ § ¤ ÎÊ µÉ´µ¸¨É¥²Ó´µ w
j+1(s+1)
i , ±µÉµ-

· Ö ·¥Ï ¥É¸Ö ³¥Éµ¤µ³ ¶·µ£µ´±¨.
ˆÉ¥· Í¨µ´´Ò° ¶·µÍ¥¸¸ § ¢¥·Ï ¥É¸Ö ¶·¨ ¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

max |wj+1(s+1)
i − w

j+1(s)
i | < ε, i = 0, 1, · · · , m,

£¤¥ ε > 0 Å § · ´¥¥ § ¤ ´´µ¥ ³ ²µ¥ Î¨¸²µ.
‚ ± Î¥¸É¢¥ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö ´  ± ¦¤µ³ ¸²µ¥ j+1 ¡¥·¥³ §´ Î¥´¨¥

±µ´Í¥´É· Í¨¨ ¢² £¨ ¸ ¶·¥¤Ò¤ÊÐ¥£µ ¸²µÖ j (wj+1(0)
i = wj

i , i = 0, 1, 2, ..., m).
‚ ¤ ²Ó´¥°Ï¥³ § ¤ ÎÊ (1), (2) ¡Ê¤¥³ ·¥Ï ÉÓ ¸ ¨É¥· Í¨Ö³¨, ±µ£¤  s �= 0, ¨ ¡¥§
¨É¥· Í¨°, ±µ£¤  s = 0.

2. Œ¥Éµ¤ �ÓÕÉµ´  ¶·¨³¥´Ö¥³ ¤²Ö ¶µ¨¸±  ÉµÎ±¨ D ²µ± ²Ó´µ£µ ³¨´¨³Ê³ 
ËÊ´±Í¨µ´ ²  (3), ¢ ±µÉµ·µ°, ± ± ¨§¢¥¸É´µ, £· ¤¨¥´É S′(D) = 0. �µÔÉµ³Ê
Ëµ·³Ê²  ³¥Éµ¤  �ÓÕÉµ´  ¨³¥¥É ¢¨¤ [3, 4]

D(k+1) = D(k) − [S′′(D(k)]−1S′(D(k)). (11)

‡¤¥¸Ó S′′(D(k)) = A Å ¸¨³³¥É·¨Î´ Ö ³ É·¨Í  ƒ¥¸¸¥ · §³¥·´µ¸É¨ N × N
¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ ËÊ´±Í¨µ´ ²  (3), ¢ÒÎ¨¸²Ö¥³ÒÌ ¶µ Ëµ·³Ê²¥

Ars =
∂2S

∂Dr∂Ds
, r, s = 0, 1, 2, · · · , N. (12)

�¥·¢Ò¥ ¨ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¶µ ¶ · ³¥É· ³ ∂S/∂Dr, ∂2S/∂Dr∂Ds, ±µÉµ-
·Ò¥ ¢Ò¸ÉÊ¶ ÕÉ ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ Ê· ¢´¥´¨° (11) ¨ (12), µ¶·¥¤¥²Ö¥³ Î¨¸²¥´´µ
¨§ ·¥Ï¥´¨Ö ¶·Ö³µ° § ¤ Î¨ (1), (2) ¶·¨ · §´ÒÌ ´ ¡µ· Ì ¶ · ³¥É·µ¢. �µ± ¦¥³
ÔÉµ, ´ ¶·¨³¥·, ¤²Ö ¶·µ¨§¢µ¤´ÒÌ ∂S/∂D1, ∂2S/∂D2

1 ¨ ∂2S/∂D1∂D2:

∂S

∂D1
=

S(D0, D1 + ∆1, D2, D3) − S(D0, D1 − ∆1, D2, D3)
2∆1

,
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∂2S

∂D2
1

=

=
S(D0, D1 + ∆1, D2, D3) − 2S(D0, D1, D2, D3) + S(D0, D1 − ∆1, D2, D3)

∆2
1

,

∂S

∂D1
(D0, D1, D2 + ∆2, D3) =

=
S(D0, D1 + ∆1, D2 + ∆2, D3) − S(D0, D1 − ∆1, D2 + ∆2, D3)

2∆1
,

∂S

∂D1
(D0, D1, D2 − ∆2, D3) =

=
S(D0, D1 + ∆1, D2 − ∆2, D3) − S(D0, D1 − ∆1, D2 − ∆2, D3)

2∆1
,

∂2S

∂D1∂D2
=

=
(

∂S

∂D1
(D0, D1, D2 + ∆2, D3) −

∂S

∂D1
(D0, D1, D2 − ∆2, D3)

)
/2∆2.

‡¤¥¸Ó ∆1, ∆2 Å ¤µ¸É ÉµÎ´µ ³ ²Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥ Î¨¸² . ˆÉ¥· Í¨µ´´Ò° ¶·µ-
Í¥¸¸ ³¥Éµ¤  �ÓÕÉµ´  ³µ¦´µ § ¢¥·Ï¨ÉÓ ¶µ · §´Ò³ ¶·¨§´ ± ³. � ¶·¨³¥·, ¶µ
³ ²µ¸É¨ ´µ·³Ò ËÊ´±Í¨µ´ ²  (3) ¢ ÉµÎ±¥ D(k+1), ¨²¨ ´µ·³Ò ||D(k+1)−D(k)||,
¨²¨ µÉ´µ¸¨É¥²Ó´µ° µÏ¨¡±¨ ||D(k+1) − D∗||/||D∗||, ¨²¨ ´µ·³Ò £· ¤¨¥´É 
||S′(D(k))||. ‚ ¸²ÊÎ ¥ ¸Ìµ¤¨³µ¸É¨ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¢¸¥ ÔÉ¨ §´ Î¥´¨Ö
¸É·¥³ÖÉ¸Ö ± ´Ê²Õ.

3. —ˆ‘‹…���… ˆ‘‘‹…„�‚��ˆ… ’�—��‘’ˆ ��‘—…’�‚

ˆ¸¸²¥¤µ¢ ´¨¥ ¶·µ¢¥¤¥´µ ¤²Ö N = 3 ¨ M = 4.
„²Ö ¢Ò¡µ·  µ¶É¨³ ²Ó´ÒÌ Ï £µ¢ h, ht ·¥Ï¨³ § ¤ ÎÊ (1), (2) ¤²Ö ´¥±µ-

Éµ·µ£µ ´ ¡µ·  ¶ · ³¥É·µ¢ D∗ = {0, 7899; −8, 3811; 47, 0691; −14, 3700} ¸
´ Î ²Ó´Ò³¨ Ï £ ³¨ h = 10−2; ht = 1/28800 = τ .

ŠµÔËË¨Í¨¥´ÉÒ D∗
0 , D∗

1 , D∗
2 , D∗

3 ¶µ²ÊÎ¥´Ò ³¥Éµ¤µ³ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· -
Éµ¢ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ £· Ë¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ D(w), ¶·¨¢¥¤¥´´µ° ¢ · ¡µÉ¥
[1], ¶µ¸²¥ ¶·¥µ¡· §µ¢ ´¨Ö ¥¥ ¢ ¡¥§· §³¥·´ÊÕ Ëµ·³Ê (·¨¸. 2, a). �  ·¨¸. 2, ¡
¨§µ¡· ¦¥´Ò ¶µ¸²¥¤µ¢ É¥²Ó´µ ¸¢¥·ÌÊ ¢´¨§ ´ Î ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢² £¨, § 
±µÉµ·µ¥ ¢§ÖÉÒ ´µ·³¨·µ¢ ´´Ò¥ §´ Î¥´¨Ö ¢¥·Ì´¥° ±·¨¢µ° ´  ·¨¸. 1, ¡, ¨ ¢Ò-
Î¨¸²¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢² £¨ ¶µ¸²¥ ¶¥·¢µ£µ, Ï¥¸Éµ£µ, É·¨´ ¤Í Éµ£µ ¨ ¤¢ -
¤Í Éµ£µ ¤´¥° (w(x, t1), w(x, t2), w(x, t3), w(x, t4)). ‚ ¤ ²Ó´¥°Ï¥³ ¢ ´ Ï¥°
³µ¤¥²Ó´µ° § ¤ Î¥ ¨³¥´´µ ÔÉ¨ · ¸¶·¥¤¥²¥´¨Ö ¡Ê¤¥³ ¸Î¨É ÉÓ ®Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³¨¯ ¤ ´´Ò³¨.
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�¨¸. 2. �µ²¨´µ³ D∗ (w) [1] ¢ ¡¥§· §³¥·´µ° Ëµ·³¥ ± ± ËÊ´±Í¨Ö µÉ ¡¥§· §³¥·´µ°
±µ´Í¥´É· Í¨¨ ¢² ¦´µ¸É¨ w ( ). �µ²ÊÎ¥´´Ò¥ ³µ¤¥²Ó´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥
(±·¨¢Ò¥ 2, 7, 14, 21) (¡) ¨§ ´ Î ²Ó´µ£µ Ê¸²µ¢¨Ö w0 (x) (±·¨¢ Ö 1) ¶µ¸²¥ ·¥Ï¥´¨Ö
§ ¤ Î¨ (1), (2) ¸ ±µÔËË¨Í¨¥´Éµ³ ¶¥·¥´µ¸  D∗ (w)

’¥¶¥·Ó · ¸¸³µÉ·¨³, ´ ¸±µ²Ó±µ ¢²¨ÖÕÉ ´  ÉµÎ´µ¸ÉÓ ·¥Ï¥´¨Ö § ¤ Î¨ (1),
(2) ¢´ÊÉ·¥´´¨¥ ¨É¥· Í¨¨ ´  ± ¦¤µ³ ¢·¥³¥´´µ³ ¸²µ¥. „²Ö ÔÉµ£µ ·¥Ï¨³ ÔÉÊ
§ ¤ ÎÊ ¤µ ³µ³¥´É  ¢·¥³¥´¨ t = 1 µ¤¨´ · § ¸ ¨É¥· Í¨Ö³¨ (±µ²¨Î¥¸É¢µ ¨É¥· Í¨°
5), ¤·Ê£µ° · § ¡¥§ ¨É¥· Í¨° ¨ ´ °¤¥³ ³ ±¸¨³ ²Ó´ÊÕ · §´µ¸ÉÓ µÉ±²µ´¥´¨Ö ¨
³ ±¸¨³ ²Ó´ÊÕ µÉ´µ¸¨É¥²Ó´ÊÕ · §´µ¸ÉÓ µÉ±²µ´¥´¨Ö. �·¨ ÔÉµ³ ¶µ²ÊÎ¨³

max
0<x<1

|w(x, 1) − w(5)(x, 1)| = 1, 1050 · 10−5 ¶·¨ x = 0;

max
0<x<1

|w(x, 1) − w(5)(x, 1)|/w(x, 1) = 6, 0356 · 10−5 ¶·¨ x = 0.

�  ¶µ¸²¥¤´¨Ì ¸µ¸¥¤´¨Ì ¨É¥· Í¨ÖÌ ³ ±¸¨³ ²Ó´Ò¥ µÉ±²µ´¥´¨Ö ¸²¥¤ÊÕÐ¨¥:

max
0<x<1

|w(5)(x, 1) − w(4)(x, 1)| = 2, 97 · 10−9 ¶·¨ x = 0, 87;

max
0<x<1

|w(5)(x, 1) − w(4)(x, 1)|/w(5)(x, 1) = 2, 7169 · 10−8 ¶·¨ x = 0, 87.

Š ± ¢¨¤´µ, ¢ É·¥¡Ê¥³ÒÌ ¶·¥¤¥² Ì ÉµÎ´µ¸É¨ · ¸Î¥Éµ¢ ³µ¦´µ µ¡Ìµ¤¨ÉÓ¸Ö
¡¥§ ¢´ÊÉ·¥´´¨Ì ¨É¥· Í¨° ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ Ï £µ¢ h, ht.

‚¥²¨Î¨´Ò ³ ±¸¨³ ²Ó´ÒÌ · §´µ¸É¥° µÉ±²µ´¥´¨° ¨ ³ ±¸¨³ ²Ó´ÒÌ µÉ´µ¸¨-
É¥²Ó´ÒÌ µÉ±²µ´¥´¨° ´  ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥É± Ì ¸²¥¤ÊÕÐ¨¥:

max
0<x<1

|wht

h (x, 1) − wht

h/2(x, 1)| = 6, 4509 · 10−5 ¶·¨ x = 0, 33;

max
0<x<1

|wht

h (x, 1) − wht

h/2(x, 1)|/wht

h (x, 1) = 5, 0877 · 10−4 ¶·¨ x = 0, 33;

max
0<x<1

|wht

h/2(x, 1) − wht

h/4(x, 1)| = 1, 8709 · 10−5 ¶·¨ x = 0, 33;

max
0<x<1

|wht

h/2(x, 1) − wht

h/4(x, 1)|/wht

h/2(x, 1) = 1, 4746 · 10−4 ¶·¨ x = 0, 33;
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max
0<x<1

|wht

h (x, 1) − w
ht/2
h (x, 1)| = 2, 6084 · 10−6 ¶·¨ x = 0;

max
0<x<1

|wht

h (x, 1) − w
ht/2
h (x, 1)|/wht

h (x, 1) = 1, 8526 · 10−5 ¶·¨ x = 0;

max
0<x<1

|wht

h/2(x, 1) − w
ht/2
h/2 (x, 1)| = 2, 5105 · 10−6 ¶·¨ x = 0;

max
0<x<1

|wht

h/2(x, 1) − w
ht/2
h/2 (x, 1)|/wht

h/2(x, 1) = 1, 7823 · 10−5 ¶·¨ x = 0.

Š ± ¢¨¤´µ, ¶·¨ ¨¸Ìµ¤´ÒÌ ´ Î ²Ó´ÒÌ Ï £ Ì ´  ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥É± Ì ¨³¥-
¥É¸Ö ¸Ìµ¤¨³µ¸ÉÓ.

„²Ö ¶µ¤É¢¥·¦¤¥´¨Ö ÉµÎ´µ¸É¨  ¶¶·µ±¸¨³ Í¨¨ ¢ÒÎ¨¸²Ö²¨¸Ó ±µÔËË¨Í¨-
¥´ÉÒ �Ê´£¥ ¤²Ö Ï £µ¢ h, ht ¶µ Ëµ·³Ê²¥

Kh =
wh − wh/2

wh/2 − wh/4
.

‚ É ¡². 1 ¶·¨¢¥¤¥´Ò § ¢¨¸¨³µ¸É¨ Kht(t) ¢ ÉµÎ±¥ x = 0, 5 ¨ Kh(x) ¢ ³µ³¥´É
¢·¥³¥´¨ t = 1.

’ ¡²¨Í  1

t Kht ¶·¨ x = 0, 5 x Kh ¶·¨ t = 1

0, 00003 1, 84846 0, 00 3, 44298
0, 04969 1, 99376 0, 05 3, 44354
0, 10003 1, 99487 0, 10 3, 44418
0, 14969 1, 99545 0, 15 3, 44491
0, 19969 1, 99579 0, 20 3, 44572
0, 24969 1, 99600 0, 25 3, 44657
0, 29969 1, 99613 0, 30 3, 44745
0, 34969 1, 99620 0, 35 3, 44832
0, 39969 1, 99622 0, 40 3, 44911
0, 45038 1, 99620 0, 45 3, 44975
0, 50038 1, 99616 0, 50 3, 45014
0, 55038 1, 99607 0, 55 3, 45021
0, 56566 1, 99604 0, 60 3, 44989
0, 65108 1, 99583 0, 65 3, 44919
0, 70108 1, 99567 0, 70 3, 44820
0, 75108 1, 99549 0, 75 3, 44705
0, 80108 1, 99530 0, 80 3, 44586
0, 85108 1, 99510 0, 85 3, 44475
0, 90108 1, 99490 0, 90 3, 44376
0, 95108 1, 99471 0, 95 3, 44291
0, 99969 1, 99452 0, 99 3, 44233

ˆ§ ÔÉ¨Ì ·¥§Ê²ÓÉ Éµ¢ ³µ¦´µ ¸¤¥² ÉÓ ¢Ò¢µ¤, ÎÉµ ¢¸¥ · ¸Î¥ÉÒ § ¤ Î¨ (1), (2)
¸ ÉµÎ´µ¸ÉÓÕ � 10−5 ³µ¦´µ ¶·µ¢µ¤¨ÉÓ ¸ Ï £ ³¨ h = 10−2, ht = 1/28800 ¡¥§
¢´ÊÉ·¥´´¨Ì ¨É¥· Í¨° ´  ± ¦¤µ³ ¢·¥³¥´´µ³ ¸²µ¥.
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‚ É ¡². 2 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ²  S(D0, D1, D2,
D3) ¸ ´ Î ²Ó´Ò³ ¶·¨¡²¨¦¥´¨¥³ D = 1, 1D∗. ‚ ¶¥·¢µ° ±µ²µ´±¥ ¸Éµ¨É ´µ³¥·
¨É¥· Í¨¨, ¢µ ¢Éµ·µ° ±µ²µ´±¥ Å §´ Î¥´¨¥ ËÊ´±Í¨µ´ ² , ¢ µ¸É ²Ó´ÒÌ ±µ²µ´-
± Ì Å §´ Î¥´¨¥ ¶·µ¨§¢µ¤´ÒÌ ËÊ´±Í¨µ´ ²  ¶µ ¶ · ³¥É· ³ ¨ §´ Î¥´¨Ö ¸ ³µ£µ
¶ · ³¥É·  (∂S/∂Di, Di, i = 0, 1, 2, 3). Š ± ¢¨¤´µ, ¢¸¥£µ §  5 ¨É¥· Í¨° ËÊ´±-
Í¨µ´ ² ¸ ¤µ¸É ÉµÎ´µ° ÉµÎ´µ¸ÉÓÕ ¤µ¸É¨£ ¥É ¸¢µ¥£µ ³¨´¨³ ²Ó´µ£µ §´ Î¥´¨Ö.
�·¨§´ ±µ³ ÔÉµ£µ Ö¢²ÖÕÉ¸Ö §´ Î¥´¨Ö ËÊ´±Í¨µ´ ²  ¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ ¶µ ¶ -
· ³¥É· ³, ±µÉµ·Ò¥ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ. ‡´ Î¥´¨Ö D0, D1, D2, D3 ¸É·¥³ÖÉ¸Ö ±
§´ Î¥´¨Ö³ D∗

0 , D∗
1 , D∗

2 , D∗
3 .

’ ¡²¨Í  2

it S ∂S/∂D0 ∂S/∂D1 ∂S/∂D2 ∂S/∂D3

0 5,1537 · 10−2 −0,9630 · 100 −0,1389 · 100 −3,2724 · 10−2 −1,0974 · 10−2

D0 = 0,8689 D1 = −9,2192 D2 = 51,7760 D3 =−15,8070

1 2,6289 · 10−3 0,1705 · 100 3,0707 · 10−2 8,3579 · 10−3 3,0748 · 10−3

D0 = 0,8355 D1 = −9,2166 D2 = 50,3871 D3 =−19,3146

2 9,8587 · 10−6 6,5585 · 10−3 1,2870 · 10−3 3,8578 · 10−4 1,5732 · 10−4

D0 = 0,7962 D1 = −8,5276 D2 = 47,8539 D3 =−15,4832

3 1,4155 · 10−9 2,6663 · 10−5 6,2806 · 10−6 2,4167 · 10−6 1,2140 · 10−6

D0 = 0,7900 D1 = −8,3833 D2 = 47,0821 D3 =−14,3886

4 1,9162 · 10−14 6,2925 · 10−9 1,4465 · 10−9 5,3074 · 10−10 2,4475 · 10−10

D0 = 0,7899 D1 = −8,3811 D2 = 47,0692 D3 =−14,3701

5 1,8831 · 10−14 −2,0290 · 10−14 −1,0678 · 10−15 1,1331 · 10−15 9,5865 · 10−16

D0 = 0,7899 D1 = −8,3811 D2 = 47,0692 D3 =−14,3701

2,6408 · 10−29 D∗
0 = 0,7899 D∗

1 = −8,3811 D∗
2 = 47,0691 D∗

3 =−14,3700

4. ˆ‘‘‹…„�‚��ˆ… ����Œ…’��‚ Œ�„…‹ˆ

ˆ¸¸²¥¤µ¢ ´¨¥ ¢²¨Ö´¨Ö ¶ · ³¥É·µ¢ ³µ¤¥²¨ ´  ÉµÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö
¶·µË¨²¥° ±µ´Í¥´É· Í¨¨ ¢² £¨ ¶µ ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¶·µ¢µ¤¨³
¢ ¤¢ÊÌ ´ ¶· ¢²¥´¨ÖÌ.

1. ”Ê´±Í¨Õ D(w) ¨Ð¥³, ± ± ¨ ¢ · ¡µÉ¥ [1], ¢ ¢¨¤¥ ¶µ²¨´µ³  É·¥ÉÓ¥°
¸É¥¶¥´¨ D(w) = D0 + D1w + D2w

2 + D3w
3. �·¨ ÔÉµ³ ³¨´¨³¨§ Í¨Õ ËÊ´±-

Í¨µ´ ²  (3) ¶·µ¢µ¤¨³ ¤²Ö · §²¨Î´ÒÌ M , É. ¥. · §²¨Î´ÒÌ ¶µ ¢·¥³¥´¨ ´ ¡µ·µ¢
¢ÒÎ¨¸²¥´´ÒÌ ¶·µË¨²¥° ±µ´Í¥´É· Í¨¨ ¢² £¨, ¨³¨É¨·ÊÕÐ¨Ì Ô±¸¶¥·¨³¥´É ²Ó-
´Ò¥ ¤ ´´Ò¥.

2. �·¨ Ë¨±¸¨·µ¢ ´´µ³ ³ ±¸¨³ ²Ó´µ³ M ³¨´¨³¨§¨·Ê¥³ ËÊ´±Í¨µ´ ² (3),
¶·¥¤¸É ¢²ÖÖ D(w) ¢ ¢¨¤¥ ¶µ²¨´µ³µ¢ · §²¨Î´µ£µ ¢¨¤  ¨ ¸É¥¶¥´¨.

‚ É ¡². 3 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¶ÖÉ¨ ¢ ·¨ ´Éµ¢ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´-
Éµ¢, ¶·µ¢¥¤¥´´ÒÌ ¶µ ¶Ê´±ÉÊ 1. �¥·¢ Ö ±µ²µ´±  ¸µ¤¥·¦¨É ´µ³¥·  ¤´¥°, ¢ ±µ-
Éµ·Ò¥ ¨¸¶µ²Ó§µ¢ ²¨¸Ó ®Ô±¸¶¥·¨³¥´É ²Ó´Ò¥¯ ¤ ´´Ò¥ ¤²Ö ³¨´¨³¨§ Í¨¨ ËÊ´±-
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’ ¡²¨Í  3

„´¨ x t ∆(w) δ(w) S ∂S/∂Di

2 0,99 2 5,2850 · 10−9 7,3711 · 10−8 5,9594 · 10−17 −8,2275 · 10−15

Ä 0,92 7 6,3884 · 10−9 7,6336 · 10−8 ∆(D) = 1,5051 · 10−6 −1,0191 · 10−15

Ä 0,81 14 5,4405 · 10−9 6,6862 · 10−8 δ(D) = 8,3417 · 10−8 −1,9111 · 10−15

Ä 0,70 21 4,3358 · 10−9 5,8977 · 10−8 S2−7−14−21 = 1,6059 · 10−14 1,0803 · 10−16

Ä 0,00 2 6,3402 · 10−4 1,1298 · 10−3 1,0612 · 10−11 −5,5654 · 10−11

Ä 0,00 7 1,6824 · 10−4 5,8828 · 10−4 ∆(D) = 0,1498 · 100 −7,7325 · 10−12

Ä 0,00 14 4,2768 · 10−5 2,2291 · 10−4 δ(D) = 8,3027 · 10−3 −1,4608 · 10−12

21 0,89 21 5,7072 · 10−7 1,5524 · 10−5 S2−7−14−21 = 2,3421 · 10−5 −3,5826 · 10−13

2 0,99 2 1,3642 · 10−8 1,9027 · 10−7 1,8198 · 10−14 −1,2696 · 10−13

Ä 0,93 7 2,0139 · 10−8 2,7252 · 10−7 ∆(D) = 1,3564 · 10−5 −3,9060 · 10−15

14 0,83 14 1,9434 · 10−8 2,7445 · 10−7 δ(D) = 7,5175 · 10−7 −1,8959 · 10−15

21 0,73 21 1,5291 · 10−8 2,3221 · 10−7 S2−7−14−21 = 2,8235 · 10−14 −2,4672 · 10−15

2 0,99 2 1,4867 · 10−8 2,0736 · 10−7 1,8831 · 10−14 2,0290 · 10−14

7 0,93 7 1,9393 · 10−8 2,6244 · 10−7 ∆(D) = 9,5773 · 10−6 1,0678 · 10−15

14 0,82 14 1,7680 · 10−8 2,3790 · 10−7 δ(D) = 5,3081 · 10−7 −1,1331 · 10−15

21 0,72 21 1,3747 · 10−8 2,0286 · 10−7 S2−7−14−21 = 1,8831 · 10−14 −9,5865 · 10−16

2 0,99 2 1,4546 · 10−8 2,0288 · 10−7 2,7526 · 10−14 −1,5955 · 10−15

7 0,93 7 1,9428 · 10−8 2,6291 · 10−7 ∆(D) = 1,0663 · 10−5 3,2708 · 10−15

14 0,82 14 1,8003 · 10−8 2,4226 · 10−7 δ(D) = 5,9097 · 10−7 −1,0422 · 10−15

18 0,76 18 1,5823 · 10−8 2,2229 · 10−7 S2−7−14−21 = 2,0150 · 10−14 −9,3461 · 10−16

21 0,72 21 1,4071 · 10−8 2,0764 · 10−7

Í¨µ´ ² . —¥·É  µ§´ Î ¥É, ÎÉµ ¤ ´´Ò° ¤¥´Ó ¢ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ²  ´¥
ÊÎ ¸É¢Ê¥É. ‚Éµ· Ö ±µ²µ´±  ¸µ¤¥·¦¨É ±µµ·¤¨´ ÉÒ ÉµÎ¥± x ³ ±¸¨³ ²Ó´ÒÌ µÉ-
±²µ´¥´¨° ¶·µË¨²¥° ¢² ¦´µ¸É¨. ’·¥ÉÓÖ ±µ²µ´±  Å ´µ³¥· ¤´Ö, ±µÉµ·Ò° ¸µ-
µÉ¢¥É¸É¢Ê¥É ÔÉµ° ±µµ·¤¨´ É¥. —¥É¢¥·É Ö ¨ ¶ÖÉ Ö ±µ²µ´±¨ ¸µ¤¥·¦ É §´ Î¥´¨Ö
³ ±¸¨³ ²Ó´ÒÌ µÉ±²µ´¥´¨°, ±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³

∆(w) = max
0≤x≤1

|w(x, t) − we(x, t)|; δ(w) = max
0≤x≤1

|w(x, t) − we(x, t)|/w(x, t),

£¤¥ w(x, t) Å ¢ÒÎ¨¸²¥´´µ¥,   we(x, t) Å ®Ô±¸¶¥·¨³¥´É ²Ó´µ¥¯ §´ Î¥´¨¥ ±µ´-
Í¥´É· Í¨¨ ¢² £¨. ˜¥¸É Ö ±µ²µ´±  ¸µ¤¥·¦¨É ³¨´¨³ ²Ó´µ¥ §´ Î¥´¨¥ ËÊ´±-
Í¨µ´ ²  S, ¢ÒÎ¨¸²¥´´µ¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢Ò¡µ·±¨ ®Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ¯
¤ ´´ÒÌ ¶µ ¤´Ö³, Ê± § ´´Ò³ ¢ ¶¥·¢µ° ±µ²µ´±¥. �·¨¢¥¤¥´µ É ±¦¥ §´ Î¥´¨¥
ËÊ´±Í¨µ´ ²  S2−7−14−21, ¢ÒÎ¨¸²¥´´µ£µ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ´ °¤¥´´ÒÌ ±µÔË-
Ë¨Í¨¥´Éµ¢ D ¨ ¶µ²´µ° ¢Ò¡µ·±¨ ®Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ¯ ¤ ´´ÒÌ, ¨ §´ Î¥´¨Ö
³ ±¸¨³ ²Ó´ÒÌ µÉ±²µ´¥´¨° ±µÔËË¨Í¨¥´É  ¶¥·¥´µ¸  ¢² £¨

∆(D) = max
0≤w≤0,83

|D(w) − D∗(w)|; δ(D) = max
0≤w≤0,83

|D(w) − D∗(w)|/D∗(w).
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‚ ¶µ¸²¥¤´¥° ±µ²µ´±¥ · ¸¶µ²µ¦¥´Ò §´ Î¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ËÊ´±Í¨µ´ ²  S ¶µ
¶ · ³¥É· ³ Di, i = 0, 1, 2, 3. ‡´ Î¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ D0, D1, D2, D3 ¢µ
¢¸¥Ì ¢ ·¨ ´É Ì, ±·µ³¥ ¢Éµ·µ£µ, ¸ ´Ê¦´µ° ÉµÎ´µ¸ÉÓÕ ¸µ¢¶ ¤ ÕÉ ¸ D∗

0 , D∗
1 ,

D∗
2 , D∗

3 .
ˆ§  ´ ²¨§  É ¡². 3 ¸²¥¤Ê¥É ¤µ¢µ²Ó´µ ¸² ¡ Ö § ¢¨¸¨³µ¸ÉÓ ·¥§Ê²ÓÉ Éµ¢ µÉ

±µ²¨Î¥¸É¢  ¤´¥° M ¶·¨ ³¨´¨³¨§ Í¨¨.
‚ É ¡². 4 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢, ¶·µ¢¥¤¥´´Ò¥

¶µ ¶Ê´±ÉÊ 2. ‚ ¶¥·¢µ° ±µ²µ´±¥ É ¡²¨ÍÒ Ê± § ´Ò ±µÔËË¨Í¨¥´ÉÒ ¶µ²¨´µ³ ,

’ ¡²¨Í  4

Di x t ∆(w) δ(w) S ∂S/∂Di

D0 0, 97 2 1, 2244 · 10−2 7, 3254 · 10−2 1, 0940 · 10−2 6, 1062 · 10−12

0 0, 00 7 1, 0104 · 10−2 3, 4144 · 10−2 D0 = 0, 4629 0
0 0, 87 14 7, 8927 · 10−3 0, 1213 · 100 D3 = 49, 2687 0

D3 0, 00 21 6, 2808 · 10−3 4, 6692 · 10−2 1, 1475 · 10−11

0 0, 99 2 3, 6278 · 10−2 0, 3360 · 100 7, 0657 · 10−2 0
D1 0, 95 7 3, 7093 · 10−2 0, 3979 · 100 D1 = 4, 6357 1, 6237 · 10−11

0 0, 88 14 3, 1690 · 10−2 0, 3704 · 100 D3 = 30, 1744 0
D3 0, 82 21 2, 7257 · 10−2 0, 3575 · 100 −5, 8981 · 10−12

D0 0, 97 2 2, 5768 · 10−3 1, 4574 · 10−2 5, 7001 · 10−4 −2, 0964 · 10−11

D1 0, 00 7 2, 1124 · 10−3 7, 3365 · 10−3 D0 = 0, 7099 −1, 7304 · 10−12

D2 0, 85 143 2, 1192 · 10−3 3, 2103 · 10−2 D1 = −6, 4076 6, 3410 · 10−12

0 0, 76 21 1, 6647 · 10−3 2, 6937 · 10−2 D2 = 36, 2373 0

D0 0, 96 2 9, 3586 · 10−3 4, 6306 · 10−2 8, 8851 · 10−3 −8, 2833 · 10−12

Ä 0, 94 7 1, 0687 · 10−2 0, 1416 · 100 D0 = 0, 4204 0
D2 0, 86 14 1, 0335 · 10−2 0, 1459 · 100 D2 = 4, 1804 2, 6888 · 10−13

D3 0, 78 21 8, 1273 · 10−3 0, 1260 · 100 D3 = 40, 1513 −1, 0148 · 10−12

D0 0, 99 2 1, 4867 · 10−8 2, 0736 · 10−7 1, 8831 · 10−14 2, 0290 · 10−14

D1 0, 93 7 1, 9393 · 10−8 2, 6244 · 10−7 D0 = 0, 7899 1, 0678 · 10−15

D2 0, 82 14 1, 7680 · 10−8 2, 3790 · 10−7 D1 = −8, 3811 −1, 1331 · 10−15

D3 0, 72 21 1, 3747 · 10−8 2, 0286 · 10−7 D2 = 47, 0692 −9, 5865 · 10−16

D3 = −14, 3701

D0 0, 99 2 4, 4353 · 10−8 6, 1861 · 10−7 5, 1428 · 10−14 −3, 6063 · 10−15

D1 0, 95 7 2, 2982 · 10−8 4, 0952 · 10−7 D0 = 0, 7899 5, 5466 · 10−16

D2 0, 86 14 2, 5387 · 10−8 4, 1961 · 10−7 D1 = −8, 3811 −1, 2973 · 10−16

D3 0, 77 21 2, 4213 · 10−8 4, 1572 · 10−7 D2 = 47, 0695 8, 5211 · 10−17

D4 D3 = −14, 3711 −2, 5946 · 10−16

D4 = 9, 6067 · 10−4

ÊÎ ¸É¢ÊÕÐ¨¥ ¢ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ²  S (3). ‚Éµ· ÖÄ¶ÖÉ Ö ±µ²µ´±¨ Ô±¢¨-
¢ ²¥´É´Ò ¸µ¤¥·¦ ´¨Õ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ²µ´µ± É ¡². 3. ‚ Ï¥¸Éµ° ±µ²µ´±¥
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¶·¨¢¥¤¥´Ò ¢ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö ³¨´¨³Ê³  ËÊ´±Í¨µ´ ²  S ¨ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ §´ Î¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ ¶µ²¨´µ³  D(w). ‚ ¸¥¤Ó³µ° ±µ²µ´±¥ ¤ ´Ò
¢ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ËÊ´±Í¨µ´ ²  S ¶µ ±µÔËË¨Í¨¥´É ³ ¶µ-
²¨´µ³  D(w) ¢ ³¨´¨³Ê³¥ ËÊ´±Í¨µ´ ² .

�´ ²¨§ É ¡². 4 ¶µ§¢µ²Ö¥É ¸¤¥² ÉÓ ¢Ò¢µ¤, ÎÉµ ÉµÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö
¶·µË¨²¥° ¢² ¦´µ¸É¨ ¸¨²Ó´µ § ¢¨¸¨É µÉ Éµ£µ, ¢ ± ±µ³ ¢¨¤¥ ¨Ð¥É¸Ö ËÊ´±Í¨Ö
D(w). �¤´ ±µ Éµ²Ó±µ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¢Éµ·µ£µ ¢ ·¨ ´É  ´¥ Ê±² ¤Ò¢ ÕÉ¸Ö
¢ ¨´É¥·¢ ² ¶µ£·¥Ï´µ¸É¥° 10Ä15 %, ¤µ¶Ê¸É¨³ÒÌ ¢ ¸É·µ¨É¥²Ó´ÒÌ · ¸Î¥É Ì.

ˆ§ ¶µ¸²¥¤´¥£µ ¢ ·¨ ´É  Î¨¸²¥´´µ£µ Ô±¸¶¥·¨³¥´É  ¢¨¤´µ, ÎÉµ, ´¥¸³µÉ·Ö
´  ¤µ¡ ¢²¥´¨Ö ²¨Ï´¥£µ ±µÔËË¨Í¨¥´É  D4, ±µÔËË¨Í¨¥´ÉÒ D0, D1, D2, D3

¸É·¥³ÖÉ¸Ö ± D∗
0 , D∗

1 , D∗
2 , D∗

3 ,   D4 → 0, É. ¥. ¨³¥¥É¸Ö ¸Ìµ¤¨³µ¸ÉÓ ± ÉµÎ´µ³Ê
·¥Ï¥´¨Õ. �Éµ ¸²Ê¦¨É ¶µ¤É¢¥·¦¤¥´¨¥³ ¶· ¢¨²Ó´µ¸É¨ ¢Ò¡µ·  ¢ · ¡µÉ¥ [1]
ËÊ´±Í¨¨ D(w) ¢ ¢¨¤¥ ±Ê¡¨Î¥¸±µ° ¶ · ¡µ²Ò.

�  ·¨¸. 3 ¶·¨¢¥¤¥´Ò D(w), ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ · §´Ò³ ¢ ·¨ ´É ³
Ô±¸¶¥·¨³¥´Éµ¢ ¢ É ¡². 4. ’µÎ± ³¨ µ¡µ§´ Î¥´  ±·¨¢ Ö D∗(w).

�¨¸. 3. ‚¨¤ ¶µ²¨´µ³µ¢ D (w) ¶·¨ · §´ÒÌ ´ ¡µ· Ì ¨Ì ±µÔËË¨Í¨¥´Éµ¢: 1 Å D0, D3;
2 Å D1, D2; 3 Å D0, D1, D2; 4 Å D0, D2, D3

’ ¡²¨Í  5

l ∆D(w) δD(w) ∆2D(w) δ2D(w)

1 10, 5912 0, 5870 8, 0409 0, 1461

2 3, 0581 0, 1695 0, 4876 0, 0089

3 2, 3126 0, 1282 0, 3774 0, 0069

4 8, 2154 0, 4553 4, 6437 0, 0844

‚ É ¡². 5 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö  ¡¸µ²ÕÉ´ÒÌ ¨ µÉ´µ¸¨É¥²Ó´ÒÌ µÉ±²µ´¥´¨°
∆D(w), δD(w),   É ±¦¥ §´ Î¥´¨Ö ¸·¥¤´¥±¢ ¤· É¨Î´ÒÌ µÉ±²µ´¥´¨° ¢  ¡¸µ-
²ÕÉ´µ³ (∆2D(w)) ¨ µÉ´µ¸¨É¥²Ó´µ³ (δ2D(w)) ¢¨¤¥

∆2D(w) =
∫ 0,83

0

[D∗(w) − D(w)]2dw, δ2D(w) = ∆2D(w)/
∫ 0,83

0

D∗(w)2dw
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¤²Ö ¶¥·¢ÒÌ Î¥ÉÒ·¥Ì ¢ ·¨ ´Éµ¢ · ¸Î¥Éµ¢ ¨§ É ¡². 4. ‡¤¥¸Ó ¶·¨¥³²¥³Ò³ ¶µ
ÉµÎ´µ¸É¨ ³µ¦´µ ¸Î¨É ÉÓ Éµ²Ó±µ É·¥É¨° ¢ ·¨ ´É, £¤¥ D(w) µ¶¨¸Ò¢ ¥É¸Ö ±¢ -
¤· É¨Î´µ° ¶ · ¡µ²µ°.

‡�Š‹�—…�ˆ…

�  µ¸´µ¢¥ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨ ¨ ³¨´¨-
³¨§ Í¨¨ ËÊ´±Í¨µ´ ²µ¢ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° ¶·µË¨²Ö
±µ´Í¥´É· Í¨¨ ¢² £¨ ¢ ´¥¸±µ²Ó±¨Ì ³µ³¥´É Ì ¢·¥³¥´¨ · §· ¡µÉ ´  ²£µ·¨É³
´ Ìµ¦¤¥´¨Ö ±µ´Í¥´É· Í¨¨ ¢² £¨ ¨ ±µÔËË¨Í¨¥´É  ¶¥·¥´µ¸  ¢ ¢¨¤¥ ¶µ²¨´µ³ 
µÉ ±µ´Í¥´É· Í¨¨ ¢² £¨: D(w) = D0 + D1w + D2w

2 + · · · + DNwN .
�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ´  ³µ¤¥²Ó´µ° § ¤ Î¥ ¶µ§¢µ²ÖÕÉ

¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢µ¤Ò.
1. ’µÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö ¶·µË¨²¥° ¢² ¦´µ¸É¨ ¸² ¡µ § ¢¨¸¨É µÉ ±µ-

²¨Î¥¸É¢  ¤ ´´ÒÌ ¶µ ¢·¥³¥´¨, ¨¸¶µ²Ó§Ê¥³ÒÌ ¢ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ² , ¨§
Î¥£µ ³µ¦´µ ¸¤¥² ÉÓ ¶· ±É¨Î¥¸±¨° ¢Ò¢µ¤ µ ¢µ§³µ¦´µ¸É¨ Ê³¥´ÓÏ¥´¨Ö ¢Ò¡µ·±¨
¶µ ¢·¥³¥´¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

2. ’µÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö ¶·µË¨²¥° ¢² ¦´µ¸É¨ § ¢¨¸¨É µÉ Éµ£µ, ¸±µ-
²Ó±µ ¨ ± ±¨¥ ±µÔËË¨Í¨¥´ÉÒ Di ¢ ¶µ²¨´µ³¥ D(w) ¨¸¶µ²Ó§ÊÕÉ¸Ö. ‹ÊÎÏ¨¥
·¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ ÕÉ¸Ö ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢¸¥Ì ±µÔËË¨Í¨¥´Éµ¢ ±Ê¡¨Î¥¸±µ°
¶ · ¡µ²Ò [1]. �¤´ ±µ  ´ ²¨§ ·¥§Ê²ÓÉ Éµ¢ ¢ É ¡². 5 Ê± §Ò¢ ¥É ´  ¢µ§³µ¦´µ¸ÉÓ
Ê³¥´ÓÏ¥´¨Ö ¶ · ³¥É·µ¢ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨µ´ ²  S(D) (3) ¢ ¸µµÉ¢¥É¸É¢¨¨
¸ É·¥¡µ¢ ´¨Ö³¨ ÉµÎ´µ¸É¨ ¸É·µ¨É¥²Ó´ÒÌ · ¸Î¥Éµ¢ 10Ä15 %.

�É¨ ¢Ò¢µ¤Ò ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¤²Ö ¶µ¸É·µ¥´¨Ö ¶ ±¥Éµ¢ ¶·µ£· ³³ ¤²Ö
³µ¤¥²¨·µ¢ ´¨Ö ¤¨´ ³¨±¨ · ¸¶·µ¸É· ´¥´¨Ö ¢² £¨ ¢ ¸É·µ¨É¥²Ó´ÒÌ ³ É¥·¨ ² Ì
¨ ¶µ¢ÒÏ¥´¨Ö ¨Ì ÔËË¥±É¨¢´µ¸É¨ §  ¸Î¥É Ê³¥´ÓÏ¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ ¨ ¸É¥¶¥´¨ ¶µ²¨´µ³ .

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Ë¨´ ´¸µ¢µ° ¶µ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º 03-01-
00657 ¨ º 02-01-00606.
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