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‚ · ¡µÉ¥ Î¨¸²¥´´µ ¨¸¸²¥¤µ¢ ² ¸Ó ´¥²¨´¥°´ Ö § ¤ Î  · ¸¶ ¤  ´¥Ê¸Éµ°Î¨¢ÒÌ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¢ ¸¨¸É¥³¥ Ê· ¢´¥´¨° Ÿ´£ Ä
Œ¨²²¸  ¸ ¤¨² Éµ´µ³, ±µÉµ· Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¢Ö§ ´´ÊÕ ¸¨¸É¥³Ê ¤¢ÊÌ ´¥²¨-
´¥°´ÒÌ Ô¢µ²ÕÍ¨µ´´ÒÌ Ê· ¢´¥´¨° £¨¶¥·¡µ²¨Î¥¸±µ£µ É¨¶ . ‘ Í¥²ÓÕ Ê³¥´ÓÏ¥´¨Ö
· ¸Î¥É´µ£µ ¢·¥³¥´¨ ¶·¨³¥´Ö²¨¸Ó ¶ · ²²¥²Ó´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
´¥¸±µ²Ó±¨Ì ¶·µÍ¥¸¸µ·µ¢. �·¨ ·¥Ï¥´¨¨ É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³, ¢µ§´¨± ÕÐ¨Ì
¶µ¸²¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¤¨¸±·¥É¨§ Í¨¨ ¨¸Ìµ¤´µ° § ¤ Î¨, ¡Ò²¨ ¶·¨³¥´¥´Ò: ¶ -
· ²²¥²Ó´ Ö ·¥ ²¨§ Í¨Ö ³¥Éµ¤  ¢¸É·¥Î´ÒÌ ¶·µ£µ´µ±, ±µÉµ·Ò° ÔËË¥±É¨¢¥´ ¤²Ö
· ¸Î¥Éµ¢ ´  ¤¢ÊÌ ¶·µÍ¥¸¸µ· Ì, ¨ ³¥Éµ¤ · §¡¨¥´¨Ö ¸¨¸É¥³Ò ´  p £·Ê¶¶, ¶µ§¢µ²Ö-
ÕÐ¨° ¶·µ¢µ¤¨ÉÓ ¶ · ²²¥²Ó´Ò¥ · ¸Î¥ÉÒ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ Î¨¸²  p ¶·µÍ¥¸¸µ·µ¢.
� · ²²¥²Ó´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¸ ¶·¨³¥´¥´¨¥³ É¥Ì´µ²µ£¨¨ MPI ¶·µ¢µ¤¨²¨¸Ó ´  ±² -
¸É¥·¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ p ¶·µÍ¥¸¸µ·µ¢, £¤¥ p = 1, 2, 3, . . . , 7.

� ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ ¨´Ëµ·³ Í¨µ´´ÒÌ É¥Ì´µ²µ£¨° �ˆŸˆ.
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Numerical Studies of Perturbed Static Solutions Decay in the Coupled
System of YangÄMillsÄDilaton Equations with use of MPI technology

Numerical study results for nonlinear decay of perturbed static spherically sym-
metric regular solutions in the coupled system of YangÄMillsÄdilaton equations are
presented. The system under consideration is a coupled system of nonlinear evolu-
tion equations of a hyperbolic type. The parallel computing technique with use of
multiprocessor computing system was applied in order to reduce sufˇciently a total
simulation time. We used parallelization of counter Thomas algorithm, which is
effective for solving on two processors, as well as the partition method that allows
one to solve the problem in parallel on p processors with the scope to solve tridiag-
onal systems of linear equations that arise from ˇnite difference approximations to
the original problem. Parallel computing with use of the message passing interface
(MPI) was done on cluster with p = 1, 2, 3, . . . , 7 processors.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�·¨ ¨¸¸²¥¤µ¢ ´¨¨ ¤¨´ ³¨±¨ ´¥²¨´¥°´ÒÌ ¸¨¸É¥³ µ¸µ¡ÊÕ ·µ²Ó ¨£· ÕÉ
¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°. Ÿ¢²ÖÖ¸Ó ÉµÎ-
± ³¨ ²µ± ²Ó´µ£µ Ô±¸É·¥³Ê³  ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö É ±¨¥ ¸É Í¨µ´ ·´Ò¥ ·¥-
Ï¥´¨Ö É ±¦¥ ³µ£ÊÉ ¶·¥É¥´¤µ¢ ÉÓ ´  ·µ²Ó £²µ¡ ²Ó´ÒÌ ¨²¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ
 ÉÉ· ±Éµ·µ¢ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Ô¢µ²ÕÍ¨µ´´µ° § ¤ Î¥ ŠµÏ¨ [1Ä3].

�·µ¢¥¤¥´´Ò¥ ¢ ¶µ¸²¥¤´¨¥ ¤¥¸ÖÉÓ ²¥É ¨¸¸²¥¤µ¢ ´¨Ö, ¢ Éµ³ Î¨¸²¥ Î¨¸²¥´-
´Ò°  ´ ²¨§ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸  ¡¥§³ ¸¸µ¢ÒÌ ¶µ²¥° ³ É¥·¨¨, ¶·¨¢¥²¨
± µÉ±·ÒÉ¨Õ ·Ö¤a ´µ¢ÒÌ ´¥µ¦¨¤ ´´ÒÌ § ±µ´µ³¥·´µ¸É¥°: ¡Ò²¨ µ¡´ ·Ê¦¥´Ò
¸ ³µ¶µ¤µ¡¨¥ ¨ Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ ·¥Ï¥´¨° ¢¡²¨§¨ Ëµ·³¨·µ¢ ´¨Ö ¸¨´£Ê²Ö·´µ-
¸É¥°, ±·¨É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨°, § ±µ´ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö
³ ¸¸Ò µ¡· §ÊÕÐ¥°¸Ö Î¥·´µ° ¤Ò·Ò ¨ ¤·. [4, 5]. …Ð¥ ¡µ²¥¥ ¨´É¥·¥¸´Ò¥ ·¥§Ê²Ó-
É ÉÒ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¶·¨  ´ ²¨§¥ ±µ²² ¶¸  ´¥²¨´¥°´µ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì
¡¥§³ ¸¸µ¢ÒÌ ¶µ²¥° ³ É¥·¨¨, É ±¨Ì ± ±, ´ ¶·¨³¥·, ¶µ²¥ Ÿ´£ ÄŒ¨²²¸  [6]. ‚
É ±¨Ì ¸¨¸É¥³ Ì ¸ÊÐ¥¸É¢ÊÕÉ ´¥Ê¸Éµ°Î¨¢Ò¥ ¸É Í¨µ´ ·´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö
¸ ±µ´¥Î´µ° Ô´¥·£¨¥°, ±µÉµ·Ò¥, ± ± µ± § ²µ¸Ó, ¨£· ÕÉ ·µ²Ó ¶·µ³¥¦ÊÉµÎ´ÒÌ
 ÉÉ· ±Éµ·µ¢ ¢ § ¤ Î¥ ±µ²² ¶¸ ,   É ±¦¥ ¢Ò¶µ²´ÖÕÉ ·µ²Ó ®¡ ·Ó¥· ¯ ¢ ËÊ´±Í¨-
µ´ ²Ó´µ³ ¶·µ¸É· ´¸É¢¥ ·¥Ï¥´¨°, · §¤¥²ÖÖ ±µ²² ¶¸¨·ÊÕÐ¨¥ ·¥Ï¥´¨Ö ¨ ·¥£Ê-
²Ö·´Ò¥ ·¥Ï¥´¨Ö, µ¶¨¸Ò¢ ÕÐ¨¥ · ¸¸¥Ö´¨¥. Š ± µ± § ²µ¸Ó ¶µ§¤´¥¥, ·µ²Ó £· -
¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ É ±¨Ì ¸¨¸É¥³ Ì ´¥ Ö¢²Ö¥É¸Ö µ¶·¥¤¥²ÖÕÐ¥°; ± Î¥¸É¢¥´´µ
¶µÌµ¦¨¥ § ±µ´µ³¥·´µ¸É¨ ¡Ò²¨ µ¡´ ·Ê¦¥´Ò ¶·¨ Î¨¸²¥´´µ³ ³µ¤¥²¨·µ¢ ´¨¨
±µ²² ¶¸  ´¥²¨´¥°´ÒÌ ¢µ²´ ¢ ¶²µ¸±µ³ ¶·µ¸É· ´¸É¢¥ ¤²Ö ¶µ²Ö Ÿ´£ ÄŒ¨²²¸ 
¢ · §³¥·´µ¸É¨ 5+1 ¨ ¤·Ê£¨Ì ¸¨¸É¥³ Ì [7]. �Éµ µ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉµ ¢¸¥
ÔÉ¨ ¸¨¸É¥³Ò Ö¢²ÖÕÉ¸Ö ´ ¤±·¨É¨Î¥¸±¨³¨ ¶µ É¥·³¨´µ²µ£¨¨ ¸¨¸É¥³ Ê· ¢´¥´¨°
¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ [8] ¨, ¢ ¸¨²Ê ÔÉµ£µ, ¤¥³µ´¸É·¨·ÊÕÉ ± Î¥¸É¢¥´´µ Ô±¢¨-
¢ ²¥´É´Ò¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¢µ°¸É¢ .

Š ± ¡Ò²µ ¶µ± § ´µ ¢ ´ Ï¥° ¶·¥¤Ò¤ÊÐ¥° · ¡µÉ¥ [9], ± Î¨¸²Ê ´ ¤±·¨É¨-
Î¥¸±¨Ì ¸¨¸É¥³ É ±¦¥ µÉ´µ¸¨É¸Ö ¸¢Ö§ ´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ 
¸ ¤¨² Éµ´´Ò³ ¶µ²¥³. „¨² Éµ´ Å ¸± ²Ö·´µ¥ ¶µ²¥, ¥¸É¥¸É¢¥´´µ ¢µ§´¨± ÕÐ¥¥
¢ É¥µ·¨¨ ¸Ê¶¥·¸É·Ê´; ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ÔËË¥±É¨¢´µ³ ¤¥°¸É¢¨¨ ¤¨² Éµ´
´¥²¨´¥°´Ò³ µ¡· §µ³ (Î¥·¥§ Ô±¸¶µ´¥´ÉÊ) ¢§ ¨³µ¤¥°¸É¢Ê¥É ¸ ± ²¨¡·µ¢µÎ´Ò³
¶µ²¥³ Ÿ´£ ÄŒ¨²²¸ . „¨² Éµ´ É ±¦¥ ´ §Ò¢ ÕÉ ¸± ²Ö·´Ò³ £· ¢¨Éµ´µ³, É ± ± ±
¸¨¸É¥³  ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ¸ ¤¨² Éµ´´Ò³ ¶µ²¥³ ¢ ¶²µ¸±µ³ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨ µ¡´ ·Ê¦¨¢ ¥É ¸¢µ°¸É¢ , ¸Ìµ¦¨¥ ¸ ¸ ³µ£· ¢¨É¨·ÊÕÐ¥° ¸¨¸É¥³µ° ± -
²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° (¸¨¸É¥³µ° Ê· ¢´¥´¨° �°´ÏÉ¥°´ ÄŸ´£ ÄŒ¨²²¸ ).

�·¨ ¨§ÊÎ¥´¨¨ ¶·µÍ¥¸¸  Ëµ·³¨·µ¢ ´¨Ö ¸¨´£Ê²Ö·´µ¸É¨ ¢ ¸¢Ö§ ´´µ° ¸¨-
¸É¥³¥ ´¥²¨´¥°´ÒÌ ¢µ²´µ¢ÒÌ Ê· ¢´¥´¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥
¶µ²Ö Ÿ´£ ÄŒ¨²²¸  ¨ ¤¨² Éµ´´µ£µ ¶µ²Ö (ŸŒ¤), ¡Ò²µ Ê¸É ´µ¢²¥´µ ¸²¥¤ÊÕ-
Ð¥¥ [9]. �·¨ µ¤´µ¶ · ³¥É·¨Î¥¸±µ³ § ¤ ´¨¨ ´ Î ²Ó´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¶µ²Ö
Ÿ´£ ÄŒ¨²²¸  ¢ ¢¨¤¥ ²µ± ²¨§µ¢ ´´µ° ¢µ²´Ò, · ¸¶·µ¸É· ´ÖÕÐ¥°¸Ö ± ´ Î ²Ê
¸Ë¥·¨Î¥¸±µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É r = 0, ¸ÊÐ¥¸É¢Ê¥É ±·¨É¨Î¥¸±µ¥ §´ Î¥´¨¥
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¶ · ³¥É·  acr, · §¤¥²ÖÕÐ¥£µ ·¥¦¨³Ò · ¸¸¥Ö´¨Ö (a < acr) ¨ ¸¦ É¨Ö, ¶·¨-
¢µ¤ÖÐ¥£µ ± Ëµ·³¨·µ¢ ´¨Õ ¸¨´£Ê²Ö·´µ¸É¨ (a > acr). �  ·µ²Ó ®¡ ·Ó¥· ¯ ¢
ËÊ´±Í¨µ´ ²Ó´µ³ ¶·µ¸É· ´¸É¢¥ ·¥Ï¥´¨°, · §¤¥²ÖÕÐ¥£µ ÔÉ¨ ·¥¦¨³Ò, ³µ£ÊÉ
¶·¥É¥´¤µ¢ ÉÓ ´¥Ê¸Éµ°Î¨¢Ò¥ ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö, ±µÉµ·Ò¥ ¤¥°¸É¢¨É¥²Ó´µ
¸ÊÐ¥¸É¢ÊÕÉ ¨ ¡Ò²¨ ¤ ¢´µ ¨§¢¥¸É´Ò [10]. ’ ±¨Ì ·¥Ï¥´¨° ¡¥¸±µ´¥Î´µ ³´µ£µ ¨
µ´¨ ³µ£ÊÉ ¡ÒÉÓ ¶ · ³¥É·¨§µ¢ ´Ò Î¨¸²µ³ ´Ê²¥° N ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨¨
Ÿ´£ ÄŒ¨²²¸ . ‚¸¥ ÔÉ¨ ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö ´¥Ê¸Éµ°Î¨¢Ò³¨, ¨
Î¨¸²µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ´¥Ê¸Éµ°Î¨¢ÒÌ ³µ¤ ¤²Ö ± ¦¤µ£µ É ±µ£µ ·¥Ï¥´¨Ö Éµ¦¥
· ¢´µ N . ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨, µ¶¨¸Ò¢ ÕÐ¨¥ ´¥-
Ê¸Éµ°Î¨¢Ò¥ ³µ¤Ò ¸É Í¨µ´ ·´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¢ ¸¢Ö§ ´´µ° ¸¨¸É¥³¥
Ê· ¢´¥´¨° ŸŒ¤, ¡Ò²¨ ¶µ²ÊÎ¥´Ò ´¥¤ ¢´µ ¢ ´ Ï¥° · ¡µÉ¥ [11].

�µ¸É ´µ¢±  § ¤ Î¨ ³µ¤¥²¨·µ¢ ´¨Ö · ¸¶ ¤  ´¥Ê¸Éµ°Î¨¢ÒÌ ¸É Í¨µ´ ·´ÒÌ
·¥Ï¥´¨° ¶ÊÉ¥³ ¢µ§³ÊÐ¥´¨Ö ¨Ì ¸µ¡¸É¢¥´´ÒÌ ´¥Ê¸Éµ°Î¨¢ÒÌ ³µ¤ ¶·¥¤¸É ¢²Ö-
¥É¸Ö ¸µ¢¥·Ï¥´´µ ¥¸É¥¸É¢¥´´µ°. �µÔÉµ³Ê ¢ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¢ ± Î¥¸É¢¥ ´ -
Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö Ô¢µ²ÕÍ¨µ´´µ° § ¤ Î¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢µ§³ÊÐ¥´´Ò¥
¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö ¸¢Ö§ ´´µ° ¸¨¸É¥³Ò Ÿ´£ ÄŒ¨²²¸  ¸ ¤¨² Éµ´µ³, £¤¥
¢ ± Î¥¸É¢¥ ¢µ§³ÊÐ¥´¨° ¡¥·ÊÉ¸Ö ¶µ²ÊÎ¥´´Ò¥ · ´¥¥ [11] ¸µ¡¸É¢¥´´Ò¥ ¢µ§³Ê-
Ð¥´¨Ö.

�¤´µ° ¨§ ¨´É¥·¥¸´ÒÌ µ¸µ¡¥´´µ¸É¥° ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò ŸŒ¤
Ö¢²Ö¥É¸Ö ¡Ò¸É·µ¥ ¸³¥Ð¥´¨¥  ¸¨³¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨ ± ¡µ²ÓÏ¨³ §´ Î¥´¨Ö r
¸ Ê¢¥²¨Î¥´¨¥³ ´µ³¥·  N , ÎÉµ µ¡Ê¸² ¢²¨¢ ¥É · §· ¡µÉ±Ê  ¤ ¶É¨¢´ÒÌ  ²£µ·¨É-
³µ¢ ¤²Ö ¶·µ¢¥¤¥´¨Ö Ô¢µ²ÕÍ¨µ´´ÒÌ · ¸Î¥Éµ¢. „²Ö ÔÉ¨Ì Í¥²¥° ´ ³¨ ¶·¨³¥´Ö-
²¨¸Ó ¤¢  ¶µ¤Ìµ¤ : ¨¸¶µ²Ó§µ¢ ´¨¥ ±¢ §¨· ¢´µ³¥·´ÒÌ ¸¥Éµ± ¨ ³ ¸ÏÉ ¡¨·µ¢ -
´¨Ö. „²Ö · ¸Î¥Éµ¢ ³Ò ¨¸¶µ²Ó§µ¢ ²¨ ±¢ §¨· ¢´µ³¥·´Ò¥ ¸¥É±¨ ¶µ ¶·µ¸É· ´-
¸É¢¥´´µ° ¶¥·¥³¥´´µ°, Ô±¸¶µ´¥´Í¨ ²Ó´µ ¸£ÊÐ ÕÐ¨¥¸Ö ± Í¥´É·Ê ¸¨³³¥É·¨¨
r = 0, ¨ ¢¢µ¤¨²¨ ¸É¥¶¥´´µ¥ ³ ¸ÏÉ ¡¨·µ¢ ´¨¥ ¶µ · ¤¨ ²Ó´µ° ±µµ·¤¨´ É¥.
„²Ö Ê¸±µ·¥´¨Ö · ¸Î¥Éµ¢ ¢µ§´¨±²  ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ÉÓ ¶ · ²²¥²Ó´Ò¥
 ²£µ·¨É³Ò ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³, ¢µ§´¨± ÕÐ¨Ì ¶µ¸²¥ ¤¨¸±·¥É¨-
§ Í¨¨ § ¤ Î¨.

� Î ²µ³ · §· ¡µÉ±¨ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ ¶·¨´ÖÉµ
¸Î¨É ÉÓ · ¡µÉÊ ’µ³ ¸  [12]. �µ²´µ¥ µ¶¨¸ ´¨¥ ³¥Éµ¤  ¶·µ£µ´±¨ ¨ ¥£µ · §´µ-
¢¨¤´µ¸É¥°, ¶·¨£µ¤´ÒÌ É ±¦¥ ¤²Ö ¶ · ²²¥²Ó´ÒÌ ³¥Éµ¤µ¢, ³µ¦´µ ´ °É¨ ¢ [13].
�¥·¢Ò° ¶ · ²²¥²Ó´Ò°  ²£µ·¨É³ ¡Ò² ¶·¥¤²µ¦¥´ •µ±´¨ ¨ ƒµ²Ê¡µ³ ¢ · -
¡µÉ¥ [14]. � · ²²¥²Ó´Ò³ ¨ ¢¥±Éµ·´Ò³ ³¥Éµ¤ ³ ·¥Ï¥´¨Ö ²¨´¥°´ÒÌ ¸¨¸É¥³
¶µ¸¢ÖÐ¥´  ±´¨£  [15], £¤¥ ¤ ´ ±· É±¨° µ¡§µ· ¶ · ²²¥²Ó´ÒÌ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö
É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¨ ²¥´ÉµÎ´ÒÌ ¸¨¸É¥³. �¡Ï¨·´Ò° ¸¶¨¸µ± · ¡µÉ ¶µ  ²£µ·¨É-
³ ³ ¶ · ²²¥²Ó´µ£µ ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ ¸ 1965 £. ¶µ 1999 £.
¶·¨¢¥¤¥´ ´  ¸ °É¥ http://ta.twi.tudelft.nl/wagm/users/lin/Biblio/tri sol.html.

‚ · ¡µÉ¥ [16] ¡Ò² ¶·¥¤²µ¦¥´ ³¥Éµ¤ · §¤¥²¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¶·¥¤-
´ §´ Î¥´´Ò° ¤²Ö ¸²ÊÎ Ö, ±µ£¤  Î¨¸²µ ¶·µÍ¥¸¸µ·µ¢ ´ ³´µ£µ ³¥´ÓÏ¥ Î¨¸² 
Ê· ¢´¥´¨°. ‚ ·¥§Ê²ÓÉ É¥ ¸É·µ¨É¸Ö ¢¸¶µ³µ£ É¥²Ó´ Ö ·¥¤ÊÍ¨·µ¢ ´´ Ö ¸¨¸É¥³ ,
¶·¨Î¥³ ± ¦¤µ³Ê ¶·µÍ¥¸¸µ·Ê ¸µµÉ¢¥É¸É¢Ê¥É µ¤´µ Ê· ¢´¥´¨¥ ÔÉµ° ¸¨¸É¥³Ò. ‚
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· ¡µÉ¥ [17] Ê¸É ´µ¢²¥´µ ¤¨ £µ´ ²Ó´µ¥ ¶·¥µ¡² ¤ ´¨¥ ÔÉµ° ¸¨¸É¥³Ò, Éµ£¤  ± ±
Î¨¸²¥´´ Ö Ê¸Éµ°Î¨¢µ¸ÉÓ  ²£µ·¨É³  ‚ ´£  ¶·µ ´ ²¨§¨·µ¢ ´  ¢ · ¡µÉ¥ [18].

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ³Ò ¨¸¶µ²Ó§µ¢ ²¨ ´µ¢Ò° ³¥Éµ¤ · §¡¨¥´¨Ö ¨¸Ìµ¤-
´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö ¤ ²Ó´¥°Ï¥£µ · ¸¶ · ²²¥²¨¢ ´¨Ö, ¶·¥¤²µ¦¥´´Ò°
¢ [19]; ÔÉµÉ ³¥Éµ¤ ³Ò ¡Ê¤¥³ ´¨¦¥ ´ §Ò¢ ÉÓ ®Œ¥Éµ¤ · §¡¨¥´¨Ö ¸¨¸É¥³Ò¯.
„²Ö · ¸¶ · ²²¥²¨¢ ´¨Ö ³Ò ¨¸¶µ²Ó§µ¢ ²¨ É¥Ì´µ²µ£¨Õ MPI (Massage Passing
Interface), ±µÉµ· Ö ¶µ§¢µ²Ö¥É ¶·µ¢µ¤¨ÉÓ ¢ÒÎ¨¸²¥´¨Ö ´  ±² ¸É¥· Ì ¸ ³´µ£µ¶·µ-
Í¥¸¸µ·´µ°  ·Ì¨É¥±ÉÊ·µ°.

� ¸ÉµÖÐ Ö ¸É ÉÓÖ Ê¸É·µ¥´  ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ¢ ¸²¥¤ÊÕÐ¥° £² ¢¥ ¶·¨-
¢¥¤¥´  ¶µ¸É ´µ¢±  § ¤ Î¨ · ¸¶ ¤  ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¸¢Ö§ ´´µ° ¸¨¸É¥³Ò
Ÿ´£ ÄŒ¨²²¸  ¸ ¤¨² Éµ´µ³, ±µ·µÉ±µ · ¸¸³µÉ·¥´Ò ·¥§Ê²ÓÉ ÉÒ § ¤ Î ´ Ìµ¦¤¥-
´¨Ö ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¨ ¸µ¡¸É¢¥´´ÒÌ ´¥Ê¸Éµ°Î¨¢ÒÌ ³µ¤ ¨ ¶·¥¤²µ¦¥´´ Ö
¢ÒÎ¨¸²¨É¥²Ó´ Ö ¸Ì¥³ . ‚µ ¢Éµ·µ° £² ¢¥ ¶·¨¢¥¤¥´Ò ¶ · ²²¥²Ó´Ò¥  ²£µ·¨É³Ò
¨ MPI-¶µ¤¶·µ£· ³³Ò ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³, ¢µ§´¨± ÕÐ¨Ì ¶µ¸²¥
¤¨¸±·¥É¨§ Í¨¨ § ¤ Î¨. ‚ É·¥ÉÓ¥° £² ¢¥ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ³µ¤¥²¨·µ¢ -
´¨Ö § ¤ Î¨ · ¸¶ ¤  ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¨ ¶·µ¨²²Õ¸É·¨·µ¢ ´  ÔËË¥±É¨¢-
´µ¸ÉÓ ¢Ò¡· ´´ÒÌ ¶ · ²²¥²Ó´ÒÌ  ²£µ·¨É³µ¢.

1. �‚�‹�–ˆŸ ‚�‡Œ“™…��›• ‘’�–ˆ�����›• �…˜…�ˆ‰
‘ˆ‘’…Œ› “��‚�…�ˆ‰ Ÿ�ƒ�ÄŒˆ‹‹‘� ‘ „ˆ‹�’���Œ

1.1. �¸´µ¢´Ò¥ Ê· ¢´¥´¨Ö. ‘¢Ö§ ´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ¸
¤¨² Éµ´µ³ (ŸŒ¤) ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ · §³¥·´µ¸É¨ 3+1 µ¶¨¸Ò¢ ¥É¸Ö
ËÊ´±Í¨µ´ ²µ³ ¤¥°¸É¢¨Ö:

S =
1
4π

∫ (
1
2
(∂Φ)2 − exp(kΦ)

4g2
F aµνF a

µν

)
d3xdt, (1)

£¤¥ Φ Å ¤¨² Éµ´´µ¥ ¶µ²¥; F aµν Å É¥´§µ· ¶µ²Ö Ÿ´£ ÄŒ¨²²¸ , k ¨ g Å
¤¨² Éµ´´ Ö ¨ ± ²¨¡·µ¢µÎ´ Ö ±µ´¸É ´ÉÒ ¸µµÉ¢¥É¸É¢¥´´µ.

‚ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ³ ¸²ÊÎ ¥ ¤¨² Éµ´´µ¥ ¶µ²¥ ¨ ¶µ²¥ ŸŒ ³µ£ÊÉ
¡ÒÉÓ µ¶¨¸ ´Ò ¤¢Ê³Ö ËÊ´±Í¨Ö³¨ Φ(t, r) ¨ f(t, r):

Φ = Φ(r, t), Aa
0 = 0 , Aa

i = εaik
xk

r2

(
f(r, t) − 1

)
, (2)

£¤¥ Aa
ν Ä ¶µÉ¥´Í¨ ²Ò ¶µ²Ö ŸŒ. �µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¸µµÉ´µÏ¥´¨° (2) ¢ (1) ¨

§ ³¥´Ò Φ → Φ/k, r → (k/g)r, t → (k/g)t ¨ S → g ∗ kS ¢ ¤¥°¸É¢¨¨ ¨¸Î¥§ ÕÉ
§ ¢¨¸¨³µ¸É¨ µÉ ¤¢ÊÌ ¶ · ³¥É·µ¢ k ¨ g. ˆ´É¥£·¨·µ¢ ´¨¥ ¢ (1) ¶µ Ê£²µ¢Ò³ ¶¥·¥-
³¥´´Ò³ ¶µ§¢µ²Ö¥É ¶·¥¤¸É ¢¨ÉÓ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ [9]:

S = −
∫ [

1
2
r2Φr

2 − 1
2
r2Φt

2 + eΦ

(
fr2 − ft2 +

(f2 − 1)2

2r2

)]
dr dt. (3)
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’µ£¤  Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

ftt + ftΦt − frr − frΦr =
f(1 − f2)

r2
, (4a)

Φtt − Φrr −
2Φr

r
= −eΦ

r2

(
f2

r − f2
t +

(f2 − 1)2

2r2

)
(4b)

¢ÒÉ¥± ÕÉ ¨§ (3) ± ± ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ Ô±¸É·¥³Ê³  ËÊ´±Í¨µ´ ² .
‘¨¸É¥³  ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° (4) ¨³¥¥É ¤¢¥ µ¸µ¡Ò¥ ÉµÎ±¨ r = 0 ¨

r = ∞. ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ ·¥Ï¥´¨Ö, µ£· ´¨Î¥´´Ò¥ ¢ ÔÉ¨Ì
ÉµÎ± Ì.

’·¥¡µ¢ ´¨Õ ·¥£Ê²Ö·´µ¸É¨ ¶·¨ r = 0 Ê¤µ¢²¥É¢µ·ÖÕÉ ·¥Ï¥´¨Ö, ¶·¥¤¸É ¢¨-
³Ò¥ ¢ ¢¨¤¥ ·Ö¤  ¢ µ±·¥¸É´µ¸É¨ ÔÉµ° ÉµÎ±¨

f(t, r)r→0 = ±1 − b(t)r2 + O(r4),

Φ(t, r)r→0 = Φ0(t) + Φ2(t)r2 + O(r4). (5)

£¤¥ b(t), Φ0(t), Φ2(t) Å µ£· ´¨Î¥´´Ò¥ £² ¤±¨¥ ËÊ´±Í¨¨. ˆ´¢ ·¨ ´É´µ¸ÉÓ
Ê· ¢´¥´¨° (4) µÉ´µ¸¨É¥²Ó´µ § ³¥´Ò f → −f ¶µ§¢µ²Ö¥É ¢Ò¡· ÉÓ §´ Î¥´¨¥
f(t, 0) = 1. ˆ É ± ± ± ¶·¥µ¡· §µ¢ ´¨¥ Φ → Φ + λ, r → r exp[−λ/2] ¸
λ = const ´¥ ³¥´Ö¥É Ê· ¢´¥´¨°, Éµ ³µ¦´µ ¶µ²µ¦¨ÉÓ Φ0(0) = 0.

ˆ§ · §²µ¦¥´¨Ö (5) ¤²Ö f(t, r) ¨ Φ(t, r) ¶µ²ÊÎ ¥³ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö ¢ ÉµÎ±¥
r = 0

f(t, r = 0) = 1, Φr(t, r = 0) = 0. (6)

�¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥-
´¨° ¶·¨ r → ∞ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

f(t, r)r→∞ = ±
(
1 − c

r
+ O(r−2)

)
,

Φ(t, r)r→∞ = Φ∞ − d

r
+ O(r−4), (7)

£¤¥ c, d ¨ Φ∞ Ä ±µ´¸É ´ÉÒ. ˆ§ (7) ¶µ²ÊÎ ¥³ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö ´  ¡¥¸±µ´¥Î´µ-
¸É¨:

lim
r→∞

f(t, r) = ±1, lim
r→∞

fr(t, r) = 0,

lim
r→∞

Φ(t, r) = Φ∞, lim
r→∞

Φr(t, r) = 0. (8)

�É³¥É¨³ ¢ ¦´µ¥ ¸¢µ°¸É¢µ · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³Ò Å É ± ± ± ¶µ¤Ò´É¥-
£· ²Ó´ Ö ËÊ´±Í¨Ö (3) ´¥ ¸µ¤¥·¦¨É Ö¢´µ ¢·¥³Ö t, Éµ Ô´¥·£¨Ö

E =

+∞∫
0

[
1
2
r2Φr

2 +
1
2
r2Φt

2 + eΦ

(
fr2 + ft2 +

(f2 − 1)2

2r2

)]
dr (9)
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¸µÌ· ´Ö¥É¸Ö, É.¥. dE/dt = 0. �Éµ ¥¤¨´¸É¢¥´´Ò° ¨´É¥£· ² ¤¢¨¦¥´¨Ö Ê · ¸¸³ -
É·¨¢ ¥³µ° ¸¨¸É¥³Ò.

1.2. ‘É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö. �·¨ ´ Ìµ¦¤¥´¨¨ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨°
¸¨¸É¥³  Ô¢µ²ÕÍ¨µ´´ÒÌ Ê· ¢´¥´¨° (4) ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ µ¡Ò±´µ¢¥´´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ·Ö¤± :

f ′′ + f ′Φ ′ = −f(1 − f2)
r2

, (10a)

Φ ′′ +
2Φ ′

r
=

eΦ

r2

[
f ′2 +

(f2 − 1)2

2r2

]
, (10¡)

¢ÒÉ¥± ÕÐ¥° ¨§ (3) ± ± ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ Ô±¸É·¥³Ê³  ´  ³´µ¦¥¸É¢¥ ËÊ´±-
Í¨° {f(r), Φ(r)}, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Ö³

f(0) = 1, Φ ′(0) = 0 , f(∞) = (−1)N , Φ ′(∞) = 0 . (11)

‘¢Ö§ ´´ Ö ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ ¢µ²´µ¢ÒÌ Ê· ¢´¥´¨° (4) ¨³¥¥É ¸Î¥É´µ¥ ³´µ-
¦¥¸É¢µ ¸É Í¨µ´ ·´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°, ±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ ¶ · ³¥É·¨-
§µ¢ ´µ Î¥·¥§ Î¨¸²µ ´Ê²¥° N ËÊ´±Í¨¨ ŸŒ [10].

‚ · ¡µÉ¥ [10] ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö ¡Ò²¨ ¶µ²ÊÎ¥´Ò Î¨¸²¥´´µ ³¥Éµ¤µ³
¸É·¥²Ó¡Ò ¶µ µÉ´µÏ¥´¨Õ ± ¶ · ³¥É·Ê b (5). ‚ ´ Ï¥° ´¥¤ ¢´¥° · ¡µÉ¥ [11]
¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö  ²ÓÉ¥·´ É¨¢´µ ¶µ²ÊÎ¥´Ò ± ± ·¥Ï¥´¨Ö ´¥²¨´¥°´µ°
±· ¥¢µ° § ¤ Î¨ ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ r ∈ [0, R∞] ¸ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨

f(0) = 1, Φ ′(0) = 0 , f(R∞) = (−1)N , Φ ′(R∞) = 0,

£¤¥ R∞ ¥¸ÉÓ § ¤ ´´ Ö ® ±ÉÊ ²Ó´ Ö ¡¥¸±µ´¥Î´µ¸ÉÓ¯.

�¨¸. 1. ‘É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö ¸ N = 1, 2, 3, 4: a) ËÊ´±Í¨Ö ŸŒ f(r); ¡) ¤¨² Éµ´´ Ö
ËÊ´±Í¨Ö Φ(r)

‚ ± Î¥¸É¢¥ ¶·¨³¥·µ¢ ´  ·¨¸. 1 ¶·¥¤¸É ¢²¥´Ò ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö ¸
N = 1, 2, 3, 4 ´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ: ËÊ´±Í¨Ö ŸŒ fN (r) ¨ ¤¨² Éµ´´Ò¥ ËÊ´±-
Í¨¨ ΦN (r).
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1.3. �¥Ê¸Éµ°Î¨¢Ò¥ ³µ¤Ò ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨°. �·µ¢¥¤¥´´Ò° ¢ [10]
 ´ ²¨§ Ê¸Éµ°Î¨¢µ¸É¨ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° µÉ´µ¸¨É¥²Ó´µ ²¨´¥°´ÒÌ ¢µ§³Ê-
Ð¥´¨° ³¥Éµ¤µ³ Ë §µ¢ÒÌ ËÊ´±Í¨° Š ²µ¤¦¥·µÄ„¥£ ¸¶¥·¨¸  [20] ¶µ± § ², ÎÉµ
¸É Í¨µ´ ·´µ¥ ·¥Ï¥´¨¥ ¸ N ´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ ¨³¥¥É N ´¥Ê¸Éµ°Î¨¢ÒÌ ³µ¤.
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¡Ò²¨ ¶µ²Ê-
Î¥´Ò Î¨¸²¥´´µ [11] ± ± ·¥Ï¥´¨Ö ³ É·¨Î´µ° § ¤ Î¨ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö. ‚
· ¡µÉ¥ [11] ¶µ¤·µ¡´µ ¨§²µ¦¥´ ³¥Éµ¤ ·¥Ï¥´¨Ö, ´¨¦¥ ±µ·µÉ±µ ¶·¨¢¥¤¥³ ¶µ²Ê-
Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

‚ · ³± Ì ²¨´¥°´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° · ¸¸³ É·¨¢ ²¨¸Ó ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´Ò¥ ¢µ§³ÊÐ¥´¨Ö ¢¨¤ 

f(t, r) = fN(r) + ε Vf (r) eiωt, Φ(t, r) = ΦN (r) + ε VΦ(r) eiωt, (12)

£¤¥ fN (r), ΦN (r) Ä ¸É Í¨µ´ ·´µ¥ ·¥Ï¥´¨¥ ¸ N ´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ. Š·¨-
É¥·¨¥³ ´¥Ê¸Éµ°Î¨¢µ¸É¨ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ÌµÉÖ ¡Ò
µ¤´µ£µ µÉ·¨Í É¥²Ó´µ£µ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö λ = −ω2. „²Ö ·¥Ï¥´¨° ¸
N = 1, 2, 3, 4 ¡Ò²¨ ¶µ²ÊÎ¥´Ò Î¨¸²¥´´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±-
Í¨¨ ¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λj

N , j = 1, . . . , N . �µ¸±µ²Ó±Ê ¤²Ö ± ¦¤µ£µ Ë¨±-
¸¨·µ¢ ´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N ´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ ¸µ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ¡Ò¸É·µ ¸É·¥³ÖÉ¸Ö ± ´Ê²¥¢µ³Ê §´ Î¥´¨Õ ¸´¨§Ê ¸ Ê¢¥²¨Î¥´¨¥³ j, Éµ
¨³¥¥É ¸³Ò¸² · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ µ¸´µ¢´Ò¥ ¢µ§³ÊÐ¥´¨Ö: V 1

f , V 1
Φ , λ1

N , ±µÉµ-
·Ò¥ ¨ µ¶·¥¤¥²ÖÕÉ ¢·¥³Ö ¦¨§´¨ ¤ ´´µ£µ ´¥Ê¸Éµ°Î¨¢µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥-
´¨Ö.

�¤´µ° ¨§ ¨´É¥·¥¸´ÒÌ µ¸µ¡¥´´µ¸É¥° · ¸¸³ É·¨¢ ¥³µ° § ¤ Î¨ Ö¢²Ö¥É¸Ö
¡Ò¸É·µ¥ ¸³¥Ð¥´¨¥  ¸¨³¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨ ± ¡µ²ÓÏ¨³ §´ Î¥´¨Ö r ¸ Ê¢¥-
²¨Î¥´¨¥ ´µ³¥·  N (±µÉµ·µ¥ ¶ · ³¥É·¨§Ê¥É ¸Î¥É´µ¥ ³´µ¦¥¸É¢µ ¸É Í¨µ´ ·-
´ÒÌ ·¥Ï¥´¨°). ‚ É ¡²¨Í¥ ¶·¨¢¥¤¥´Ò ¤µ¸É ÉµÎ´Ò¥ §´ Î¥´¨Ö R∞, ´¥µ¡Ìµ¤¨-
³Ò¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸µ¡¸É¢¥´´ÒÌ ´¥Ê¸Éµ°Î¨¢ÒÌ ³µ¤ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥-
´¨° ¸ N = 1, . . . , 4, ¨ ¶¥·¢Ò¥ (´ ¨³¥´ÓÏ¨¥) ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. � 
·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ V 1

f ¨ V 1
Φ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨°

¸ N = 1, . . . , 4.

�¥·¢Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λ1
N ¨ §´ Î¥´¨¥ ¶ · ³¥É·  R∞

N 1 2 3 4

λ1
N 9, 0566 × 10−2 7, 5382 × 10−2 4, 9346 × 10−2 4, 3455 × 10−2

R∞ 2 × 103 2 × 105 2 × 107 1 × 108
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�¨¸. 2. �¸´µ¢´Ò¥ ¸µ¡¸É¢¥´´Ò¥ ¢µ§³ÊÐ¥´¨Ö ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¸ N = 1, 2, 3, 4:
a) ËÊ´±Í¨¨ ŸŒ fN (r); ¡) ¤¨² Éµ´´µ° ËÊ´±Í¨¨ ΦN (r)

1.4. � Î ²Ó´µ-±· ¥¢ Ö § ¤ Î  ¤²Ö ¸¨¸É¥³Ò ŸŒ¤. „²Ö ¨§ÊÎ¥´¨Ö Ô¢µ²Õ-
Í¨¨ ¢µ§³ÊÐ¥´´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° · ¸¸³µÉ·¨³ ¸²¥¤ÊÕ-
ÐÊÕ ¶µ¸É ´µ¢±Ê ´ Î ²Ó´µ-±· ¥¢µ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¢µ²´µ¢ÒÌ
Ê· ¢´¥´¨° (4).

� Î ²Ó´Ò¥ Ê¸²µ¢¨Ö. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö ËÊ´±Í¨¨ Ÿ´£ Ä
Œ¨²²¸  f(t, r) ¨ ¤¨² Éµ´´µ° ËÊ´±Í¨¨ Φ(t, r) · ¸¸³µÉ·¨³ ¢µ§³ÊÐ¥´´Ò¥ ·¥-
Ï¥´¨Ö (12) ¸ · §²¨Î´Ò³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·  ε. ˆ§ (12) ¶µ²ÊÎ ¥³ §´ Î¥´¨Ö
ËÊ´±Í¨° ¨ ¶·µ¨§¢µ¤´ÒÌ ¶µ ¢·¥³¥´¨ ¶·¨ t = 0:

f(0, r)f0(r) = fN(r) + ε Vf (r), ft(0, r) = f̃0(r) = ε
√

λVf (r); (13)

Φ(0, r) = Φ0(r) = ΦN (r) + ε VΦ(r), Φt(0, r) = Φ̃0(r) = ε
√

λVΦ(r). (14)

Š ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥, ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ ¢µ²´µ¢ÒÌ Ê· ¢´¥´¨° ¨³¥¥É ¤¢¥
µ¸µ¡Ò¥ ÉµÎ±¨ r = 0 ¨ r = ∞, ¢ ±µÉµ·ÒÌ ¨§ É·¥¡µ¢ ´¨Ö ·¥£Ê²Ö·´µ¸É¨ ¡Ò²¨
¶µ²ÊÎ¥´Ò ±· ¥¢Ò¥ Ê¸²µ¢¨Ö (6) ¨ (8). „²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ ¶µ²Ê-
¡¥¸±µ´¥Î´Ò° ¨´É¥·¢ ² r ∈ [0,∞) § ³¥´Ö²¸Ö ±µ´¥Î´Ò³ µÉ·¥§±µ³ r ∈ [0, R∞].
�·¨ ÔÉµ³ §´ Î¥´¨¥ R∞ ¢Ò¡¨· ²µ¸Ó É ±¨³, ÎÉµ¡Ò ¢µ§³ÊÐ¥´¨¥ §  ¢¸¥ ¢·¥³Ö
¸Î¥É  T ´¥ Ê¸¶¥¢ ²µ ¤µ¸É¨ÎÓ ¶· ¢µ£µ ±· Ö.

’ ±¨³ µ¡· §µ³, ´ Î ²Ó´µ-±· ¥¢ Ö § ¤ Î  ¤²Ö ¸¢Ö§ ´´µ° ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° Ÿ´£ ÄŒ¨²²¸  ¸ ¤¨² Éµ´µ³ ¨³¥¥É ¢¨¤

(eΦft)t = (eΦfr)r + eΦ f(1 − f2)
r2

, (15)

r2Φtt = (r2Φr)r − eΦ

(
f2r − f2t +

(f2 − 1)2

2r2

)
, 0 < t < T, 0 < r < R∞; (16)

f(0, r) = f0(r), ft(0, r) = f̃ 0(r),
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Φ(0, r) = Φ0(r), Φt(0, r) = Φ̃ 0(r), 0 < r < R∞; (17)

f(t, 0) = 1, Φr(t, 0) = 0, (18)

f(t, R∞) = f0(R∞), Φ(t, R∞) = Φ0(R∞), 0 < t < T. (19)

Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥, ¤²Ö Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö Ô¢µ²ÕÍ¨¨ ¢µ§³Ê-
Ð¥´´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¶·¨Ìµ¤¨É¸Ö · ¡µÉ ÉÓ ¸ ¡µ²ÓÏ¨³¨ ³ ¸¸¨¢ ³¨
¤ ´´ÒÌ, ¢µ§´¨± ÕÐ¨Ì ¨§-§  ´¥µ¡Ìµ¤¨³µ¸É¨ ³µ¤¥²¨·µ¢ ÉÓ Ô¢µ²ÕÍ¨Õ ´  ¡µ²Ó-
Ï¨Ì ¨´É¥·¢ ² Ì ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ É¥ r ∈ [0, R∞]. ‚ ÔÉµ³ ¸²ÊÎ ¥
³µ¦´µ µ¡¥¸¶¥Î¨ÉÓ §´ Î¨É¥²Ó´ÊÕ ·¥¤Ê±Í¨Õ ¨¸¶µ²Ó§Ê¥³ÒÌ ³ ¸¸¨¢µ¢, ¥¸²¨ ¢¢¥-
¸É¨ ³ ¸ÏÉ ¡¨·µ¢ ´´ÊÕ ¶·µ¸É· ´¸É¢¥´´ÊÕ ¶¥·¥³¥´´ÊÕ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

x = rµ, r = x1/µ, 1/µ = ν = 1, 2, 3, . . .

‚Ò¡µ· §´ Î¥´¨Ö ¸É¥¶¥´¨ ν ¤¥² ¥É¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ´µ³¥·  N · ¸¸³ É·¨¢ -
¥³µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ §´ Î¥´¨Ö ¶ · ³¥É·  R∞.

�µ¸²¥ ¶¥·¥Ìµ¤  ± ¶¥·¥³¥´´µ° x ¢ Ê· ¢´¥´¨ÖÌ (15) ¨ (16) ¶µ²ÊÎ¨³

ν xν−1(eΦft)t = (µx1−νeΦfx)x + V1, (20)

ν x3ν−1Φtt = (µx1+νΦx)x + V2, (21)

£¤¥ ËÊ´±Í¨¨ V1 ¨ V2 ¨³¥ÕÉ ¢¨¤

V1 =
ν

x1+ν
eΦf(1 − f2), (22)

V2 = − eΦ

(
µx1−ν f2x − ν xν−1f2t +

ν

xν+1

(f2 − 1)2

2

)
. (23)

”Ê´±Í¨µ´ ² Ô´¥·£¨¨ (9) ¢ ´µ¢µ° ¶¥·¥³¥´´µ° x ¶·¨´¨³ ¥É ¢¨¤

E =

+∞∫
0

[
x3ν−1

2µ
Φt

2 +
µ

2
xν+1Φx

2 + ν xν−1eΦft2+

+µx1−νeΦfx2 + eΦ (f2 − 1)2

2 µ x1+ν

]
dx . (24)

’¥¶¥·Ó ¶µ¸É·µ¨³ · §´µ¸É´ÊÕ ¸Ì¥³Ê ¤²Ö ´ Î ²Ó´µ-±· ¥¢µ° § ¤ Î¨ (15)Ä
(19) ´  · ¢´µ³¥·´µ° ¸¥É±¥ ¶µ ¶¥·¥³¥´´µ° x, ¤²Ö ±µÉµ·µ° ³¥Éµ¤µ³ Ô´¥·£¥É¨-
Î¥¸±¨Ì ´¥· ¢¥´¸É¢ [21] ¶µ²ÊÎ¨³ Ô´¥·£¥É¨Î¥¸±µ¥ Éµ¦¤¥¸É¢µ.

‡ ¤ ¤¨³ ¢ µ¡² ¸É¨ D̄ = {0 ≤ x ≤ x∞, 0 ≤ t ≤ T } ¶·Ö³µÊ£µ²Ó´ÊÕ
¸¥É±Ê Ω = ˆ̄ωh × ω̄τ , ±¢ §¨· ¢´µ³¥·´ÊÕ ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ É¥ x ¨
· ¢´µ³¥·´ÊÕ ¶µ ¢·¥³¥´´µ° ±µµ·¤¨´ É¥ t ¸ Ï £µ³ τ :

ˆ̄ωh = {xi ∈ [0, x∞], i = 0, 1, . . . , N, x0 = 0, xN = x∞},
xi − xi−1 = hi, �i = 0, 5(hi + hi+1);
ω̄τ = {tj = jτ, j = 0, 1, . . . , K, t0 = 0, tK = T }.
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� ¸¸³µÉ·¨³ ¸¥ÉµÎ´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ ¶·µ¸É· ´¸É¢µ Hh, ¸µ¸ÉµÖÐ¥¥ ¨§
ËÊ´±Í¨°, § ¤ ´´ÒÌ ´  ¸¥É±¥ ω̂h. �¶·¥¤¥²¨³ ´  ´¥³ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥
¨ ´µ·³Ê ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

(y, v)∗ =
N−1∑
i=1

yivi�i, ‖ y ‖∗=
√

(y, y)∗, y, v ∈ Hh. (25)

„ ²¥¥, ¶µ²µ¦¨³

(y, v] =
N∑

i=1

yivihi, ‖ y]| =
√

(y, y],

[y, v) =
N−1∑
i=0

yivihi+1, |[y ‖=
√

[y, y).

‘²¥¤ÊÖ [21], ¢¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö: yi Å §´ Î¥´¨Ö ¸¥ÉµÎ´µ°
ËÊ´±Í¨¨ y ¢ Ê§²¥ (xi, tj), ŷi = y(xi, tj+1) ¨ y̌i = y(xi, tj−1); ¤²Ö ²¥¢µ°,
¶· ¢µ° ¨ Í¥´É· ²Ó´µ° ¶¥·¢ÒÌ · §´µ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ ¢·¥³¥´¨: yt =
(ŷi − yi)/τ , yt̄ = (yi − y̌i)/τ , yt◦ = (ŷi − y̌i)/(2τ); ¤²Ö ¶¥·¢ÒÌ · §´µ¸É´ÒÌ
¶·µ¨§¢µ¤´ÒÌ ¶µ x: yx = (yi+1 − yi)/hi+1, yx̄ = (yi − yi−1)/hi, yx̂ = (yi+1 −
yi)/�i. „²Ö Ê¶·µÐ¥´¨Ö § ¶¨¸¨ ¤²Ö ¸¥ÉµÎ´ÒÌ ËÊ´±Í¨° ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ
¨¸Ìµ¤´Ò¥ µ¡µ§´ Î¥´¨Ö f ¨ Φ. �¶¥· Éµ·Ò · §´µ¸É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö
¢Éµ·µ£µ ¶µ·Ö¤±  ¤²Ö ËÊ´±Í¨° f ¨ Φ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

(Λf
ttf)i = νxν−1

i (e
Φ+Φ̌

2 f̄t)t,i , (ΛΦ
ttΦ)i = νx3ν−1

i Φt̄t,i i = 0, 1, . . . , N;

(Λf
xxf)i = (kfx̄)x̂,i , ki =

1
2
(ai + ai−1), ai =

µ

2
˜̃x1−ν

i pi,

pi = (e
Φi+Φ̂i

2 + e
Φi+Φ̌i

2 ),

(ΛΦ
xxΦ)i = (µx̃1+νΦx̄)x̂,i, i = 1, 2, . . . , N − 1 ,

(ΛΦ
xxΦ)0 =

µx̃1+ν
1 Φx,0

h1
,

£¤¥ x̃i = xi − 0, 5hi, ˜̃xi = xi + 0, 5hi. ‚¢µ¤Ö ¶·µ¨§¢µ²Ó´Ò° ¢¥Ð¥¸É¢¥´´Ò°
¶ · ³¥É· σ, · ¸¸³µÉ·¨³ µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ ¸Ì¥³ ¸ ¢¥¸ ³¨ ¤²Ö
§ ¤ Î¨ (17)Ä(21):

Λf
ttf = Λf

xx

(
σf̂ + (1 − 2σ)f + σf̌

)
+ V1, (26)
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ΛΦ
ttΦ = ΛΦ

xx

(
σΦ̂ + (1 − 2σ)Φ + σΦ̌

)
+ V2; (27)

f(0, x) = f0(x), ft(0, x) = f̃0(x),
Φ(0, x) = Φ0(x), Φt(0, x) = Φ̃0(x),
f(t, 0) = 1, f(t, xN ) = f0(xN ),

(ΛΦ
ttΦ),0 = ΛΦ

xx

(
σΦ̂ + (1 − 2σ)Φ + σΦ̌

)
,0

+ V2,0, (28)

Φ(t, xN ) = Φ0(xN ). (29)

„²Ö ¶µ¸É·µ¥´¨Ö ±µ´¸¥·¢ É¨¢´µ° · §´µ¸É´µ° ¸Ì¥³Ò ¸ ¢Ò¶µ²´¥´¨¥³ ¤¨¸-
±·¥É´µ£µ  ´ ²µ£  § ±µ´  ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨ ´¥µ¡Ìµ¤¨³µ µ¶·¥¤¥²¨ÉÓ · §-
´µ¸É´Ò¥  ´ ²µ£¨ ¢Ò· ¦¥´¨° V1 (22) ¨ V2 (23). �µÉ¥´Í¨ ²Ó´µ¥ ¸² £ ¥³µ¥
V1 § ¶¨Ï¥³ ¢ ¢¨¤¥, ¶·¥¤²µ¦¥´´µ³ ¢ · ¡µÉ¥ [22] ¤²Ö ±Ê¡¨Î¥¸±µ° ´¥²¨´¥°-
´µ¸É¨:

V1 = p
ν

2x1+ν

G(f̂) − G(f̌)
f̂ − f̌

,

£¤¥ G(f) µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

G(f) =
∫ f

0

(u − u3) du =
f2

2

(
1 − f2

2

)
.

“Î¨ÉÒ¢ Ö, ÎÉµ ¤²Ö u �= v

H(u, v) =
G(u) − G(v)

u − v
=

(u + v) (2 − u2 − v2)
4

,

¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶µÉ¥´Í¨ ²  V1 ¢ ¢¨¤¥

V1 = p
ν

x1+ν

(f̂ + f̌)(2 − f̂2 − f̌2)
8

. (30)

„²Ö µ¶·¥¤¥²¥´¨Ö ¤¨¸±·¥É´µ£µ  ´ ²µ£  V2 Ê³´µ¦¨³ ¸± ²Ö·´µ Ê· ¢´¥´¨¥ (26)
´  ft◦ ¨, § ³¥Î Ö, ÎÉµ σf̂ + (1 − 2σ)f + σf̌ = f + στ2ft̄t, ¶µ²ÊÎ¨³

(Λf
ttf, ft◦)∗ − (Λf

xxf, ft◦)∗ − στ2(Λf
xxft̄t, ft◦)∗ − (V1, ft◦)∗ = 0. (31)
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“Î¨ÉÒ¢ Ö ±· ¥¢Ò¥ Ê¸²µ¢¨Ö (29), ¶µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥-
´¨° ¶µ²ÊÎ ¥³ · ¢¥´¸É¢µ ¤²Ö Ê· ¢´¥´¨Ö (26)

1
2

(
‖
√

νx
ν−1
2 e

Φ+Φ̌
4 f̄t ‖2

∗ +
1
8
||√µ˜̃x

1−ν
2 (e

Φ
2 fx̄ + e

Φ̌
2 f̌x̄)]|2−

− τ2

8
||√µ˜̃x

1−ν
2 (e

Φ
2 fx̄)t̄]|2 +

1
8
|[√µ˜̃x

1−ν
2 (e

Φ
2 fx + e

Φ̌
2 f̌x)||2−

τ2

8
|[√µ˜̃x

1−ν
2 (e

Φ
2 fx)t̄||2 +

στ2

2
||√µ˜̃x

1−ν
2 e

Φ+Φ̌
4 fx̄t̄]|2+

+
στ2

2
|[√µ˜̃x

1−ν
2 e

Φ+Φ̌
4 fxt̄]|2 +

+
1
4
‖

√
µ

x1+ν
e

Φ+Φ̌
4 (1 − f2) ‖2

∗ +
1
4
‖

√
µ

x1+ν
e

Φ+Φ̌
4 (1 − f̌2) ‖2

∗

)
t

+

+
1
2
(V2, Φt◦)∗ = 0,

¨§ ±µÉµ·µ£µ µ¶·¥¤¥²Ö¥³ ¤¨¸±·¥É´Ò°  ´ ²µ£ V2

(V2),i =
(

νxν−1 ft̄ft −
µhi

4�i

˜̃x1−ν
[
fx̄(f̌x̄ + f̂x̄) + στ2(f2

x̄t̄ + f2
x̄t)

]
−

− µhi+1

4�i

˜̃x1−ν
[
fx(f̌x + f̂x) + στ2(f2

xt̄ + f2
xt)

]
−

− ν

8 x1+ν

{
(1 − f̂2)2 + 2(1 − f2)2 + (1 − f̌2)2

})
i
eΦi , i = 1, 2, . . . , N − 1,

(V2),0 = −µ

4
˜̃x1−ν
0

(
fx,0 (f̌x,0 + f̂x,0) + στ2(f2

x̄t̄ ,1 + f2
x̄t ,1)

)
eΦ0 . (32)

‡ ³¥É¨³, ÎÉµ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° ´ ³¨ ¨¸¶µ²Ó§µ¢ ²µ¸Ó
· ¢¥´¸É¢µ

1
τ
[e

Φ̂
2 − e

Φ̌
2 ] = e

Φ
2 Φt◦ ,

§ ¶¨¸ ´´µ¥ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ O(τ2).

„²Ö ´ Ìµ¦¤¥´¨Ö · §´µ¸É´µ£µ  ´ ²µ£  § ±µ´  ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨ Ê³´µ-
¦¨³ ¸± ²Ö·´µ Ê· ¢´¥´¨¥ (27) ´  1

2Φt◦ ¨ ¶µ¸²¥ ¸²µ¦¥´¨Ö ¶µ²ÊÎ¥´´µ£µ ¢Ò· -

¦¥´¨Ö ¸ Ê· ¢´¥´¨¥³ ΛΦ
xx

(
σΦ̂ + (1 − 2σ)Φ + σΦ̌

)
,0

+ V2,0 = 0, Ê³´µ¦¥´´Ò³

´  h1
2 (Φt◦),0, ¨ Ê· ¢´¥´¨¥³ (32), ¶µ¸²¥ Ê³´µ¦¥´¨Ö ´  2, ¶µ²ÊÎ ¥³ Ô´¥·£¥É¨-
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Î¥¸±µ¥ Éµ¦¤¥¸É¢µ ¤²Ö · §´µ¸É´µ° § ¤ Î¨ (26)Ä(29):

Ej
t = 0, (33)

Ej =‖
√

νx
ν−1
2 e

Φ+Φ̌
4 f̄t ‖2

∗ +
1
8
||√µ˜̃x

1−ν
2 (e

Φ
2 fx̄ + e

Φ̌
2 f̌x̄)]|2 −

−τ2

8
||√µ˜̃x

1−ν
2 (e

Φ
2 fx̄)t̄]|2 +

στ2

2
||√µ˜̃x

1−ν
2 e

Φ+Φ̌
4 fx̄t̄]|2 +

+
1
8
|[√µ˜̃x

1−ν
2 (e

Φ
2 fx + e

Φ̌
2 f̌x)||2 −

τ2

8
|[√µ˜̃x

1−ν
2 (e

Φ
2 fx)t̄||2 +

+
στ2

2
|[√µ˜̃x

1−ν
2 e

Φ+Φ̌
4 fxt̄||2 +

1
4
‖

√
ν

x1+ν
e

Φ+Φ̌
4 (1 − f2) ‖2

∗ +

+
1
4
‖

√
ν

x1+ν
e

Φ+Φ̌
4 (1 − f̌2) ‖2

∗ +
1
2
‖
√

νx3ν−1Φt̄ ‖2
∗ +

+
1
8
||
√

µx̃ν+1(Φx̄ + Φ̌x̄)]|2 +
1
2

(
σ − 1

4

)
τ2||

√
µx̃ν+1Φx̄t̄]|2. (34)

Š ± ¸²¥¤Ê¥É ¨§ ¶µ²ÊÎ¥´´µ£µ ¢Ò· ¦¥´¨Ö, ¢¥²¨Î¨´  Ej ´¥µÉ·¨Í É¥²Ó´  ¤²Ö
²Õ¡ÒÌ f , f̌ , Φ, Φ̌, ¥¸²¨ ¶µÉ·¥¡µ¢ ÉÓ σ > 1/4.

�´¥·£¥É¨Î¥¸±µ¥ Éµ¦¤¥¸É¢µ (33) µ§´ Î ¥É, ÎÉµ ¶·¨ §´ Î¥´¨ÖÌ σ > 1/4
· §´µ¸É´ Ö ¸Ì¥³  (26)Ä(29) ¡¥§Ê¸²µ¢´µ Ê¸Éµ°Î¨¢  ¶µ ´ Î ²Ó´Ò³ ¤ ´´Ò³ ¢
Ô´¥·£¥É¨Î¥¸±µ° ´µ·³¥, µ¶·¥¤¥²Ö¥³µ° ËÊ´±Í¨µ´ ²µ³ (34), ¨ ¢Ò¶µ²´Ö¥É¸Ö ¤¨¸-
±·¥É´Ò°  ´ ²µ£ § ±µ´  ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨ (24): E = Ej+1 = Ej = . . . = E0.

ˆÉ¥· Í¨µ´´ Ö ¸Ì¥³ . � §´µ¸É´ Ö § ¤ Î  (26)Ä(29) ´  ± ¦¤µ³ ¢·¥³¥´-
´µ³ ¸²µ¥ j ·¥Ï ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¨É¥· Í¨µ´´Ò³ ³¥Éµ¤µ³. �Ê¸ÉÓ s Å ´µ-
³¥· ¨É¥· Í¨¨, Éµ£¤  § ¶¨Ï¥³ ¶µÉ¥´Í¨ ²Ó´µ¥ ¸² £ ¥³µ¥ V1 ¸²¥¤ÊÕÐ¨³ µ¡· -
§µ³:

V1 = p
ν

8x1+ν

{
f̌(2 − f̌2) + 2f̂ (s) − f̂ (s+1)[(f̂ (s))2 + f̌2 + f̂ (s)f̌ ]

}
. (35)

�¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (26) ¢ ¢¨¤¥ ²¨´¥°´µ£µ Ê· ¢´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ f̂
(s+1)
i :

Aif̂
(s+1)
i−1 + Bif̂

(s+1) + Cif̂
(s+1)
i+1 = Di, i = 1, . . . , N − 1, (36)

Ai =
σ

hi�i
ki, Ci =

σ

hi+1�i
ki+1,

−Bi = Ai + Ci +
xν−1

i ν

τ2
e

Φi+Φ̂(s)
i

2 + pi
ν

8x1+ν
i

{
(̂f(s)i )2 + f̌2i + f̂(s)i f̌i)

}
,
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− Di =
xν−1

i ν

τ2
e

Φi
2

(
e

Φ̂(s)
i
2 + e

Φ̌i
2 )fi − e

Φ̌i
2 f̌i

)
+

+ pi
ν

8x1+ν
i

{
f̌i(2 − f̌2

i ) + 2f̂
(s)
i

}
+

+
1 − 2σ

σ
[Aifi−1 − (Ai + Ci)fi + Ai+1fi+1]+

+ [Aif̌i−1 − (Ai + Ci)f̌i + Cif̌i+1]. (37)

„ ²¥¥, § ¶¨Ï¥³ Ê· ¢´¥´¨¥ (28) µÉ´µ¸¨É¥²Ó´µ Φ̂(s+1)
0

Φ̂(s+1)
0 = Φ̂(s)

1 +
1 − 2σ

σ
[Φ1 − Φ0] + Φ̌1 − Φ̌0 −

exp [Φ0]
4σx̃2ν

1

×

×
[
(f1 − f0)(f̂

(s)
1 − f̂

(s)
0 + f̌1 − f̌0)+

+ σ(f̂ (s)
1 − f̂

(s)
0 − f1 + f0)2 + σ(f1 − f0 − f̌1 + f̌0)2

]
(38)

¨ ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (27) ¢ ¢¨¤¥ ²¨´¥°´µ£µ Ê· ¢´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ Φ̂(s+1)
i :

ÃiΦ̂
(s+1)
i−1 + B̃iΦ̂

(s+1)
i + C̃iΦ̂

(s+1)
i+1 = D̃i, i = 1, . . . , N − 1 (39)

Ãi =
σµ

hi�i
x̃1+ν

i , C̃i =
σµ

hi+1�i
x̃1+ν

i+1 , −B̃i = Ãi + C̃i +
x3ν−1

i ν

τ2
,

−D̃i =
x3s−1

i

µτ2
(2Φi − Φ̂i) + V2,i +

1 − 2σ

σ
[ÃiΦi−1 − (Ãi + C̃i)Φi +

+C̃iΦi+1] + [ÃiΦ̌i−1 − (Ãi + C̃i)Φ̌i + C̃iΦ̌i+1].

Š ¦¤ Ö ¨É¥· Í¨Ö É·¥¡Ê¥É ·¥Ï¥´¨Ö É·¥Ì Ê· ¢´¥´¨° (36), (38) ¨ (39). ‚ ± Î¥-
¸É¢¥ ´Ê²¥¢µ° ¨É¥· Í¨¨ ¨¸¶µ²Ó§µ¢ ² ¸Ó Ëµ·³Ê² 

f̂ (0) = 2f − f̌ , Φ̂(0) = 2Φ − Φ̌.

Š·¨É¥·¨° µ¸É ´µ¢±¨ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¡Ò² ¢Ò¡· ´ ¢ ¢¨¤¥

max
1≤i≤N−1

| f̂
(s+1)
i − f̂

(s)
i |< ε ¨ max

0≤i≤N−1
| Φ̂(s+1)

i − Φ̂(s)
i |< ε. (40)

„²Ö ·¥Ï¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ (36) ¨ (39) ³Ò ¨¸-
¶µ²Ó§µ¢ ²¨ ¤¢  ¶ · ²²¥²Ó´ÒÌ  ²£µ·¨É³ , ¶µ§¢µ²ÖÕÐ¨Ì ¶·µ¨§¢µ¤¨ÉÓ · ¸Î¥ÉÒ
´  ±µ³¶ÓÕÉ¥·´ÒÌ ±² ¸É¥· Ì ¸ ¶ · ²²¥²Ó´µ°  ·Ì¨É¥±ÉÊ·µ°.
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2. ����‹‹…‹œ��Ÿ �…�‹ˆ‡�–ˆŸ ‚›—ˆ‘‹ˆ’…‹œ��‰ ‘•…Œ›

2.1. � · ²²¥²Ó´Ò¥  ²£µ·¨É³Ò ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³. ‘ Í¥-
²ÓÕ Ê¸±µ·¥´¨Ö · ¸Î¥Éµ¢ ´ ³¨ ¶·¨³¥´Ö²¨¸Ó ¶ · ²²¥²Ó´ Ö ·¥ ²¨§ Í¨Ö ³¥Éµ¤ 
¢¸É·¥Î´ÒÌ ¶·µ£µ´µ± ¨ ¶ · ²²¥²Ó´Ò°  ²£µ·¨É³ ´  µ¸´µ¢¥ ³¥Éµ¤  · §¡¨¥´¨Ö
¸¨¸É¥³Ò. �·¨ ·¥Ï¥´¨¨ É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ ´  ¤¢ÊÌ¶·µÍ¥¸¸µ·´ÒÌ ±µ³-
¶ÓÕÉ¥· Ì ÔËË¥±É¨¢´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤ ¢¸É·¥Î´ÒÌ ¶·µ£µ´µ±, µ¸´µ¢ ´´Ò°
´  ¢ÒÎ¨¸²¥´¨¨ ²¥¢µ° ¨ ¶· ¢µ° ¶·µ£µ´µ±, ÎÉµ ³µ¦¥É ¡ÒÉÓ µ¸ÊÐ¥¸É¢²¥´µ ¤¢Ê³Ö
¶·µÍ¥¸¸µ· ³¨ µ¤´µ¢·¥³¥´´µ, ¨ ¤µ µ¸ÊÐ¥¸É¢²¥´¨Ö µ¡· É´µ£µ Ìµ¤  µ¡  ¶·µÍ¥¸-
¸µ·  ¤µ²¦´Ò µ¡³¥´ÖÉÓ¸Ö ´¥¡µ²ÓÏ¨³ ±µ²¨Î¥¸É¢µ³ ¨´Ëµ·³ Í¨¨. —¨¸²µ  ·¨Ë-
³¥É¨Î¥¸±¨Ì ¤¥°¸É¢¨° Q ≈ 8n, £¤¥ n Å Î¨¸²µ Ê· ¢´¥´¨°, É ±µ¥ ¦¥, ± ± Ê
³¥Éµ¤  ¶·µ£µ´±¨. �·¨ µ¸ÊÐ¥¸É¢²¥´¨¨ ÔÉµ£µ ³¥Éµ¤  ´  ¤¢ÊÌ ¶·µÍ¥¸¸µ· Ì ± -
¦¤Ò° ¨§ ´¨Ì ¤¥² ¥É Q ≈ 4n  ·¨Ë³¥É¨Î¥¸±¨Ì µ¶¥· Í¨°, ¤²Ö ¡µ²ÓÏµ£µ n
ÔÉµ ¶·¨¢µ¤¨É ± ¶· ±É¨Î¥¸±¨ ¤¢Ê±· É´µ³Ê Ê¸±µ·¥´¨Õ ¢¢¨¤Ê Éµ£µ, ÎÉµ ±µ²¨Î¥-
¸É¢µ µ¡³¥´µ¢ ´¥ § ¢¨¸¨É µÉ · §³¥·  § ¤ Î¨. „²Ö ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ
¸¨¸É¥³ ´  ³´µ£µ¶·µÍ¥¸¸µ·´ÒÌ ±µ³¶ÓÕÉ¥· Ì · §· ¡µÉ ´µ ¤µ¸É ÉµÎ´µ ³´µ£µ
¶ · ²²¥²Ó´ÒÌ  ²£µ·¨É³µ¢. � ³¨ ¨¸¶µ²Ó§µ¢ ²¸Ö ®³¥Éµ¤ · §¡¨¥´¨Ö¯ (partition
method), ¶·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ¥ [19] ¢¢¨¤Ê ¥£µ ¶·µ¸ÉµÉÒ. �¨¦¥ ¶·¨¢¥¤¥³
±· É±µ¥ µ¶¨¸ ´¨¥ ÔÉµ£µ ³¥Éµ¤ , ¢ ±µÉµ·µ¥ ³Ò ¢´¥¸²¨ ´¥¡µ²ÓÏ¨¥ ¨§³¥´¥´¨Ö.

’·¥Ì¤¨ £µ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° § ¶¨Ï¥³
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥




b1 c1

a2 b2 c2

a3 b3 c3

. . .
. . .

. . .
an−1 bn−1 cn−1

an bn



·




x1

x2

x3

...
xn−1

xn




=




d1

d2

d3

...
dn−1

dn




(41)

¨, ¤²Ö µ¶·¥¤¥²¥´´µ¸É¨, ¶µ²µ¦¨³ a1 = 0 ¨ cn = 0.

ˆ¤¥Õ ³¥Éµ¤  · §¡¨¥´¨Ö ³Ò ¤²Ö ±· É±µ¸É¨ ¶·¥¤¸É ¢¨³ ²¨ÏÓ ¶µ ¤¥°¸É¢¨Ö³,
¶·µ¢µ¤¨³Ò³ ¸ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ ¸¨¸É¥³Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¥°¸É¢¨Ö ¶·µ-
¢µ¤ÖÉ¸Ö, · §Ê³¥¥É¸Ö, É ±¦¥ ¨ ¸ ¶· ¢µ° ¸Éµ·µ´µ° ¸¨¸É¥³Ò.

“· ¢´¥´¨Ö ¸¨¸É¥³Ò (41) · ¸¶·¥¤¥²ÖÕÉ¸Ö ³¥¦¤Ê ¶·µÍ¥¸¸µ· ³¨. �¥ µ£· ´¨-
Î¨¢ Ö µ¡Ð´µ¸É¨ ¶·¥¤¶µ²µ¦¨³, ÎÉµ ¢Éµ·µ° ¶·µÍ¥¸¸µ· ¶µ²ÊÎ¨² Ê· ¢´¥´¨Ö (5)Ä
(9). ’µ£¤  µ´ µ¸ÊÐ¥¸É¢¨É ¸²¥¤ÊÕÐ¨¥ Ô±¢¨¢ ²¥´É´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¸É·µ±
³ É·¨ÍÒ ¸¨¸É¥³Ò (Î¥·É ³¨ µ¡µ§´ Î¥´  ®µ¡² ¸ÉÓ ¶¥·¥³¥´´ÒÌ¯ ¶¥·¢µ£µ ¶·µ-
Í¥¸¸µ· ) Å ¶·Ö³µ° ¨ µ¡· É´Ò° Ìµ¤Ò (¶µ¤·µ¡´¥¥ ¸³. ¢ [19]):
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(§¤¥¸Ó ³Ò ¶µ²µ¦¨²¨ a5 = â5 ¨ c9 = ĉ9). �¡µ§´ Î¥´¨Ö âi ¨ ĉi ¶µ± §Ò¢ ÕÉ,
± ±¨³ µ¡· §µ³ ³Ò ¨¸¶µ²Ó§Ê¥³ · ¡µÎ¨¥ ³ ¸¸¨¢Ò ¶ ³ÖÉ¨.

�¡µ§´ Î¨³ Î¨¸²µ ¶·µÍ¥¸¸µ·µ¢ p ¨ · ¤¨ ¶·µ¸ÉµÉÒ ¶·¥¤¶µ²µ¦¨³, ÎÉµ ± -
¦¤Ò° ¶·µÍ¥¸¸µ· ¶µ²ÊÎ¨² ¤²Ö µ¡· ¡µÉ±¨ ± ± ³¨´¨³Ê³ ¤¢  Ê· ¢´¥´¨Ö. ‘¨¸É¥³ 
(41) · ¸¶ ¤ ¥É¸Ö ´  p £·Ê¶¶. ˆ´¤¥±¸ ¶¥·¢µ£µ Ê· ¢´¥´¨Ö k-£µ ¶·µÍ¥¸¸µ·  µ¡µ-
§´ Î¨³ Î¥·¥§ sk ¨ ¨´¤¥±¸ ¶µ¸²¥¤´¥£µ Ê· ¢´¥´¨Ö k-£µ ¶·µÍ¥¸¸µ·  µ¡µ§´ Î¨³
Î¥·¥§ fk, Éµ£¤  s1 = 1, fp = n. …¸²¨ ¶µ¸²¥ ¢ÒÏ¥Ê± § ´´ÒÌ ¶·¥µ¡· §µ¢ -
´¨° ¸µ¡· ÉÓ ¶¥·¢Ò¥ ¨ ¶µ¸²¥¤´¨¥ Ê· ¢´¥´¨Ö ¢¸¥Ì ¶·µÍ¥¸¸µ·µ¢ (´ ¶·¨³¥·, ¤²Ö
¢Éµ·µ£µ ¶·µÍ¥¸¸µ·  Ê· ¢´¥´¨Ö, ¢Ò¤¥²¥´´Ò¥ ¢ (42)), Éµ ³Ò ¶µ²ÊÎ¨³ ¢¸¶µ³µ£ -
É¥²Ó´ÊÕ É·¥Ì¤¨ £µ´ ²Ó´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (®interface system¯) ¤²Ö ¶¥·¥-
³¥´´ÒÌ xs1 , xf1 , xs2 , xf2 , . . . , xsp , xfp ¨¸Ìµ¤´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (41):



b̂s1 ĉs1

âf1 b̂f1 ĉf1

âs2 b̂s2 ĉs2

âf2 b̂f2 ĉf2

. . .
. . .

. . .

âsp b̂sp ĉsp

âfp b̂fp



·




xs1

xf1

xs2

xf2

...
xsp

xfp




=




d̂s1

d̂f1

d̂s2

d̂f2

...
d̂sp

d̂fp




. (43)
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‚ [19] ¤µ± § ´  É ±¦¥ ¸²¥¤ÊÕÐ Ö É¥µ·¥³ , Ê¸É ´ ¢²¨¢ ÕÐ Ö ¢µ§³µ¦´µ¸ÉÓ
¶·¨³¥´¥´¨Ö ³¥Éµ¤  ¶·µ£µ´±¨ ¤²Ö ·¥Ï¥´¨Ö ¢¸¶µ³µ£ É¥²Ó´µ° ¸¨¸É¥³Ò (43):

’¥µ·¥³  1 . …¸²¨ ³ É·¨Í  ¸¨¸É¥³Ò (41) ¨³¥¥É ¤¨ £µ´ ²Ó´µ¥ ¶·¥µ¡² ¤ ´¨¥
¨ ¶µ²µ¦¨É¥²Ó´Ò¥ Ô²¥³¥´ÉÒ £² ¢´µ° ¤¨ £µ´ ²¨, Éµ ÔÉ¨³¨ ¦¥ ¸¢µ°¸É¢ ³¨
µ¡² ¤ ¥É ¨ ³ É·¨Í  ¸¨¸É¥³Ò (43).

’¥¶¥·Ó Ê¦¥ ´¥ ¸²µ¦´µ µ¶¨¸ ÉÓ  ²£µ·¨É³ ¶ · ²²¥²Ó´µ£µ ³¥Éµ¤  · §¡¨¥-
´¨Ö ¸¨¸É¥³Ò:

1. Š ¦¤Ò° ¨§ p ¶·µÍ¥¸¸µ·µ¢ ¢Ò¶µ²´Ö¥É ¶·¥µ¡· §µ¢ ´¨Ö, ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥
¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° £·Ê¶¶Ò Ê· ¢´¥´¨° (¸É·µ±¨ 12Ä32 ¶µ¤¶·µ£· ³³Ò ¢
· §¤. 2.2).

2. ŠµÔËË¨Í¨¥´ÉÒ ¢¸¶µ³µ£ É¥²Ó´µ° ¸¨¸É¥³Ò (43) ¶¥·¥¸Ò² ÕÉ¸Ö µ¤´µ³Ê
¶·µÍ¥¸¸µ·Ê (¸É·µ±¨ 47 ¨ 83 · §¤. 2.2), ±µÉµ·Ò° ·¥Ï ¥É ¸¨¸É¥³Ê (43)
¨ ¶¥·¥¸Ò² ¥É ¶µ²ÊÎ¥´´Ò¥ ·¥Ï¥´¨Ö xsk

¨ xfk
k-³Ê ¶·µÍ¥¸¸µ·Ê (¸É·µ±¨

69 ¨ 85 ¶µ¤¶·µ£· ³³Ò ¢ · §¤. 2.2).

3. �·µÍ¥¸¸µ· ¸ ¨´¤¥±¸µ³ k µ¶·¥¤¥²Ö¥É µ¸É ²Ó´Ò¥ ´¥¨§¢¥¸É´Ò¥ ¶µ Ëµ·³Ê-
² ³

xi = d̂i − âi · xsk
− ĉi · xfk

, i = sk + 1, . . . , fk − 1

¸µ£² ¸´µ (42) (¸É·µ±¨ 92Ä96 ¶µ¤¶·µ£· ³³Ò ¢ · §¤. 2.2).

2.2. MPI-¶µ¤¶·µ£· ³³Ò ³¥Éµ¤  · §¡¨¥´¨Ö ¸¨¸É¥³Ò. � §´µ¸É´ Ö § ¤ Î 
(26)Ä(29) ´  ± ¦¤µ³ ¢·¥³¥´´µ³ ¸²µ¥ ·¥Ï ¥É¸Ö ¶·¨¢¥¤¥´´Ò³ ¢ÒÏ¥ ¨É¥· -
Í¨µ´´Ò³ ³¥Éµ¤µ³. „²Ö ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ (36) ¨ (39) ´ ³¨
¨¸¶µ²Ó§µ¢ ²¨¸Ó É·¨ ¶µ¤¶·µ£· ³³Ò, ´ ¶¨¸ ´´ÒÌ ´  Ö§Ò±¥ MPI Fortran:

• ¤²Ö µ¤´µ±· É´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò;

• ¤²Ö ¶¥·¢µ£µ ¶·µÌµ¦¤¥´¨Ö ³¥Éµ¤  ¤¥²¥´¨Ö ¸¨¸É¥³Ò ¢ ¸²ÊÎ ¥, ±µ£¤  ¶·¥¤-
¶µ² £ ¥É¸Ö ¶µ¢Éµ·´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò ¸ Éµ° ¦e ³ É·¨Í¥° ¸¨¸É¥³Ò ´µ
¸ · §´Ò³¨ ¶· ¢Ò³¨ Î ¸ÉÖ³¨;

• ¤²Ö ¶µ¢Éµ·´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò.

�¥·¢µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
„²Ö µ¤´µ±· É´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ³Ò ¨¸¶µ²Ó§Ê¥³ ¶µ¤¶·µ£· ³³Ê ¸µ ¸²¥-

¤ÊÕÐ¨³ ´ §¢ ´¨¥³ ¨ ¢Ìµ¤´Ò³¨ ¶ · ³¥É· ³¨:

01 subroutine tridiag_partitioning_solution(a,b,c,d,x,n,ne,np2)

„²Ö ³´µ£µ±· É´µ£µ ·¥Ï¥´¨Ö ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥
¶µ¤¶·µ£· ³³Ò ¤²Ö ¶¥·¢µ£µ ¨ ¶µ¢Éµ·´µ£µ · ¸Î¥Éµ¢. ‚ µÉ²¨Î¨¥ µÉ ³¥Éµ¤ 
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¢¸É·¥Î´ÒÌ ¶·µ£µ´µ±, ¶·µ¸É· ´¸É¢µ ¶ ³ÖÉ¨ ¢Ò¤¥²¥´´µ¥ ¤²Ö Ô²¥³¥´Éµ¢ ¢¥·Ì-
´¥° ¨ ´¨¦´¥° ¤¨ £µ´ ²¨ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¢¸¶µ³µ£ É¥²Ó´ÒÌ ±µÔËË¨Í¨¥´Éµ¢.
�µÔÉµ³Ê ´  ¢ÒÌµ¤¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ³ ¸¸¨¢Ò auxa, auxb ¨ auxc. Š·µ³¥ Éµ£µ,
³ É·¨Í  ¢¸¶µ³µ£ É¥²Ó´µ° ¨´É¥·Ë¥°¸-¸¨¸É¥³Ò µ¤´  ¨ É  ¦¥ ¨ ¥¥ ³µ¦´µ ¸µÌ· -
´¨ÉÓ ¢ ³ ¸¸¨¢ Ì aa, ba ¨ ca ¤²Ö ¶µ¢Éµ·´µ£µ ¸Î¥É . �µ ¸· ¢´¥´¨Õ ¸ ¶µ¤¶·µ-
£· ³³µ° µ¤´µ· §µ¢µ£µ ·¥Ï¥´¨Ö, ¢ ¸²¥¤ÊÕÐ¥° ¶µ¤¶·µ£· ³³¥
first_tridiag_partitioning_solution ¤µ¡ ¢²¥´Ò ¸É·µ±¨ 16, 19, 25
¨ 31.

01 subroutine first_tridiag_partitioning_solution
02 1 (a,b,c,d,aa,ba,ca,auxa,auxb,auxc,x,n,ne,np2)
03 include "headspppart.f"
04 include 'mpif.h' ! definition of MPI-objects
05 integer status(MPI_STATUS_SIZE) ! matrix
06 integer comm,typ,tag,ierr,myP,Pr
07 dimension a(0:n),b(0:n),c(0:n),d(0:n),x(0:n),work(8),
08 1 aa(0:npps),ba(0:npps),ca(0:npps),da(0:npps),xa(0:npps),
09 2 auxa(0:n),auxb(0:n),auxc(0:n)
10 common/mpi/comm,typ,tag,ierr,myP,Pr
11 c Each processor computes corresponding tasks
12 do i=kpt(myP)+2,kpt(myP+1)-1 ! forward elimination
13 a(i-1)=a(i-1)/b(i-1)
14 c(i-1)=c(i-1)/b(i-1)
15 d(i-1)=d(i-1)/b(i-1)
16 auxb(i-1)=b(i-1)
17 b(i)=b(i)-c(i-1)*a(i)
18 d(i)=d(i)-d(i-1)*a(i)
19 auxa(i)=a(i)
20 a(i)=-a(i-1)*a(i)
21 enddo
22 do i=kpt(myP+1)-3,kpt(myP)+1,-1 ! backward elimination
23 a(i)=a(i)-a(i+1)*c(i)
24 d(i)=d(i)-d(i+1)*c(i)
25 auxc(i)=c(i)
26 c(i)=-c(i)*c(i+1)
27 enddo
28 i=kpt(myP)
29 b(i)=b(i)-a(i+1)*c(i)
30 d(i)=d(i)-d(i+1)*c(i)
31 auxc(i)=c(i)
32 c(i)=-c(i)*c(i+1)
33 c Composing the auxiliary interface system
34 if (myP.eq.0) then
35 indk=kpt(0)
36 aa(1)=a(indk)
37 ba(1)=b(indk)
38 ca(1)=c(indk)
39 da(1)=d(indk)
40 indk=kpt(1)-1
41 aa(2)=a(indk)
42 ba(2)=b(indk)
43 ca(2)=c(indk)
44 da(2)=d(indk)
45 ind=2
46 do ip=1,Pr-1
47 call MPI_Recv(work(1),8,typ,ip,tag,comm,status,ierr)
48 ind=ind+1
49 aa(ind)=work(1)
50 ba(ind)=work(2)
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51 ca(ind)=work(3)
52 da(ind)=work(4)
53 ind=ind+1
54 aa(ind)=work(5)
55 ba(ind)=work(6)
56 ca(ind)=work(7)
57 da(ind)=work(8)
58 enddo
59 c Solving the auxiliary interface system
60 call first_tridiag_solution(aa,ba,ca,da,xa,npps,np2)
61 c Definition of the processors boundary solutions
62 indk=kpt(0)
63 x(indk)=xa(1)
64 indk=kpt(1)-1
65 x(indk)=xa(2)
66 ind=1
67 do ip=1,Pr-1
68 ind=ind+2
69 call MPI_iSend(xa(ind),2,typ,ip,tag,comm,ierr)
70 enddo
71 else
72 c Composing the auxiliary interface system
73 indk=kpt(myP)
74 work(1)=a(indk)
75 work(2)=b(indk)
76 work(3)=c(indk)
77 work(4)=d(indk)
78 indk=kpt(myP+1)-1
79 work(5)=a(indk)
80 work(6)=b(indk)
81 work(7)=c(indk)
82 work(8)=d(indk)
83 call MPI_Send(work(1),8,typ,0,tag,comm,ierr)
84 c Definition of the processor boundary solutions
85 call MPI_Recv(work(1),2,typ,0,tag,comm,status,ierr)
86 indk=kpt(myP)
87 x(indk)=work(1)
88 indk=kpt(myP+1)-1
89 x(indk)=work(2)
90 endif
91 c Determination of inner solutions for each processor
92 xleft=x(kpt(myP))
93 xright=x(kpt(myP+1)-1)
94 do i=kpt(myP)+1,kpt(myP+1)-2
95 x(i)=d(i)-xleft*a(i)-xright*c(i)
96 enddo
97 return
98 end

�µ¢Éµ·´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
�·¨ ¶µ¢Éµ·´µ³ ·¥Ï¥´¨¨ ¤µ¸É ÉµÎ´µ ¶·¥µ¡· §µ¢ ÉÓ ²¨ÏÓ Ô²¥³¥´ÉÒ ¶· -

¢µ° ¸Éµ·µ´Ò, ·¥Ï¨ÉÓ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ¸¨¸É¥³Ê ¨ µ¶·¥¤¥²¨ÉÓ µ¸É ²Ó´Ò¥ ´¥¨§-
¢¥¸É´Ò¥. ‚ ¶µ¤¶·µ£· ³³¥ second_tridiag_partitioning_solution ¶µ
¸· ¢´¥´¨Õ ¸ ¶µ¤¶·µ£· ³³µ° first_tridiag_partitioning_solution
µÉ¸ÊÉ¸É¢ÊÕÉ ¸É·µ±¨ 13, 14, 16, 17, 19, 20, 23, 25, 26, 29, 31, 32, 36, 37, 38, 41,
42 ,43, 49, 50, 51, 54, 55, 56 74, 75, 76, 79, 80 ¨ 81. Š·µ³¥ Éµ£µ, ¢ ¸É·µ± Ì,
£¤¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¶·¥µ¡· §µ¢ ´¨Ö ±µÔËË¨Í¨¥´Éµ¢ d, ¢³¥¸Éµ ³ ¸¸¨¢µ¢ a, b ¨
c ¨¸¶µ²Ó§ÊÕÉ¸Ö ³ ¸¸¨¢Ò auxa, auxb ¨ auxc.
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3. �…‡“‹œ’�’› ‚›—ˆ‘‹…�ˆ‰

3.1. ”¨§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ·¥§Ê²ÓÉ Éµ¢. �  µ¸´µ¢¥ ¶·¥¤²µ¦¥´´µ°
¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò ¡Ò²  ¨¸¸²¥¤µ¢ ´  Ô¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´ÒÌ ¸É Í¨µ´ ·-
´ÒÌ ·¥Ï¥´¨° ¸ N = 1, 2, 3, ¨ 4 ´Ê²Ö³¨ ËÊ´±Í¨¨ Ÿ´£ ÄŒ¨²²¸ . ‚ ± Î¥¸É¢¥
¢µ§³ÊÐ¥´¨° ¡· ²¨¸Ó ¶¥·¢Ò¥ (µ¸´µ¢´Ò¥) ¸µ¡¸É¢¥´´Ò¥ ³µ¤Ò ¸É Í¨µ´ ·´ÒÌ ·¥-
Ï¥´¨°. � ¸Î¥ÉÒ Ô¢µ²ÕÍ¨µ´´µ° § ¤ Î¨ ¶·µ¢µ¤¨²¨¸Ó ¸ ´ Î ²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨
(12) ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε.

�¨¸. 3. �¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N = 1 ¨ ε = 0, 1

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´  Ô¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö
¸ µ¤´¨³ Ê§²µ³ ËÊ´±Í¨¨ Ÿ´£ ÄŒ¨²²¸  ¸ ¶ · ³¥É·µ³ ε = 0, 1 ¢ · §´Ò¥ ³µ-
³¥´ÉÒ ¢·¥³¥´¨. ‚ ´ Î ²¥ Ô¢µ²ÕÍ¨¨ ·¥Ï¥´¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö ¢Ò· ¦¥´¨¥³ ¤²Ö
²¨´¥°´ÒÌ ¢µ§³ÊÐ¥´¨° (12) (²¨´¥°´Ò° ·¥¦¨³). �·¨ ¤ ²Ó´¥°Ï¥° Ô¢µ²ÕÍ¨¨
¢µ²´  ¶µ²Ö Ÿ´£ ÄŒ¨²²¸  · ¸¶·µ¸É· ´Ö¥É¸Ö ¶µ ´ ¶· ¢²¥´¨Õ ± r = ∞ (·¥¦¨³
· ¸¸¥Ö´¨Ö).

�  ·¨¸. 4 ¶·¥¤¸É ¢²¥´  Ô¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö
¸ µ¤´¨³ Ê§²µ³ ËÊ´±Í¨¨ Ÿ´£ ÄŒ¨²²¸  ¸ ¶ · ³¥É·µ³ ε = −0, 1. ‚ ´ Î ²¥
Ô¢µ²ÕÍ¨¨ ·¥Ï¥´¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö ¢Ò· ¦¥´¨¥³ ¤²Ö ²¨´¥°´ÒÌ ¢µ§³ÊÐ¥´¨° (12)
(²¨´¥°´Ò° ·¥¦¨³). �·¨ ¤ ²Ó´¥°Ï¥° Ô¢µ²ÕÍ¨¨ ¢µ²´  ¶µ²Ö Ÿ´£ ÄŒ¨²²¸  ¸¦¨-
³ ¥É¸Ö ± Í¥´É·Ê ¸¨³³¥É·¨¨ r = 0 §  ±µ´¥Î´µ¥ ¢·¥³Ö T . ‚ ³µ³¥´É ¢·¥³¥´¨
t = T ´ ¡²Õ¤ ¥É¸Ö ´¥µ£· ´¨Î¥´´Ò° ·µ¸É ¢Éµ·µ° ¶·µ¨§¢µ¤´µ° ËÊ´±Í¨¨ ŸŒ ¨
´¥µ£· ´¨Î¥´´µ¥ Ê¡Ò¢ ´¨¥ ¤¨² Éµ´´µ£µ ¶µ²Ö Φ → −∞ ¢ µ±·¥¸É´µ¸É¨ r = 0,
ÎÉµ ¨ µ§´ Î ¥É Ëµ·³¨·µ¢ ´¨¥ ¸¨´£Ê²Ö·´µ¸É¨ (¶·µÍ¥¸¸ Ëµ·³¨·µ¢ ´¨Ö ¸¨´£Ê-
²Ö·´µ¸É¨).

„²Ö ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ
¶·¨ ε > 0 Ô¢µ²ÕÍ¨µ´´Ò¥ ·¥Ï¥´¨Ö µ¶¨¸Ò¢ ÕÉ ¶·µÍ¥¸¸ · ¸¸¥Ö´¨Ö ¶µ²Ö ŸŒ
¶µ ´ ¶· ¢²¥´¨Õ ± r → ∞,   ¶·¨ ε < 0 Ô¢µ²ÕÍ¨µ´´Ò¥ ·¥Ï¥´¨Ö µ¶¨¸Ò¢ ÕÉ
¶·µÍ¥¸¸ Ëµ·³¨·µ¢ ´¨Ö ¸¨´£Ê²Ö·´µ¸É¨.
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�¨¸. 4. �¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N = 1 ¨ ε = −0, 1

„²Ö · §´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¢·¥³Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¢ ²¨´¥°´µ³ ·¥-
¦¨³¥ Ê¢¥²¨Î¨¢ ¥É¸Ö ¶·¨ ¢µ§· ¸É ´¨¨ N ¨ ¶·¨ Ê³¥´ÓÏ¥´¨¨ §´ Î¥´¨Ö ¶ · ³¥-
É·  ε.

�¨¸. 5. �¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N = 2 ¨ ε = −0, 11

‚ ± Î¥¸É¢¥ ¶·¨³¥·µ¢ ´  ·¨¸. 5 ¶·¥¤¸É ¢²¥´  Ô¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É -
Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N = 2 ´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ ¨ ¶ · ³¥É·µ³ ε = −0, 11 ¢
· §´Ò¥ ³µ³¥´ÉÒ ¢·¥³¥´¨,   ´  ·¨¸. 6 Å Ô¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·-
´µ£µ ·¥Ï¥´¨Ö ¸ N = 3 ¨ ¶ · ³¥É·µ³ ε = 0, 1. „²Ö Ô¢µ²ÕÍ¨µ´´ÒÌ · ¸Î¥Éµ¢
¢µ§³ÊÐ¥´´ÒÌ ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° ¸ N = 2, 3 ¶ · ³¥É· ³ ¸ÏÉ ¡¨·µ¢ ´¨Ö
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�¨¸. 6. �¢µ²ÕÍ¨Ö ¢µ§³ÊÐ¥´´µ£µ ¸É Í¨µ´ ·´µ£µ ·¥Ï¥´¨Ö ¸ N = 3 ¨ ε = 0, 1

¶·µ¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ ÉÒ ¡Ò² ¢Ò¡· ´ ν = 2, ¤²Ö ·¥Ï¥´¨° ¸ N = 4
´Ê²Ö³¨ ËÊ´±Í¨¨ ŸŒ ¶ · ³¥É· ν = 3.

3.2. �ËË¥±É¨¢´µ¸ÉÓ ¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨°. —Éµ¡Ò µÍ¥´¨ÉÓ, ´ -
¸±µ²Ó±µ ¡Ò¸É·¥¥ Ê¤ ¥É¸Ö ·¥Ï¨ÉÓ § ¤ ÎÊ ¶·¨ · ¸¶ · ²²¥²¨¢ ´¨¨, ¢¢µ¤¨É¸Ö
¶µ´ÖÉ¨¥ ®Ê¸±µ·¥´¨¥¯. �Éµ ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´µ · §´Ò³¨ ¸¶µ¸µ¡ ³¨. �É´µÏ¥-
´¨¥ Ê¸±µ·¥´¨Ö ± p ´ §Ò¢ ¥É¸Ö ®ÔËË¥±É¨¢´µ¸ÉÓÕ¯ [23]. � ³¨ ¨¸¶µ²Ó§µ¢ ²µ¸Ó
µ¶·¥¤¥²¥´¨¥ Ê¸±µ·¥´¨Ö ± ± µÉ´µÏ¥´¨Ö ¢·¥³¥´¨ ·¥Ï¥´¨Ö § ¤ Î¨ ´  µ¤´µ³
¶·µÍ¥¸¸µ·¥ ± ¢·¥³¥´¨ ·¥Ï¥´¨Ö Éµ° ¦¥ § ¤ Î¨ ´  ¸¨¸É¥³¥ ¨§ p É ±¨Ì ¦¥
¶·µÍ¥¸¸µ·µ¢ Å T1/Tp.

�  ·¨¸. 7,   ¶·¨¢¥¤¥´  § ¢¨¸¨³µ¸ÉÓ µÉ´µÏ¥´¨Ö T1/Tp µÉ Î¨¸²  ¶·µÍ¥¸-
¸µ·µ¢ p, ¤²Ö · ¸Î¥Éµ¢ ´  ±² ¸É¥·¥ ¸ Î¨¸²µ³ ¶·µÍ¥¸¸µ·µ¢ p = 2, 3, . . . , 7.

�¨¸. 7. “¸±µ·¥´¨¥ ¨ ÔËË¥±É¨¢´µ¸ÉÓ · ¸Î¥Éµ¢ ¶·¨ ¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ
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Š·¨¢Ò¥ 1 ¨ 2 ¸µµÉ¢¥É¸É¢ÊÕÉ · ¸Î¥É ³ ¸ ±µ²¨Î¥¸É¢µ³ Ê§²µ¢ÒÌ ÉµÎ¥± n =
189991, ¤²Ö ±·¨¢ÒÌ 3 ¨ 4 n = 56000. �¨¦´ÖÖ ¶·Ö³ Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö
§´ Î¥´¨Ö³ p/2, ¶·¨¢¥¤¥´  ¤²Ö ¸· ¢´¥´¨Ö.

„²Ö p = 2 É ±¦¥ ¢Ò¤¥²¥´µ §´ Î¥´¨¥ Ê¸±µ·¥´¨Ö ¤²Ö ³¥Éµ¤  ¢¸É·¥Î´µ° ¶·µ-
£µ´±¨, ±µÉµ·µ¥ ´¥¸±µ²Ó±µ ¢ÒÏ¥ Ê¸±µ·¥´¨Ö ¤²Ö ³¥Éµ¤  · §¡¨¥´¨Ö, ´µ · §´¨Í 
´¥ ¸ÊÐ¥¸É¢¥´´ .

�  ·¨¸. 7, ¡ ¶·¥¤¸É ¢²¥´Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö ÔËË¥±É¨¢´µ¸É¨.

‡�Š‹�—…�ˆ…

�¥²¨´¥°´ Ö Ô¢µ²ÕÍ¨µ´´ Ö § ¤ Î  · ¸¶ ¤  ´¥Ê¸Éµ°Î¨¢ÒÌ ¸É Í¨µ´ ·´ÒÌ
·¥Ï¥´¨° ¢ ¸¨¸É¥³¥ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ¸ ¤¨² Éµ´µ³ ·¥Ï ² ¸Ó
Î¨¸²¥´´µ. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö Ô¢µ²ÕÍ¨µ´´µ° § ¤ Î¨ · ¸¸³ -
É·¨¢ ²¨¸Ó ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö, ¢µ§³ÊÐ¥´´Ò¥ ¸µ¡¸É¢¥´´Ò³¨ ´¥Ê¸Éµ°Î¨-
¢Ò³¨ ³µ¤ ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ · ³± Ì ²¨´¥°´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. � ¸¸³ -
É·¨¢ ¥³Ò¥ ¸É Í¨µ´ ·´Ò¥ ·¥Ï¥´¨Ö µ¡· §ÊÕÉ ¸Î¥É´µ¥ ³´µ¦¥¸É¢µ ¨ ¨Ì ³µ¦´µ
¶ · ³¥É·¨§µ¢ ÉÓ Î¨¸²µ³ ´Ê²¥° N ËÊ´±Í¨¨ Ÿ´£ ÄŒ¨²²¸ . �¤´¨³ ¨§ ¸¢µ°¸É¢
ÔÉ¨Ì ¸É Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö ¡Ò¸É·µ¥ ¸³¥Ð¥´¨¥ ÔËË¥±É¨¢´µ°  ¸¨³-
¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨ ± ¡µ²ÓÏ¨³ §´ Î¥´¨Ö³ r ¸ Ê¢¥²¨Î¥´¨¥³ ´µ³¥·  N , ÎÉµ
¶µÉ·¥¡µ¢ ²µ · §· ¡µÉ±¨  ¤ ¶É¨¢´µ£µ  ²£µ·¨É³  ¤²Ö Ô¢µ²ÕÍ¨µ´´µ° § ¤ Î¨.
„²Ö Ê¸±µ·¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¨ ·¥¤Ê±Í¨¨ ¨¸¶µ²Ó§Ê¥³ÒÌ ³ ¸¸¨¢µ¢ ¤ ´´ÒÌ ³Ò ¨¸-
¶µ²Ó§µ¢ ²¨ ±¢ §¨· ¢´µ³¥·´Ò¥ ¸¥É±¨ ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ¶¥·¥³¥´´µ°, Ô±¸¶µ-
´¥´Í¨ ²Ó´µ ¸£ÊÐ ÕÐ¨¥¸Ö ± Í¥´É·Ê ¸¨³³¥É·¨¨ r = 0,   É ±¦¥ ¢¢µ¤¨²¨ ¸É¥¶¥´-
´µ¥ ³ ¸ÏÉ ¡¨·µ¢ ´¨¥ ¶µ · ¤¨ ²Ó´µ° ±µµ·¤¨´ É¥. ’¥³ ´¥ ³¥´¥¥, ÔËË¥±É¨¢´µ¥
¢·¥³Ö · ¸Î¥Éµ¢ µ± §Ò¢ ²µ¸Ó ´¥¤µ¶Ê¸É¨³µ ¡µ²ÓÏ¨³ (¤µ ´¥¸±µ²Ó±¨Ì ¸ÊÉµ± · -
¡µÉÒ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ µ¤´µ£µ ¶·µÍ¥¸¸µ· ), ÎÉµ ¶·¨¢¥²µ ± ´¥µ¡Ìµ¤¨³µ¸É¨
¨¸¶µ²Ó§µ¢ ´¨Ö ¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ´¥¸±µ²Ó±¨Ì ¶·µ-
Í¥¸¸µ·µ¢. „²Ö ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³ ´ ³¨ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶ · ²-
²¥²Ó´ Ö ·¥ ²¨§ Í¨Ö ³¥Éµ¤  ¢¸É·¥Î´ÒÌ ¶·µ£µ´µ±, ÔËË¥±É¨¢´µ£µ ¤²Ö · ¸Î¥Éµ¢
´  ¤¢ÊÌ ¶·µÍ¥¸¸µ· Ì, ¨ ³¥Éµ¤ · §¡¨¥´¨Ö ¸¨¸É¥³Ò, ¶µ§¢µ²ÖÕÐ¨° ¶·µ¢µ¤¨ÉÓ
¶ · ²²¥²Ó´Ò¥ · ¸Î¥ÉÒ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ Î¨¸²  ¶·µÍ¥¸¸µ·µ¢. � · ²²¥²Ó´Ò¥
¢ÒÎ¨¸²¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  ±² ¸É¥·¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ p ¶·µÍ¥¸¸µ·µ¢ µÉ 1
¤µ 7. �·µ¢¥¤¥´´Ò¥ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¶µ± § ²¨, ÎÉµ Ê¸±µ·¥´¨¥ · ¸Î¥-
Éµ¢ ¶µ·Ö¤±  p/2. � ¸Î¥ÉÒ, ¶·µ¢¥¤¥´´Ò¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¤¢ÊÌ ¶ · ²²¥²Ó´ÒÌ
 ²£µ·¨É³µ¢ ·¥Ï¥´¨Ö É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ¸¨¸É¥³, ¶µ± § ²¨ ÔËË¥±É¨¢´µ¸ÉÓ ¶·¨-
³¥´¥´¨Ö É¥Ì´µ²µ£¨¨ MPI.

	² £µ¤ ·´µ¸É¨. �¢Éµ·Ò ¸Î¨É ÕÉ ¸¢µ¨³ ¶·¨ÖÉ´Ò³ ¤µ²£µ³ ¶µ¡² £µ¤ ·¨ÉÓ
…. �. †¨¤±µ¢  ¨ ’. ‹. �µÖ¤¦¨¥¢  §  ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö · ¡µÉÒ, ’. ”. ‘ -
¶µ¦´¨±µ¢Ê ¨ �. �. ‘ ¶µ¦´¨±µ¢  §  ¶µ³µÐÓ ¶·¨ µ¸¢µ¥´¨¨ ¨ ¢´¥¤·¥´¨¨ É¥Ì-
´µ²µ£¨¨ MPI.
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� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Î ¸É¨Î´µ° ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´-
¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨° (�””ˆ: £· ´ÉÒ º 02-01-00606, º 04-01-00490;
�””ˆÄ��””ˆ º 04-01-81011).
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