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There are googols of
NP-complete languages
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Assume a reasonable encoding of graphs
(example: the adjacency matrix is reasonable)

CLIQUE ={ (G,k) | Gis an undirected graph
with a k-clique }

Theorem: CLIQUE is NP-Complete
(1) CLIQUE € NP

(2) 3SAT <, CLIQUE
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3SAT <, CLIQUE

We transform a 3-cnf formula ¢ into (G,k) such that
¢ € 3SAT < (G,k) e CLIQUE

The transformation can be done in time
that is polynomial in the length of ¢



(X1 V X1V X5) A (mX] V=X, VaXy) A (=X V X, VXS)

© 0 O

©0 06
©00

#nodes = 3(# clauses) k = #clauses
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3SAT <, CLIQUE

We transform a 3-cnf formula ¢ into (G,k) such that

¢ € 3SAT & (G,k) € CLIQUE

e If  has m clauses, we create a graph with m
clusters of 3 nodes each, and set k=m

« Each cluster corresponds to a clause.

« Each node in a cluster is labeled with a literal from

the clause.

« We do not connect any nodes in the same cluster
« We connect nodes in different clusters whenever they
are not contradictory

The transformation can be done In time
that is polynomial in the length of ¢
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VERTEX COVER
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vertex cover = set of nodes that cover all edges



VERTEX-COVER ={ (G,k) | G is an undirected
graph with a k-node vertex cover }

Theorem: VERTEX-COVER is NP-Complete
(1) VERTEX-COVER € NP

(2) 3SAT <, VERTEX-COVER



3SAT < VERTEX-COVER

We transform a 3-cnf formula ¢ into (G,k) such that
¢ € 3SAT & (G,k) e VERTEX-COVER

The transformation can be done in time
polynomial in the length of ¢
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Variables and negations of variables
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#nodes = 2(#variables) + 3(#clauses)
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¢ satisfiable then put “true” literals on top 11T VEITEX cover
For each clause, pick a true literal and put other 2 in vertex cover
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¢ satisfiable then put “true” literals on top 11T VEITEX cover
For each clause, pick a true literal and put other 2 in vertex cover
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HAMILTON PATH
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HAMPATH ={ (G,s,t) | G is an directed graph
with a Hamilton path from s to t}

Theorem: HAMPATH is NP-Complete
(1) HAMPATH € NP

(2) 3SAT <, HAMPATH

Proof is in Sipser, Chapter 7.5



\ZSM- = A mPATH]
A WAL LASLAS

Ci\ANCa A A Cd/\ - ANCp CJ')C‘_LA-L:SG
Wi, 2 S .’L,{ Une tAS (R

G
<> Feps

UAIAALES

~

€

. FEESESERSESE //

<5
3K 41 modes —-
trot indd L,

eSuvrose (D SATLEARLE Gir¢ Some Teuty
PSSIICNMENT .

* Be-2Ac (F UG TRUEWY 2hc 26 Y T o TRUEG),



=
3 SAT _?‘lﬂn PA

C\ACoA-AC 2. .AC, G eavse
%y, XL VARIASLES

(Aeeows
REUERSED 1F

Suprse @ SANSEIABE wirw SomE TRuTH ASSIGMMELT
2I6 246 & X6 TRuT, NG - 2/1C ¢ X, TRVE,
UR ON CLAUSES NoT ALremoY coveren .




If hamiltonian path were not normal:

Case: a, separator node
Only edges entering a, would be a, and a,

Case: a; separator node. Then a,, a, in same clause pair
Only edges entering a, would be a,, a;, C



UHAMPATH ={ (G,s,t) | G is an undirected graph
with a Hamilton path from s to t}

Theorem: UHAMPATH is NP-Complete
(1) UHAMPATH e NP

(2) HAMPATH <, UHAMPATH
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SUBSETSUM ={ (S, t) | Sis multiset of integers and
forsomeYc S, wehave2, yy=t}

Theorem: SUBSETSUM is NP-Complete
(1) SUBSETSUM e NP

(2) 3SAT <, SUBSETSUM
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Let G denote a graph, and s and t denote nodes.

SHORTEST PATH
={(G, s, t, k) |
G has a simple path of length <k fromstot}

LONGEST PATH
={(G,s, t,K) |
G has a simple path of length >k from sto t}

WHICH IS EASY? WHICH IS HARD? Justify
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