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1 Introduction

For any connected abstract graph G, the tree graph
T (G) is the graph that has one vertex for each span-
ning tree of G and an edge joining trees R and S
whenever R is obtained from S by a single edge ex-
change. R. L. Cummings proved in [C] that T'(G) is
hamiltonian; see also [S] for a short proof.

A geometric variation that has been studied is the
following: For a set P of points in general position in
the plane the plane tree graph T(P) of P is defined
as the abstract graph with one vertex for each plane
spanning tree of P, in which two trees are adjacent
if, as in the abstract case, one is obtained from the
other by a single edge exchange. D. Avis and K.
Fukuda proved in [A] that G(P) is always connected.
In [H], C. Hernando et al show that if the points in
P are the vertices of a convex polygon, then G(P) is
hamiltonian.

In this note we only consider sets P of points in
convex position and study the subgraph G (P) of
T (P), induced by the set of plane spanning paths
of P. We prove that G(P) is itself hamiltonian.

Since for any spanning path T of P planarity de-
pends only on the relative position of its vertices
along the convex hull of P, then for any set P of
n points in convex position in the plane, the graph
G(P) is isomorphic to G (P,), where P, is a regu-
lar n-gon. We denote by G,, the graph G (P,). The
graphs G5 and G4 are shown in Figure 1.

The main result of this article is the following.

Theorem 1. If n > 3, then G,, is hamiltonian.

Throughout the paper, wi,ws, ... ,w, denote the
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Figure 1.- The graphs G5 and G4

vertices of P, in clockwise order. Addition of integers
is taken modulo n.

2 Preliminary results

A natural partition of the set of plane spanning paths
of P2m+1 into 2m + 1 sets A1, AQ, . ,A2m+1 is as
follows: A path T is in A; if and only if the mid-
dle point of T" is wy. In this section, we prove that
the subgraph of Ga,,41, induced by A,,+1 contains a
particular Hamilton path which will be useful in the
prove of Theorem 1.
Letn=2m+1landfori=1,2,... ,m+1let u; =
w; and v; = Woy—i42. Any path T' € A, 1 consists
of a left subpath Tp, with one end in %41 = W41
and vertex set Uy11 = {u1,u2, ... , Upm, Ums1} and
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Figure 2.- L = us, us3, u1,uq and R = vy, vs, v1, V2

a right subpath Tk with one end in v,,+1 = W41
and vertex set V11 = {v1,v2,... ,0m,Vmyt1}. For
any plane paths L and R with one end in w,,+; and
vertex sets U,,+1 and V,, 41, respectively, we denote
by L x R the path in A,, 1 with left subpath L and
right subpath R (see Figure 2).

Let 0 : {1,2,... ,m} — {1,2,...,m} given by
0(k) = m+ 1 — k. For any plane path L with
vertex set U,,4+1 and with one end in u,41 let
0(L — tum+1) be the plane path, with vertex set U,, =
{u1,u2,. .. ,un}, in which ug) and wug(s) are adja-
cent if and only if u; and ug are adjacent in L. A path
O(R — um+1), with vertex set V,,, = {vi,v1,... ,0m},
is defined in an analogous way for any plane path R
with one end in v,,4+; and with vertex set V.

Let F,,411 denote the subgraph of Ggp,41, in-

duced by A,,41, and for t = 1,2,... ,m, let L, =
!/
UL, U2y - o 5 Uty Ut 41, Rt = Ut4+1,V¢ty--. , V1, Lt =
/
Uty Ut—1y -+ - 5 UL, Ut41 and Rt = Ut4+1,V1,V2,... ,U¢.

Theorem 2. Ifm > 2, then Fy,, 1 contains a Hamil-
ton path Jpy41 with ends Ly, * Ry, and Ly, * R, and a
Hamilton path J;, | with ends Ly, * Ry, and L}, %Ry, .

n

Proof. Figure 3 shows the graph of F5. We proceed
by induction assuming m > 3 and that the result
holds for m’ = m — 1; by symmetry, we only need to
show a Hamilton path in Fj,4q with ends L,, * R,
and L, * R},. For i,j € {1,m} let A}/ | be the
set of paths in A,,;1 containing the edges u;wy,11
and wp,+1v;. We claim that the subgraph of Gapq1,
induced by Ai;irl is isomorphic to Fy, = Fipry1.

For i,j € {1,m} let a;; : A%,
i (T) = 0= (Ty, — Wnpp1) * 07=1 (TR — Wyt1);
notice that @w=1 = g1 = @ andﬂ% =6 =17
(identity function). Let T € A7 |; since u;wy, i1

m—+1r
and wy,11v; are edges of T, then Ty — wy,41 has

— A, given by
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Figure 3.- The graph Fj

an end in w; and Tgr — wy41 has an end in v,
and since 9F=1 (1) = 6(1) = m and o1 (m) =
I(m) = m, then 671 (T, — wm41) has an end in
Uy, and Om—T (Tr — Wip+1) has an end in v,,. There-
fore o; ; (T') € Arm,. Since 6 preserves adjacency in the
sense that for s,t € {0, 1}, the paths L* R and M % S
are adjacent in Fy, 1 if and only if 6°(L — wy,41) *
0" (R — wpt1) and 05 (M —w,y41)%0" (S — wyy41) are
adjacent in F,, then for 7,5 € {1,m}, two paths
Rand Sin A}, | are adjacent in F, 1 if and only if
a; ; (R) and «; ; (S) are adjacent in F,.

By induction F), contains a Hamilton path J,,
with ends in Ly,,—1 * Ryp—1 and Ly, 1 x R _4; there-
fore for i,j € {1,m}, the subgraph of Gay41, in-
duced by A} | contains a Hamilton path J;;/ | with
ends a;jl (Ly—1 % Ryp—1) and ozi_J-l (Lm_l * R )

m—1
To end the proof we show how to connect the paths
Jrem g el and J00Y to form a Hamilton

path J,,11 of Fy1 with ends oz,;jm (Lyp—1 % Ry_1)
= Ly, * R, and a;ﬁl (Lm-1*R},_1) =Ly, * R,
The path o‘l_,}n (Lm—1 % Rj,_1) can be obtained
from ', (Lm-1 %R, ;) by deleting the edge
Uy W1 and adding the edge wjwpy1, therefore
oty (L1 % R}, ;) and aiin (Lm-1*R,_,) are
adjacent in F,, 1. Analogously ai}n (L1 % Ri—1)
and ai} (Lm—1 % Rpp—1) are adjacent in F,,;q1 and
also i} (Lm—1* R}, ;) and o) (Ly—1 % R}, )
are adjacent in Fj, 1. O

For n = 2m, let B,, be the set of plane spanning
paths of Ps,, with middle edge w;w; (i € {1,m}
and j € {m+1,2m}); with left subpath T}, with
one end in w; and vertex set {wy,wa, ..., Wy} and
right subpath Tz with one end in w; and vertex set
{Wm+t1, W2y ... ,Wam}. Let Hy, be the subgraph
of Goyp, induced by B, (see Figure 4).
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Figure 4.- The graph Hs

Let C be the cycle wy, wa, . .. , wopy,, w; and T, and
T/, be the paths C' — wypwy and C — wyp W41, re-
spectively. The following theorem is presented here
without a proof.

Theorem 3. If m > 2, H,,, contains a Hamilton
path with ends T,, and T, .

3 Proof of Theorem 1

For n > 5 we consider two cases.
Case 1.-n=2m+ 1.

For k = 0,1,...,2m let Ai41 be the set of plane
spanning paths of Py, 1 with middle point wy; and
Fj.+1 be the subgraph of Gap,t1, induced by Ap41.
Let A : Pyypy1 — Poyq given by A(w;) = wiqq.
Since Ajyi1 is obtained from A,,y; by the rota-
tion defined by A*~™, then Fj, is isomorphic to
F4+1. By Theorem 2, F),,;; contains a Hamilton
path J,41 with ends L., * R, and L., * R, there-
fore Fj4+1 contains a Hamilton path Jx41 with ends
A= (L, % Ry,) and A*=™ (L, x R!). To end the
proof we show how to connect Ji,Jo, ..., Jomy1 to
obtain a Hamilton cycle of Gayp41.

Since A" (L, Rpn) = (L * RL, — Wiy 1Wam41) +
Wom 1wy, then L, * R and AX"*Y(L,, * R,,) are
adjacent in Gapp1. Therefore XD (L, « R! )
and DD (1« R,)) are adjacent in Gop i1
for t =0,1,...,2m. Since O,m + 1,2(m+1),...,
2m (m+1) are all the different residues modulo

2m + 1 and 2m+1)(m+1) = 0 mod (2m + 1),
then Ji 11, Jo(m41)s - -+ 5 J2m(m+1) can be connected,
in this order, to form a Hamilton cycle of Gay,41.
Case 2.- n = 2m.

For £ = 1,2,...,m let Bp be the set
of plane spanning paths of P, with middle
edge wyw; (with ¢ € {k,k—m+1} and j €
{k+1,k+m}) and left subpath with vertex set
{Wk—m+1, Wg—m—+2, - - - ,wi} and right subpath with
vertex set {Wgt1, Wgt2, ... , Wetm ). Let Hy be the
subgraph of Ga,, induced by By,

Let p : Py — Py, given by p(wi) = weqq. Since
By, is obtained from B,, by the rotation, defined by
pr=m then Hj is isomorphic to H,,. By Theorem 3,
H,, contains a Hamilton path I,, with ends T;,, and
T/ ; therefore Hy contains a Hamilton path I with
ends p*~™ (T,,) and pF=™ (T7).

Since for k = 1,2,...,m, all paths p*=™ (T},)
and pF~™ (T!,) are obtained from the cycle C' = wy,
Wa, ... ,Wam, w1 by deleting an edge, then they are
pairwise adjacent in Ga,,. Therefore Iy, I, ... I,
can be connected to obtain a Hamilton cycle of Ga,,.
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