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ABSTRACT. Ruggles (1963) discovered that for integers n > 0 and k > 1
Frior = L Fpyp + (1) F,.

Horadam (1965), Howard (2001), and Young (2003) each expanded this identity to generalized
linear recurrence relations of orders 2, 3, and integers r > 2, respectively. In this paper, we
let 7 > 2 be an integer and wo, w1, ..., wr—1, and p1, P2, ..., pr # 0 be integers. For n > r
let

Wrn = P1Wn—1 + P2Wn—2 + **+ + PrWn—r.
We will find identities like Ruggles, Horadam, Howard, and Young. These identities will take
the form

Wntrk = R (r — 1, m)Wnq(r—1)x + Re(r — 2, 7)Wnq(r—2y + -+ + Ri(1, 7)wnik + Ri(0,7)wn,

where, by a result of Young, Ri(i,7) is a linear recurrence relation of order (:) for i =
0,1,...,7 — 1. Our proof will use the Cayley-Hamilton theorem. Next, we will find the
recurrences Ry (0,7) and Ri(r —1,r) in general. Finally, we will explicitly find these identities
for orders r =3, r =4 and r = 5.

1. INTRODUCTION

Let {F,} and {L,} be the Fibonacci and Lucas numbers, respectively. That is, Fy = 0,
Fi=1and F, = F, 1+ F, o forn>2and Lo =2, Ly =1, and L, = L,_1 + L,_o for
n > 2. Ruggles [4] proved that for integers n > 0 and k > 1,

Fyor = LyFog + (1) F,,
Horadam [1] generalized this result to a general second order recurrence relation.
Theorem 1. Let wg, wi, a, and b # 0 be integers. Let

Wy = QWp_1 + bwp_o forn > 2.
In addition, let xo = 2, ©1 = a, and for n > 2,

Ty = ATp—1 + bTp_o.

Then for integersn >0 and k > 1,

Wpaok = TpWnak + (—1)k+1bkwn.

Howard [2] generalized this result to third order recurrence relations. Young [6] generalized
Howard’s result for rth order recurrence relations, where r > 2 is an integer. In this paper,
we will let 7 > 2 be an integer and let wq, w1, ..., wy—1, and p1, pa, ..., pr # 0 be integers.
For n > r let

Wy = P1Wp—1 + P2Wnp—2 + - + PrWp—p.
We will find identities of the form

Wnyrk = Rp(r — 1,7)wnq 1)k + Ri(r — 2,7)Wp 4 (r—ayi + - - + Rp(1, ")wp g + Ri(0, 7)wn,
1
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where Ry (i,7) is a linear recurrence sequence in k of order (:) fori =0,1,...,r—1. Our proof
will use the Cayley-Hamilton theorem. In addition, we will find the recurrences Ry (0,r) and
Ry (r — 1,7) in general and we will then try to explicitly find identities of orders r =3, r =4
and r = 5.

2. DEFINITION AND LEMMA

To begin, we need a general definition and a useful lemma.

Definition 1. Let v > 2 be an integer. Let wg, w1, ..., We—1, and p1, P2, ..., Pr 7+ 0 be
integers. Let

Wp = P1Wp—1 + P2Wp_2 + -+ + PrWp_y fO?" n>r.
We now state our lemma.

Lemma 1. Let k > 1 be an integer. Let M be the r X r matriz given by

b1 b2 pP3 - DPr—1 DPr
1 0 0 --- 0 0
o 1 0 --- 0 0
0O 0 O 0 0
0 0 O 1 0

Let
p(z) = det(zI — M*) = ZCk(i, )z’
i=0

be the characteristic polynomial of M*. Then

> Ciliy r)wn i, = 0.

i=0
Proof. By the Cayley-Hamilton Theorem, every matrix satisfies its characteristic polynomial.
Therefore,

p(MF¥) = det(M*T — M*) =" Cy(i,r)(M*)" = 0. (1)
=0
Multiplying both sides of (1) on the right by

Wn,
Wn—1
Wp—r+1
gives
W, 0
r . Wn—1 0
S G| = (2)
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But, it can be shown, by induction on m, that

pP1r P2 P3 -0 Pr-1 "
0 1 0 0 0 Wp—1 Wn4m—1
: : = (3)
0 0 0 0 0 Wn—r+1 Wn+m—r+1
0 0
Letting m = ik in (3) and substituting the right-hand side of (3) into (2), we obtain
Wy 4ik > im0 Crli, M) wn ik 0
r T -
, Wrik—1 D0 Ok, r)Wngik—1 0
> Crli,r) : = ' : =|. (4)
= : : :
Wrtik—r+1 Yo Cr(, ) Wnpik—r41 0
Equating the first component of the two column vectors of (4) gives the result. O

Since the leading coefficient of the characteristic polynomial of M* is 1, we have Cy,(r,7) = 1.
Therefore, we can rewrite the identity in the lemma as

Wn+rk = _Ck(r -1, T)wn—l—(r—l)k - Ck(r -2, T)wn—l-('r—Q)k - Ck(ou T)wn-

We next let Ry (i,r) = —Cy(i,r) for i = 0,1,...,7 — 1. Therefore, our identity will take the
form

Wn+rk = Rk(r -1, T)wn+(r—1)k + Rk’(r -2, T)wn+(r—2)k T+t Rk(07 T)wn-

First, we will find this identity for the Tribonacci sequence. Then, we will determine, in
general, the sequence Ri(r — 1,7) and Ry(0,r). Finally, we will investigate the cases r = 3,
r = 4, and r = 5. Therefore, we will try to determine the sequences Ry(1,3); Ry(1,4),
Ry(2,4); and Ri(1,5), Ri(2,5), and Rg(3,5). Young [6] proved that each sequence Ry(i,7) is
a recurrence relation of order (:) Using this fact and a computer algebra system, we will find
each of these recurrence relations.

3. HOWARD’S IDENTITY FOR THE TRIBONACCI SEQUENCE

To demonstrate the use of Lemma 1, we will find an identity for the Tribonacci sequence.
In this example, we let » = 3 and p; = p2 = p3 = 1.

Definition 2. [3, A000073] Let Ty = 0, Ty = 0, and T = 1. Let
T, =Ty 1 +Th 2+ T, 3 forn>3.
The polynomials producing R(2,3), Rx(1,3), and Ry(0,3) are the following.
z—1 0 0

det(xl — I) = det 0 z—-1 0 =3 —32% + 3z — 1.
0 0 z—1

r—1 -1 -1
det(x] —M)=det| -1 =z 0 |=2>-2>-2z-1.
0 -1 =z
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r—2 -2 -1
det(x] —M*) =det| -1 z-1 —-1]|=2%-32>—2-1.

-1 0 x
r—4 =3 -2
det(x] — M3 =det| -2 -2 -1 | =23-72%+52z—1.
-1 -1 z-1
r—7 —6 —4
det(x] — M*)=det| -4 z-3 -2 | =2%-112>—5z—-1.
-2 -2 z-1
r—13 -11 -7
det(x] — M°)=det| -7 2-6 -4 |=2°-212>—-2z-1.
—4 -3 x-2
rx—24 =20 —13
det(z] — MS) =det | —13 x—11 -7 | =2°—392% + 11z —1.
-7 -6 xz-4

Here are the beginning values of the sequences.

TABLE 1. Values of Specific Third Order Sequences

k 0 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15

Ty 0 01 1 2 4 7T 13 24 44 81 149 274 504 927 1705
Ri(2,3) 3 1 3 7 11 21 39 71 131 241 443 815 1499 2757 5071 9327
Rg(1,3) -3 11 -5 5 1 —-11 15 -3 —-23 41 —-21 —-43 105 —-83 —65
Ry(0,3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Definition 3. [3, A001644] Let ap =3, a; = 1, and ay = 3. Let
Ap = Qp—1 + Gnp_9 + an_3 for n > 3.
Definition 4. [3, A073145] Let bg = —3, by =1, and by = 1. Let
bp = —bp_1—bp_o+b,_3 forn > 3.
We now have the following theorem.
Theorem 2. Letn >0 and k > 1. Then
Totak = arTyntok + b Lok + Th

4. THE RECURRENCE Ry (r —1,7)
In this section, we will determine the sequence Ry (r — 1,7) in general.

Definition 5. Let r > 2 be a positive integer and let p1, pa, ..., pr # 0 be integers. Let
ap=0,a1=0,...,a,_2=0, and ar,_1 = 1. Let

Qp = P1Gnp—1 + P20ap_—2 + -+ DrQp_yp

forn >r.
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We begin with a lemma.

Lemma 2. Let k be a positive integer. Then

MF =
Qftr—1  DP20Ak4r—2 + P30Akyr—3 + =+ PrQf  P3Qktr—2 + -+ PrAky1 - DrOgyr—2
Qftr—2 D20kyr—3 T P30ktr—4 + T Prak—1  P3Qk4r—3 T+ PrGk - DrOgyr—3
ag P2ag—1 +P3Qg—2 + -+ PrOg—ry1  P3Ak—1+ T PrQg—p—2 - PrOg—1
Proof. The proof of the lemma is by induction on k. O
Therefore, for a positive integer k, the characteristic polynomial of M* is
det(zI — M*) =
L — Qf4r—1 —P20k+r—2 — P3Ak4r—3 =~ — Prag tt TPrQg4r—2
det | “%+r—2 T 7 P20k4r—3 7 P3Aktr—a4 = 10— Prlk—1 " TPrlk4r-3
—ag —P20kg—1 — P3ag—2 — = PrQk—r+1 0 X = Prag—1

By examining the —2"~! term of the determinant we observe that the sequence Ry (r —1,7)
is
Apr—1 + (P2agyr—3 + -+ Prag—1) + (P3aktr—a + -+ prag—1) + -+ prag_1
= Qgyr—1 + P20ktr—3 + 2P30k4r—a + -+ (1 — D)prag—1,

where k is a positive integer.
To make the notation easier to write, we make the following definition.

Definition 6. Let xo = r and for any positive integer k, let
T = Qggr—1 + D20jqr—3 + 2P30p4r—g + -+ (r — 1)prag_1.
The following theorem shows that xz, is a linear recurrence of order r and gives its recurrence.
Theorem 3. Let n > r+ 1 be an integer. Then
Tp = P1Tn—1 +P2Tp-2 + + Prlp_r.

Proof. Let n > r + 1 be an integer. From the definition of the sequence {zy}, for k =
n—1,...,n—1r we have that

Tk = Qftr—1 + P20ktr—3 + 2D3C)tr—a + -+ -+ (r — )prag_1. (5)

For k = n —1,...,n — r, multiply the right-hand side of (5) by p1,pa,...,pr, respectively.
Adding the first terms of each of the r expressions, we have

P1Onyr—2 + P20ntr—3 + ++ + PrOn—1 = Anir—1.
Adding the second terms of each of the r expressions, we have
P2(P1Gntr—a + P2antr—5 + - + Pran—3 = P2anir—3.
Adding the third terms of each of the r expressions, we have
2p3(p1an4r—5 + P2anir—6 + - - + Dran—a4 = 2p3anir—a.

Continue this process to include the rth term.
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The final result is
Aptr—1 + P2anyr—3+ -+ (T - 1)pran = Tn.
This is what we wanted to prove. O
5. THE RECURRENCE Ry(0,7)

In this section, we will determine the sequence Ry(0,7) in general. We will prove the
following theorem.

Theorem 4. Let k be a non-negative integer. Then

k . . dd'
Rk(O,T):{pT’ if v is odd,

(—D)FFIpkif r s even.

To obtain the recurrence Ry (0,7), we evaluate det(zI — M*) at = 0. In general, this
sequence is

—OAk4r—1 —P20k4r—2 — P30k4r—3 — ** — Prag —P3Qp4r—2 —  — PrOk41 0 T PrQk4r—2
det —Qk4r—2 —P20k4yr—3 — P3Ak4r—4 — " — Prag—1 —P3Qg4r—3 — - — Prag ot TPrQg4r—3
—ay —p2ag—1 — P3ak—2 — *** — PrOk—r41 —p3ag—1 — " — Prag—pr—2 - —Prag—1

(6)

To continue the computation of (6), we need the following lemma from Turnbull [5, p. 31].

Lemma 3. Let r > 2 be an integer. An r X r determinant is unaltered in value by adding to
one of its columns any linear combination of its other columms.

Now we will compute the determinant in (6) with the help of two lemmas.

Lemma 4. Let k be a positive integer. Then

—QAk+r—1 —DP20k4r—2 —P30k4r—3 — " —Pr@g  —P30kyr—2 — " — PrOgy1 0 —PrQk4r—2
det —Qk4r—2 —P20ktr—3 — P3Ak4r—4 — = Prag—1 —p3@i4r—3 — - —Dr@k - —PrQgyr-3
—ag —Pp20k—1 —Pp3ag—2 — = PrQg—ry+1  —P3Ak—1 — " — PrOg—yr-2 - —Drai—1
ay ag41 0 Ofgr—1
_ 7p:—1 det ak—1 aj o Qtr—2
Ak—r4+1  Ak—r42 - ay

Proof. First of all, we factor (—1) from every column of the matrix. Therefore, our initial
determinant is equal to

Ak4r—1  P20kyr—2 + P3Gf1r—3+ -+ Pprag  P3agtr—2+ -+ Dr0kr1 - DrOkir—2
(—1)" det Qktr—2 P20ktr—3 + P30ktr—4 + - +DrGg—1  P3Qktr—3 + -+ Drak -+ Prljir—3
ag p2ag—1 +p3ag—2+ -+ PrQg—ry1  P30k—1 T+ +PrGg—p—2 -+ Prap—1

(7)

‘We now start with the determinant

ag Ak+1 Tt Qftr—1
ag— a e Qfgr—
det k—1 k k+r—2

k—r+1 Qk—r+2 - ag
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and work out way backwards to (7).

We first replace the first column by p, times the first column plus p,_; times the second
column, plus - -- plus ps times the next to last column. Next, we replace the second column
by p, times the second column plus - -- plus ps times the next to last column. Continuing this
process, we finally replace the next to last column by p, times the next to last column. We
know how the determinant changes by Lemma 3.

Once we have this new matrix, we swap columns 7 and r — 1, then columns 7 — 1 and r — 2.
We continue this process until we finally swap columns 2 and 1.

Counting the number of swaps and number of times we multiplied by p,, we have the
result. O

To continue the proof we need the following lemma.
Lemma 5. Let r > 2 be an integer. Then for k>r —1,

ag ak+1 0 Akgr—1 A
_r . '
ag o Qf4r—2 _ Pr ’ ZfT s Odd7
: (—1D)kFiph=r+1 " if r is even.
Ag—r+1 Qk—r+2 " ag

Proof. The proof of the lemma will be by induction on k. For k =r — 1, we have

Ar—1 Qr cr G292
det ar—2 Gp-1 -+ (A2r-3 -1
ao ai e ar—1

so the base step is true.
Next, assume the result is true for some kK — 1 > r — 1 and attempt to prove the result is
true for k. We start with the determinant

ag Ak+1 o Q-1

Qj— a cer Qedr—

det k—1 k k4r—2
k—r+1 Qk—r+2 - ag

We next replace the last column entries by their recurrence relation. This is the determinant

ag g+1  * DP1Qk4r—2 T P20k4r—3 + - + Prag—1
det | @1 ag ©o P10k4r—3 + P20ktr—g + -+ Prag—2
Ak—r4+1 Qk—p42 = °° P1Qk41 + p2ag + -+ - + Prag—y
Applying Lemma 3, ignoring the p1, ..., p,_1, considering p,, and swapping columns r and
r—1, ..., columns 2 and 1, we have the resulting determinant is
ap—1 af Tt Qk4r-3
pr(=1)Hdet | U672 SR
Qg—pr Qf—y41 " ag—1

Now in either case, if r is odd or 7 is even, the result is true for k. Therefore, by the principle
of mathematical induction, the result is true for all £ > r — 1. O
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Putting both of these lemmas together and using the fact the Ry (0,r) is the coefficient of

—20 = —1, we drop the minus sign to give the result
Therefore, the sequence Ry (0,r) is
Re(0.r) = pi—1- ph-rtl if risodd; | pl, if r is odd;
)= Pr Vel k=l e T Y (kLR i
) * ) .
¥ (=1)F*p;y if r is even (=1)"*py, if r is even

This is the statement of the theorem.

6. AN ExprLiCcIT FORMULA FOR HOWARD’S THIRD ORDER RECURRENCE

We next state the definitions we need to find an explicit formula for Howard’s third order
result.

Definition 7. Let wg, wi, we, a, b, and ¢ # 0 be integers. Let
Wy, = QWp—1 + bWwp_9 + cwy_3 forn > 3.

Using Lemma 1, Young’s result, and a computer algebra system, we can calculate the
sequences R (2,3), Rk(1,3), and Rx(0,3). This leads to the following definitions and theorem.

Definition 8. Let 9 = 3, 21 = a, and 2 = a®> + 2b. Let
Ty = aTp_1 + bxp_o + cxp_3 forn > 3.
Definition 9. Let yo = —3, y1 = b, and y» = 2ac — b>. Let
Yn = —byn—1 — aCYyn—2 + *Yn_3 forn >3,
Theorem 5. Let n > 0 and k > 1 be integers. Then
W43k = TpWn42k + YkWntk + .
7. AN EXpLICIT FORMULA FOR YOUNG’S FOURTH ORDER RESULT

We next state the definitions we need to find an explicit formula for Young’s fourth order
result.

Definition 10. Let wg, wi, ws, ws, a, b, ¢, and d # 0 be integers. Let
Wy = QWp—1 + bWp_9 + cwp_3 + dwy_g for n > 4.

Again, using Lemma 1, Young’s result, and a computation using a computer algebra system,
we can calculate the sequences Ry(3,4), Rr(2,4), Ri(1,4), and Ry(0,4). This leads to the
following definitions and theorem.

Definition 11. Let zg = 4, 1 = a, 29 = a® + 2b, and w3 = a® + 3ab + 3c. Let
Ty = aTp_1 + bxp_o + cxp_3+ dr,_yq for n > 4.

Definition 12. Let yg = —6, y1 = b, y2 = 2ac — b* + 2d, y3 = 3a’d + b + 3bd — 3abc — 3¢2,
ys = —4a?bd — 2a%c? + 4ab*c — Sacd — b* — 4b%d + 4bc® — 6d?, and y5 = —bacd + 5a’b’d +
5a%bc? — 5a’d? — bab®c + 5abed + 5ac® + b + 5b3d — 5b%c? + 5bd® + 5c*d. Let

Yn = —byn—1 — (d + ac)yn—2 + (¢* — 2bd — a*d)y, 3
+d(d+ ac)yp—q — bd?y,_5 + d>yn_¢ for n > 6.
Definition 13. Let zo =4, 21 = ¢, 29 = ¢ — 2bd, and z3 = 3ad® + ¢3 — 3bed. Let

Zn = CZn_1 — bdzn_o + ad®z,_3 + d®zy_a for n > 4.
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Theorem 6. Letn >0 and k > 1. Then
Wntdk = TWny3k + YeWni2k + 26Wntk + (—1)k+1dkwn-
8. AN ExPLICIT FORMULA FOR YOUNG’S FIFTH ORDER RESULT

We next state the definitions we need to find an explicit formula for Young’s fourth order
result.

Definition 14. Let wg, wi, ws, ws, w4, a, b, ¢, d, and e # 0 be integers. Let
Wy, = aWp_1 + bwy_2 + cwy—3 + dw,—4 + ewy_5 for n > 5.

Again, using Lemma 1, Young’s result, and an extensive computation using a computer alge-
bra system, we can calculate the sequences Ry (4,5), Rk(3,5), Rx(2,5), Ri(1,5), and R(0,5).
This leads to the following definitions and theorem. The calculations and sequences can be
found in Appendix I. With the definitions in Appendix I, we have the following result.

Theorem 7. Letn >0 and k > 1. Then
MHM:xm%ﬂk+%wm%+%mwwk+wwmk+ﬁwm
9. APPENDIX I

Let a, b, ¢, d, and e # 0 be integers. Let M be the 5 x 5 matrix

a b ¢ d e

100 00

01 000

00100

00010
4

Let ok, yx, zx and vy, be the coefficient of —2%, —x3, —22, and —2! in the det(x] — M¥),
respectively. Compute the first 10 terms of each sequence using a computer algebra system.

S RS S S
det (x*I-I)
= x5 - bxx74 + 10*x"3 - 10*xx"2 + b*x - 1

#it S S
det (x*xI-M)
= x5 - a*x”4 - b*xx"3 - c*x"2 - d*xx - e

HAHHHHHHHH R HHH R HF SRR B F R RS R RS RS R

det (x*xI-M"2)

= x"5 + (-a"2 - 2x¥b)*x"4 + (-2*c*a + (b"2 - 2*d))*x"3 + (-2xexa + (2xd*b - c~
2))*x"2 + (-2%exc + d"2)*x - €72

HUHHHHHHHFH R HHH R RHF SRR HHF G B RS RS H SR T

det (x*I-M"3)

= x"5 + (-a"3 - 3%b*a - 3*c)*x"4 + (-3*%d*a"2 + (3*c*b - 3*e)*a + (-b~3 - 3*dx

b + 3*%c”2))*x"3 + ((3*exc - 3*d"2)*a + (-3*e*xb”2 + 3*xd*c*b + (-c~3 - 3*exd)))*x"
2 + (-3%e"2%b + (3%e*d*c - d"3))*x - e~3
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H#HHHH SR HHF SR HH RS H SRR R R ST

det (x*xI-M"4)

= x"5 + (-a"4 - 4xb*a”2 - 4xcxa + (-2*%b"2 - 4x*xd))*x"4 + (-4xexa”3 + (4xd*b +
2%c™2)*a"2 + (—4xcxb"2 - 8*xexb + 8kdxc)*a + (b"4 + 4%d*b”2 - 4%xc"2%b + (-4*e*c +
6xd"2)))*x"3 + (-6%e"2%a”2 + (8*exd*b + (4*xexc”2 - 4*d"2*c))*a + ((-4d*xexc - 2*d
~2)*%b"2 + (4xd*c”2 - 4xe"2)*b + (-c"4 + 8*xexd*c - 4*d"3)))*x"2 + (-4*e"3*a + (4%
e 2xd*xb + (2%e"2%xc"2 - 4d*e*xd"2%c + d"4)))*x - e"4

HUHHHHHHHHH R HHH R RHF R HHF G R RS R HH SRR RS R T

det (x*I-M"5)

= x"5 + (-a"5 - b*b*a"3 - 5*c*a”"2 + (-5%b"2 - 5xd)*a + (-5*cxb - 5xe))*x"4 +
((5%e*b + 5*dxc)*a"3 + (-5xd*b~2 - 5*xc 2%b + (10%e*c + 5%d"2))*a"2 + (5xc*b~3 +
10*exb~2 - bxd*xc*b + (-5%c”3 + 15*e*d))*a + (-b"5 - 5*d*b~3 + 5xc"2*%b"2 + (15*e

xC — 5%d"2)*b + (-5xd*c”2 + 10%e"2)))*x"3 + ((-5*e"2xc - bxexd"2)*a"2 + (-5*e"2x%

b~2 + (Bkexdxc + 5*d~3)*b + (HExexc™3 - 5kd"2*xc”2 - 15*e"2%d))*a + (5*e*d*b”~3 + (

-Bkexc”2 - B5kd"2*c)*b"2 + (5xd*c”3 - 15*xe"2%c + 10*e*xd"2)*b + (-c”5 + 10*exd*c”2
- 5%d"3%c - 10*%e”~3)))*x"2 + (5*e"3*d*a + ((5*e"3*c - 5*e”2xd"2)*b + (-5*xe"2*d*c
~2 + bxexd"3xc + (-d"5 + 5%e”4))))*x - e°5

HHH R RS
det (x*xI-M"6)
= x"5 + (-a"6 - 6*b*a"4 - 6xc*a”3 + (-9%b"2 - 6xd)*a"2 + (-12%c*b - 6*xe)*a +
(-2%b"3 - 6%d*b - 3*c"2))*x"4 + ((6*e*xc + 3*%d"2)*a"4 + (-6*xexb”2 - 12*d*cxb + (
-2*%c”3 + 12%ex*xd))*a”3 + (6xd*b"3 + 9*c"2%b"2 + (-18*d*c”2 + 9*e”2))*a"2 + (-6*cx*
b4 - 12*e*xb”~3 + 12%c”~3%b - 18*d"2*c)*a + (b"6 + 6*d*b"4 — 6*c”2*%b~3 + (-18*e*c
+ 9%d"2)*%b"2 - 6%e”2xb + (3*c"4 - 12*%exd*c - 2*%d"3)))*x"3 + (-2*e"3*a"3 + (18*e”
2xd*¥b + (-9*%e"2*xc”2 - 3*d"4))*a"2 + (-18*exd"2*xb"2 + (12xd"3*c + 12*e~3)*b + (6%
exc”4 — 6*d"2*%c”3 - 12%exd"3))*a + (-3*e”2*xb"4 + (12%e*xdxc + 2*d"3)*b~3 + (-6*ex*
c™3 - 9%d"2*xc"2)*b"2 + (6xd*c”4 - 18*e”"2%c”"2 + 6%d"4)*b + (-c"6 + 12*%exd*c”3 - 6
*d"3*%c"2 - 6%e”3*kc - 9*%e”2*%d"2)))*x"2 + ((6%xe"4*c - 6xe”3*d"2)*a + (3*e~4*xb"2 +
(-12%e"3*xd*c + 6*%e”~2xd"3)*b + (-2%e"3*c”3 + 9*e"2*%d"2*xc"2 - 6*exd"4*c + (d"6 - 6
*e~4xd))))*x - €76

HHHHHHHHHFH R HHF R HH SRR B F SRR R

det (x*xI-M"7)

= x"5 + (-a”7 - 7xb*xa"5 - 7xc*xa"4 + (-14%b"2 - 7*xd)*a"3 + (-21*c*b - 7*xe)*a”

2 + (-7%b~3 - 14xd*b - 7*c"2)*a + (-7*c*b~2 - Txexb - 7*xd*c))*x"4 + (7T*exd*a"5 +
((~14xexc - 7+*d"2)*b + (=7T*d*c"2 + Txe"2))*a"4 + (Txe*b~3 + 21xd*cxb”2 + (7*c"3
+ T*xexd)*b + (-21xexc”2 - 21*d~2*c))*a"3 + (-7*d*b~4 - 14*%c~2*b~3 + (-14*e*c -

7T*d"2)*b"2 + (35*d*c”2 + T*e"2)*b + (7*c"4 - 3bxexd*c — 14*%d"3))*a"2 + (Txc*b~5

+ 14%exb”4 + Txd*c*xb~3 + (-21%c"3 + 14xexd)*b~2 + (-35*e*xc”2 + 14xd"2xc)*b + (21

*d*c"3 — 21*%e”"2%c - 21*e*d"2))*a + (-b"7 - 7*xd*b"5 + T*c"2%b"4 + (21*exc - 14x*d~

2)d*b~3 + (7*d*c”2 + 14*e”2)*b"2 + (-7*c"4 + Txexd*c — 7*d"3)*b + (-T*exc™3 + 14x*

d=2%c"2 - T*e"2%d)))*x"3 + ((7*e"3%c - 14%e”2%d"2)*a"3 + (-14*e"3*%b~2 + (14*e”2x%
dxc + 21%e*xd"3)*b + (-14*e"2%c"3 + 7T*xe*xd"2*c”2 - T*d"4*c - 21%e”3*d))*a"2 + (21x*

e 2xd*xb"3 + (7T*e"2%c”2 - 3bxe*xd"2*c — 7*d"4)*b~2 + (-T*exd*c™3 + 21*d"3*%c"2 + 7x*

e”"3*xc + 35%e”2xd"2)*b + (T*xexc™5 - 7*d"2%c"4 - 14xe"2%d*c”2 + T*e*d"3*xc + (-7*d"
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5 - 7xe"4)))*a + ((-7*e"2%c — T*exd"2)*b"4 + (21*exd*c”2 + 7*d"3*c - 7*e”~3)*b"3
+ (-T*xexc™4 - 14%d"2xc”3 + 3bxe”2xd*c - 21xe*xd"3)*b"2 + (7*d*c”"5 - 21*e”~2%c”3 -
14xexd"2%c”2 + 14*xd~4*c + 21xe”3xd)*b + (-c”7 + 1ldxexd*xc”4 - 7*d"3*c"3 - 14*e”3%*
c"2 + Txe"2%d"2%c - Txe*xd"4)))*x"2 + ((7*e"5xb + (-14xe"4*d*xc + T*e"3*d~3))*a +
(-T*e~4*xd*b~2 + (-7T*e"4xc”2 + 21*xe"3*%d"2*c — T*e"2*%d"4)*b + (7*e~3*d*c”3 - 14*xe”
2%d"3*xc”2 + (7T*xexd”5 - 7*e"b5)xc + (-d~7 + 7*e~4*xd"2))))*x - e"7

HAHHHHHHHH R HHF R HF SRR B R RS R

det (x*I-M"8)

= x"5+(-a"8-8*b*a~6-8xc*a”5+(-20%b"2-8*d) *a”~4+ (-32*c*b-8%e) *a”~ 3+ (-16*b~3-24*d*b-12
*C"2)*%a 2+ (-24%c*b"2-16%e*xb-16%d*c) *a+(-2%b~4-8*d*b~2-8*c " 2xb+ (-8*e*xc-4*d~2) ) ) *x
~4+(4xe”~2%a”~6+(-16*e*xd*b+(-8*e*xc 2-8xd"2*c) ) *a 5+ ((24*exc+12%d~2) *b~ 2+ (24*d*c"~ 2+
8%e”~2) *b+ (2%c"4-48%e*xd*xc-8*d"~3) ) *a~4+(-8xexb~4-32%d*cxb”~ 3+ (-16%c~3-32%e*d) *b~ 2+ (
32xe*xc”2+32%d"2%c) *b+ (32%d*c~3-16%e~2%c-48%e*xd"2) ) *xa~ 3+ (8*d*b~5+20%c~2%b "4+ (32%*e
*C+16%d"2) *b~ 3+ (-48*d*c " 2+8%e"2) *b "2+ (-24*c~4-32*e*d*c+16*d"3) *b+ (16*e*xc~3+56*d"
2*%c"2-48%e"2*d) ) *a" 2+ (-8*c*xb"6-16*e*xb~5-16*d*c*b~ 4+ (32*%c~3-32*e*d) *b~3+(80*e*c~2
-16*%d"2*c) *b" 2+ (-32%d*c~3+32*e " 2*%c-32*e*xd"2) *b+(-8*c " 5+32*%e*xd*xc”2+32*d " 3*xc-8*e"3
)) *a+ (b~ 8+8%d*b~6-8%c " 2%b "5+ (-24*xe*xc+20%d"2) b~ 4+ (-16*d*c~2-16%e"~2) b~ 3+ (12%c"~4-
32*%exd*xc+16*d"~3) *b "2+ (32*%e*xc~3-16*d"2*xc"2-24%e " 2*xd) ¥b+ (-8*d*c~4+20*e " 2*xc " 2+8*ex*xd
"2%c+6*d"4) ) ) *x "3+ (-6*e"4*a"4+(32xe " 3*d*b+(16%e"3*c"2-16%e"2*xd"2*xc-8*e*d"4) ) *a"3
+((-16*e"3*c-56*e"2*%d"2) *b~ 2+ (16*e " 2xd*c"2+32*%e*xd " 3*c+(8*d"5+8*e"4) ) xb+ (-20*e 2%
CT4+16*xexd"2%c"3-12xd"4*c"2+32xe " 3*d*c-48*e"2*%d"3) ) xa" 2+ (-8*e " 3*%b "4+ (32*xe " 2*d*c+
32*%e*xd~3) *b" 3+ (16*e"2*%c"3-48*e*xd " 2*c"2-24*d"4*c-32*xe " 3*d) *b~ 2+ (-16*e*xd*xc"4+32*d"
3*c"3+32%e”"3%c"2-32*%e"2*%d " 2*c+48*%e*xd"4) b+ (8*ke*xc"6-8*d"2*%c~5-32*%e " 2*xd*c~3+32*e*d
“3*%c"2+(—16*%d"5+24%e"4) *c-48*e”~3*%d"2) ) *a+ (8*e " 2*xd*b 5+ (-12%e " 2xc"2-24*exd " 2*xc-2x*
d~4)*b~4+(32*exd*xc”~3+16*%d"3*xc"2-32*%e"3*kxc+16*e”2*xd"2) *b~ 3+ (-8*e*c~5-20*d"2*c~4+80
*e " 2xd*c"2-32xe*xd " 3*c+ (-8*%d"5-20*%e"4) ) *b~ 2+ (8*d*c"6-24*xe " 2*xc"4-32*%e*xd " 2xc”~3+24*d
“4xc”2+32%e"3xd*c+16*e"2xd"3) *b+ (—c"8+16*e*d*xc 5-8*%d"3*kc"4-16*e"3*xc"3-8xe"2*d"2x*
c"2+8*exd " 4xc+(—4*d"6-8*e”~4%*d) ) ) ) *x"2+(4*e”6*a" 2+ (-16*e " 5xd*b+(-8*e " 5*xc"2+24%e"4
*d"2*%c-8*e"3*d"4) ) *xa+ ((-8*e " bxc+12%e 4*xd"2) *b~ 2+ (24*xe~4*d*c~2-32*%e " 3*d " 3*c+(8*e"
2*%d~5-8%e"6) ) *b+(2*xe~4*c~4-16%e " 3*d"2*xc"3+20*e~2xd " 4*c "2+ (-8*e*d"6+16*e"5*d) *c+(
d~8-8%e~4%d~3))))*x-e"8

HHHHHHHHHHH R HHF R HH R HHF SRR H SRR RS #

det (x*xI-M"9)

= x"5+(-a"9-9*b*a~7-9*c*a~6+(-27*b"2-9%d) *a"~ 5+ (-45*c*b-9*e) *a~4+ (-30*b~3-36*d*b-18
*C"2) *a” 3+ (-54*xc*b”~2-27*e*xb-27*d*c) *a~ 2+ (-9*b~4-27*d*b"2-27*c " 2xb+(-18*e*c-9*d"2
)) *a+(-9%c*xb~3-9%exb~2-18*d*ckb+(-3%c~3-9%exd) ) ) *x 4+ ((-9*e " 2%b+ (-18*e*xd*c-3*d"3
)) *a”~ 6+ (27xe*xd*xb" 2+ (27*e*xc~2+27+d "~ 2%c) *¥b+(9*xd*c~3-27*e " 2*%c-27*e*d"2) ) *a" 5+ ((-36%
e*xc—18%d"2) *b" 3+ (-54*d*c"2-27*e"2) xb"~ 2+ (-9*c " 4+54*e*d*c+9*d " 3) *b+ (36*e*c~3+54*d"
2%c"2-54%e"2xd) ) *a~ 4+ (9*exb " 5+45*%d*c*b "4+ (30*c~3+63*e*xd) *¥b "3+ (~27*exc " 2-27*d"2*c
)*b~2+(-99*d*c~3-54%e " 2*xc+27*e*xd~2) *b+ (-9%c~5+108*e*xd*c~2+63*d " 3*c-30%e"3) ) *xa" 3+
(-9%d*b~6-27*c"2%b "5+ (-54%e*xc-27*d"2) *b~4+ (54%d*c~2-27*e"~2) b~ 3+ (54*c~4+81*exd*c
-27*d"3) *b~ 2+ (27*e*c~3-81*%d"2*c~2-27*e"2*d) *b+ (-54*d*c~4+27*e”~2*%c~2+135*e*xd " 2*c+
18*d"4) ) *a" 2+ (9*cxb~7+18*e*xb~6+27*d*c*b "5+ (~45xc~3+54*xe*xd) *b" 4+ (-135%e*c™2+27*d"
2%c) ¥b "3+ (27*d*c~3-108*e " 2*c+54*e*d"2) ¥*b "2+ (27*c~5+27*e*xd*c"2-18*d " 3*c-36*e~3) *b
+(9*%exc”4-63*%d"2xc " 3+54*e " 2xd*c+45*%e*xd"3) ) *a+(~b"9-9*d*b~7+9*c " 2*b”~ 6+ (27 *e*c-27*



12 COOPER, MILLER, MOSES, SAHIN, AND THANATIPANONDA

d~2) *b~5+(27*d*c"2+18%e”~2) ¥b~ 4+ (-18*c~4+63*e*xd*c—-30*%d"~3) *b~ 3+ (-63*e*xc”3+27*d"2*c
“2427xe”2xd) *b "2+ (9*d*xc~4-54*e”~2%c " 2+54xe*d " 2*%c-9%d"4) *b+ (3*c " 6-9*%e*xd*c~3-18*d"3
*C"2-9%e " 3*c+27*e”2%d"2) ) ) *x" 3+ ((-9*e 4*xc-18*e~3*d"2) *a"4+ (-18*e"4*b~2+(18*e"3*d
*Cc+63*%e~2x%d"3) *b+(30*e"3*c~3-27*e " 2*%d"2*xc"2-9*e*xd~4*xc+ (-3*d~6-45%e~4x*xd) ) ) *a"3+(6
3*xe~3xd*b "3+ (-27*e"3*c"2-81xe"2*%d " 2*xc-54*e*d"~4) *b "2+ (27*e " 2xd*c "~ 3+27*exd " 3*c~ 2+ (
27*d"5-54%e"4) xc+135%e"3*d"2) ¥b+ (-27*e " 2%c " 5+27*exd " 2*%c~4-18*d"4*c~3+54*e"3*d*c”
2-27*xe"2%d"3*c+(-27*e*d"5-27*e"5)) ) *a~ 2+ ((-9*e~3*xc-54*e~2*d~2) b~ 4+ (27*e"2*d*c"2
+99%e*xd " 3*c+(9*d"5+9%e~4) ) *b~ 3+ (27*e"2%c"4-bd*xexd~2%c~3-54%d"4*c"2+27*e"3*xd*c-10
8%e"2%d"3) *b "2+ (-27*e*xd*c~5+45%d"3*c"4+63*e~3*c~3-81*e"2%d " 2%c"2+54*exd "~ 4*c+(18%
d"6+54%e~4%d) ) *b+ (9ke*c~7-9%d " 2%c " 6-54*e " 2xd*c 4+63%e*xd 3*kc 3+ (-27*d"5+27*e"4) *c
~2427xe”~3*%d"2%c-54%e”~2%d"4) ) *a+ (-3%e " 3xb~ 6+ (27*e " 2xd*c+9*e*xd"3) *b" 5+ (-18%e~2%c"3
-B4%e*xd"2%c"2-9*d"4*xc+9*e " 3*d) ¥b~4+ (45*exd*c~4+30%d"3*c"3-63%e"3*kc"2-27*e " 2xd " 2%
c+36%exd~4) *b~3+(-9xe*xc~6-27*d"2%c~5+135%e " 2%d*c~3-27*e*d " 3%c” 2+ (-27*d"5-54%e"~4)
*Cc—27*xe"3%d"2) *b~ 2+ (9*d*c " 7T-27*e"2*xc " 5-bd*e*xd " 2%c"4+36*d"4*c~3+108*e " 3*xd*c~2-54*
e 2*xd"3*c+(27*exd"5-9%e”5) ) *b+ (-c~9+18*e*d*c~6-9*d"3*c~5-18*e"3*c~4-27*e"2*d " 2*c
~3+27xexd"4*c~ 2+ (-9%d"6+36%e~4%*d) *c-30*e"~3*d"~3)) ) *x "2+ (-9*e~6*d*a"~ 2+ ((-18%e " 6*xc+
27*e~5%d"2) *b+ (27*e " 5xd*c~2-36*e " 4*d~3*c+(9*e”3*d"5-9*e"7) ) ) xa+(-3*e”~6*b"3+(27*e
“5xd*c-18*%e~4%d"3) *b" 2+ (9*e " 5*xc~3-54%e " 4*d"2*xc"2+45*%e " 3*%d"4*c+(-9*e"2+%d"6+18*%e”6
*d) ) *b+(-9%e"4*d*c~4+30%e " 3*d"3*c "3+ (-27*e"2*%d"5+9*%e"6) *c" 2+ (9*e*xd"7-27*e"5+%d"2)
*c+(-d"9+9%e"4*d"4))) ) *x-e"9.

Next, knowing the fact that the recurrences for each term are of order (Z), (:,5)), (g), and (?),
respectively, we compute these using a computer algebra system.

e H T R S R R R R R TR
The recurrence for $-1$ is $e"n$.

HHAH A
The recurrence of v_n where

v_n are the coefficients of -x"1

of the det(X*I-M"n):

v(n) = -dxv(n-1)
-(c*xe)*xv(n-2)
- (b*e"2)*v(n-3)
+(-e~3*a) *xv(n-4)
+e~4xv(n-5) .

B 1]
The recurrence of z_n where

z_n are the coefficients of -x"2

of the det(X*I-M"n):

z(n) = c*z(n-1)

+(axe-b*d) *z (n-2)

+(ex(b~2+d)-a* (2xc*xe-d~2)) *z(n-3)
+(e"2%(a"2+b)+d"3-d*e* (a*xb+3*c) ) xz(n-4)

+(ex (2xe"2+2*xaxd*e+exckx (a~2+2%b) -b*d"~2) ) *z(n-5)
+(e"2%(d"2-c*e-a~3%e-3*axbke+a*ckd))*z(n-6)
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+(-e"3x(d*a"2+axe-c~2+2*xb*d) ) *z(n-7)
+(-e~4x(axc+d) ) *z(n-8)

+(-e~5xb) *z(n-9)

+(-e"6)*z(n-10) .

B S S
The recurrence of y_n where

y_n are the coefficients of -x"3

of the det(X*I-M"n):

y(@) = -bxy(n-1)

+(~axc-d)*y (n-2)
+(-axe+c”2-a"2xd-2*b*d) *y (n-3)
+(-a~3*e-3*axbxe+axc*d-cxe+d"2 )*y(n-4)
+(2%e"2+ex (2xaxd+a”2*c+2xbxc) -bxd"2 )*y(n-5)
+(e"2*(a"2+b) +e* (-3*c*d-a*b*d) +d"3) *y (n-6)
+(ex (b~ 2*e+axd " 2+d*e-2xaxc*e) ) *y (n-7)
+(e"2x(a*xe-b*d) )*y(n-8)

+(c*xe”3) *y(n-9)

+(-e~4) *y (n-10) .

B S
The recurrence of x_n where

x_n are the coefficients of x4

of the det(X*I-M"n):

x(n) = a*xx(n-1)
+(b)*x(n-2)
+(c)*x(n-3)
+(d)*x(n-4)
+(e)*x(n-5).
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