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In the field of cardiac modeling, calcium- (Ca-) based activation is often described by sets 
of ordinary differential equations that do not explicitly represent spatial interactions of 
regulatory proteins or crossbridge attachment.  These spatially compressed models are 
most often mean-field representations as opposed to methods that explicitly compute the 
surrounding field (or equivalently, the surrounding environment) of individual regulatory 
units and crossbridges.  Instead, a mean value is used to represent the whole population.  
Almost universally, the mean-field approach assumes developed force produces positive 
feedback to globally increase the mean binding affinity of the regulatory proteins.  We 
show that this approach produces hysteresis in the steady-state Force-Ca responses when 
developed force increases Ca-affinity troponin to the degree that is observed in real 
muscle.  Specifically, multiple stable solutions exist as a function of Ca level that could 
be alternatively reached depending on stimulus history.  The resulting hysteresis is quite 
pronounced and disagrees with experimental characterizations in cardiac muscle that 
generally show little if any hysteresis.  Moreover, we provide data showing that 
hysteresis does not occur in carefully controlled myofibril preparations.  Hence, we 
suggest that the most widely used methods to produce multiscale models of cardiac force 
generation show bistability and hysteresis effects that are not seen in real muscle 
responses 
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1.   Introduction 

As described in a previous review [1], there are still difficulties in 
developing predictive myofilament models given that the underlying muscle 
biophysics has yet to be fully resolved.  Another difficulty lies in trying to 
compress the spatial aspects of myofilaments at the molecular level into a 
tractable system of equations.  Partial differential equations or Monte Carlo 
approaches are typically required for explicit consideration of the spatial 
interactions, whereas spatially-compressed sets of ordinary differential 
equations (ODEs) are required for computational efficiency to allow large-scale 
multicellular models.  

The spatially compressed models can be termed mean-field as opposed to 
methods that explicitly compute the surrounding field (environment) of 
individual regulatory units and/or crossbridges; instead, a mean value is used to 
represent the whole population.  The most widely used approach is that 
force/activation level produces positive feedback to globally increase the mean 
binding affinity of the regulatory unit (troponin/tropomyosin).  The mean-field 
approach is used in almost all ODE-based modeling efforts from diverse 
research groups.  Recent examples are refinements of earlier models (e.g., [2-
4]).  We construct a generic version of this approach and show that hysteresis 
and bistability can result from this construction. 

2.   Method 

Most myofilament models contain a strong positive feedback of muscle 
activation to increase Ca binding to regulatory units.  This feedback plays a dual 
role in both simulating experimental observed increases in Ca affinity and 
providing a mechanism to produce steep Ca sensitivity and high apparent 
cooperativity (often in conjunction with other mechanisms).   A typical mean-
field approach to modeling cardiac myofilaments is shown in Fig. 1A. Here the 
state names are coded with 0 for no Ca bound or 1 for Ca bound in the first 
character.  The second character is W for weakly-bound (non-force generating) 
or S for strongly-bound (force generating) crossbridges.  Activation occurs as 
increasing [Ca] will cause transition from the rest state (0W) to a Ca-bound state 
that is still weakly bound (1W).  Transitions between weakly- and strongly-
bound states are controlled by constants f and g that represent apparent weak-to-
strong binding transition as typically defined in two-state crossbridge schemes. 
Note that the right-hand side has only the crossbridge detachment step that 
illustrates an implicit assumption which is that crossbridges do not strongly bind 
and generate force when no Ca is bound to the associated regulatory proteins.  
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Very similar approaches have been employed and explained in depth elsewhere 
(e.g., [5, 6]).  For the remainder of the paper, we will refer to the approach as 
global feedback on Ca-binding affinity (GFCA).   

 

A. A. 

Figure 1:    Generic model of force feedback on Ca binding.  A. State diagram with transition rates.  
B. Schematic of assumed energy diagram for Ca binding where the free energy of the Ca-bound state 
is assumed to decrease as the model transitions from no force to full force. 

For the model shown, the normalized developed force can be computed as 
fraction of strong bound crossbridges as shown below  
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where 0S and 1S refer to the fractional occupancy of the respective states and 
the denominator is the theoretical fraction of strongly–bound crossbridge for the 
limiting case of high [Ca] conditions (hence, only states 1W and 1S are 
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The Ca binding is described by the left to right transitions. Ca binding is 
assumed to be more complicated than a simple buffer in that the dissociation 
constant is a function of the developed force.  Specifically we assume the 
following formulation 
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where ∆G is the change in free energy of the Ca-bound state as the system 
transitions from no force to fully developed force (see Fig. 1B).  The other 
constants are the Universal Gas Constant (R) and the absolute temperature (T).  
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The forward transition kon is assumed fixed because Ca binding is generally 
assumed to be diffusion limited.  In contrast, the backward transition k’off is 
assumed to be a function of developed force.  As FractSBXB transitions from a 
minimum value of 0 to a maximum value of 1, k’off  will decrease from the 
default value equal koff to the minimum value of koff exp(-∆G/RT).  For the 
simulation shown the default values of the parameters are kon = 50 µM-1 s-1, koff  
= 500 s-1, f  = 40 s-1 and g  = 10 s-1 .  Similar values are used in previous studies 
and are justified elsewhere [5, 6].   

3.   Results 
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Figure 2:    Pseudo-steady-state responses for the generic GFCA model for varying levels of ∆G as 
labeled.  Increasing ∆G produces both an increase in apparent cooperativity and also leads to 
hysteresis. The dashed trace shows a true Hill function with N  = 7 similar to what is measured 
experimentally for real muscle [7, 8].

H

3.1.   Pseudo-steady-state solution 

The system shown in Fig. 1 can be solved for the approximate steady-state 
response by slowly increasing the [Ca] (-3 to 3 in units of log([Ca]/1 µM)) over 
160 s so that the model is in approximate steady-state conditions.  The [Ca] is 
lowered from the maximum values over the next 160 s to check for hysteresis.  
As shown in Fig. 2, the steady-state Force-Ca (F-Ca) relation increase in 
steepness and apparent cooperativity with ∆G.  When the ∆G = 4.5RT, the 
middle part of the curve has a steepness that approximates real cardiac muscle 
that has a Hill coefficient (NH) of approximately 7 for sarcomere lengths (SLs) 
in the range of 1.85-2.15 µm [7].   Note that the shape of the model F-Ca 
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relation deviates from that of a true Hill function (NH = 7) as shown by the 
dashed line.  Specifically, the model response shows relatively little apparent 
cooperativity in the low [Ca] and high [Ca] regimes with the most steepness 
near the mid-force regions.  In fact, increasing the level of GFCA by setting ∆G 
= 6 RT will increase the steepness in the mid-force regions but does little to 
increase the apparent cooperativity outside this regime.  Such behavior has been 
described before as generic behavior of the GFCA models, and thus may 
hamper their appropriateness model for simulating real muscle responses [1].  
However, the focus of the paper here is on the hysteresis that can occur when 
the GFCA is strong.  Note that little or no hysteresis is seen for ∆G = 3.0 RT, 
1.5 RT or 0 RT.  However these lower values do not generate steep enough F-
Ca relations to replicate real muscle response as seen in the literature (e.g., [7-
9]). 

3.2.   True steady-state solution 

The hysteresis behavior shown in Fig. 2 could potentially be an artifact of 
not reaching steady state in the traditional sense of t→∞.  Similar effects can 
often be seen in models when [Ca] is changed too quickly.  We analyzed the 
true steady-state response using AUTO as part of the XPPAUT software 
package§.  Briefly, AUTO implements continuation methods that compute a 
family of fixed points of a non-linear system as one or more parameters are 
varied.  Commonly, continuation methods start at an initial fixed point and then 
use the system Jacobian to extend the solution as parameters are varied.  
Iteration produces a continuous family of fixed points, and Jacobian 
singularities signal bifurcations. 

Figure 3B shows that true steady-state hysteresis does occur for values of 
∆G in the range of 5.791 to 6.048 RT.  The data correspond to one [Ca] level, 
but the general behavior is found for [Ca] values near the Ca50 with similar 
values of ∆G.  The effects of the two stable solutions are illustrated in Fig. 3B 
where the model is started at either high or low force levels. The upper trace for 
∆G = 6 RT is producing more force for lower [Ca] compared to the lower trace 
which is started at the lower force level.  Moreover, the lower traces ∆G = 6 RT 
show extreme parameter sensitivity as the steady-state solution may change 
branches on the bifurcation diagram in Fig. 3A. 

For lesser values of ∆G, while true steady-state hysteresis is not found, one 
can still observe that the model takes several seconds to reach steady-state.  As 

 
§ http://www.math.pitt.edu/~bard/xpp/xpp.html 
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shown in Fig. 3B, the ∆G = 4.5 RT take relatively long to settle to a steady-
state value near 50% force.   The long time to reach steady state is not intuitive 
given that all model rate constants are ≥ 10 s-1, suggesting a time constant of 
relaxation on the order of 100 ms.  Moreover, the delay also shows why 
hysteresis effects can appear in the ∆G = 4.5 RT trace in Fig. 2.  Note that 
hysteresis appears in pseudo-steady-state response in Fig. 2 but not true steady-
state in Fig. 3. Hence, for biological systems that have finite lifetimes 
(especially for in vitro preparations where data collection is limited), a long-time 
to settle to steady state may produce hysteresis-like effects even if not in the 
traditional sense of t→∞.   
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Figure 3:  A.  Bifurcation diagram shows true-steady responses for the generic GFCA model for ∆G 
as varied along the abscissa ([Ca] = 0.195 µM). Between limit points at 5.791 and 6.048 RT, two 
stable solutions are found with one unstable as shown by the dashed line. B. Time traces illustrate 
step responses starting at either 0 or full force.  The ∆G = 4.5 RT traces do not show hysteresis.  In 
contrast, ∆G = 6.0 RT traces show hysteresis effects and extreme parameter sensitivity.  Note that 
essentially the same hysteresis effects are found in A using continuation methods and in B using 
ODE integration.  Hence, the hysteresis cannot be an artifact of a particular numerical method.

3.3.   Comparison to other models 

Several published models show similar behavior to the generic model 
developed above.  As an example, Fig. 4 shows a simulated F-Ca relation for 
the model proposed in [4] for SL = 1.8, 2.0 and 2.2  µm.  In this model, the 
actual change in Ca-binding affinity is roughly 20 fold.  In addition, the change 
in Ca-affinity is assumed to increase using a Hill-like function (NH = 3.5) of the 
concentration of strongly-bound crossbridges.  Note that a 20-fold change in 
affinity corresponds to ∆G = 3 RT which does not produce substantial hysteresis 
in the generic model (see Fig. 2).  However, the additional nonlinearity in the 
Hill function generates the higher level of hysteresis seen in Fig. 4.  While we 
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have not reprinted data here, the model in [4] shows true steady-state hysteresis 
when stepped to different levels of [Ca] (compare SL = 1.7 µm trace in Fig. 6 in 
[4] with the data in Fig. 3B; the SL = 2.2 µm trace is operating higher on the F-
Ca relation where hysteresis is not seen).  
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Figure 4:   The F-Ca relation of the Yaniv et al. model [4] for SL = 1.8, 2.0 and 2.2 µm (traces 
essentially overlap) show clear hysteresis as seen in the generic model in Fig. 1.  The protocol 
is the same as in Fig. 2. The dashed trace shows a true Hill function with N  = 7 similar to what 
is measured experimentally for real muscle [7, 8].

H

4.   Discussion 

4.1.   Implications of modeling results 

The modeling formalism, shown in Fig. 1, is developed here as the most 
generic formulation of GFCA.  As shown in the previous sections, the approach 
generalizes to published models and also represents the mean-field 
approximation of the spatially-explicit approaches [10].  However, GFCA 
produces steady-state F-Ca relations that deviate substantially from true Hill 
functions in ways that real muscles do not, i.e., are too steep at mid-level [Ca] 
and not cooperative enough at low and high [Ca] regimes (see Figs. 2 and 4).  

If GFCA is the only cooperative mechanism in a model, then the assumed 
change in Ca-binding affinity is much larger than experimental estimates.  
Specifically, experimental estimates suggest a maximal affinity change of 15-20 
fold [1, 5, 6].  In contrast, the results in Fig. 2 suggest a change of 
approximately 90 fold is required to replicate the degree of cooperativity seen in 
real F-Ca relations.  This finding casts doubt on the ability to produce models 
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with realistic Ca sensitivity when GFCA is the only cooperative mechanism, as 
is the case for some published models. 

While GFCA may be insufficient to generate steep enough F-Ca relations, 
one might assume that other cooperative mechanisms could be added to improve 
the steepness of F-Ca relations.  This approach has been tried in many published 
modeling efforts (e.g., [3, 5, 11]). However, adding even a small amount of  
GFCA can produce the undesirable effects of increasing apparent cooperativity 
at mid-level [Ca] but not at low and high [Ca] regimes [1, 5].  As a specific 
example, compare F-Ca results for models with GFCA (M1 and M2) with the 
model without (M5) in Fig. 5 of Schneider et al. [11]. Only models without 
GFCA seem to be able to produce F-Ca relations that resemble a Hill function 
as seen in real muscle.  While a complete analysis of all published models is not 
possible here, we suspect that adding GFCA with other cooperative mechanisms 
can also produce marked bistability in the F-Ca relation  (e.g., model in Fig. 4 
has additional Hill-like cooperative effects in Ca binding). As the next section 
discusses, high levels of bistability do not generally agree with experiment 
results. 

The modeling results here are for steady-state [Ca] and fixed muscle 
lengths.  In a real contracting ventricle, both [Ca] and muscle length will be 
varying with time so that hysteresis effects may be masked.  However, the 
dynamic responses of muscle are strongly affected by the steady-state Ca 
sensitivity, and GFCA has been proposed to produce activation and relaxation 
kinetics that are slower in models than in real muscle [1, 5].  Figure 3B 
explicitly shows this slowing for a step response in Ca level. We envision 
pathological conditions (e.g., congestive heart failure) for which a prolonged Ca 
transient and/or increased diastolic transient could unmask the hysteresis. 

4.2.   Experimental evidence of hysteresis 

Experimental evidence for hysteresis in the activation of the myofilament 
was first reported in single muscle fibers of the barnacle by Ridgway et al. [12].  
The fibers were either micro injected with aquorin to measure intracellular 
calcium and electrically stimulated or chemically permeabilized (skinned) by 
treatment with detergent.  In both cases, these investigators found larger force at 
equivalent levels of activator Ca when the muscle had first experienced a higher 
level of contractile activation.  Brief periods of full relaxation, on the other 
hand, were sufficient to eliminate this “memory” or hysteresis effect.  A follow 
up study by Brandt et al., however, failed to confirm these results in skinned 
vertebrate skeletal muscle fibers [13].  Another phenomenon that may, or may 
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not, be related to hysteresis is stretch activation in skeletal muscle, first 
described by Edman et al. [14].  Here, a tetanized single skeletal muscle is 
stretched, relatively slowly, for a brief period and then returned to the original 
muscle length.  The stretch resulted in a change in tetanic force precisely as 
predicted by the active force-length relation.  However, sustained elevated 
tetanic force is found only following the brief stretch-release maneuver on the 
descending limb of the force-SL relationship, and hence, is unlikely to occur in 
cardiac tissue that does not operate on the descending limb (see [1]). 

The most comprehensive, and to our knowledge only, study on 
myofilament activation hysteresis has been reported by Harrison et al. [15].  In 
that study, skinned rat myocardium was sequentially immersed into solutions 
containing varying amounts of activator Ca.  Similar to the Ridgway et al. 
study, prior exposure to a high [Ca] led to an apparent left shift of the F-Ca 
relationship consistent with an increase in overall myofilament Ca sensitivity.  
Interestingly, this phenomenon was most pronounced at short SLs and virtually 
disappeared at SL>2.1 µm (i.e., lengths for which actin double overlap is no 
longer present).  Moreover, osmotic compression of the myofilament lattice by 
application of dextran, a high molecular weight compound that cannot enter the 
space between contractile filaments [16, 17], eliminated hysteresis.  Based on 
the SL dependence of hysteresis and its elimination by osmotic compression, 
these authors speculated that prior activation at the higher Ca levels induced a 
persistent reduction in inter-filament spacing to increase Ca sensitivity.  
Although not the specific focus of our studies, we have nevertheless not found 
evidence for hysteresis in inter-filament spacing as measured by x-ray 
diffraction in either intact or skinned isolated skeletal or cardiac muscle  [16-
19].  

 Studies on both intact [20-22]  and skinned  [7, 23] myocardium do not 
find evidence for hysteresis in F-Ca relationships, albeit hysteresis was not the 
primary focus of these studies. Likewise, intact cardiac trabeculae with 
pharmacologically slowed Ca transients show prolonged relaxations that occur 
along a single F-Ca relation that is independent of the preceding developed 
force (see Figs. 5-6 in [9] and Fig. 6 in [24]).  Finally, hysteresis of the type 
referred to above as “stretch activation” is expected to lead to a significant phase 
shift in sinusoidal perturbation analysis experiment at frequencies close to DC.  
Although there is some indication in skeletal muscle for such a phenomenon 
[25, 26], this has not been observed in isolated cardiac muscle [27-30].   

We propose that the controversial hysteresis finding above may result from 
inadequate control of the ionic environment surrounding the myofilaments.  
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Specifically, diffusion delays in activation-relaxation dynamics are a significant 
limitation associated with the study of large isolated fibers (such as the barnacle 
single fiber) or multi-cellular isolated cardiac muscle.  Hence, rapid changes in 
[Ca] in the bathing solution surrounding these muscles do not translate in equal 
changes in activator Ca as sensed by troponin.  For this reason, the single 
myofibril rapid solution change technique has been widely adopted to study 
skeletal and cardiac muscle activation-relaxation dynamics [29, 31-36].  This 
technique employs single myofibrils or small bundles of myofibrils (~1-5 µm 
average diameters) that are mounted between two glass micro-pipettes; the ionic 
environment can be altered within ~5 ms by rapid solution switching.  The short 
diffusion pathway coupled with continuous superfusion produce essentially no 
ambiguity in the ionic environment surrounding the myofilaments.   
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Figure 5:   Activation-relaxation cycles recorded in human atrium cardiac muscle (15oC; initial 
SL = ~2.2 µm).  Activator [Ca] is altered rapidly (within 5 ms) by rapid solution switching 
techniques.  The actual [Ca] applied is as indicated in the figure in pCa units (pCa = - 
log([Ca]/1 M).  Similar to previous studies in skeletal muscle [33, 34, 36, 37], there is no 
apparent hysteresis in myofilament steady-state force level.  Unpublished results from the 
laboratory of C. Poggesi. 

As seen in Fig. 5, hysteresis in myofilament steady-state activation level 
cannot be readily detected and hence is small if extant. These data can be 
qualitatively compared to Fig. 4B that shows pronounced history dependence 
for ∆G = 6 RT (see also Fig. 6 in [4]).  Also, there is no variation in the kinetic 
parameters of myofilament activation.  Thus, the rate of force development is a 
direct function of the [Ca], being faster at higher [Ca], regardless of the 
activation history that precedes the switch to a particular [Ca].  Furthermore, the 
rate of force relaxation is relatively slow and not affected by the level of Ca 
activation from which relaxation is initiated [33, 34, 36, 37].  Overall, these 
experiments suggest that there is little, if any, hysteresis in myofilament Ca 
activation. 

Pacific Symposium on Biocomputing 13:366-377(2008)



 

5.   Conclusion 

The paper has shown that bistability and hysteresis in the F-Ca response is 
an inherent behavior in models with high levels of GFCA.  We have also shown 
that such behaviors can result with lesser amounts of GFCA when other 
cooperative mechanisms are represented.  In contrast, experimental data 
suggests little or no hysteresis in real muscle responses.  Hence, one should 
consider these effects when using spatially compressed ODE-based models that 
include GFCA.  Moreover, the ODE-based models are often developed to 
combine single cells into multiscale tissue-level models.  If bistability and 
hysteresis exist in the single cells, one could envision situations in which the 
stability of larger scale models could be adversely affected because individual 
cells can reach multiple stable steady-state forces depending on small changes in 
the stimulus and environment histories of each cell. 
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