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Abstract

We study the average cost Linear Quadratic (LQ) control problem with unknown model
parameters, also known as the adaptive control problem in the control community. We
design an algorithm and prove that apart from logarithmic factors its regret up to time T
is O(\/T ). Unlike previous approaches that use a forced-exploration scheme, we construct a
high-probability confidence set around the model parameters and design an algorithm that
plays optimistically with respect to this confidence set. The construction of the confidence
set is based on the recent results from online least-squares estimation and leads to improved
worst-case regret bound for the proposed algorithm. To the best of our knowledge this is
the the first time that a regret bound is derived for the LQ control problem.

1. Introduction

We study the average cost LQ control problem with unknown model parameters, also known
as the adaptive control problem in the control community. The problem is to minimize the
average cost of a controller that operates in an environment whose dynamics is linear, while
the cost is a quadratic function of the state and the control. The optimal solution is a linear
feedback controller which can be computed in a closed form from the matrices underlying
the dynamics and the cost. In the learning problem, the topic of this paper, the dynamics of
the environment is unknown. This problem is challenging since the control actions influence
both the cost and the rate at which the dynamics is learned, a topic of adaptive control.
The objective in this case is to minimize the regret of the controller, i.e. to minimize the
difference between the average cost incurred by the learning controller and that of the
optimal controller. In this paper, for the first time, we show an adaptive controller and
prove that, under some assumptions, its expected regret is bounded by O(\/T ). We build
on recent works in online linear estimation and adaptive control design, the latter of which
we survey next.
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When the model parameters are known and the state is fully observed, one can use
the principles of dynamic programming to obtain the optimal controller. The version of
the problem that deals with the unknown model parameters is called the adaptive control
problem. The early attempts to solve this problem relied on the certainty equivalence prin-
ciple (Simon, 1956). The idea was to estimate the unknown parameters from observations
and then use the estimated parameters as if they were the true parameters to design a
controller. It was soon realized that the certainty equivalence principle does not necessarily
provide enough information to reliably estimate the parameters and the estimated param-
eters can converge to incorrect values with positive probability (Becker et al., 1985). This
in turn might lead to suboptimal performance.

To avoid non-identification problem, methods that actively explore the environment to
gather information are developed (Lai and Wei, 1982a, 1987; Chen and Guo, 1987; Chen
and Zhang, 1990; Fiechter, 1997; Lai and Ying, 2006; Campi and Kumar, 1998; Bittanti
and Campi, 2006). However, only asymptotic results are proven for these methods. One
exception is the work of Fiechter (1997) who proposes an algorithm for the “discounted”
LQ problem and analyzes its performance in a PAC framework.

Most of the aforementioned methods use forced-exploration schemes to provide the suf-
ficient exploratory information. The idea is to take exploratory actions according to a fixed
and appropriately designed schedule. However, the forced-exploration schemes lack strong
worst-case regret bounds, even in the simplest problems (see e.g. Dani and Hayes (2006),
section 6). Unlike the preceding methods, Campi and Kumar (1998) proposes an algorithm
that uses the Optimism in the Face of Uncertainty (OFU) principle, which goes back to the
work of Lai and Robbins (1985), to deal with the exploration/exploitation dilemma. They
call this the Bet On the Best (BOB) principle. The idea is to construct high-probability
confidence sets around the model parameters, find the optimal controller for each member
of the confidence set, and finally choose the controller whose associated average cost is the
smallest. However, Campi and Kumar (1998) only show asymptotic optimality, i.e. the
average cost of their algorithm converges to that of the optimal policy in the limit. In this
paper, we modify the algorithm and the proof technique of Campi and Kumar (1998) and
extend their work to derive a finite time regret bound. Our work also builds upon on the
works of Lai and Wei (1982b); Dani et al. (2008); Rusmevichientong and Tsitsiklis (2010) in
analyzing the linear estimation with dependent covariates, although we use a more recent,
improved confidence bound (see Theorem 1).

Note that the OFU principle has been applied very successfully to a number of challeng-
ing learning and control situations. Lai and Robbins (1985), who invented the principle,
used it to address learning in bandit problems (i.e., when there is no state) and later this
work was picked up and modified by Auer et al. (2002) to make it work in nonparametric
bandits. The OFU principle has also been applied to learning in finite Markov Decision
Processes, both in a regret minimization (e.g., Bartlett and Tewari 2009; Auer et al. 2010)
and in a PAC-learning setting (e.g., Kearns and Singh 1998; Brafman and Tennenholtz
2002; Kakade 2003; Strehl et al. 2006; Szita and Szepesvéri 2010). In the PAC-MDP frame-
work there has been some work to extend the OFU principle to infinite Markov Decision
Problems under various assumptions. For example, Lipschitz assumptions have been used
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by Kakade et al. (2003), while Strehl and Littman (2008) explored linear models. However,
none of these works consider both continuous state and action spaces. Continuous action
spaces in the context of bandits have been explored in a number of works, such as the works
of Kleinberg (2005); Auer et al. (2007); Kleinberg et al. (2008) and in a linear setting by
Auer (2003); Dani et al. (2008) and Rusmevichientong and Tsitsiklis (2010).

2. Notation and conventions

We use || - || and |.|| to denote the 2-norm and the Frobenius norm, respectively. For a
positive semidefinite matrix A € R4, the weighted 2-norm ||.|| , is defined by ||z|% =
2" Az, where x € R?. The inner product is denoted by (-,-). We use Apin(A) and Apax(A)
to denote the minimum and maximum eigenvalues of the positive semidefinite matrix A,
respectively. We use A = 0 to denote that A is positive definite, while we use A > 0 to
denote that it is positive semidefinite. We use Ij 4y to denote the indicator function of event

A.

3. The Linear Quadratic Problem

We consider the discrete-time infinite-horizon linear quadratic (LQ) control problem:

i1 = Asy + Boug + wiy,

T T
ct = xy Quy + uy Ruy,

where t = 0,1, ..., uy € R? is the control at time ¢, z; € R" is the state at time ¢, ¢; € R is
the cost at time ¢, wyy1 is the “noise”, A, € R™™ and B, € R4 are unknown matrices
while Q € R™™ and R € R?*? are known (positive definite) matrices. At time zero, for
simplicity, g = 0. The problem is to design a controller based on past observations to
minimize the average expected cost

T
1
J(ug, ug,...) =limsup TZE[Q] (1)
t=0

T—o0

Let J, be the optimal (lowest) average cost. The regret up to time 7" of a controller which
incurs a cost of ¢; at time ¢ is defined by

T
RT) =Y (e~ 1),

t=0

which is the difference between the performance of the controller and the performance of the
optimal controller that has full information about the system dynamics. Thus the regret
can be interpreted as a measure of the cost of not knowing the system dynamics.
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3.1. Assumptions

In this section, we state our assumptions on the noise and the system dynamics. In particu-
lar, we assume that the noise is sub-Gaussian and the system is controllable and observable!.
Define

@;r = (A*, B*) and zp = <xt> .

Ug
Thus, the state transition can be written as
Trp1 = 0]z +wipr -
Assumption A1 There exists a filtration (F;) such that for the random variables (zp, x1),
.+, (2, ¢41), the following hold:
(i) z¢, x4 are Fy-measurable;

(ii) For any ¢t > 0,
E [z41|F] = 2/ O,

i.e., wip1 = Tyr1 — 2 Ox is a martingale difference sequence (E [w;11|F;] = 0, t =
0,1,...);

(itl) E [wiw]y | Fe] = I;

(iv) The random variables w; are component-wise sub-Gaussian in the sense that there
exists L > 0 such that for any v € R, and index j,

E [exp(ywes1,5)|F] < exp(v2L?/2).

The assumption E [wtﬂw;rl \}"t] = I, makes the analysis more readable. However, we
shall show it in Section 4 that it is in fact not necessary. Our next assumption on the
system uncertainty states that the unknown parameter is a member of a bounded set and
is such that the system is controllable and observable. This assumption will let us derive a
closed form expression for the optimal control law.

Assumption A2 The unknown parameter O, is a member of set S such that
SC SN {@ e R™(+) | trace(©70) < 52} ,
where
So = {@ = (A, B) eR™ ("9 | (4, B) is controllable,

(A, M) is observable, where @ = MTM}.

In what follows, we shall always assume that the above assumptions are valid.

1. Controllability and observability are defined in Appendix B



REGRET BOUNDS FOR THE ADAPTIVE CONTROL OF LINEAR (QUADRATIC SYSTEMS

3.2. Parameter estimation

In order to implement the OFU principle, we need high-probability confidence sets for
the unknown parameter matrix. The derivation of the confidence set is based on results
from Abbasi-Yadkori et al. (2011) that use techniques from self-normalized processes to
estimate the least squares estimation error. Define

t—1
e(©) = Atrace(070) + ) _trace((z511 — O 25)(way1 — O 72) ).
s=0

Let ©; be the (?-regularized least-squares estimate of ©, with regularization parameter
A>0:

O, = argmin e(0) = (ZTZ+X)"'Z"X, (2)

(S
where Z and X are the matrices whose rows are zOT Sy th_ 1 and xlT, ...,/ , respectively.
Theorem 1 Let (20, 21),..., (2, Ti41), 2 € R, x; € R™ satisfy the linear model As-

sumption A1 with some L > 0, O, € RFTIX" trace(0]0,) < §? and let F = (F;) be the

A~

associated filtration. Consider the (*-reqularized least-squares parameter estimate ©; with
reqularization coefficient A > 0 (cf. (2)). Let

t—1
Vi= A+ %z
1=0

be the regularized design matriz underlying the covariates. Define

2

B,(6) = nL\/2 log <det(%)1/2§1et()\l)—1/z> Lz 3)

Then, for any 0 < § < 1, with probability at least 1 — 6,
trace((0; — 0.) ' Vi(O; — ©.)) < B(9).
In particular, P(©, € C4(0), t =1,2,...) > 1— 6, where

C(5) = {@ e R+ - trace {(@ R A ét)} < Bt(é)} .

3.3. The design of the controller

Let (A, B) = © € Sy, where Sy is defined in Assumption A2. Then there is a unique solution
P(0) in the class of positive semidefinite symmetric matrices to the Riccati equation

PO©)=Q+A"P(©)A—-ATP(©)B(B"P(©)B+ R)"'B"P(©)A.
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Under the same assumptions, the matrix A + BK(O) is stable, i.e. its norm-2 is less than
one, where

K(©)=—-(B"P(©)B+R)"'B"P(©)A

is the gain matriz (Bertsekas, 2001). Further, by the boundedness of S, we also obtain the
boundedness of P(©) (Anderson and Moore, 1971). The corresponding constant will be
denoted by D:

D =sup{[|P(©)] | © € S}. (4)

The optimal control law for a LQ system with parameters © is
ur = K(0)y, (5)

i.e., this controller achieves the optimal average cost which satisfies J(©) = trace(P(0))
(Bertsekas, 2001). In particular, the average cost of control law (5) with © = O, is the
optimal average cost J, = J(©,) = trace(P(O)).

We assume that the bound on the norm of the unknown parameter, S, and the sub-
Gaussianity constant, L, are known:

Assumption A3 Constants L and S in Assumptions A1l and A2 are known.

The algorithm that we propose implements the OFU principle as follows: At time ¢, the
algorithm chooses a parameter ©; from C;(§) N'S such that
J©,) < inf J(O)+ :
in —
©= OeC(d)NS Vit
and then uses the optimal feedback controller (5) underlying the chosen parameter. In
order to prevent too frequent changes to the controller (which might harm performance),
the algorithm changes controllers only after the current parameter estimates are significantly
refined. The details of the algorithm are given in Algorithm 1.

4. Analysis

In this section we give our main result together with its proof. Before stating the main
theorem, we make one more assumption in addition to the assumptions we made before.

Assumption A4 The set S is such that p := sup(4 pyes [|A + BK(A, B)|| < 1. Further,
there exists a positive number C' such that C' = supgeg || K(0)]| < oo.

Our main result is the following theorem:
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Inputs: 7,5 > 0,0 >0,Q,L, A > 0.
Set Vo = AI and ©g = 0.
(Ao, Bo) = ©p = argmingcc, s)ns /(O)-
fort:=0,1,2,... do
if det(V;) > 2det(Vp) then
Calculate ©; by (2).
Find (':)t such that J(ét) < inf@ect((;)ms J(O)+
Let Vo = V,.
else )
@t = ®t—1-
end if
Calculate u; based on the current parameters, u; = K ((:)t)xt.
Execute control, observe new state z;1.
Save (z;,x11) into the dataset, where 2/ = (z],u/).
Vt-i—l = V;g + tht—r.
end for

5

Table 1: The proposed adaptive algorithm for the LQ problem

Theorem 2 For any 0 < 6 < 1, for any time T, with probability at least 1 — ¢, the regret
of Algorithm 1 is bounded as follows:

R(T) = O (VT1og(1/9)) .

where the constant hidden is a problem dependent constant.?

Remark 3 The assumption E |:’I,Ut+1w;:_1’ftj| = I, makes the analysis more readable. Alter-
natively, we could assume that E [UJt_t'_lth_i_l’ft] = G4 and Gy be unknown. Then the optimal
average cost becomes J(Oy, Gx) = trace(P(0,)Gy). The only change in Algorithm 1 is in
the computation of Oy, which will have the following form:

(6, G) = argmin J(O),
(0,G)el:

where Cy is now a confidence set over O, and G.. The rest of the analysis remains identical,
provided that an appropriate confidence set is constructed.

The least squares estimation error from Theorem 1 scales with the size of the state and
action vectors. Thus, in order to prove Theorem 2, we first prove a high-probability bound
on the norm of the state vector. Given the boundedness of the state, we decompose the
regret and analyze each term using appropriate concentration inequalities.

2. Here, O hides logarithmic factors.
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4.1. Bounding ||z||

We choose an error probability, § > 0. Given this, we define two “good events” in the
probability space €. In particular, we define the event that the confidence sets hold for
s=0,...,t,

E,={weQ:Vs<t, 0©,€(Cs/4)},

and the event that the state vector stays “small”:

F={weQ:Vs<t, |l <o}

1 <n>n+d
ap=—~1-
L—p\p

n=1Vsup [[As + B.K(0)],
ecS

where

dnt(t +1)

_ntd
GZ}LHH@&((;/ZL)W —|-2L\/nlog 5

)

Zr = Ogltagg\IZtH,

1/(n+d+1)
n4d+1/2
. (25(n +d) )

)

Ul/2

Uo
U= I
1

16n+d72(1 v 52(n+d72))’

Uy =
and H is any number satisfying?

452 M2
H > <16 v > ,

(n + d)Uo

where

(nL\/(n + d) log (%) + /\1/25>
M = sup .

Y>0 Y

In what follows, we let £ = Ep and F = Fp. First, we show that £ N F holds with high
probability and on E N F', the state vector does not explode.

Lemma 4 P(ENF)>1-4/2.

The proof is in Appendix D. It first shows that H(@* — ét)thH is well controlled except

for a small number of occasions. Given this and proper decomposition of the state update
equation, we can prove that the state vector x; stays smaller than «;. Notice that « itself
depends B; and Zp, which in turn depend on z;. Thus, we need one more step to have a
bound on ||z||.

3. We use A and V to denote the minimum and the maximum, respectively.
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Lemma 5 For appropriate problem dependent constants C; > 0,Co > 0 (which are inde-
pendent of t,6,T), for any t > 0, it holds that I{p,y maxy<s<¢ [|zs]| < Xy, where

X, = Ytn+d+1
and

Y = (eVA(n+d)(e —1) vV 4(Cy log(1/8) + Calog(t/)) log?(4(Cy log(1/8) + Cylog(t/6))) .

Proof Fixt. On Fy, X; := maxo<s<t |zs|| < ar. With appropriate constants, this implies

that
n t
v < D1y/Bi(0) log()a ™ + Dy flog 5.

ntd+1
x < <D1 v/ Bt(6) log(t) + Doy [log ;) , (6)

holds for 2 = X;. Let X; be the largest value of z > 0 that satisfies (6). Thus,

or

r n+d+1
X < (Dlx/ﬁt(é) log(t) + D2y /log 5) , (7)

Clearly, X; < X;. Because 3;(d) is a function of log det(V;), (7) has the form of
X, < [f(log(Xy))" (8)
Let a; = th/(n+d+1). Then, (8) is equivalent to
a; < f(logay ™) = f((n+d +1)logay).

Let ¢ = max(1, maxj<s<¢ ||as||). Assume that ¢ > A(n + d). By the construction of F,
Lemma 10, tedious, but elementary calculations, it can then be shown that

¢ < Alog?(c) + B, (9)

where A = G1log(1/0) and B, = Galog(t/d). From this, further elementary calculations
show that the maximum value that ¢ can take on subject to the constraint (9) is bounded
from above by Y;. |

4.2. Regret Decomposition

From the Bellman optimality equations for the LQ problem, we get that (Bertsekas, 1987)[V.
2, p. 228-229]

J(60) + ] POz = min {o] Qu +u” Ru+E [, PO | 7] }

= 2] Quy +u) Ruy + E [:f:yﬂp(ét)ml

|,
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where Z}, | = Ayxy + Byu + w1 and (flt, Bt) = ©,. Hence,
J(©y) +x; P(©))x; = ] Qz, + u] Ru,
+E :(flta:t + Byus + wip1) " P(6y)(Aszy + Byug + wig1) ‘.7-}}
= 2} Qu; +u) Ruy +E [(/L:L‘t + Byuy) " P(0y) (A + Btut)‘}'t}
+E [0 P(O)wi| F|
= x;ert + u;rRut +E [(AtCEt + Btut)TP((:)t)(/Nltxt + étut)‘]:t}

+E x;r+1p(ét)xt+1 ’ft}

—E -(A*.%‘t + B*Ut)TP(ét)(A*CCt + B*ut)‘ft}
=2/ Qry +u Ru; +E [xtTJrlP((:)t)le ’ft}

+ (Atl't + Btut)TP((:)t)(fltxt + Btut)

— (Aszy + Bawg) T P(O) (At + Bawy),

where in the one before last equality we have used z;11 = A.xy + Byug + w1 and the
martingale property of the noise. Hence,

T T
Z J(©:) + Ry = Z (actTQa:t + utTRut) + Ry + Rs,
t=0 t=0
where
T ~ ~
Ri=Y {a:tTP(@t)xt _E [xZHP(@tH)xtH‘ft] } , (10)
t=0
T ~ ~
Ry = ZE [a:tTH(P(@t) — P(@t+1))$t+1‘ft} ; (11)
t=0
and
T ~ ~ ~ ~ ~ ~
Rs = Z ((Atﬂft +BtUt)TP(@t)(Atl’t + Byuy) — (Asxy +B*Ut)TP(@t)(A*l‘t —I—B*ut)). (12)
t=0
Thus, on EN F,
T T
> (2 Qur+uf Ru) = > J(6r) + Ry — Ry — Rs
t=0 t=0

< TJ(O.)+ Ry — Ry — R34+ 2VT,

where the last inequality follows from the choice of ©; and the fact that on E, O, € Cy(6)).
Thus, on EN F,
R(T) < Ry — Ry — Ry + 2V/T. (13)

In the following subsections, we bound R;, R2, and Rs.

10
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4.3. Bounding I;pnry Ry

We start by showing that with high probability all noise terms are small.

Lemma 6 With probability 1 — 6/8, for any k < T, ||wg| < Ln\/2nlog(8nT/9).

Proof From sub-Gaussianity Assumption Al, we have that for any index 1 < i < n and

any time k,
lwi| < Ly/210g(8/9).
Thus, with probability 1 — /8, for any k < T, ||wg|| < Lny/2nlog(8nT'/s). [ |

Lemma 7 Let Ry be as defined by (10). With probability at least 1 — §/2,

/ 3
2 o ey

where W = Ln+/2nlog(8nT'/§) and

Anp—1/2

B} = (v+TD2S5*X?(1 + C?)) log ( (v+TDS2X%(1 + 02))1/2> .

Proof Let f; 1 = Asxs1 + Biug—1 and P, = P(C:)t). Write
Ry = 5750 (90) x;+1P(éT+1)xT+1

4 Z (xtTP((:)t)wt —-E [xIP((:)t)xt\}"t—l} ) .
t=1

Because P is positive semi-definite and zo = 0, the first term is bounded by zero. The
second term can be decomposed as follows

XT: (/P — B [w] Panl Fia | ) = XT: AR
t=1

t=1
T
+ Z <wt tht [ththt]]:t_l} )
t=1

We bound each term separately. Let v, = fttht and

n T
G1 = Lipnry Z vy we = Iipary Z Z VkiWki = > BAFy Y UkiWhi-
=1 t=1

t=1 i=1

11
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Let My ; = Zthl Vg, iWg,;- By Theorem 16, on some event Gs; that holds with probability
at least 1 — 6/(4n), for any T > 0,

1/2
T 4ny—1/2 r
M%Z <2R?’([v+ Z vf’i log 5 v+ Z vf’i = Bs;.
t=1

t=1

On ENF, [lv|| < DSXV1+ C? and thus, v;; < DSX+/1 + C2. Thus, on Gy, I;pnpy M7, <
Bj. Thus, we have G1 < " | \/Bj, on N?_; G5, that holds w.p. 1 —4/4.

Define X; = ththt —E [ththtU-}_l] and its truncated version Xt = Xt]I{XtSQDWQ}.
Define Go = Y21 | X; and Gy = 3], X;. By Lemma 14,

P G2>2DW2,/2T105_;§ <P( max X; >2DW?) +P (;2>21)W2,/2T10g§ .
) 1<t<T 1)

By Lemma 6 and Azuma’s inequality, each term on the right hand side is bounded by ¢§/8.

Thus, w.p. 1 —4§/4,
Go < 2DW?, /2T10g§

Summing up the bounds on G and G gives the result that holds w.p. at least 1 — §/2,

/ 8
IiprryR1 < 2DW? 2Tlog5 + ny/ B

4.4. Bounding Iygnpy [Ral

We can bound It gnpy |Re| by simply showing that Algorithm 1 rarely changes the policy,
and hence most terms in (11) are zero.

Lemma 8 On the event ENF, Algorithm 1 changes the policy at most
(n+d)logy (1 +TX7(14+C?)/A)
times up to time T.
Proof If we have changed the policy K times up to time 7', then we should have that
det(Vr) > A"*t42K On the other hand, we have

T—1
Amax(Vr) S X+ ||zl < A+ TX7(1 + C?),
t=0

12



REGRET BOUNDS FOR THE ADAPTIVE CONTROL OF LINEAR (QUADRATIC SYSTEMS

where C' is the bound on the norm of K(.) as defined in Assumption A4. Thus, it holds
that
AR < (N TXF(1+ C?))"He.

Solving for K, we get

TX2(1 2
K < (n+d)log, <1+T(A+0)>.

Lemma 9 Let Ry be as defined by Equation (11). Then we have
Iipnry |R2| < 2DX7(n+ d)logy (1 4+ TXFH(1+C?)/A).
Proof On event E N F, we have at most K = (n + d)log, (1+ TX%(1 + C?)/X) policy

changes up to time 7". So at most K terms in the summation (11) are non-zero. Each term
in the summation is bounded by 2DX%. Thus,

Iipnry |R2| < 2DX7(n+ d)logy (1 4+ TXFH(1+C?)/A).

4.5. Bounding I;pnpy R3]

~ 2
The summation ZZ;O H (0, — Gt)thH will appear in the analysis while bounding |R3|. So
we first bound this summation, whose analysis requires the following two results.

Lemma 10 The following holds for any t > 1:

t—1

det(V)
2 t
g A1) <21 .
Pt <||zk’||Vk 1 /\ ) — Og det(AI)

Further, when the covariates satisfy ||z¢|| < em, t > 0 with some ¢, > 0 w.p.1 then

det(V}) An +d) +tc2,
8 Jet(\) A(n + d) >

< (n+ dytog (

The proof of the lemma can be found in Abbasi-Yadkori et al. (2011).

Lemma 11 Let A € R™*™ and B € R™ ™ be positive semi-definite matrices such that
A > B. Then, we have

“ | XTAX| _ det(4)
X [XTBX| = det(B)’

13
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The proof of this lemma is in Appendix C.

Lemma 12 On ENF, it holds that

T
> — 807 < 1+ e/ 10w G-

(O, — (:)t)th. Let 7 < ¢ be the last timestep when

Proof Consider timestep t. Let s; =
. We have

the policy is changed. So s; = (0, — ©,) "z

((:)T — @T)th (14)

Isoll < [|(©. = 6:) 7| + |

For all © € C,,
(Cauchy-Schwartz inequality)

el

det(‘/t) HZt”V—l
det(V;) ¢

< |[v"e-6n

H(@ -6, "%

- 0,)
2||VH2(0 —6,)
< V28:(5/4) |2l » (Amax (M) < trace(M) for M = 0)

Applying the last inequality to ©, and O, together with (14) gives

Isell* < 88r(6/4) llzly, -+ -

(Lemma 11)

< |ly1r2
<o
(Choice of 7)

Now, by Assumption A4 and the fact that ©; € S we have that

2 2) x2

2 [EA (1+C%) T

o< < .
HZtHVt 1= N b\

It follows then that

S

T
8
Do llsil® < /\(1+02 X767(5/4) ) (l=elly, -+ A1)

t=0

16 det(V;
7(1 + C*) X261 (6/4) log d:;g);; : (Lemma 10).

IA

Now, we are ready to bound Rs.

Then we have

8 det (V) /2
Lgney [Fal < 550+ 38D (e /)10 et ) VT

Lemma 13 Let R3 be as defined by Equation (12).

14
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Proof We have that

1267w~ |P@n el

(Tri. ineq.)

1/2
< Iipnry (i (IZCORCE HP(é»l/Q@Ith)z) (C-S. ineq.)

T = 1/2
(5 (re0ers] freareer-])
= T ) 1/2
< Xgnr) (Z |P©0) (6 - 0.) 72| ) (Tri. ineq.)
t=0

. 1/2
3 (Z (|P@0 267 || + HP(ém/z@Ith)Q)

t=0

8

< 2
RY2)

. 1/2
(14 C?)X25D <5T(5/4) log 3;2‘@ ) VT, ((4), L. 12)

Now we are ready to prove Theorem 2.

4.6. Putting Everything Together

Proof [Proof of Theorem 2] By (13) and Lemmas 7, 9, 13 we have that with probability at
least 1 —§/2,

Lipnry (R1 — Ry — Rs) < 2DX7(n+ d)logy (1 + TXF(1+ C?)/))

+ 2DW2,/2T10g +ny/ B}

8 det(Vy) ) /2
+1+02XSD< §/4) 1o > VT.
ﬁ( )XT /BT(/)gdt()\)
Thus, on E'N F, with probability at least 1 —§/2,
R(T) < 2DX7F(n +d)logy (1 + TX7(1+ C?)/N)
+2DW? /2T log © +n\/§
8 det(V) 1/2
+1+C’2XQSD< §/4)1o0 > VT.

Further, on EN F, by Lemmas 5 and 10,

An+d)+T(1+C*HX2
A(n+d)

logdet Vp < (n+d)log < > + log det AI.

15
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Plugging in this gives the final bound, which, by Lemma 4, holds with probability 1 — 4. B
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Appendix A. Tools from Probability Theorem

I:emma 14 Let Xq,...,X: be random wvariables. Let a € R. Let S; = Zizl X5 and
Sy =Yt X{x.<a). Then it holds that

}P’(St>x)§IP’<maxX32a> +P<§t>m>.

1<s<t

Proof
P(S;>z) <P (max Xy > a> +P (St >z, max Xy < a>
1<s<t 1<s<t
SIP’(max X, 2@) —i—]P’(S't >x>
1<s<t

Theorem 15 (Azuma’s inequality) Assume that (Xs;s > 0) is a supermartingale and
| Xs — Xs—1| < ¢s almost surely. Then for allt > 0 and all e > 0,

—e2
P(|X:—Xo| >€) <2exp | —— | -
222:103

Theorem 16 (Self-normalized bound for vector-valued martingales) Let (Fj;k >
0) be a filtration, (my; k > 0) be an R¥-valued stochastic process adapted to (F,), (ng;k > 1)
be a real-valued martingale difference process adapted to (Fy). Assume that ny is condition-
ally sub-Gaussian with constant R. Consider the martingale

¢
St =" mkmi-1
k=1

18
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and the matriz-valued processes
t
Vi=Y mpami_y, Vi=V+V, t>0,
k=1

Then for any 0 < § < 1, with probability 1 — 9,

det(V,)Y2 det(V Y2
Wi >0, ||st||2V_1ng210g< et(V2)'" det(V) )
t

J

Appendix B. Controllability and Observability

Definition 1 (Bertsekas (2001)) A pair (A, B), where A is an n X n matriz and B is
an n X d matriz, is said to be controllable if the n X nd matriz

[B AB ... A"1B]

has full rank. A pair (A,C), where A is an n x n matriz and C is an d X n matriz, is said
to be observable if the pair (AT,CT) is controllable.

Appendix C. Proof of Lemma 11

Proof [Proof of Lemma 11]

We consider first a simple case. Let A = B 4+ mm', B positive definite. Let X # 0
be an arbitrary matrix. Using the Cauchy-Schwartz inequality and the fact that for any
matrix M, |MTM|| = | M|]%, we get

e B L e et [ s

Thus,
2 2
[T+ man x| < 5T [T ]
2 2
= (14 ) 5o
and so H - H
X'AX 2
o2 220 < H TB‘1/2H.
IxTBx) =™

We also have that
det(A) = det(B +mm") = det(B) det(I + B~Y2m(B~2m)") = det(B)(1 + ||m|%-1),

thus finishing the proof of this case.

19
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More generally, if A = B—i—mlmlT + - —|—mt_1mtT_1 then define V, = B—i—mlmlT 4+ 4
ms_1m,_; and use
[XTAx]| XX XV X X TR
[XTBX|| [[XTVia X[ | X TVioX|| 7 [ XTBX|

By the above argument, since all the terms are positive, we get

[ XTAX| _ det(Vy) det(Vioy)  det(Va) _ det(Vi) _ det(A)
|XTBX|| = det(V;_1) det(V;_o) ~~ det(B)  det(B)  det(B)’

the desired inequality.

Finally, by SVD, if C' > 0, C can be written as the sum of at most m rank-one matrices,
finishing the proof for the general case. |

Appendix D. Bounding | x|

We show that E'N F holds with high probability.
Proof [Proof of Lemma 4] Let M; = ©, — ©;. On event E, for any t < T we have that

t—1
trace (MtT <Z A+ zsz;r> Mt> < B(6/4).

s=0
Since A > 0 we get that,

t—1
trace (Z Mthsz;th) < Bi(6/4).

s=0
Thus,
t—1
> trace(M, zez] My) < Bi(5/4).
s=0

Since Apax (M) < trace(M) for M = 0, we get that

t—1
3 HMtTZS
s=0

2
< Bi(6/4).

Thus, for all ¢t > 1,

T 1/2 1/2
Jmax |[MT = < 86/ < Brio/m. (15)
Choose G202
4
H> (16v 22
( (n + d)U0>

20
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where

1
- 16n+d—2(1 vV 52(n+d—2))’

<nL\/(n + d) log (%) + /\1/25’>
M = sup .

Y>0 Y
Fix a real number 0 < € < 1, and consider the time horizon T'. Let 7(v, B) and 7(M, B) be
the projections of vector v and matrix M onto subspace B C R4 where the projection
of matrix M is done column-wise. Let B @ {v} be the span of B and v. Let B+ be the
subspace orthogonal to B such that R4 = B g BL.

Uo

and

Define a sequence of subspaces B; as follows: Set By, = . For t =T, ..., 1, initialize
B: = Biy1. Then while H7r(Mt,BtL)HF > (n + d)e, choose a column of My, v, such that
||m(v, Bf)|| > € and update By = B; & {v}. After finishing with timestep ¢, we will have

w8 < |wan, 8| < 0+ d)e. (16)
Let 77 be the set of timesteps at which subspace B; expands. The cardinality of this set,
m, is at most n + d. Denote these timesteps by t1 > to > -+ > t,,. Let i(t) = max{l <i <
m:t; >t}
Lemma 17 For any vector x € R™+¢
U |in(z, B)|* < D ||la|

where U = Up/H.

Proof Let N = {vy,...,vy} be the set of vectors that are added to B; during the expansion
timesteps. By construction, N is a subset of the set of all columns of M , My,,..., M;
Thus, we have that

i(t) "
i(t) 9

Z HMJwH >z (v1v] + o v,

i=1

Thus, in order to prove the statement of the lemma, it is enough to show that

4 2(-2)

J
. 2o € 312
eV € (L), Sl 2 G et gy e B 07
where Bj = span(vi,...,v;) for any 1 < j < m. We have B,, = B;. We can write

Vg = Wk + ug, where wy € By_1, ux L Bi_1, ||ukl| > €, and |Jvg]| < 2S.

The inequality (17) is proven by induction. First, we prove the induction base for j = 1.
Without loss of generality, assume that x = Cv;. From condition H > 16, we get that

167 H(1vS™) >1.
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Figure 1: The geometry used in the inductive step. v = v and B = B.

Thus,
2 €

> .
= 16-TH(1v ST

€

Thus,

202 |y |?
2 4 €
Il = So=rga v 51y

where we have used the fact that ||v;|| > €. Thus,

4 6_2

2> €. -
T H1671(1Vv S72)

<1)1,$> Hﬂ(x?Bl)H27

which establishes the base of induction.

Next, we prove that if the inequality (17) holds for j = [, then it also holds for j =1+ 1.
Figure 1 contains all relevant quantities that are used in the following argument.

Assume that the inequality (17) holds for j = . Without loss of generality, assume that
x isin Byy1, and thus ||z|| = ||7(x, Bi41)||- Let P C By be the 2-dimensional subspace that
passes through = and v;1;. The 2-dimensional subspace P and the /-dimensional subspace
B; can, respectively, be identified by [ — 1 and one equations in Bj;;. Because P is not a
subset of By, the intersection of P and B is a line in Bj41. Let’s call this line L. The line
L creates two half-planes on P. Without loss of generality, assume that = and v;y1 are on
the same half-plane (notice that we can always replace x by —x in (17)).

Let 0 < 8 < m/2 be the angle between v;41 and L. Let 0 < A < 7/2 be the orthogonal
angle between v;11 and B;. We know that 8 > A, u;y1 is orthogonal to By, and |juj11]| > e.
Thus, § > arcsin(e/ ||vj+1]]). Let 0 < o < 7 be the angle between x and L (o < 7, because
x and vyy; are on the same half-plane). The direction of « is chosen so that it is consistent
with the direction of 5. Finally, let 0 < n < 7/2 be the orthogonal angle between = and B;.
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By the induction assumption

+1 l
D ok 2)? = (v, 2)? + Y (v, )
k=1 k=1
4 2(1-2)
> 24 & ¢ 2
s <Ul+17$> + H 16l_2(1 V¥ SQ(Z_Q)) HTF(.’IJ,B[)H
If o <m/24 /2 0r a>7/2433/2, then
. € ||T
(o1, )] = lfovs el eos £urs1,2)] 2 oy | o) sin (£) [ = <2
2 4
Thus,
2 (]2 4 2(1—1)
yap? > I S €« (e, By 2,

16 = H16-1(1v S20-1)

where we use 0 < e <1 and x € By in the last inequality.

Ifr/24+5/2<a<m/2+36/2, then n < w/2— (/2. Thus,

(B €]l
— | > .

Sm<2>‘_ I

2 2
2 € |zl
(e, B)I? > g

I (2, Bi)|| = [||| |cos(n)| = ||z

Thus,

and
! £20-2) 4 £20-1)

A BIIZ> &
H162(1 v sza—2) @ BII™ 2 5 e gaany
which finishes the proof.

2
[

Next we show that HMtT th is well controlled except when t € Tr.

Lemma 18 We have that for any 0 <t < T,

n+d
o T, M] = < 627 pyo /4y,
where
28(n + dynt+a+i/z\ D
G=2 T ,
and

Z; = .
t rgg}HZsll
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Proof From Lemma 17 we get that

VO (e B < V/ils) max [0
1<i<i(s) ‘
which implies that
n+d 1
_ M \ 18
Hﬂ'(zszS)” = \/7€n+d 1<z<z(s ‘ N ( )

Now we can write

| T2 = || om0, BE) + 7 (M, B (m(24, BE) + (24, By))|
H (My, BY) T (25, BE) + w(My, Bs) T (25, Bs)
< HW(M&BL Zs’ H + H M57B 23788)
n+d 1

< 1 1 1

< (nt d)efzl + 28\ "7 g max M7z by ((18) and (16)) (19)
Thus,

d 1
T, | < n+ T
2 1w < 0k Dz 25T o e o [

From 1 < <'i(s),s ¢ T¢, we conclude that s < t;. Thus,

+d 1
x| < Vi |
sﬁrﬁgé(ﬂ MS == <n * d)GZt +25 U entd 0<s<t M “s
By (15) we get that
n -+ d 1 1/2
sgr?,?é(ﬁ s Zs|| < (n+d)eZy + 25| —— i n+dﬁ(5/4) .

Now if we choose

25&(5/4)1/2 1/(n4d+1)
- (ZA )

n+ d)VEUV2H
we get that
28,3,5(5/4)1/2Zn+d(n + d)n+d+1/2 1/(n+d+1)
max s 2sl| <2 C
s<t,s¢T; U1/2

n+d

— GZn+d+15 (5/4) 2(n+d+1)

Finally, we show that this choice of € satisfies € < 1. From the chose of H, we have that

S 48%M?
(n + d)Uo '

24



REGRET BOUNDS FOR THE ADAPTIVE CONTROL OF LINEAR (QUADRATIC SYSTEMS

Thus,
AS2M?  \ TFaED .
— < 1.
((n + d)UoH>
Thus,
1
258:(6/4 nha
o (2ss
Zy(n+ d)V2U,' " H'/?
We can write the state update as
1 = Dy + reqa,
where - - -
T, | = At-I-BtK(Qt) t¢Tr
t* A, +B.K(©,) teTr
and
I Mz +wi  t¢Tr
t+1 Wiy t e 7?11
Hence we can write
vy =T 1w +re =T 1 (Dy—owy—o +ri—1) + 7 =L Diompo + 1 + Tioqmi1
=Ty T ol seg+re+ D1 + Dl om0 = - =Ty g . Ty
+retDeare +Daloro+ -+ Dia Do Ty -1y
t /i1
> (I )
k=1 \s=k
From Section 4, we have that
n 2 max HA* + B.K(©)||, p> max Hflt + BtK(ét)H :
So we have that i
H ”PSH < nn+dptfk7(n+d)+1.
s=k
Hence, we have that
n n+d t
el < (1) S0
P k=1
<— (4 .
< (1) e el
Now, [|rgs1]] < HM,;'—zkH + ||lwgs1]| when k ¢ Tr, and ||rk41]] = ||wgs1]|, otherwise. Hence,

< M, H .
max [[reall < max || My 2z | + max ||lwp

k<t,k&T:
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The first term can be bounded by Lemma 18. The second term can be bounded as follows:
notice that from the sub-Gaussianity Assumption A1, we have that for any index 1 <i <n
and any time k < ¢, with probability 1 — ¢ /(¢(t + 1))

1
o < 2y L,

As a result, with a union bound argument, on some event H with P(H) > 1—§/4, ||w]| <

2L/ nlog %. Thus, on H N E,

1 n-+d
el < —— (”)
I—p\p

By the definition of ', H N E C F'NE. Since, by the union bound, P(HNE) > 1 —6/2,
P(ENF)>1-4§/2 also holds, finishing the proof. [ |

= Q.

ntd dnt(t +1
GZI+ 3,(6/4) ey + 2L\/ nlog "<5+)

26



	Introduction
	Notation and conventions
	The Linear Quadratic Problem
	Assumptions
	Parameter estimation
	The design of the controller

	Analysis
	Bounding "026B30D xt"026B30D 
	Regret Decomposition
	Bounding I{EF} R1
	Bounding I{E F}"026A30C R2"026A30C 
	Bounding I{E F}"026A30C R3"026A30C 
	Putting Everything Together

	Tools from Probability Theorem
	Controllability and Observability
	Proof of Lemma 11
	Bounding "026B30D xt"026B30D 

