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Abstract. Tribonacci numbers have been widely studied in relation with Fibonacci num-

TT(LTO,Tl 1)

bers and their generalizations. Tribonacci-type numbers are defined by the recurrence
(To,T1,T>) T1,T2) (To,T1,T3) (To, 1, T>

relation T, = T(?’l + 1.7 +T.7% ) (n > 3) with given initial values

n

7T — gy ) — oy and T = T, When Ty = 0and Ty = Tp =

1, T,, = T,SO’I’I) are ordinary Tribonacci numbers, which sequence is given by {71}, },>0 =

0,1,1,2,4,7,13,24,44, 81,149, .. ..
In this paper, we give some convolution identities for Tribonacci-type numbers with binomial
(multinomial) coefficients.

1 Introduction

Convolution identities for various kinds of numbers (or polynomials) have been studied, with or
without binomial (or multinomial) coefficients, including Bernoulli, Euler, Genocchi, Cauchy,
Stirling, and Fibonacci numbers ([1, 2, 3, 6, 7, 10, 13]). One typical formula is due to Euler,
given by

n

3 (Z)Bkgn_k = —nB, 1 —(n—1)B, (n>0),

k=0

where B,, are Bernoulli numbers, defined by

T ad "
i Z%)B"H (Jz| < 2m).
n=

In [11], Panda et al. several kinds of the sums of product of two balancing numbers are given.
As an application, the sums of the products of two Fibonacci (and Lucas) numbers

Z Fknx,+rFk(n—m)+r and Z Lkm+7'Lk(n—m)+r )

m=0 m=0

where k and r are fixed integers with k& > r > 0, are given. In [12], Ray et al. consider the
higher-order convolution identities for balancing numbers. In addition, let «,, and v,, satisfy the
three-term recurrence relations w,, = au,_1 + bu,—>» (n > 2) with u9 = 0 and uv; = 1 and
Up, = aUp—1 + bv,_o (n > 2) with vy = 2 and v; = a, respectively. Then, explicit formulae for
general Fibonacci numbers u,, and Lucas numbers v,,, namely,

n n
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kq+-thp=n o ky+tkp=n
Kpyeees ky >0 Kpyeoo k>0
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are given, where

is the multinomial coefficient.
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In [8, 9], we studied the convolution identities for the original Tribonacci numbers. In the
case of Fibonacci or Lucas numbers, the convolution identities can be expressed in terms of
Fibonacci or Lucas numbers only. In the case of balancing or Lucas-balancing numbers, the
convolution identities can be expressed in terms of balancing or Lucas-balancing numbers only.
However, the convolution identities for Tribonacci numbers need other Tribonacci-type numbers
with different initial values. In this paper, we give some convolution identities with binomial (or
multinomial) coefficients for Tribonacci-type numbers, generalizing the previous results.

2 Main results

T, T}, T
For convenience, we shall introduce Tribonacci-type numbers T< 0T, T2)

rence relation

, satisfying the recur-

TT(lTO)Tl,TZ) _ T(To Ty, T») + T(To T, T») + T(To T, T5) (TL > 3)

n—

with given initial values T(TO’T"T2> = Ty, T(TO’T"T2> = T and T(TO’T"TZ) = T5. Hence, T,, =

T7(10 LD are ordinary Tribonacci numbers, which sequence is given by

{Tn}n>0=0,1,1,2,4,7,13,24,44 81,149, . ..
([14, A0O00073]).
The generating function with binomial coefficients is given by

. az Bx yr __ = (s0,s ,s)ﬁ
t(x) = c1e® + 2" + cze —ZTn" 152 T 2.1

where a, 8 and  are the roots of 2> — 2

 V19+3V33 4719 -3V33 + 1

—x — 1 =0 and given by

= 1.839286755,

3
— (1£V=3)v19-3v33 — (1 Fv/=3)v19 +3/33

B,y = 6
= —0.4196433776 + 0.6062907292+/—1 ,

satisfying
at+p+y=1,a+py+ya=-1,apy=1. (2.2)

Since ¢; + ¢ + ¢c3 =Ty, cra+ 8 + c3y =17 and C]Oz2 + 02[32 + C3’}/2 = T5, we have

_ Ty -Ti(B+N+ T

(a=pB)a—v)
Tofya—Tl( )+T2
N e [ I
. ToaB —Ti(a+ B8) + T
T - -B)

(seee.g., [5]),
First, we shall prove the following two lemmas.

Lemma 2.1. We have
1 & x e oy T
C%eax +C%€’Bx + c%evx — ﬁz :Ty(LTO 7T 0

where

=2(4T¢ — 6T} — 215 — 3ToT) + I\ T> + Th Ty,
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Ty = T3 + 4T + 5TF + 2ToT) — 61T — 815 Ty,
Ty =2(=2T¢ + 3T} + T3 + 1ToTy + T/ T + 5ThTp) .

Remark 2.2.If Tp = 0and Ty = 15 = 1, then Ty = 2, T} = 3 and T = 10.

Proof. For Tribonacci-type numbers s,,, satisfying the recurrence relation s,, = s,,—1 + s5,—2 +
sn—3 (n > 3) with given initial values sg, s; and s, we have

azr Bz YT _ .- (0,8 vSZ)ﬁ
e 4 dae™T 4 dye?™ =Y T (2.3)

Since dj, d, and dj satisfy the system of the equations

di+dy+d3 = so, dia+ daff + dyy = 51, dia* + daf? + d3y* = 52,

we have
dy = 5087+ s1(B+7) — 52
(a=B)(y—a)
iy — —soya+ s1(y+ @) — 52
(a=B)B-7)
ds = —soaf 4 si1(a+ ) — s
B=1-a)

Since d; = 22¢%, we have

—s0By +s1(B+7) —s2 ToBy —Ti(B+7) + Tr \°
CERCED ‘22( (@ B)a—7) )

By using the relations (2.2), we have

o’ =2~ (B+7)+ B,
B+ =1+ (B+7)+ B,
By =—(B+7) - B,
By(B+y)=By—1.

Thus,
(=s0B87 +s1(B+7) — s2)(a—B)(y — )
=s50(=2(8+7) + 87 +1) +51(-2(8+7) —267(B+7) +2)
+s2(=(B+7) +38y+3)
= (—s0 — 251 +382) 87 + (=350 — 251 — 52)(B+7) + (50 + 451 + 352) .
Similarly,

(ToBy = Ti(B+7) + 12)°
= 2Ty 4+ 21Ty — Tg + T7)By + (-2 — Ty + T7) (B + 7)
+ QT+ T} +13).
By solving the system

—8og — 281 4 35, = 21T + 2Tp15 — T02 + le ,
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—3s0 — 281 — 8o = 2111, — T02 + le,
so +4s1 + 3s, = 21T +T12 +T22,

we obtain that
4T02 — 6T12 — 2T22 - 3TyTy + 9T T, + T>T)

S0 =

11 ’
o — TOZ + 4T12 + 5T22 + 2701y — 6111, — 8171
' 22 ’
2T+ 312+ T3 + 1T + TV + 5T2To
2= 1
By replacing s, s and s, by s9/22, s1/22 and s, /22, respectively, we get the result. It is similar
for dy = 22¢3 and d3 = 22¢3. ]
Lemma 2.3. We have
03" + 3017 4 1007 = 3 Z (T T 1) T

where
To =713 + 6T + 213 + 5SToT) — ToTh, — 9T\ 1>,
Ty = 8T + 10T¢ + 773 + ToTy — 911> — 1571 T,
Ty = 1773 + 24T7 + 875 + 9Ty Ty — 15TyT — 25T0T5 .

Remark 24.If Ty =and T} =15, = 1, then Ty = —1, 7y =2 and T = 7.

Proof. Similarly to the proof of Lemma 2.1, we need to have d; = 22¢,c¢3. In this case, we can
obtain that dy = 22¢3¢; and dz = 22¢;¢;. O

By using Lemma 2.1 and Lemma 2.3, we get the sum of the products of two Tribonacci-type
numbers with initial values T}, 77 and 75> with the binomial coefficient.

Theorem 2.5. Forn > 0,

Z (Z) TéTO’T]’TZ)Tr(}}’TI’TZ) _ 212 <2nT(To IV, T5°0) +2 Z (Z) (_])kTéTo,Tnﬂ)) )

k=0

Proof. First, by Lemmas 2.1 and 2.3,
(cr1e®” + P + 036”"”)2
— ( 2 2ax +02 28z + CZ 2'yx) 2(0102e(a+6)x —|—0203€(B+7)$ + 03016(’”0‘)%)

(C%GZQ:E +CZ 2Bz + C2 2’\/1:) 2(01026(177)1 + C2636(1704):1: +C3C]€<liﬁ)x)

ZTTO,T, ) 21: +2iliiiTTo,Tl,Tz )k
22 12 !

=0 0
2ZTT() 7T +Z%

n=0
On the other hand,

(ZT Ty, Ty, 1) T ) i & () 77)7T17T2)T(T0,T17T2)x7n_
n- n!

Do

M:

k
n k (T, 1, T5) T
T .
(k n!

k‘
O

Comparing the coefficients on both sides, we get the desired result. O
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It would be possible to obtain higher-order convolution identities, but the forms seem to
become more complicated. We present the results for the sum of the products of three and four
Tribonacci-type numbers with multinomial coefficients.

Theorem 2.6. For n > 0,

n To, T4, T3) r(To, 1 T3 ) ra(To, T, T
Z (kl,k27k3)T]510 1 2>T]£20 1 2)T1£30 1,12)

kit+kotkz=n
ky,ky,k32>0

22 (3 Z ( >2n kT To 7T1 Ty )TIETO,T],TZ) _ 3nT7(lT0,T1,T2) + 3’f’> )

Theorem 2.7. For n > 0,

n (T0,T1,T2) (Lo, T, 1) (Lo, T, 1) (T, T, 1)
Z <k17k27k37k4>Tk]0 1 ZTkZO 1 sz30 1 sz4o 1,42

k) +ky+k3tky=n
Ky ky.k3.kg>1
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