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Injector Notes
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Incompressible Injector Design
e Many Liquid Propellants are Essentially Incompressible Fluids

e Incompressible Fuel Examples:
Kerosene (RP-1, RP-4), Ethanol, Methanol, UDMH
(Unsymmetrical Dimthyl Hydrazine), MMH (Mono Methyl
Hydrazine), Ammonia, Hydrazine, ~Liquid Hydrogen, etc.

* Incompressible Oxidizer Examples:
Hydrogen Peroxide, Liquid Flourine, Nitrogen Tetraoxide,  Nitric
Acid, ~Liquid Oxygen, etc.

 Incompressible Assumption Allows Simplified Form of Injector
Equations

MAE 6530 - Propulsion Systems
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Incompressible Injector Design

* Injector Geometry

1 1 _
e Momentum p, + 5 oV =p, + > pV,?

e Continuity PAV, = pA,V,
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Incompressible Injector Design conta)
e Solve for V,

V2: 1 1\/2(]71 pZ)
i 12 P

ALY
1_(j A.“ /\%*Az

.~
e Friction effects in orifice will cause ""/

V2 actual < V2 ideal % V2 actual = C V2 ideal %
e Define “Discharge
v o= & 5| PL=P Coefficient”
2actual 1
_ 1 0
1— 4 C,s
Al
- - C, >

“velocity coefficient”
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ncompressible Injector Design (conra)

5,

MM =

e Define Volumetric Flow as ’r/

Q,=A4A,V, :Azcd\/z(pl_pzj
actual p

* Finally Masstlow is

m=pQ, = Asz\/zp(Pl _pz)

MAE 6530 - Propulsion Systems
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UNIVERSITY Injector Design (cona)

 How do we measure “discharge coefficient” for a particular
Orifice design? ... approximate by cylindrical pipe flow

=i

e Laminar Flow
* Incompressible pipe flow .... Poiseuille flow

: : 1 Opy.,. 2
Velocity profile > u(r)=———\R" —r
ty profile — u(r) 4Mx( )
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UNIVERSITY Injector Design (cona)

od

e Calculate Volumetric flow rate thru orifice?

1
g(r)=u(r)da = —(nrz) P (R2 — r2) — total volumetric rate

4 u dx
R R 1 ap
= r)dr=2|q(r)dr= - Tr
0, IRq() !q() > d xj (R =7 Jr =
T 8p_R4_R4___7rR4 8p/
2udx| 2 4 __ 8u dx e Laminar Flow
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* Equate terms

R* 0
0 =-222F

e Poiselle Flow

massflow

— — e Discharge
2 pl p2 — n.RZZCd 2 pl p2
V P V P (incompressible)

QVIﬂRQZCd 2(191_]92):_71'R24 apzﬂR24 P~ P
o, su dx 8u L,

e Laminar Flow
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UNIVERSITY Injector Design (cona)

* Collect terms, Solve for Cd
p—p|_ R’
C [o| £ ¢ 2 _ N
d ( p ] SﬂLd (pl p2 )

2(]?1 _pz) ] 2ulL,

_Ld U

e From the basic definition

of discharge coefficient * Laminar Flow

_ P=p ) |1 PV | [
‘/actual=Cd 2( lp 2] > | = : =\/_p(pl_p2)

MAE 6530 - Propulsion Systems
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Injector Design conra)

e Collect terms

1 Vactua 1 D2 pV /
% _L E\/_p(pl_pz)ﬁcd: 2actua
2 C, 2 64uL,| C,

D pV, D 1 |D
%CdZZ ’O 2 actual >Cd:_ = /ReD

64L, U 8\ L, b
ENENYS 2 _ D’ pvzactualLd lC = 12 R
" 64L” wu ‘8L, N

 Laminar Discharge coefficient
-- directly proportional to diameter of injector port,
-- inversely proportional to square root of injector port length
-- Reynolds number dependent
-- provides mechanism for scaling from
one injector design (diameter/length) to another
-- and from one working fluid to another

MAE 6530 - Propulsion Systems
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e Laminar Flow
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R Injector Design fpr Turbulent Flow

* For Turbulent Flow the Velocity profile 1§/considerably different than laminar

Velocily Profiles

T /4 2224

INtechvanicalGdrAenospac e,

Engineering

\ e Turbulent
Smooth Pipe R Lamnar Flow
€ =10, i=0.01 Nr 2,000 Flow
Y
* Pressure
Rough Pipae .
ReD =10 , f=0.04 L 4Cf = t = friction factor gradlent
< Re: = Reynolds Numbar o
P ; proportional

Increasing Velocity ——

to skin friction

Pipe Pipe

/ /

I=N R 1=HN

lominar Flow Turbulent Flow
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UNIVERSITY Injector Design cconta) B
* For Turbulent Flow the Velocity profile 1s considerably different than laminar
e Tur
Flow LoD 0- g pU L=2p0 L
dx D 2 D D
* Pressure
gradient U = mean velocity in channel
proportional

to skin friction .
* Solve for mean velocity

g1 NAREE- 1 o

_C C
2pU—fdx “2@ dx 2ReDCf§dx

o

MAE 6530 - Propulsion Systems
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UNIVERSITY Injector Design (cona)

e Calculate Volumetric flow rate thru orifice?

od
nD?
0 _nDzl—]__ 4 op aD' 1 op
T4 2Re, C H dx 8u Re,C, dx

/D
e Equate Volumetric Flow Rate with
Volumetric Rate from Injector Eqgn.

T p—p,|__#D' 1 dp
4 “pc, 2| B
__zb” 1 dp 4" d\/( P ) 8u Re,C, dx

"~ 8u Re,C, dx /
PP 4 \/

0. :AZCd\/Z( ; j = Zchd

MAE 6530 - Propulsion Systems
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UNIVERSITY Injector Design (cona)

* Collect terms

Volumetric Rate Eqn. od

B 4
£D2Cd o| P Po :_”D 1 dp
4 Jo, 8u Re,C, dx

e Approximate: (;p A sz_ il (short injector) & Solve for C
X
d

e Turbulent Flow
D? 1

= (P, - p2), |- S \/lp(p—p)
“ 2uL,Re,C,""" "N2(p-p,) 2uL,Re,C,N2" " "7

e From the basic definition of discharge coefficient

1 1
Vactual ECd\/z(pl ppzj %|:2 pécmali|=\/5p(pl_p2)

» Equate terms

D> 1 \/1
C = —o(p, -
4= 2uL, Re, C, S P(P=p2)

MAE 6530 - Propulsion Systems
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UNIVERSITY Injector Design (conra) e
D’ 1 1
—> Cd — N . p‘/actual
2uL, Re, C, |2 C,
e Simplify

D

ctual

7

2 D ? p Vactual 1 ( D 1 p Va

N _ D : (2) e Turbulent Flow
L fRe,

* T 4uL,Re,C, 4C, TR

* Solve for C,

1 [D[1
=1
2\'LyC,

MAE 6530 - Propulsion Systems
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UNIVERSITY Injector Design (conra) e
e Collect terms
1 D [1 * Geometry & Reynold’s
C = _— | |Number Dependent
g =
2\ L V C P
e Turbulent Flow

e Turbulent Flow Discharge coefficient
-- Typically injector flow is turbulent when Rep, > 4000

e Turbulent flow skin friction formulae ,... smooth orifice

= Re,(4C, )?
Prandtl : (4Cf) 2 =2log,, eD2(51f)
Blasius : C, =i 0'3167
? [ [Res )

MAE 6530 - Propulsion Systems
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TABLE 8-2. Injector Discharge Coefficients

INtechvanicalGdrAenospac e,

Injector Design conra)

o [s)
_ Diameter Discharge ® % o
Orifice Type (mm) Coefficient °° o
Sharp-edged Above 2.5 0.61 .’
orifice Below 2.5 0.65 approx. late with Fuel distribution
Alignment pins (2).
Short-tube with 1.00 0.88
rounded entrance 1.57 0.90
L/D>3.0 1.00
(with L/D ~ 1.0) 0.70
c«.we‘rj plate Yi:h
oxidizer inlel
Short tube with 0.50 0.7 e @
conical entrance 1.00 0.82 Oxidizer manifold
1.57 0.76 Oxidizer filter Oxidizer
2.54 0.84-0.80 Fuel manifod g et
3.18 0.84-0.78 valve
inlet port
Short tube with 1.0-64 0.2-0.55 Fel
spiral effect
o Like on like
lmpg:i:gs:;::;e:hmugh an etched plate
Sharp-edged 1.00 0.70-0.69
cone l -57 0.72 gtvuu

——

OXYOEN
-
“

FUEL 2 FUEL
e TS
#

#

MAE 6530 - Propulsion Systems
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IMPINGING STREAM

Engineering

Oxidizer distribution
manifold plate

Four stacked plates
(with exaggerated thickness)

Enlarged detail segment of
one desigrngof like-on-like impinging
orifices and feed passage geometry

1 1

SPRAY NOZILE
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UNIVERSITY Injector Design (conra) e
C - 1 ID |1 e Turbulent Flow
==
2 LVCf

e Turbulent Flow Discharge coefficient
-- Typically injector flow is turbulent when Rep, > 4000

* Turbulent flow skin friction formulae ,... rough orifice

2 2.51 =
Colebrook .'(4C f) 2 =2log,, [3 (;D) + T & avel:age b
' Re, (4Cf)2 wall roughnness
g ) height

Haaland : C ;=

N Y 2
12'96{’0810[(371)] R}}
. eD

MAE 6530 - Propulsion Systems
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Incompressible Injector Calibration

* Best bet is to measure the orifice discharge coetficient for your particular design...

Constant
Pressure

Requstor = pQ, = 4,C,\[2p(p, = p,) =

. Am
m
C, = _ AT
P t tank NV AZ\/zp(pl _pZ) norﬁcesAoriﬁce\/zp(pl _pZ)
ressurant tan _A‘ Check Valve
e [f test fluid is different from actual oxidizer ... Reynolds
. number effects must be accounted for ....
Laminar Flow:
— 1 2 R — (Cd )Oxidizer — | _Coxidizer  __ p Oxidizer ’Lt test fluid
dlaminar 8 L ¢p o o
d ( d )test ﬂuid Re test fluid p test fluid MOXidiZer
Turbulent Flow:

1/4

C =2 \/E . \/I —s Blasius — C = l 0.3164 N <Cd )Oxidizer — (Cf )Test Fluid __ (ReD )Oxidizer — { P oxidizer ) Frest Fuuia }1/8
" Durtuten L, Cf 4 ( ReD )1/4 (C y )Tesl i (C f)Oxidizer (ReD )Test o Prest Fuia - Moxidizer
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Example Calculation for Turbulent Discharge
Coefficient

e LOX @ 80°K ,D=0.1 c¢cm,L;=46cm

Liquid Oxydizer

Density. ke/M"3 e Assumed combustor  * Assumed injector

pressure = 2600 kpa pressure = 3800 kpa

7 1140
Oxidizer Viscosity, S e o
Nt-sec/m”2 flow > 5201 em
$ 0.0002799 \ I Y
€=005cm[s 5 7
}
<—Ld= 0.46 cm——»

2
S e \/Zbumps _ J0.05> +0.05° 0071

roughness D O 1 O 1

MAE 6530 - Propulsion Systems
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UNIVERSITY

e Assume 1nitial C;=0.81

B €-005emf s = = < = =
Vsz\/z(pl sz: :

081(2

Engineering

Example Calculation for Incompressible
Turbulent Discharge Coefficient

T P —

f.-""r.-"f.-"{.-'{.-'r.'".f.r.-.

flow > D=0.1cm

<—Ia= 0.46 cm——»

Jo,

0.5

Sl 1000) = 37.165 m/sec

1140

Re,

1
_pYD _ 3716511402

100 =151,369
0.0002799

MAE 6530 - Propulsion Systems
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Example Calculation for Turbulent Discharge Coefficient

e LOX @ 80°K ,D=0.08cm,L;=4cm

* Haaland Formula for rough wall

C, = 1 = I - = 0.121273

111 0.7071\!-11 6.9
£ 6.9 12.96 (1 ( S : D
]2.96{log10[[mj +ReJ} o8 ( 3.7 ) " 151369
* Colebrook Formula for rough wall Good agreement,
1 - take Average
— = 2logl0 [ © ]+ : l Value
4-Cf l 3.7-D ReD\/4'Cf Cf:()121142

-2
(_21()g(0.07071+ 2.51 OSD 025 —0.121011
3.7-0.1 151369 (4:0.121011) "

MAE 6530 - Propulsion Systems
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Engimmeering

Example Calculation Turbulent Discharge

* Re-compute discharge coefficient

Cd:l\/E\/I=l(
2\ L, C, )

0.1
0.46-0.082916

0.5
) =0.6694

e Assumed initial C,=0.81 ¢ For arbitrary initial guess .. Calculations can be iterated

LOX/Injector Properties

2000 |
i 0.000274
o4

g o.0707°

Flow Velocity, m/sec . Reynolds Number _ cf A .

0 [3716%3 w0 [15370 ] v° [or2ir] o [oeed]
30.7158 125102 ] [0.12128) [0.66%4]
30.7148 (125098 | [0.12128) 06694
o T [0.12128] 0.6694
; C— L1 [

ASME Corner Tap Cv, Cd Coefficients
Initial Cd orifice Cv orifice 2

0.67538 0.6653

d D
0.1 0.2414

Beta Reynolds Number 2
0.414216 125098

MAE 6530 - Propulsion Systems
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ASME “STANDARD MODEL”

DIMENSIONS IN INCHES
Corner tap:

4 16
s G [t o S (2 ) e
N\ / | 1in ‘1_|ni
U |
D d D 'd 4 16
IL 2 +[E—u.192+[16.48—m][[£] +4[ﬁ] H 1~/ D)4
CORNERTAPS FLANGETAPS D D D D ReD
. ) Flange tap:
Slmple Ol'lfice g Cp_ 0.598 + 0.468 [1]4“0(3]12 m+ 0-87+8-1(£]4 Loy
*ASME MFC-14M- 2003 . v = 2 < Bep
C C. C
Cd — Ld = 4 =

A \D) area change

. . (€9 » 1 n
B —— > "contraction ratio" “d/D into account

T RN
[1_(‘42\} [1_(_4_,\} need to take

1

MAE 6530 - Propulsion Systems
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® Mechanical Engineers
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MEASUREMENT OF
FLUID FLOW USING
SMALL BORE
PRECISION
DRIFIGE METERS

ASME MFG-14M—2003

(Revision of ASME MFC-14M-2001)



ASME MFC-14 2003 Summary

Flange Taps

C= [0.593 + 0.468-‘\134 + lO-BI&..[l-\il - L34 + ‘\0.87 + 8.1-{34,'-

Corner Taps

.0044-0.0254 017 (. ) _
C = [05091 + 2000024 [ 4155, Q0T (8 5 16} [y 5t
Dy Dy
.- -0. 4 ' ) -0. -4 ¢ ) ;
L[05200258 oo 6y 11600258 ( 4
D, : D,
AP [ R D,-Vy-p
e=1- 22 {041+ 03s5.8% Rey= ——
Py 0
2 2
3 Pl-l\'f\\' e W'Dz e W'Dl
P RT —2 4 1 4
JAP
— P, T
1 std
Q=eCAy Qsta = C5—
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INTechSnicS)Erenos S ce)

Engimmeering

4 7 an16
. P, . . C,= 0.5991+0'UU44+[0.3155+U'U;5][(%) +2 %J ]}/1— (d/ D)4
N / | 1in __1in | b
I i .
| | : 4 1 4
p| 4 b ld o |22 issn- L (4 2 |
- 0 D D J\D p) | Rep
:4?=?:M1E4M 2001 Flange tap: 4 12 4
) ) ) C = [0.598+U.468[[%] +1n(%] ]:|q/1—(de)4 + [0.87+8.1(%j ] 1-%‘9)4
v D
» BASED ON GEOMETRY OF PREVIOUS EXAMPLE ... _
T i C"/.-"'...-"’.r"'.-"f £ o
P=02cm  — flow kY D = 0.1 + 2(0.07071) = 0.24142 cm
=U.1 €M
l e R Y Rep=125,098*0.24142/0.1 = 302,012
. R B=d/D = 0.1/0.24142=0.414216
CV, CD VALUES CV, CD VALUES

Good Comparison with Previous

\/7 / )= 0.6694
0 46-0.082916

MAE 6530 - Propulsion Systems
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Effects of Flow Compressibility on Injector Flow

* Some Common Propellants are in Gaseous Form

» Compressible Fuel/Oxidizer Examples:
Gaseous Hydrogen, Methane, Ethgze Gaseous oxygen (GOX

Accurate Injector Modelrequires Modeling of Flow Compressibility Effects

m )’ Po M

M General Massflow Equation
‘/7[ (y-1) —1) ] ) for Compressible Flow

: —
Lo _ 1 e |2 ( £, ) " _;| General
F, y—1 o V y =1\ £, Pressure Ratio
[1 Ty M ' Equation for
Compressible
 Substitute and collect terms Flow

MAE 6530 - Propulsion Systems
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UNIVERSITY englheering
Effects of Flow Compressibility on Injector Flow (2)

a2 |
B

\ y -1 [ r-l _r#l _r+l
P out P y P y P %
m = A y o _in = - A a y 2 in in _ in
R_g' 7:) P 2—}; Rg 7:) y - l le Pnul IJHU’
( le ) - -
Simplify
-2 }’_+| 1 3 g Y+l 7
y ,

: k2 y )
m = A Pl’n 2}/ 1),',, ( Rn ) _ ( i ) - A 2}/ p,',, 1)m ( out )
\J R,T, y-1 P P V y -1

Allow for Non-isentropic pressure losses (C,) /
\‘/ dl hly /
m

Y
2 y p in Pin & - i
P Bn

~ |~

in

MAE 6530 - Propulsion Systems
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U N I V E R S I T Y Engineering

Effects of Flow Compressibility on Injector Flow (3)

1-D *““Lossy”’ Compressible Mass Flow Equations

P. y+1V [1.8929
Unchoked\Flow = |\ p -.-,~-1< 2 ) Tly=14

X T 2 7+
. y Y
m:CdA 2)/ pinP (I)Out) _(B)m) /

Y

y-1 1.892
> Pin] > }/+1)Y : — 89 9
P out J critical

2

-
+

S
Il
0
N
S *
\<
S
RS
S
—
‘ o
~
R

C, not a constant but depends on
Both port geometry and pressure ratio

MAE 6530 - Propulsion Systems
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UNIVERSITY o . engiheering
Effects of Flow Compressibility on Injector Flow (4)

0-7
— NOZZLE (KK
140
06 ,\1 Cyo0°7
\\ Ny 09
05 \ Cos \
\ |

b o
@

/1]

o
ES

\ \ C.m07
Proceedings of the Institute of Mechanical Engineers

\C‘ =06
On the Flow of a Compressible Fluid through Orifices
D.A. Jobson,

- First Published June 1, 1955 Research Article C,--O-S
- r—httDs://doi.orQI10.1243/PIME PROC 1955 169 077 02

e
w
Q
~
y,

o
~

THEORETICAL MASS-FLOW COEFFICIENT, K

@
o

THEORETICAL CONTRACTION COEFFICIENT, C

05
0 02 04 06 08 1-0
. - PRESSURE RATIO, ¥
0 0-2 0-4 06 08 10 . - B
PRESSURE RATIO, r Theoretical Contraction Coefficient Plotted as a
. Theoretical Mass-flow Coefficient Plotted as a Function of Pressure Ratio forn = 1-4

Function of Pressure Ratio for n = 1+4
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UNIVERSITY Injector Compressibility Analysis N ?

e Rewrite Compressible Injector Equations

v

a2 I Supercritical Flow:
» p 2 Pt
Subcritical Flow:|—|>|—— .
)y 2] (2 ]
2 71 l L) v+l
Y Y
m=C,-A 2_71}%/00% _% 5 1_41
f}/— 0 0 I m:CdA 7130 po -
v+1
2 y—1 I
p 2y = - 7 olaa
Define - r=——K = [——-r"|l—r" I 7 ) IR 7+l
£ ’ v—1 Define —r*=|——| —K =|v|——| = 'y-<r* g
v+1 ! v+1
—)”i/l:Kn.Cd.A. E).[OO I

‘_._____.iA B b

g e
\x_v

n FORCE
DEFECT F

AN

A B}

4 \ \\FORCE
\ OEFECT F
‘0

a For subcritical conditions.

— |
s BL %

b For supercritical conditions.
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UNIVERSITY Injector Compressibility Analysis (2) s o s
- g.r?t.g’%%slic;:'edjune 1, 1955 Research Article
-1 https://doi.org/10.1243 /PIME PROC 1955 169 077 02
Subcritical Flow:|£- > 2
o) v+l
Force Balance of Port Interface ~ Define f> incompressible loss
, coefficient m’
(B—p)-A+F=m-U, o F=f
\ po )
Incompressible Injector Equation Write Momentum Flow in terms of massflow
: _ )
m:<Cd>ch\/2p0<P0_p) ﬁmUe:m Qe =m- IOO Qe = "
Re-order as
P Force Balance Eq. Becomes
m 1
' =4 (Po - p)
rAd) 2(c,) i’ L L m
L A 2 A A
Substitute into Force Egn. Po 2<Cd> ine Po <Cd >inc Po
< 2
.2 1 2 T m
m S m__ U, Dividing thru by
Py A 2(Cd>, P-4 ’00
1 1 1 1
+f= | f =
2 2
o0,y T G | (G, 2(c)

MAE 6530 - Propulsion Systems inc
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UNIVERSITY

P

Subcritical Flow:

£

Injector Compressibility Analysis (3)

5

2 |t
>—
v+1

71

Look at Port Interface Fluid Velocity

- Flow Entering Port is Isentropic

i 1+[7—_1]M2]M—> L) - 1+[7—_1]M2]: 1+[
p 2 p 2
v—1
P T —
Dol — 20, substitute — 2 = |14+ | 2 ! v
p T 2
2y K
y=1p
Solve > ~yi= R7 T RT :
2 vy—1 ¢ ~v—1 %
Substitute Gas Law — £ = RT
P
2
P
4 +[ 2 JEZL —2 | — "Compressible Bernoulli Equation"
2 (\v=1)p ~—1{p,

MAE 6530 - Propulsion Systems

Mech anicCallG e oS pac e,
Engineering

Proceedings of the Institute of Mechanical Engineers

On the Flow of a Compressible Fluid through Orifices

D.A. Jobson,

First Published June 1, 1955 Research Article
https://doi.org/10.1243/PIME PROC 1955 169 077 02

2_7]5_222_75 o
Y=1lp, r) (7—1p, E p
1 1

T e 2
p P F
1 -1
N VA R ] A
55 =1 R
fy—_l
2v P v
= |22 Dol | £
T—1 py £



Stephen Whitmore


Stephen Whitmore



UtahState

UNIVERSITY
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Engineering

Alternate Form of Compressible Bernoulli

- Flow is Isentropic Equ athn
L 14| 1 — Har LrY 1+[7—_1]M 2] = 1—#[7—_1 v Compare to Incompressible Bernoulli Equation
p p 2 2 JyRT
V-1 Ve Ve P _ P
ol | L SN | MY
P T T —1) 7 pte 0
ol =20 substitute — 22 =14+ | 2 d 2 2 _p_»p
p 2 YR,T
e 7 f‘)p
1 Sonic Velocity —c=,|v-R -T =
Solve ——V*=—1_RT ——1_RT ‘\/ 8p
v-1 v-1 Incompressible Flow — dp=0—c,
Substitute Gas Law — £ = RT ey — 0 Y =0
p 2 2
P P
Compressible Bernoulli Eqn. in “Standard F orm™ — lim ; *  Rabwrh b V_+£: —!
{4 qn. 1700 y=lp ~v=1p 2 p p
v +[ vle_afR) | ——
2 \v=lp ~—1ip At Mach zero, Compressible Bernoulli
Reduces to Incompressible
Compare to Incompressible Bernoulli Equation
& & p_ I
- —_— P —
p+p 5 0 5 — = P
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Subcritical Flow:|—|>|——
o) \y+l

Apply to Injector Port Exit (Sometimes called Saint-Venant/Wanzel Eqn.)

-1

P v

v—u = | 2L 5| 2] |-
=1 p, R

0

p—
|
~
-7
—_
|

Write U, exit momentum in terms of K,

a2
K = 71-ﬂ1—w o _K, |B
v e 1|l C K2 4P
1 - }’i Po _”hUe: ‘ B -
P - ¥
U= 2L || =k Coa(Pp r
e 7_1 ,0 n d 0 0
0
Write F in terms of K,

2
v kg7

FEf :f :f'an’Cz‘A'P
P, A p, A d
Substitute into Force Balance Equation
‘K?-A-P
(P()_p)A+F_mUe:0—>P()<1—V)A+fKn2CdZAB)_Cd n OZO
r’Y
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e
2 !
v+1

Force Balance Equation

C, K> AP
Bl=r)- A fK 2GR A Ry - ==t =

1

p

Subcritical Flow: >

0

r’

Simplify

Solve Quadratic Equation

1 2 1)? 1
r”:i:\/r7’4.f.[1K: 1— lf-[z-ﬂ {I;:
Cd: 2f n e ]

2-f-r;
%2 I—r
1—\/1—f-[2-r ] [an]
C, =

d 1

2-f-r;
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e K, depends only on r and ¥,
contraction coefficient for

subcritical flows 1s a function of r, ¥,
and f,

e f calculated from the incompressible-
flow discharge coefficient, (Cp);,e-
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Supercritical Flow:

v—1

2

v+1

pP

P

0

<

Force Balance Equation

On the Flow of a Compressible Fluid through Orifices
D.A. Jobson,

First Published June 1, 1955 Research Article
https://doi.org/10.1243/PIME PROC 1955 169 077 02

e Pressure p“and Velocity U™ at Sonic Conditions

(B —p)-A+C,, A-(p—p*)+F=m-U,

dinc

! v

A. B

b For supercritical conditions.

FORCE
DEFECT F

MAE 6530 - Propulsion Systems

* As before, left-hand side of force equation
consists of direct driving force across the area
of the orifice, together with the force defect,

* In this case, however, although force on
boundary AA is unchanged, back pressure
across the area of the orifice, A , now consists
of two parts,

e Critical pressure, p*, being

acts across the throat area (A*= C_A) and the
downstream pressure, p, to act over the area
remaining, 1- CpA.
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Supercritical Flow:

Lo L]M e Pressure p“and Velocity U™ at Sonic Conditions
R (y+1

v

Sub ,»— [L]H into the previous expressions to derive critical values for {U,.mK,}

+1

2 a1 oy

K = 2_7.,/*7 1—7 7 | = - L]V

v—1 v+1
-1

U = 27 PO l—if'jT — 2—7 i

"\ =1, T+ p,
7+l
: P 2
m:KnCdA IJ()p():CdA /7_0 —7

po (Y F1

* Substitute into the Force Balance Equation and Collect Terms

(1-r)-4-P, +(r—r*)-cd-A-B)+f-cd2Kn2-A-P0—Cd'an'A'B) =0

)

MAE 6530 - Propulsion Systems
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Supercritical Flow:

Lo L]M e Pressure p“and Velocity U™ at Sonic Conditions
R (y+1
Sub r*:[il]”_l into the previous expressions to derive critical values for {U,.mK,}
v+
0 2 i - e Substitute into the Force Balance
K, \/7—7“ = =g ﬁ] Equation and Collect Terms
s [ze)_ o[22 (1=7)-4-B+(r—r")-C,-4-B+
© -1 a Y+1 p, CoKAp
\/ L1.2 = f'cd2Kn2'A'Po_ L n.l =0
m=K Cd-A- Po-posz-A- v —— L\ —
P v+1 (r )7
* Divide Through by x >. 4. P,
e Simplify ..
(1r)'Kf-.PO.PjL(rr*)'Cd'Kf:jP(C*[;lO 1 r—r 1 1—r
n 0 n 0 PR ) — w\— _
/-G = 11_ K2 (F>W C,+ 2 =0
Pyt S n
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Supercritical Flow:

Pl [ 2 |"" ePressure p‘and Velocity U* at Sonic Conditions
R (y+1
e Quadratic Equation .. r"‘z[ﬁT1

e Solution

| Ry 12
P < | P P <8 | A 2. 0% | 1= £ f
1 5 i 5
C,= 1 L K2 >_1 I+ K> _ K2
Z.f.r*y n n n
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ASME “STANDARD MODEL”

DIMENSIONS IN INCHES
Corner tap: ; -
s G [t o S (2 ) e
N\ / |1in ‘1_|ni
1 |
D d D d 4 16
IL 2 + [E—0.192+(16.48-ﬂ][[£] +4[£] H -@ro4
CORNERTAPS FLANGETAPS D D D D ReD
: . Flange tap:
Slmple orifice s¢ TP 0,598+ 0,463 (‘f]4+1n[d]12 J1-@iD)4 + 087+81(d]4 1-@/D)*
C,= |l 5 * 05 Tetlle Rep
*ASME MFC-14M-_ _ _ __
o C ¢ ¢
d = L L 4
(AN | (d \'I? 1-B" e need to take
L= A, ) area change
: T in n
B —— > "contraction ratio" “d/ to account

MAE 6530 - Propulsion Systems
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Incompressible Injector Discharge Coefficient


Calculating C,i from A A,, PP,

— Calculate F,

Incompressible Injector Discharge Coefficient

[ = v .,
(Al )2,(19 ] ( D, )“. o] if Subcritical
A, 1 ’ D, : 2
° A oot | (Y o .. else
_ Aiz '(pl)y_(pz)y - - Diz -(p])y—(pz)y
*%%% Beoain Iteration [)0 ~ pl

— Calculate m, Assume C ,,Value

Compressible, Subcritical

2

)V_

7+l

)y

2y

D
(}/—l)(Rg 'To)

m=CyFy A P
0

)3
R,

Compressible, Supercritical

y+l
R, Ty\y+1

moutlet = CdO ) PO ’ Al \/

— Calculate Reynolds number

m_.D

!
D e
1_4Dl 410

L
=p1'Vl'D1 — A
U, U,

R, =
] u, w-Dy -y

— Calculate C,i (ASME MFC -14M -2001)

Corner Tap :(assume D,,D, — - > inches)

Option 1 Start with
Compressible
massflow

4 12 4
Ci= O.5991+0'0044+ 0.3155+0'0175 (P2 1+2- D, 1- D, +
X D, D, D, D,
0.52 116\ (D, \’ D\’ o)) 1
~—_0.192+|1648 ——— || =% | [1+4-| == = 22
1 Dl Dl Dl D] ReDl
Flange Tap :
D 4 D 8 D 4 D 4 D 4
Ci=0598+0468-|—=| |1+10-| = I-| =2 +[087+8.1-|=%| |- [|1-|=
D, D, D, D, D,

4
— Calculate Cji— p=,|1- (&)
Dl
Ci
Cj= -
1 P2
Dl

(

Return to ****_ [terate Until

<€

Ci),, - (Cii)]
(C), ‘
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Incompressible Injector Discharge Coefficient

Stephen Whitmore
if Subcritical

.. else

P   ~ p 

Stephen Whitmore
0          1

Stephen Whitmore
Option 1 Start with Compressible massflow


Calculating C,i from A A, PP

Start with Incompressible analysis

P §-A
1 3 — 2 .- —
pinc_R .T —m= 2 Zp(pl pz)
g 1 A
Al
**%* Begin Iteration
— Calculate Reynolds number
m
m D,
D ED2 .
R :p1'V1'D1:A1 _4 _ 4-m
" My My My 7D -4,

— Calculate C i (ASME MFC—14M—2001)

Flange Tap:(assume D,d ——> inches)

1 1

—2
1 1 D1

Flange Tap:(D,d ——> inches)

Ci=

| o)

— Calculate C i — = ,[1-| 2| =Ci
Dl

Ci| -

(

C,i=]0.5991+ 0'(;;)44 +[0.3155+ 0'()Dl75j-(—

Return to ****, Iterate Until

(Cdi)j

D,
D

1

4
D
O'—52—0.192+ 16.48—g . 1+4-| —=
D D

s8] () oo ST A

Ci
:74:
13
Dl
.)j+1 (Cdl i <e

Option 2

Start with
Incompressible
massflow
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Option 2
Start with Incompressible massflow�

Stephen Whitmore
v
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Collected Compressible Injector Equations

=
Subcritical Flow:|—|>|——
o) \y+l
i
£
1 1

—m=K -C,-A-|Pp,
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Supercritical Flow:

A
Pl \v+1 v
1 1

MAE 6530 - Propulsion Systems

2 -1 1t

2y A R
Kn: _fy.r v 1 7 7| = Y|l ——
v—1 v+1

' 1) 1)

P - | B r | 2| 2% | 1|2 - f
1 A 5 i
C,= T 14 K2 = [T+ K2 - K2
2. fr Z
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CompreSSible Inj eCtOI' qulatiOnS, PlOtted Results First Published June 1, 1955 Research Article

Mass-Flow Coefticient

0.7 :
i ~
0.65- ' .
' ~
*6—_‘**:“———.3__ ] : ‘\
0.6- B : .
¢
0.55- %
]
0.5- +
.
0.45- "
0.4-
X (.35
0.3_ °
Choke Line
0.25- ;
0.2- Cdi=0.5 :
Cdi=0.6 '
0.15- Cdi=0.7 oy ;
Cdi=0.9 |:] :
I [ :
Choke Line '
0.05- ‘Z] :
0 1 1 1 1 1 ! i i T ; i
0 01 02 03 04 05 06 07 08 09 1

INTechSnicS)Erenos S ce)

Engimmeering
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Compressible Contraction Coefficient
1
0.975-

0 05- Choké Line

0.925-

09- T~

0.875- o
0.85- e
0.825- B .
0.8- e
0.775-
0.75-
0.725-
0.7-
0.675-

Py

.gf

Cd

0657 Cdi=0.5
Uibes= Cdi=06 |~
067 Cdi=0.7
075 Cdi=09  []
0.35- Choke Line E]
0.525-
0.5- I I ] i i I I ] ] 1
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Hybrid Ballistic Equations for Compressible Oxidizer

IMechanicIlcdrerosSpace]

Engineering

—Dl . P c 1_ P ¢ N m()x . . nj . R T
0 ,J/ox - 0, 0;, " g, 0.
P 11 i in o 04
Subcritical ;| 2L | < ﬂ]
2 N2

0 2

c 1 },“X P
— Injector Not Choked Co=———|1- §1- 2(0] (1—[;]Jf . ]

P ﬁ 0, 0,
2. fF.| 0
Chamber Pressure :
. Yetl
af)oc Aburn rfuel A* 2 ()Q—l) IegCTOC P()inj
v [pﬁtele(.TOC —PoC]—P v YR T, P + v (Kn Gy 'Am,-)l.n]. ﬁ

Regression :

: 0.047 Cp '(Toc — Tﬁ,{elm/) (mox j4/5 n /s
P fuel (I)rc) Y fuel c

P

mfuel = pfuel ’ Aburn ’ rfuel = pfuel T

—>0/F—

(Kn.c .

d A)inj '

Oinj

\/ Rgox TO,-n_,-

fuel

pfuel T (D ) L)por; ’ i?fuel
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Hybrid Ballistic Equations for Compressible Oxidizer

.. E)in‘
Supercritical ;| —~ |2
B,

— Injector Choked —r, = (

Chamber Pressure:

oP A T fuel |:

Oc _ ~“burn

ot 4

PR, o= P, }

Regression :

Lo 0047 | CPC'( T
futel P (P,C )2/3

—>0/F—

P

(K, C,-

d A)inj '

0Oinj

\/ Rgox TO,-n_,-

mfuel = pfuel ’ Aburn ’ rfuel = pfuel T

fuel

pfuel T (D ) L)por; ’ i?fuel
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Combustion Chamber Ballistic Equations

— Incompressple Source for Injector Feed Back Coupling

Chamberfressure :

7.1
A rfuel A* 2 (yf_l) Rg T;)
< |:pfuelecTOC _POC:|_P0C V\/YCRgC%(Y +1] + V (Cd 'Ainj '\/Z'pox '(Pinj

c

Oxidizer Massflow

m, :Cd'Ainj'\/Z'pox '(Pomj_PoC)

dP, _ , JP,
P —drops — E)—tc — increases — P — increases — —*

— drops...etc

* Feed-Coupling Instability Especially Prevalent with Highly
Incompressible Oxidizers, Strong Feedback Mechanism

MAE 6530 - Propulsion Systems
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Low Frequency Instabilities (2-1 00 HZ)

HPDP Motor 2 Firing 2

. LOX/HTP - * Especially prevalent

. 1~ _J I J “ ML p with Highly

psi b= | =oAL m | W Mﬂ Incompressible Oxidizers
N *' HPDP 250k Ibf Motor 2 Test 2 \ﬂ\

a b 30 » o 33 S0 56 &

Time, sec

M AM AN,

-1-050 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85 9 95 10 105005l1522533544555566577588599510
Time

Time
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e For Constant C; =2
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Engineering

Injector Choking

Chamber Pressure :

a v

Oxidizer Massflow

aPOC — Aburn I fuel
fuel g,

P_ ,},+1 r-1
— Compressible,Choked Injector — ij >

A*
T —P }—P 2
Oc Oc Oc VC

v

2

0
c

Y ox

m =C, A

2
ox d inj'Pinj R -T ( +1J
gax Oinj 7/

Y ox +1
yDX

No Injector Feedback Mechanism
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Injector Choking

» Allowing for Compressibility Effects on Cd->

Supercritical :[

u Chamber Pressure :

Py ] > (Vm + 1j7w‘1 -

I)O - 2 . '}/C+
‘ oP A T fuel A 2 (7.-1) R T P
2 % 0c = —bum = |:pfue1Rg TOC B POC ]_P)()c v chg TO T 2 ' (Kn 'Cd .Ainj). . =

— Injector Choked — ., :[ j ' ot VC ¢ VC c\7,.* 1 VC i IR .T
Yox +1 Jox Omj
yax+1

K =

2 |wt
y - —m =(K,C,-A) -
n (0).:4 7/ +1 (0).:4 n inj \/F
ox gox Oinj
1 Y

Much Weaker Feedback Mechanism

MAE 6530 - Propulsion Systems
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Compressible Injector Equations, Revisited

Mass-Flow Coefticient

0.7

0.65-

0.6-

0.55-

0.5+

0.45-

0.4+

X 0.35-

0.3+

0.25-

Cdi=0.5
Cdi=0.6
0.15- Cdi=0.7

Cdi=0.9
0.1- Kn

0.2-

0.05-

----?".---'{,_c‘----..------,-
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Compressible Contraction Coefficient

1/

Choké Line

Cdi=0.6
Cdi=0.7
Cdi=0.9
Choke Line

Cdi=0.5

B[ (¥

“« Low-Loss (Choked-
Flow) Injectors
Have Minimal
Instability Feedback
Potential in
Compressible Flow

b4 05 06 07 08 09 1
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GOX/ABS Combustion

I'hrust, Newtons

1 ! I o

{ -
II | o)
‘ <]

[ e

i =

Pinj Data
Pinj Model m
Pc Data -
Pc Model - .

Pressure, psia

Time, sec
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Massflows

80-
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Mdot Ox Data A\
Mdot Ox Model
Mdot Total Data -
MdotTotal Mode! |

1 1 [
6 8 10 1

2 14 16 18

i
0 2 4
Time, sec

Mdot Ox Data v
Mdot Ox Model
Mdot Total Data -
MdotTotal Model -

Time, sec
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