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Abstract

A fast method for enclosing all eigenpairs in symmetric positive def-
inite generalized eigenvalue problems is proposed. Firstly theorems on
verifying all eigenvalues are presented. Next a theorem on verifying all
eigenvectors is presented. The proposed method is developed based on
these theorems. Numerical results are presented showing the efficiency
of the proposed method. As an application of the proposed method, an
efficient method of enclosing all eigenpairs in the quadratic eigenvalue
problem is also sketched.
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1 Introduction

In this paper, we are concerned with the accuracy of computed eigenpairs in the
generalized eigenvalue problem

Ax =ABz, ABeR"™" AeR, zeR"” (1)

where A is symmetric and B is symmetric positive definite. Here an eigenpair (A, z)
denotes a pair of an eigenvalue A\ and its corresponding eigenvector x. The prob-
lem (1) arises in many applications of scientific computations, e.g. stationary analysis
of circuits, image processing, structure analysis and so forth.

Since B is symmetric positive definite, there exists a Cholesky factorization of B
such that

B=LL", LeR™" (2)
where L is nonsingular lower triangular. Substituting (2) into (1), we obtain
L 'AL "L = AL . (3)

Therefore (1) is equivalent to the standard eigenvalue problem (3) with eigenpairs
(A, L7z), where L' AL~ is a real symmetric matrix. In the Cholesky-QR method
(e.g. [4, p. 463]), the QR algorithm is applied to (3) and consequently all eigenpairs
in (1) are computed. In the MATLAB function eig, this method is adopted for
computing all eigenpairs in (1).

There are several methods for calculating guaranteed error bounds for approximate
eigenvalues and eigenvectors, e.g. [1, 2, 6, 16, 17, 19, 24, 26]. On enclosing a few
specified eigenvalues, see [1, 2, 24, 26]. On a few specified eigenpairs, see [16, 17].
On all eigenvalues, see [6]. In [19] methods are presented for computing inclusions of
multiple eigenvalues and a basis for a corresponding invariant subspace. Moreover in
[20] it is shown how to compute an inclusion of an individual eigenvector to a multiple
eigenvalue of geometric multiplicity one. Excellent overviews on perturbation theory
for matrix eigenvalues can be found in [3, 15, 23].

In this paper, we propose a fast method of enclosing all eigenpairs for the gener-
alized eigenvalue problem, which is the expansion of the verification method for the
standard eigenvalue problem [10]. The proposed method supplies error bounds for
each approximate eigenpair in (1). In [20] it is also shown that we cannot expect to
be able to compute an inclusion in floating-point of an individual eigenvector to a
multiple eigenvalue which is not of geometric multiplicity one. Since this is also shown
for normal, so especially for Hermitian or symmetric matrices, it limits the following
considerations to matrices with only simple eigenvalues. Moreover some techniques for
accelerating the proposed method are suggested. The proposed method, where these
techniques are used, allows the presence of underflow in floating-point arithmetic. This
paper also includes some numerical examples to show the performance and properties
of the proposed method.

As an application of the proposed method, we also sketch an efficient method of
enclosing all eigenpairs (A, z) in the quadratic eigenvalue problem

(MNA4+AB+C)z=0, AB,CeR"™, AecR, zecR"

where A is symmetric negative definite, B is symmetric and C' is symmetric positive
definite. This problem arises in, e.g. the dynamic analysis of rotating structures.
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2 Utilized Theorems

In this section, we introduce some theorems which are used in Section 3.

2.1 Theorems on Verifying All Eigenpairs in the Standard
Eigenvalue Problem

In this section, we refer the theorems on enclosing all eigenpairs in the standard eigen-
value problem: Fori=1,...,n

Az = x2D, Ae RV, N eR, 29 eR® (4)

where A is symmetric, \; is an eigenvalue of A and z¥ is an eigenvector corresponding
to A;.

In this section, we assume that approximate eigenvalues i and eigenvectors z®
for all 7 in (4) are given. Let D and X be an n x n diagonal matrix and an n X n
approximately orthogonal matrix defined as

D :=diag(A1,...,An) and X := @Y, ... #™),

respectively, so that AX ~ XD and I ~ XTX where I denotes the n x n identity
matrix. Additionally we define n x n residual matrices Rs and G as

Rs:=AX —XD and G,:=1-X"X. (5)
First we cite Theorems 1 and 2 on verifying i

Theorem 1 (Rump) Let A be a real symmetric n X n matriz. Let \; and 5\1 for
i=1,...,n be the true eigenvalues in (4) and their approrimations such that

M<- <A and M < < An,
respectively. Let Rs and G be defined as in (5). If ||Gs|l2 < 1, it holds for all i that

[ £2s |2

|Ai — 5\z| < ———.
1—[|Gsll2

(6)
The proof of Theorem 1 is due to the third author.

Proof The result follows from the more general theorem by Cao, Xie, and Li [3], see
for example Theorem 11.10.1 in [15], which states
| Rs |2

N |
Ai — A —, 7
n— i < LRk ¢

where o1 (X),...,0n(X) denote the singular values of X such that o1(X) < -+ <
on(X). To show that (7) implies (6) we have to show

1 1
(X)) ~ T-Cal

if |Gs]l2 < 1, which is equivalent to

1—01(X) < [|Gele.
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For o1 (X) > 1, this is obvious. Otherwise we have

IGelle = p(Ge) = max |1 = A(XTX)| = max |1 - 0i(X)?]

1<i<n

> 1—01(X)?>1—-01(X),

where p(Gs) and )\1(XTX) ., A (XTX) denote the spectral radius of G5 and the
eigenvalues of XTX, respectlvely Thus the result follows.
O

The advantage of (6) is that G is symmetric, so ||Gs||2 = p(Gs) is easily estimated
by Perron-Frobenius Theory. Therefore, the error bound (6) is easily and effectively
computable.

Theorem 2 (Wilkinson [25]) Let A, Ai and \; be defined as in Theorem 1. Let
% be an approzimate eigenvector in (4) corresponding to A;. Then it holds that

e
Gl ®

min |A\; — 5\1| <e& &=
1<j<n |

where
r@ = Az - X;z9. 9)
Next we present Theorem 3 on verifying z®,

Theorem 3 (Miyajima et al. [10]) Let \; and \; for some i be defined as in The-
orem 1. Assume that |\i — \;| < n; for each i. Let v be defined as in (9). Moreover
let pi and &; be defined as follows:

So— Ay — (i =1)
pi = mln()\z — )\z 11— Ni— 17)\1+1 Ai —mit1) (2<i<n-1) (10)
An = Ane1 — n—1 (i=mn)
712
- . (11)
pi

If pi > 0 and & < |92 hold, then there exists an eigenvector & corresponding to
i such that

£ _ 500

<& (12)
2

2.2 Miscellaneous Lemmas

In this section, we cite miscellaneous lemmas.
First we introduce Lemma 1 about a matrix norm.

Lemma 1 (Miyajima et al. [9]) Let Q be a real n x n matriz. Let I and e; be the
n X n identity matrix and the i-th column of I for i = 1,...,n, respectively. Then it
holds that

1— I - Q"Qll < 1Qeill2- (13)
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Let \; and 5\1 be defined as in Theorem 1. Let \; be the true eigenvalue nearest to
Xi. Theorem 2 supplies an upper bound of distance between i and Aj. Hence it does
not necessarily follow that mini<j<n |[A\; — Ai| = |[X\i — A;| i.e. 5 = . In the verification
for all eigenvalues, it is required that j = i holds strictly to utilize the upper bound of
mini<j<, |[A; — A;| as the error bound for A;. Therefore we cite Lemmas 2 and 3 with
respect to checking whether j = ¢ holds.

Lemma 2 (Miyajima et al. [9]) Let \; and i fori=1,...,n be sequences of real
numbers such that ~ ~
M< <A oand A< < A,

respectively. Assume that |\ — 5\z| < 0 for all i. Suppose

5\¢+1 — 5\1 > 20 (’L = 1)
i — X1 > 20 AN )\i+1 — i > 20 (2 <i<n-— 1) (14)
i —Xie1 > 20 (’L = n)

holds for some i. Then

Ignjlélnp\j —Xil = |Xi — Ni|  for some i.
Figure 1 illustrates the case that 5\1 — 5\1;1 >25 A 5\i+1 — 5\1 > 26 holds.

) ) ) )

«—>  €E—pF—> <>

i« >
)\i—l 5\2 )\2 )\i-l—l
Figure 1: The case that X — XNil1 > 20 A 5\1-+1 —X\; > 20 holds.

Lemma 3 (Miyajima et al. [9]) Let \;, i fori=1,...,n and & be defined as in
Lemma 2. Assume that mini<j<n |\j — Ai| < &; for each i. Suppose that some partial
sequence Ag, ..., Ay with 1 <k <k <n are clustered such that

S‘E—S‘E*1>26 A 5‘§+1_5‘E>25 A 5\k+1_5\k§26 (15)
forallk=k,...,k —1. If it holds for allk =k,..., k — 1 that
er +ert1 < 5\k+1 - 5\k7 (16)
then ~ _ _
min [Aj — Ag| = Ak — Xe| Sforallk =k, ... k.
1<j<n
Figure 2 illustrates the case that (15) and (16) hold.
Remark 1 Note that Lemmas 2 and 3 hold for any sequences A\; and X

In [9], Lemmas 2 and 3 are applied for the standard eigenvalue problem (4). We
stress that these lemmas are also applicable for the generalized eigenvalue problem
(1). In this paper, we utilize these lemmas for (1).
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Sk Cr Crt1frtiCaye € 82,50, &% &r
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M1 Mo Apr o Aeso Moy Ml Mg S‘EH

Figure 2: The case that (15) and (16) hold.

3 Proposed Method for Verifying All Eigenpairs
in the Generalized Eigenvalue problem

In this section, we propose a fast method of enclosing all eigenpairs in the generalized
eigenvalue problem: Fori=1,...,n

Az = \;Bz'), A, BeR™", N eR, Y e R (17)

where A is symmetric, B is symmetric positive definite, \; is an eigenvalue and zW is
an eigenvector corresponding to ;.

In this section, we assume that approximate eigenvalues i and eigenvectors z®
for all i in (17) are given. Let D and X be defined similar to those in (4) for A; and
£ in (17), respectively, so that AX ~ BXD and XTBX ~ I where I denotes the
n X n identity matrix. Additionally we define n x n matrices Ry and G4 as follows:

R, = AX - BXD (18)
G, = X'BX. (19)

3.1 Theorems on Verifying All Eigenvalues

In this section, we present theorems on verifying \; for all 4 in (17).
At first we present Theorems 4 and 5 on verifying A;.

Theorem 4 Let A and B be real symmetric n X n matrices. Let \; and 5\2 fori =
1,...,n be the true eigenvalues in (17) and their approximations such that

M<-<A and M < < An,

respectively. Let Ry and Gy be defined as in (18) and (19), respectively. If ||[I —Gqll2 <
1 holds, then B 1is positive definite and it holds for all i that

5 _ BBl

i =X <6, b= it
L=l = Gyll2

where

B2 VIB 2. (20)
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Proof Let P and @ be real n x n matrices. It is well known (e.g. [4, 13]) that P
is nonsingular if ||[I — QP|l; < 1, 1 < p < co. From this and ||[I — Gyll2 < 1, X
is nonsingular. So it can be shown (e.g. [4, Theorem 8.1.17]) that B and G4 have
the same inertia. Therefore if G4 is positive definite, then B is also positive definite.
Accordingly we will prove that G4 is positive definite.

Since G4 is symmetric, the eigen decomposition of G4 can be written as Gy =
VTVT in which V is orthogonal and T' = diag(A1(Gy), . - ., An(Gy)) where A1(GYy), ..., A (Gy)
denote the eigenvalues of G4 such that A1 (Ggy) < -+ < Ap(Gg). Then it follows that

11 = Ggll2 17 =VTV|l2 = V(I = T)V" |2 = [T = T||2
max [1- Mi(Go)| > [ M (@) = 1 M(Gy).

Therefore if ||[I — Gglj2 < 1, then 1 — A\1(Gy) < 1, which implies that G is positive
definite. Thus B is also positive definite.

Since B is positive definite, there exists the Cholesky factorization (2). Applying
Theorem 1 to (3) yields

< ILTTALTTLTX - LTX D)

[Ai — Ai] < - — . (21)
L= |[lI = (L"X)T(LTX)ll2
Utilizing (2) and (18), we have
ILPALT"L"X —L"XD|]s = |L "(AX — LL"XD)|]2 = ||L "' Ry||2
< LTl Ry 2. (22)

It is well known (e.g. [5, p.108]) that ||CTC|l2 = ||C||3 holds for any matrix C, so that
L7 2 = VB~ 2. (23)

From (20), (22) and (23), it holds that
|IL*AL™TL"X — LY X D|j2 < B||Ry 2. (24)

Moreover utilizing (2) and (19), we obtain

L= (L") (LK) = 1 |- XTLL K],
= 1—|I-X"BX|.
L= [T = Gyll2- (25)
Substituting (24) and (25) into (21) proves the theorem. O

Remark 2 There are several methods (e.g. [11, 13, 14, 17, 21, 22]) to compute a
rigorous upper bound of ||B™!||2. By applying one of these methods, we can compute
B. For example, a fast method using Cholesky factorization of B — ol for appropriate
o € R can be utilized [17]. On the other hand, in Section 3.5, we present a new
faster method of calculating B in the case that a computed Cholesky factor of B and
its approximate inverse are given.
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Remark 3 Comparing to matriz 1-norm and co-norm, it is disadvantageous in com-
putational cost to compute matriz 2-norm with guaranteed accuracy. For a square
matriz P, it is known that ||P|l2 < \/||P||1]|P|lec. Moreover, if P is symmetric in
particular, then it follows that ||P|l2 < ||Plleo. Thus, we obtain

e oo
N VAR 20)

L=l = Gyllo

In the proposed method, 6 is computed instead ofS to obtain the error bound of i
based on Theorem 4.

Theorem 5 Let 5\1-7 Aj and (3 be defined as in Theorem 4. Let z® be an approzimate
eigenvector in (17) corresponding to X;. Then it holds that

< e BTl
122‘1%171')\3 —Xi| <&y &= W (27)
where
= Az — X, Bz (28)
g = 97Bz. (29)
Proof Applying Theorem 2 to (3) yields
, < IL7*AL"TLT D — X\, LT3D ||,
N < .
123‘1211')\] Ail < ILTE® |2 (30)
Utilizing (2), (20), (23) and (28), we have
IL7*AL~ T 2D — N LT3P ), = |L7'(AzY — NLLTE D).
L7 7Ol
< LMYl = VIB 2 lr 2
< Bl (31)

On the other hand, it holds that g; = (LT#®)7(L7%"). Accordingly

172 = Vai. (32)

Substituting (31) and (32) into (30), we obtain the desired result. O

Next we explain how Theorems 4 and 5 are related and used. For this purpose,
we present Theorem 6.

Theorem 6 Let d and e; fori=1,...,n be defined as in (26) and (27), respectively.
Then it holds for all i that

Eq < (5 (33)

Proof Let R, and 7Y be defined as in (18) and (28), respectively. Then r® is
identical to the i-th column of R,. Therefore we have

Ir N2 < I Rgll2 < V/TRg 111 Rq - (34)
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On the other hand, let Y be defined as
Y =L"X (35)
where L is defined as in (2). Let e; be defined as in Lemma 1. Then it holds that
L=l =Gylle = 1|1 -Y"Y]x (36)
Vi = [IYeill. (37)
Applying Lemma 1 to the right hand sides of (36) and (37), we obtain
L= [lI = Gylloe < V/5i- (38)
Combining (34) and (38) proves the theorem. O
Let ¢ and ¢; for ¢ = 1,...,n be defined as in (26) and (27), respectively. Based on

Theorem 6, we design the proposed method to supply error bounds 7; which satisfies

[Ai — Ai| < m; such that

€s (if it is proven that min |A; — Xi| = [Xi — Ai)

o= 1<j<n (39)
) (otherwise)

Therefore it is guaranteed that the proposed method can give the error bounds such
that 7; < ¢ for all i. To check whether mini<j<n |A\; — Ai| = |A\i — As| holds, we can
use Lemmas 2 and 3.

3.2 A Theorem on Verifying All Eigenvectors

In this section, we present Theorem 7 on verifying z® for all 7 in (17).

Theorem 7 Let \; and 5\2 be defined as in Theorem 4. Assume |\; — 5\z| < n; for each
i. Let p; for each i be defined similar to pi in (10). Let 3 be defined as in Theorem 4.
Let v and g be defined as in (28) and (29), respectively. Let & be defined as

2 BlIr®]: 40
&= PR (40)

If p; > 0 and él < /i hold, then there exists an eigenvector £ corresponding to \i
such that

89 =72 <&, & = BE. (41)

Proof As mentioned in Section 1, the generalized eigenvalue problem (17) is equivalent
to the standard eigenvalue problem

L' ALTTL 2 = AL (42)
where LLT = B. Let & be defined as

o IETTALTTETEY — X LTEW||

; — 4
3 > (43)

From (31), (40) and (43) it holds that
& <& (44)
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Therefore if & < ,/g; holds, then & < £ < ,/g; holds. Utilizing this and (44),
and applying Theorem 3 to (42), if p; > 0 and & < \/g: hold, then there exists an
eigenvector L& corresponding to A; such that

||LT£@(i) _ LTi,(i)”2 < éz (45)

From (20), (23), (41) and (45) it follows that

e A AR DT
< T IET @ = 292
< LT 2€ = VB2
< &, (46)
which proves Theorem 7. a

3.3 Concrete Step

Based on Sections 3.1 and 3.2, we present concrete steps of the proposed method in
Algorithm 1.

Algorithm 1 Let 8 be an upper bound of \/||B~1||2. Let 6 and €; be defined as in
(26) and (27), respectively. This algorithm computes error bounds 1 := (n1,...,7n)7

and & = (&1,... ,fn)T for
[Ai — 5\1| <n and ch(i) - j(i)H2 <&

on the assumption that D and X have already been obtained.

Step 1: Compute B (see Remark 2).

Step 2: Compute § and € := (e1,...,e4)7.

Step 3: Determine n using 0, €, Lemmas 2 and 3, and (39).
Step 4: Compute &.

By changing rounding modes (e.g. [12, 13]) we can compute 1 and £ involving
rounding errors. Note that positive definiteness of B is also verified in the process of
computing 0 at Step 2. Moreover by modifying this algorithm, verifications of a few
specified eigenvectors are also possible if Step 3 is completed.

3.4 Techniques on Accelerating the Verification

In this section, we explain the techniques to accelerate Algorithm 1. Let s := (1,. .., 1)T €
R™. Letu € Randu € R be defined as unit roundoff and underflow unit (especially,
u=2"% and u = 277 in IEEE 754 double precision), respectively. Moreover let
v» be defined as

nu

R m— (47)

Throughout this paper, fl(-) denotes the result of floating point computations, where
all operations inside parentheses are executed by ordinary floating point arithmetic
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fulfilling rounding mode instruction, especially flo(-) in rounding-to-nearest, fla(-) in
rounding-upward and flg (+) in rounding-downward.

At Step 2 in Algorithm 1, we can use Techniques 1, 2, and 3. At Step 4, we can
use Technique 4.

Technique 1

To compute §, we need to compute rigorous enclosures of Ry and I — Gy, to get a
rigorous enclosure of BX. Therefore in the proposed method, Z := ﬁA(BX ) and
Z = 1lg (B)Z') are computed in the process of calculating the enclosure of R, and
reused for calculating the enclosure of I —Gg4. By these reuses, computational cost for
computing ¢ can be reduced.

Technique 2
Utilizing an a priori error estimation (e.g. [5, 8, 14]), it holds that

IT=Gylle < [Ifio(I = X" Ze)loo + 1 X[ Zr]s]lo0

A ([1X 7] Zels]loo + 1) + nu (48)
where
1 —
Ze = fa(Z+5(Z-2) (49)
Z, = fa(Z.-2). (50)

Note that (48) holds also in the presence of underflow. From (48) we need to execute
matrix multiplication only once in rounding-to-nearest for calculating the rigorous
upper bound of ||I — Gg||s, if Z and Z have already been obtained. Thus the com-
putational cost for |[flo(I — X7 Z.)||e is 2n° flops. The computational cost for the
other parts in (48) is O(n?) flops.

Technique 3

Let 7™ and g; for i = 1,...,n be defined as in (28) and (29), respectively. To ob-
tain €;, we need to compute r@ and gi. Here, r@ and g:; are identical to the i-th
column of R, and the (i,7) element of G, respectively. Therefore if Ry, Z and Z
have already been obtained in the process of calculating ¢, we can reuse them for cal-
culating €;. By these reuses, the computational cost of ¢; for all ¢ becomes O(nz) flops.

Technique 4

Let 7; and u; be defined as 1; := ﬁ||7'(i)||2 and p; 1= \/gi, respectively. To verify 7,
we need to compute 7; and p;. Therefore if 7; and u; have already been obtained in
the process of enclosing all eigenvalues, we can reuse them for verifying z®, By these
reuses, the computational cost for verifying 9 becomes O(n) flops.

3.5 A Method to obtain

Let 3 be defined as in Theorem 4. In this section, we propose a method to compute
[, which is applied in Section 4.

Let v, and s be defined as in Section 3.4. Let e; be defined as in Lemma 1. For
preliminaries we present Theorems 8 and 9.

Theorem 8 (Oishi and Rump [13]) Let a nonsingular triangular n x n matriz L
be given. Suppose the columns Xpe; of an approrimate inverse X are computed by
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substitution, in any order, of n linear systems L(Xre;) = e;. Then including possible

underflow,
u

XL —I| < va|XL||L| + (ns + diag(|L]))s""

1—nu

Theorem 9 (e.g. Higham [5]) If floating point Cholesky factorization applied to a
symmetric positive definite matriz B € R™ ™ runs to completion, then the computed
Cholesky factor L satisfies

LT = B+AB
AB| < mlL|LT|+ —2 (0 —1)s + diag(|L|))s” 1
AB| < GalEILT) + gy (= Ds + diag(|L))s (51)

also in the presence of underflow.

Remark 4 The second term in the right hand side of (51) is devised by the authors.
By adding this term Theorem 9 holds also in the presence of underflow.

Utilizing Theorems 8 and 9, we present Theorem 10.

Theorem 10 Let B and L be defined as in Theorem 9. Let X1, be an approximate
inverse of L computed similarly to Theorem 8. Let (p,ap and ac for p € {1,00} be
defined as

~ nu . ~
G = WIXElElslly + s + diag(1Z]) .
o HXLHP
ap = —1_<p7
_ FUNFT _nua _ . =
oc = AullEIE sl + Tty lln = 1)s + ding(IZDlc
If ciaccae < 1, it holds that
1Bz < 7=

1 — a1ascac
Proof Let P and @Q be real n x n matrices with P being nonsingular. It is well known
(e.g. [4, 13]) that
prip, o Qs
S T

QP — I|s < 1. Utilizing the symmetry of B™', substituting P = B and Q =
~TL=! into (52), and putting p = oo, we have

1<p<oo (52)

i
L

_ _ L™l oo
1B < 1B oo < — Al e (53)
1—||L-TL'B — ||
Thus if [|L7TL 7 oo < a1@eo and ||[L7TL7'B = I||es < a1aecac, we obtain Theo-
rem 10. Therefore we yvill prove them.
Substituting P = L and Q = X, into (52) yields

Xz llp

L7l < ———=—r.
L= XL =1l

(54)
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Let (3 and oy be defined similarly to (, and ap, respectively. From Theorem 8, we
have

IXLL ~ 15 < G (55)
Substituting (55) into (54) yields
1L 5 < ag. (56)
Therefore it holds that
L2 oo < IE ool B oo = HE M1 E oo < @10000- (57)
On the other hand, from Theorem 9 and (56), it follows that
L BTl = ETE7N(B - BTl
< LTI oo 1B = L [loo
< arascQc. (58)
Thus (53), (57) and (58) prove the theorem. O

In the next section, we will compute 3 based on Theorem 10 involving rounding errors.
Note that if L and X have already been obtained in the process of computing all
approximate eigenpairs, then computing (3 requires only (’)(nQ) flops.

4 Numerical Examples

In this section, we report some numerical results to show the property of Algorithm 1
and performance of our implementation. We use a computer with a Pentium IV
3.4GHz CPU and MATLAB 7.0 with ATLAS and IEEE 754 double precision for all
computations.

We use the MATLAB function eig to obtain all approximate eigenpairs. As men-
tioned in Section 1, this function adopts the Cholesky-QR method. Accordingly L and
X in Theorem 10 can also be obtained in the process of computing all approximate
eigenpairs. By reusing them, Step 1 in Algorithm 1 requires only O(n?) flops. Addi-
tionally we use Techniques 1, 2, 3, and 4 described in Section 3.4. Then in Step 2, the
computational parts which require O(n®) flops are matrix multiplications fla (AX ),
flg (AX), ia(BX), flg(BX) and fla(X7Z.). The computational cost of the other
parts in Step 2 is O(n?) flops. Moreover both Steps 3 and 4 require O(n) flops. From
these, the total computational cost of Algorithm 1 becomes 10n® flops.

Let m; and &; be defined as in Algorithm 1. Let m(M) be the error bound of \;

)

obtained by the method in [6]. Moreover we define 7;, & and ﬁEM in terms of relative

error bound as
_ i - &
7i = fla (7) ;& =fla (—)
flg (|Ail = mi) ﬂv(Hx()HZ — &)

(M) U(M)
and 7, =il ————a |
fig (1A —n™)

)

respectively. If 7;, & and ﬁgM are nonnegative, it holds that

Ai — il

84 — 2@,
Y

— <&, and
S

< i,
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where 29 is defined as in Theorem 7. Let nay be the number of nonnegative error
bounds in ﬁ;M), e ﬁfLM). For nonnegative real numbers qi, ..., g,, mean g denotes

mean q := flg (qu/n>
i=1

to see the mean values of the relative error bounds.

Let tq, t» and ¢as be the computing time (sec) for calculating all approximate
eigenpairs, Algorithm 1 and the method in [6], respectively. Note that ¢ty is the
computing time for enclosing eigenvalues only and ¢, is that for enclosing eigenpairs.
Moreover define #(Q) := [|Q|[2[|Q"||2 for a nonsingular matrix Q.

4.1 Example 1

In this example, we observe how the sizes of error bounds change when x(B) increases.
Consider the case

5 —4 1
-4 6 -4 1

A= - - - - - a,ndB(Lj):zw

where A, B € R"*™. This example was discussed in [2]. Note that the numerator

of B(i,j) is chosen so that the matrix B has integer entries for n < 10. For various

n Tables 1 and 2 display x(B), maxi<i<n i, Mili<i<n i, Meanf, maxi<i<n ﬁEM)

mini<;<n ﬁl(M)7 mean ﬁ(M) and nys, and maxi<i<n §_i7 mini<;<n f_l and mean §_7 respec-
tively. In Tables 1, 6 and 9, the notation “-” means that some of the error bounds

became negative so that neither max ﬁEM) nor mean ﬁ(M ) are available. In this case

)

(M .. . .
min 772( ) denotes the minimum value among available relative error bounds.

Table 1: k(B), ny and obtained error bounds for eigenvalues in Example 1
— (M) = (M) —(M)

n | x(B) max 7j; min 7; mean 7] max 7; min 7], mean 7 nuv
5 4.8e4-05 1.99e-09 4.58e-12 4.22e-10 6.73e-01 1.83e-11 1.35e-01 5
6 1.5e+07 6.25e-08 2.70e-11 1.11e-08 - 4.71e-10 - 4
7 4.8e+4-08 1.39e-06 3.53e-10 2.12e-07 | — 1.31e-08 - 3
8 1.5e+410 4.72e-05 3.08e-09 6.35e-06 - 4.41e-07 - 3
9 4.9e+11 1.33e-03 4.39e-08 1.58e-04 | — 8.03e-06 - 2
10 1.6e+413 3.46e-02 3.18e-07 3.73e-03 — 3.06e-04 — 2

From Table 1 we can confirm that Algorithm 1 supplies smaller error bounds for
approximate eigenvalues than those by the method in [6] in this example. Moreover it
can be seen that in Algorithm 1, verifications of all eigenvalues succeeded in all cases
of this example although in the method in [6], verifications of some eigenvalues failed
in some cases. Additionally Tables 1 and 2 show that error bounds increase as x(B)
increases.
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Table 2: Obtained error bounds for eigenvectors in Example 1

n | max¢; min &; mean &

5| 3.17e-12  2.07e-13  1.29e-12
6 | 5.61le-10 6.50e-12  1.90e-10
7| 7.29e-08 4.98e-10 2.21e-08
8 | 1.47e-05 2.46e-08 4.03e-06
9| 2.30e-03 1.95e-06 5.32¢-04
10 | 3.46e-01 8.24e-05 7.99e-02

4.2 Example 2

In this example, we observe the sizes of error bounds and computing times for large n
when x(A) and x(B) are small. Consider the case that A and B are generated by

A=randn(n) ;
A=(A+A°)/2;
B=randn(n) ;
B=n*eye(n)+(B+B’)/2; % eye(n): the n-by-n identity matrix

on MATLAB. Here the function randn generates a random matrix whose elements are
uniformly distributed in [—1,1]. Algorithm 1 verified that B is positive definite. For
various n Tables 3 and 4 display the similar quantities as Tables 1 and 2 except for
k(B) and nas, respectively. Table 5 displays ta, t», and tas for various n.

Table 3: Obtained error bounds for eigenvalues in Example 2
n | max; min 7; mean7? | max ﬁgM) min ﬁfM) mean 7(M)
100 | 1.09e-12  1.62e-14 4.28e-14 | 1.47e-10  6.24e-13  4.84e-12
250 | 3.46e-12 3.61e-14 8.62e-14 | 1.52e-09  3.54e-12  2.79e-11
500 | 8.69e-12 7.24e-14 1.64e-13 | 9.43e-09  1.38e-11  1.25e-10
1000 | 3.12e-11 1.39e-13 3.41e-13 | 3.96e-11  5.29e-13  4.09e-12
2000 | 9.71e-11 2.74e-13 6.68e-13 | 4.56e-07  2.15e-10  2.24e-09

2500 | 2.44e-10 3.43e-13 8.5le-13 | 1.47e-06  3.35e-10  3.65e-09

Table 4: Obtained error bounds for eigenvectors in Example 2
n | max¢; min &; mean &
100 | 1.18e-12 3.0le-14 1.85e-13
250 | 4.25e-12  8.98e-14 5.44e-13
500 | 2.47e-11 1.80e-13 1.40e-12
1000 | 3.96e-11  5.29e-13  4.09e-12
2000 | 6.13e-10 1.19e-12 1.14e-11
2500 | 1.46e-09 1.14e-12 1.59e-11

From Table 3 we can confirm that Algorithm 1 supplies smaller error bounds for
approximate eigenvalues than those by the method in [6] also in this example. It can
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Table 5: Computing times (sec) in Example 2
n ta t'u 1%
100 | 0.03 0.03 0.06
250 | 0.19 0.17 0.45
500 | 1.36 1.06 3.14
1000 | 10.1 6.61 23.0
2000 | 77.4 47.2 179
2500 | 146  90.2 353

be seen from Table 4 that Algorithm 1 supplies sufficiently small error bounds for
approximate eigenvectors in this example. Moreover we can confirm from Table 5 that
t, are smaller than ¢)s even though )/ is the computing time for enclosing eigenvalues
only. Accordingly Algorithm 1 was from twice to four times faster than the method in
[6] in this example. This identifies the fact that computational costs of Algorithm 1
and the method in [6] are 10n® flops and 44n® flops, respectively. We can also confirm
that t, are smaller than t, for large n. Namely Algorithm 1 was faster than the
computation of all approximate eigenpairs in almost all of the cases in this example.

One may be interested in enclosing a few specified eigenpairs. For instance, consider
the case of n = 1000 and verifying (S\j,:E(j)) for 7 € {1,2,3,998,999,1000} in this
example. In this case, we can apply an INTLAB [18] function VerifyEig. When we
applied VerifyEig to this case, the obtained error bounds of (S\j, #9) for each j were
approximately ten times as small as that by Algorithm 1. Note that VerifyEig does
not necessarily compute the inclusions of \; and 29 when eigenvalues are clustered
near ;. The computing time for VerifyEig was approximately 35 sec for all j.
Note that VerifyEig is designed to include one eigenpair, and can be significantly
accelerated if more than one eigenvalue is to be included. As shown in Table 5,
Algorithm 1 requires 6.61 sec to verify all approximate eigenpairs. From these it can
be seen that Algorithm 1 is faster than VerifyEig although VerifyEig supplies smaller
error bounds than those by Algorithm 1 in this case.

4.3 Example 3

In this example, we observe the sizes of error bounds and computing times when x(B)
is moderately large. Consider the case that A and B are generated by

A=randn(n) ;
A=(A+A°)/2;
B=gallery(’randsvd’,n,-1e6);

on MATLAB. We use the Higham’s test matrix randsvd [5]. Then B is mostly sym-
metric positive definite with x(B) ~ le+6. Algorithm 1 verified that B is positive
definite rigorously. Table 6 displays nas/n and the similar quantities to Table 3. Ta-
bles 7 and 8 display the similar quantities to Tables 4 and 5, respectively.

From Tables 6 and 7 we can confirm the similar tendency to Tables 1 and 2 with
respect to the error bounds, respectively. Moreover it can be seen that error bounds
became larger comparing to that in Example 2. The tendencies about the computing
time were similar to Table 5.
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Table 6: Obtained error bounds for eigenvalues and njs/n in Example 3

n | max; in B an i ax 7 M) in 7 M) an 7(M)
i min 7); mean 7 max 7] min 7, mean 7 ny/n
100 | 5.93e-09  3.T4e-11 4.83e-10 | — 8.59e-09 - 0.98
250 | 4.37e-08 1.43e-10 1.49e-09 | — 5.42e-08 - 0.87
500 | 3.80e-08  3.50e-10  3.71le-09 | — 3.07e-07 - 0.78
1000 | 5.69e-07  8.62e-10 1.03e-08 | — 1.70e-06 - 0.69
2000 | 3.32e-07  2.28e-09  2.56e-08 | — 9.03e-06 - 0.60
2500 1.85e-06  3.13e-09  3.69e-08 | — 1.57e-05 — 0.57

Table 7: Obtained error bounds for eigenvectors in Example 3
n | max¢; min &; mean &
100 | 5.86e-05 5.69e-07 1.07e-05
250 | 1.48e-03 5.11e-06 1.45e-04
500 | 1.09e-02  3.42e-05 1.04e-03
1000 | 1.03e-01 2.54e-04 7.45e-03
2000 | 3.04e-00 1.26e-03 5.74e-02
2500 | 4.06e-00 2.57e-03 1.20e-01

In the case of n = 1000, we applied VerifyEig to (S\j, :E(j)) for j € {1,2, 3,998,999, 1000}.

Then the verification of (5\17 :E(l)) succeeded and the verification of the other eigenpairs
failed. The error bound for (5\1, :E(l)) was approximately ten times as small as that by
Algorithm 1. The computing time for VerifyEig was approximately 60 sec for all j.
As shown in Table 8, Algorithm 1 requires 6.63 sec to verify all approximate eigen-
pairs. From these it can be seen that Algorithm 1 is robuster than VerifyEig although

Ver

ifyEig supplies smaller error bound for (5\1, £M) than that by Algorithm 1 in this

case.

4.4 Example 4

Int

his example, we observe how the sizes of error bounds change when x(A) increases.

Consider the case that 1000 x 1000 matrices A and B are generated by the following
MATLAB code:

cond10 = loglO(cond); % cond: anticipated condition number

= <O w0

A

= sign(randn(1,1000));

= diag(s .* logspace(0,cond10,1000));
= randorth(1000) ;

= XxDxX’;

= (A+A°)/2;

B=randn (1000) ;
B=n*eye (1000)+(B+B’)/2;

We

use the INTLAB function randorth for generating a random (approximately)

orthogonal matrix. Then A is symmetric with x(A) ~ cond. Algorithm 1 verified that
B is positive definite. For various cond Tables 9 and 10 display the similar quantities
to Tables 6 and 7, respectively.

the

From Table 9, we can confirm the similar tendency to Table 1 with respect to

relation between 7; and ﬁ(M). Moreover Tables 9 and 10 show that error bounds

increase as k(A) increases.
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Table 8: Computing times (sec) in Example 3
n ta t'u 1%
100 | 0.03 0.03 0.06
250 | 0.25 0.17 0.49
500 | 1.13 1.06 3.25
1000 | 8.11 6.63 22.5
2000 | 62.4 46.1 177
2500 | 118 88.7 346
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Table 9: Obtained error bounds for eigenvalues and njs/n in Example 4

. — 7 (D () D
cond | max); min 7; mean 7 max 7, min 7, mean 7 ny/n
le+02 1.69e-12 1.33e-13  4.22e-13 3.05e-09 3.0le-11 6.52e-10 1.00
le+04 1.16e-10 1.32e-13 1.22e-11 1.80e-07 1.76e-11 1.94e-08 1.00
le+06 | 9.28e-09 1.34e-13  6.60e-10 1.31e-05 1.34e-11 9.58e-07 1.00
1le4-08 | 8.37e-07  1.33e-13  4.29e-08 1.06e-03 1.06e-11 5.74e-05 1.00
le+10 7.46e-05 1.31e-13  3.11e-06 1.01e-01 9.43e-12 4.25e-03 1.00
le+12 | 6.75e-03 1.34e-13 2.31le-04 | — 7.94e-12 — 0.93

In the case of cond = le+12, we applied VerifyEig to (S\j, :E(j)) for j € {1,2, 3,998,999, 1000}.
The obtained error bounds of (S\jj:(j)) for each j were approximately 10'° times as
small as that by Algorithm 1. From this it can be seen that VerifyEig is very useful
for verifying a few specified eigenpairs in the case that x(A) is large and small error
bounds are required.

4.5 Example 5

In this example, we observe the property of Algorithm 1 and the method in [6] when
some eigenvalues are near from zero and closely clustered. Consider the case that A
and B are defined as

6 3a -6 3a 156 222 54 —13a
s | 8 2¢> -3a a° | 22 4>  13a —3d’

6 —3a 6 —3a |’ 54 13a 156 —22a

3a a® —3a 2d° —13a —3a®> —-22a 4a®

where a is a parameter [7]. This example relates vibration analysis. We consider the
case that a = 2. In this case, k(B) ~ 2.9e+2. Algorithm 1 verified that B is positive
definite. Moreover we obtained 5\1 = —1.958e-16, 5\2 =7.608e-17, 5\3 =0.8572 and
5\4 =10.001 by eig. Thus 5\1 and 5\2 are near from zero and closely clustered.

Table 11 displays n;, & and ngM) for ¢ = 1,...,4. In Table 11 the notation “-”
means that the corresponding error bound became negative so that verification for
S\i failed in the sense of relative error bound. Moreover the notation “*” means that
pi < 0, where p; is defined as in Theorem 7, so that verification for 7 failed in the
sense of absolute error bound.

From Table 11 we can confirm that both of Algorithm 1 and the method in [6]
failed in the verifications of 5\1 and 5\2 in the sense of relative error bound. The reason
is that 5\1 and 5\2 are too near from zero compared with 5\4. Moreover it can be seen
that Algorithm 1 also failed in the verifications of 2" and Z® in the sense of absolute
error bound. The reason is that 5\1 and 5\2 are closely clustered.
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Table 10: Obtained error bounds for eigenvectors in Example 4
cond | max¢; min &; mean £
le4+02 | 3.02e-11 1.76e-13  4.59e-12
le4+04 | 8.24e-10 1.65e-13  5.90e-11
1le+06 | 3.63e-08 1.14e-13 2.11e-09
le+08 | 2.32e-06 6.96e-14 9.66e-08
le+10 | 1.70e-04 2.44e-14 5.98e-06
le+12 | 6.75e-03 1.34e-13 2.31e-04

Table 11: Numerical Results in Example 5
| i ™ &

— — *

- — *
2.49e-14 1.73e-13 | 3.46e-14
3.34e-14  8.53e-15 | 5.08e-14

=W N

We applied VerifyEig to (X;, (") for all i. Then VerifyEig also failed in the ver-
ification of (A1,Z") and (A2, Z?). Alternatively VerifyEig succeeded in the verifica-
tion of (A3, 2®) and (A4, 2"). The obtained error bounds for (Az, Z) and (A4, 29
were approximately equal to those by Algorithm 1. From these we can confirm that
Algorithm 1 supplied the comparable results with VerifyEig in this example.

5 Application to Quadratic Eigenvalue Problem

As an application of the proposed method, in this section, we sketch an efficient method
of enclosing all eigenpairs in the quadratic eigenvalue problem

MA+MB+C)zW =0
A B,CER™™ NeR, 29 eR” i=1,...,2n (59)

where A is symmetric negative definite, B is symmetric and C' is symmetric positive
definite. Then (59) is equivalent to the following generalized eigenvalue problem

Az =\, Bz
A, BeR™? N\, eR, iP eR™, i=1,...,2n (60)

¢ B C () )\im(i) 5 —-A 0
A'7<C’ 0), T .7( () , B:= 0o |

Ais symmetric and Bis symmetric positive definite. Therefore all eigenpairs in (59)
can be enclosed by applying the proposed method to (60) . With respect to approximate
eigenpairs (s, 2") for all 4, it can be expected that AX ~ BXD and I, ~ XTBX

where
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where I, denotes the m x m identity matrix and

- X1D: X2D - Dy 0

X = ~ ~ D = ~
(5% %) o= (0 5)

Xi o= @V, 5, Xp= (@Y, 5B

D, = diaLg(5\17 R S\H)7 Dy = diag(5\7l+17 R S\Qn)

Accordingly as regards to the parts in the proposed method whose computational costs
are O(n®) flops, we obtain

‘o Lo Ei E>
AX - BXD = ( 0 0 )
ST Hho I, — Fi —I12
fon = XTBX = ( —Fo L — Fa )
Ej = AXJD]2 +BXij +CXJ
ij = —X]D]AXka—FX]CXk

We can reuse the results of matrix multiplications AX; and CX; for j € {1,2}.

6 Conclusion

In this paper, we proposed a fast method of enclosing all eigenpairs for the generalized
eigenvalue problem (1) where A is symmetric and B is symmetric positive definite.
Some numerical results were reported to show the performance of the proposed method.

As an application of the proposed method, we also sketched an efficient method of
enclosing all eigenpairs in the quadratic eigenvalue problem (59) where A is symmetric
negative definite, B is symmetric and C is symmetric positive definite.

By modifying the proposed method slightly, enclosing all eigenpairs in (1) where
A is Hermitian and B is Hermitian positive definite is possible.
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