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Abstract

It is well known that knowledge-based systems
would be more robust and smarter if they can
deal with the inconsistent, incomplete or
imprecise knowledge, which has been referred
to as common sense knowledge. In this paper, we
discuss fuzzy implications in the sense of
common sense reasoning. Firstly, we analyse the
rationality of some existing fuzzy
implications based on the discussion of
implicational paradoxes. Secondly, we present a
new fuzzy preferential implication that is
nonmonotonic, paraconsistent and without the
general implicational paradoxes. Finally, we
propose sound and complete decision tableaux
of such implications, which can be used as the
inference engines of adaptive expert systems
or frameworks for the fuzzy Prolog.

1 Introduction

Implication is the heart of logic. The truth value of
the material implication A->B in classical logic s
determined by the truth values of the antecedent A and
the consequent B, i.e. A-*B is true iff A is false or B
is true. The truth value of the implication should be
determined by the conditional relation between the
antecedent and the consequent. Because the truth values
of the antecedent A and the consequent B cannot
determine the causal link between A and B, there are
implicational paradoxes in classical logic, i. e. if one
regards the material implication as the entailment and
each logical theorem in the logic as a valid reasoning
form, then some logical axioms or theorems in the logic,
such an A=~ {~BVE}, (~AAN—+B, A (B—>A), ~A—~ (B,
A—~p Vv (B~A), A=B V (~A—+B), A—>BV (A—~~B) and
so on, present some paradoxical properties and
therefore they have been referred to as 'implicational
paradoxes'[Anderson & Belnap, 1975]. For example, * (~AA
A)->B" means ‘'a contradiction implies anything', "A-*
(~BVB) ' means 'a tautology is implied by anything'.
In 1912, Lewis established modal logic in order to
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avoid implicational paradoxes.In 1955, Sugihara pointed
out that a logic system is paradoxical if it has
either a weakest formula ( WF for short) or a
strongest formula (SF for short). Where A is a WF iff
B entails A for any formula BWhere A is a SF iff A
entails B for any formula BWe call a logic system
general-implicational- paradox-free (GIPF for short) if
it contains neither WF nor SF. In 1966, Ackermann
pointed out: ' Rigorous implication, which we write as
A-»B, should express the fact that a logical connection
holds between A and B, that the content of B is part of
that of A...That has nothing to do with the truth or
falsity of A or B. ' During the period from the 1950s
to the 1970s, Anderson and Belnap [1975] extended the
work of Ackermann and proposed variable-sharing as a
necessary but not sufficient formal conditon for the
relevance between the antecedent and consequent of a
valid entailment, i. e. if A entails B then A and B share
a variable. They introduced the concept of generic
implication ( GI for short) which can be looked as the
inference rule of the logic Bystem while the material
implication can be looked as a Ilogical connective.
Their relevant logic has neither WF nor SF, but its
semantic model is not clear and the definition of Gl
in it needs several axioms.

Let |~ represent the GI in logic L and W stand for
the set of all well formed formulas, the belief set of
a formuts set 8 ie defined by Thi(8) = {G| GEWA
@ =0} Call a formula set S meaningless under }—,
iff Thy(S)=W.Call 8 formula set S contradictory under
f=u iff there exists a formula A such that § |=.A
and S |—1_ ~A  Call logic L or the GI |—u
paraconaistent iff there exists a formula set, which is
contradictory, but not meaningless under |-1_. For
example, the paraconsistent logic LP proposed by Priest
[1979]1 hae no SF, thus the paradexical implicetion
~AAA [=1eB does not hold true for arbitrary B in it
The parsconsistent logic can reason rationally when
the premise of a theory is contradictory,

Logic L or the GI |=. is monotonic iff WA B,CEW,
if A=, then AAB |=.C. ia reflexive iff
VA WA A J=o is traositive iff WA B, CEW, if A
=B and B }=.C then A |—.C. We say that |—v bas



WF (or SF) iff L bas WF(or BF). |~. is GIPF iff L is
GIPF.

The extensiong of elaseical logic into nonclassical
logice can be classified into the following two types:
one extends the truth value set or the logical
connectives, the other modifies the {I. The Fformer
improves the expressive power of the logic, the latter
modifies the reasoning ability of the logic. For exam-
ple, fuzzy logiclLee, 1972] extends classical logic'e
truth valte et {0, I} to [0,1) 8o as to reason with
uncertain knowledge. The entailmente of preferential
logics [ Shoham 1887; Jiang 1990, Benferhat, 1893 ] are
preferential implications, which are nonmonetonic.

In section 2 of this paper , we will analyse the
rationality of eome existing fuzzy implications.
Section 3 presents two new fuzzy preferential
implications and section 4 diecusges the decision
procedures for these implications.

For convenience, the formulas discussed here will be
restricted within the propositional veraion of Lee's
system[1972]. Let T, (3 represent the truth value of a
formula G under an interpretation I, them WG He W,
TG ¢ {0, 1], Ty (~B =1-T, (&, T1 GAH =min{T, (G), T. 3D},
T: GVH) =max{T, (@, T\ &}, T\ G~ =T: (~ GV .

2 Fuzzy Generic Implications
Mukaidono{198%) has argued that: "ln resemrching fuzzy
reasoning, the following two pionts should be made clear;
{1) What form is adopted ae & inference rule for
deriving a logical consequence from the premiae and how
the fuzzy implication is defined ! {2} What
significance 18 poatulated to fuzzy inference 7°.

There have been only a few attemptsLiu and Xiao, 1985;
Liw, 1990; Liu etal, 1991; Lee, 1972; Mukaidono, 1982; Yager,
1986] to extend fuzzy logic to sutomated reasoning. The
Gls of these systems are of the following four types:

WG |=r|'[ iff VI, T, (O <T, ®

@ G=>H iff VI, T:(~GVH >0.5

@ G=>H iff VI, if T,{@ >0.5 then T, () »0.5

@ G=>'H iff VI, if T, @) >0 5 thea T, D >0.5
Where G and H are formulss. The antecedents of above
implications can be formula sets also. A formula set 8
is regarded am a conjunction of all formnlas in 8. The
truth value of a formula set S is defined by the
emallest one of the truth values of formulas in S

The significance standard of fuzay implication should
be chenged when we need the fuzzy inference engine
capable of dealing with the incomplete or inconsistent
information juat like human being We think that the GI
with fewer paradoxes is more significant. We will
discuse the properties of the above GIs in this section

Let I be an interpretation of a formula (set) G we
say that I satiefies G or I is a model of G iff T, @ >
0.5 if T;(G) <0 5 then ! io said to falsify G G is
said to be valid iff any interpretation I satisfies G
G is unsatiafiable iff any interpretation I falgifies G.
Obviously, ! satisfies a formula set iff I patiafies

every formula in it,
From above definitione, we can prove the following
properties:

Property 1 Suppose the formulae G and H share no
atam if G |=cH then G is unsatisfiable, H is valid;
if G==>H then H is valid, if G=>'H then G is unsatis-
fiable; if G=>H then G is uneatisfiable or H is valid

If B ins valid i.e. VI, T »0.5 then VGE W, G==>H
halds tree, i.e. => haa WF;if G is unsatisfiable i.e.
VI T: G 30.6 then VHE W, G=>" H holds true, i. e, =>
has SF;but the logic system adoptiop |=f has nejther
WF nor SF,i.e. |=. is GIPF.

Property 2. => and ==>' are not paraconsistent; |=r
and => are paraconsiatent.

Property 8.vG He W G=>H holds true in Lee's
fuzzy logic iff G—H g valid in classical logic.

Se => has the implicational paradoxes just like the
material implication in  ¢laseical logic and the
resolution system in Lee' s Tuzzy logic [1972] has no
formal difference from that of classical logic. The
difference between fuzzy proposition and classical
proposition exiets only in the truth values of atoms.

Property 4.=> =>'",|=r snd => are all reflexive,
teanaitive and menotonic.

As a reault of the monotonic property, even if we have
ohiained new evidepce, we cannct change the conclusions
that were derived from the initinl belief set, so the
logice lack the cognitive or adaptive capabilities. The
preferential enteilment [Jiang, 1990; Shoham 1987) is
important in the research of nonmonotonic reamoning. We
will present two nonmonotonic, paraconsistent fuzzy
implications in the following section.

3 Fuzzy Preferential Implications

Definition 1.Wv,, vo¢ [0, 1), if | vi-0.6 | > | vs-0.5 |,
then we say that vy is not more exact than v, denoted
by v ZWai if | v-0.6| > | va-0.5|, v, is said to be
more exact than v, denoted by v,[>,.

Definition 2. Let M, and My be two models of the
formula (set) S, M,[>]My iff for any atom P occurring in
S, Tuy PV [>Imse P ;M=) My iff for any atom P occurring
in S, Ty P)>Mwa @), and there exists at least one atom
Q occurring in S such that Ty, @ [>lus @ .

Definition 3. A model M, of 5 is called a
preferential model iff there existe no model My of 8
satiefying My [>] M,.

It merits attention that there are no constraints on
the atoms that do not occur in § for the preferential
models of S

Definition 4. If every preferential mode] of 8§ is a
model of G, we say that the farmula(set)S preferentially
entails the formula G denoted by 5 =>g(; otherwise,
we Bay that S5£>5G.

For example: () {P, P—=Q} =>pQ i.e modue ponens holds
true in the infereance aystem using =>e.

@ {P, P~Q ~RAR}=>pQ i.e. =>p can work reasonably
well while the inference is not affected by the
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contradictions of the premise.

@ {P, P~Q, ~P}5£>pQ i. e if a pew evidence ~P con-
tradicts the initial supposition {P, P—Q}, under ==>p,
we cap withdraw the conclusion §  that is derived
from tke outdated or incomplete premise {P,P—=Q}. Tkis
example illustrates the cogmitive process.

@FP~Q ~Q #£> @ i.e. under =>p , we can
withdraw the conclusion Q thet contradicts a new
evidence ~Q So, ==>p can limit the propegation of
contradictions.

Property 8. =>; is reflexive and psraconsistent.

Proof:For any formula G, the preferential model of G
ia obviously a model of G, 80 G=>p G, f. 0. =>p I
reflexive.

Sinee {P,P+»Q ~P}=>;P, (P, P—+Q ~Pl=s>o~P; {P, P>
~P} is contradictory under =>p, {P,P—+Q ~P)#£>:R
referring to the following preferentinl model of S:
I={P=0. §, Q=1, R=Q}, no {P,P-»Q, ~P} is not meaningless
under =m=>. Thus, ==>p is paraconnietent. {Q. E D.)

For ==>, ig reflexive, PA P—=Q A (~P)=>.PA P>Q);
from example (), PA (P~Q==>p @ but lrom example @),
PAPQA (~P)9t>p Q 8o =5 is neither transitive
nor monotonic.

Let Atomeet(S) denotes the set of atoms occurring
in a formula set 8 Lit(S)={, ~P |PE Atomset (S) }
represent the literal set concerning S

Definition §.Let M be a modei of formula (set) 8, the
inconzistent set of M is defined by M.

M ={P | P€ Atomset (5) and Tw(~PAP) =0. 5},

Property 6.A formuln set 8 is contradictory under

==>p iff the inconsistent eet of any model of 8 iz not

emplLy.

Property 7.Let M, and Mg be two models of formula set

S, if M>] My, then M,! CHy!.

Becauae eny interpretation is a8 model of a valid
formile, S=>p~Q\VQ for any formula set 5, i.e. =>p
baz WF, 8o ==>p is not GIPF.

[=¢ is GIPF, but it lacke some reasonsble
composition. For example, modus ponens does not hald
true under |=¢ i.e. {P,P+Q)} [krQ becanse
upder [={P=0. 5, Q=0}, T; ({P, PQ}) =min{T, P . T, P-+Q }=
0.5 €0=T: Q.

Definition 6.Let S be 8 formula set and H be
formula, If T, 3D »T: (5 under any preferential model
I of S we say that § |=r¢H; otherwise, we say that
8 |7" el

For example: O {P, P—Q} |=¢r Q becauee under the
unique preferential model I={P=1, Q=1} of (P,P—q},
T: (P, P—=Q}) =] <T, Q=] i. e |=rp can accomplish the

rational inferance that can not be accomplished by |==f.

@ (PP} I’}"n- ~RVR, because under the
preferential model I={ P=1,Q=),R=0.5 } of { P.P—Q |
T (~RVR =0, 6# 1=nin (T, @}, T, P—+Q}. i.e. |=rr
can avold the paradox that cannot be avoided by =>,,

Similnrly. ®{ P, P—‘Q ~RAR) I‘rr Q

@{ P, P>Qq ~P} |7‘rr q {PP=gq ~Q |7£rp Q.
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It can be proved that for any formulas G and H, if
G |=fp H holds true and G and H have no sharing atom,

then G is unsatisfiable and H is valid, has
neither WF nor SF, 1. e. |=rp is GIPF.

Property 8. The preferential implication |=cp is
reflexive, paraconsistent and GIPF.

Similar to =>p, I=rp is neither transitive nor
mono tonic.

The comparision among the above fuzzy Implications is
listed in Table 1:

Properties | Having | Having | Monotonic? | Paracen-
of fuzey WF or [SF or sistent?
implications | not? not?
"> ¥ ¥y ’ a
=>' n y y a
=) ¥ o y Y
= n n Y y
m==3p ¥ n n y
|= e & n 1 y

Teble |.

4 Decision Tableaux

The resolution procedure can be used as a decision
procedure for => in Lee's system[1972]: suppose S is
a Bet of clauses, H is a clause, S=>H iff there is a
resolution deduction of the empty clause from SU{~~H},
Both Mukaidono[1982] and Yager [1985] think that |=;
is meaningful, Lee[1972] has proved that, if both the
truth values of the parent clauses C; and C, are
greater than 0.5 under an interpretation |, a resolvent
clause R(C4C3) derived by the resolution principle is
significant, i.e. Ti (C.ACXTi GKCi.CJ). Mukaidono
showed an interpretation that, even if the truth value
of one parent clause is not greater than 0.5, a
resolvent clause is meaningful in the sense of reducing
ambiguity, i.e. Ti (CACARIC, Cy))[>Jr, (dAC,) under
any interpretation I. Yager also found that in fuzzy
logic the resolution law doeB not hold true in its
usual form and presented some modified inference laws,
but didn't prove the completeness of these laws. Liu and
Xiao [1986J proposed Operator Fuzzy Logic (OFD which can
represent vague knowledge by fuzzy operators explicitly
and without resorting to the use of intermediate truth
values at the semantic level. In order to prove that
>--resolution is a sound decision procedure for
inconsistent clause set in OFL, Liu[1990] introduced
the Gl that is »*>' when the threshold is 0.5. [Liu etal,
1991] chose the inference rule that is => when the



threshold is 0.5, but in order to keep the significance
of »-resclution in OFL, they need the M -pseudoreduction
that cannot apply to Lee’s furzy logic whick has no
fuzzy operator. Till now nobody hae discusned the proof
theory of ==> or ==>", In brief, the resolution procedure
may not be suitable for deciding whether |=, => or
=>' holds true, and the decision problems of |= ¢ =>
and ==>' are still open.

Semantic tableaux [Swullyan, §968] , whick are dual
forms of Gentzen' s mequent calcull, are widely used in
the field of antomatic theorem proving  Using the
unified notation, we can elassify the non- literal
propositional formulas of Lee' s system[1972] into the
following two types:

Type a: AAB ~ AV, ~ (A=B}, ~~A

Type B: ~ AAB),AVB A—~=D
We define the direct descendents of them in Table 2 and
Table 3 respectively:

ANB A B

~ AAB | ~A ~B
~ AVE | ~A| ~B

AVE A B
~ A= | A ~B

A—B ~A B

~ A A A

Table 3.
Table 2. )

Definition 7.Let S be a set of formulas the tableau
of 5 which ie denoted by Tbl(S), iz a binary tree with
formula sets as nodes constructed by the faollowing
tules; 1) The root of ThI(S) is S.

2)For any node 5, of ThI(S), we penerate its direct
descendent node () by the Following rules:

Oa rule: If 8,={a}\) S,, then 5, hap one direct
descendent node: Sy ={a,, ez}l §,. In this case, S, in
called a type @ node.

@B rule; If §;={8}U §,, then 5, has two direct
descendent nodes; S,'={B,}U 5, and 5."={B}US,. In
this case , S, is called a type B nede.

Obviously, any terminal node of Thi(S)
literals only.

Leruma 1. Suppose all of the terminal nodes of
Thl ({A}) are &, *, &, the literals in A, are a; 5 ',
&i oy for i=l, -, 0, then A= (ay A Ay SO R VALIAVAS | T
FANEY AN T

Definjtion 8. A terminal node in called closed if it
containe some complementary literal pair. A type @
node is called closed if its direct descendent node is
closed. A type P node is called closed if both its
dirsct descendent nodes are closed A tablean in called
closed iff its root is closed

By lecma |, we can derive the following conclusion:

containg

Proposition 1 Let A be & formula, A is unsatisfiable
iff Tbl{ {A}) is closed

Theorem 1 WA, B¢ W, A=>B iff Thl ({A, ~B}) is closed

In order to analyse the causal link between the
premise and the conclusion, we’ il construct tableaux for
the premiee and the negation of the conclusion
reepectively to decide whether a implication holds true.

Definition 9.Suppose S is a set of formulas,A s &
formuls, the terminal nodes of Th1(S) are S,, -, Sa, the
terminal sodes of Thl ({~A}) are &, *, &y If for any
i€ {1, a}, j€ {1, '“m}, there exiots nome complementary
fiteral pair in §,Ua; and the complementary literals
belong to S, and &, respectively or both belong to ay,
then we say that the dual tebleaux of S and A are
closed for =>.

Thearem 2 Let 5 be a formula set, A be a formula, 8
s=>A iff the dun] tablemux of S and A are ¢losed for==>,
Proof:Let the terminal nodes of Thl(S) be §,, ', Sa;
the terminal nodea of Thl{{~A)})) be &,, ', &m and the

literals in =&, be a; ,, ', 8; »3 lor j=l, ., m

Suppose the dual tableaux of 8 and A are closed for
=5> By lemme §, any model I of 8 eatisfies at least
one terminal node 8,, of Thl(8) where io,€ { 1, ' n} .
Since the dua! tableanx of S and A are closed for ==,
for any j€ {1, m} there erxiste some complementary
literal pair in S;cUm; and the complementary
literale belong to S,n and &, respectively or both
belong to a,.

If the complementary literals belong to 8. and &,
respectively, without losing generality, we can
suppose Le€ 8.0 La€ &, Le=~L. Because I satiofies
ST (Lg] »0.6 i e T, ("‘-’LA) >0. 6.

If both the complementary literals belong to &, we
can suppose Ln € &y and ~L.€ a;, . Because any
interpretation satisfies at least one of La and ~Lla,
without losing generality, we suppose T, {~Ld >0.5.

By the arbitreriness of @&, for every terminel node
a; of Thl{{~A}, I satigfies the conjugate of some
literal 8y, (y in &; where ;€ {1, Iy} j€ {1, .}

Thus 1 satiefies ~8; nA"A~8 YA A~ ba 1m
'here lle {1! " kl}i ”‘l ]J('_' “l Ty kj}r ".r qu {li ."l L}-
By lemma 1. ~A={a, A Al a) V"V (ta A" Ale wd
A=~ (""Aj=~ ((31 IVASREAY T h:’V'"V (e 1A Ale k.))

{by the De Morgan's Law in fuzzy logic)

=(~a; V"V~a s A"A 8 1 V"V~ ta ad

{by the Complete Distributive Law in fuzzy logic)

=(~a ATA~E VIV M AT A~ 1w V

N (vl AT AN w). S0, satisfies A By the
arbitrariness of I, S=>A holds true.

Suppsse S=>A halds true, fram the above analysis, we
can see that any model I of S satisfies at least
one conjunction {~a, WA A~tss 110 A"A~ e 1w
Where 116 {1! "y k].}n "y l]DE “l "'ijl! " lﬂE {ll Ty km}-
If the dual tableaux of S and A are not closed for =>,
there is at least one pair of nodes S,p end &;0 (o€
{1, .0}, jo€ {1, *,m}) thet includer no complementary
literal peir satiefying the condition that st least
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one of the complementary literals Dbelongs to & jo.
Suppose L, 10 a literal of &, la' is the
conjugate of L., thus efther La€ Sio a0d L.’ ¢ 5ie
of Lad8,0 and Ly &8,,, i.e the conjugate of
any literal of m,, doesn't belong to 5.

¥e can construct the f[ollowing interpretation M

of 8. For any PE Atomset (5):

if P€ Byos ~PE€ 8yq, then let Tu (P} =0, 5;

i[ PE S]o. ~P€S|o, then Iat TH(P) =];

if PgBio, ~PE S1a, then let Tue(P) =0;

if qulm ~PQ’Sm. then let Tuwl =),
Obviously, M satisfies 8,o, by lenma 1, M satisfies S
Since the conjugate of mny literal of m;0 doesn’t
bejong to 5.0 the conjugate of any literal of a,0 is
assigued the truth valoe 0 under M Specially,
Tae(~830 1)0)=0, this contradicts the ansumption that M
satisfies (~a, s A A~8)0 130A A ~8n 1. Thue
we cap 4ee, if S=>A, ther the dual tableaty of S5 and A
are closed for ==>. (@QED)

If every terminal node of TbI{{~A}} is closed the
due]! tableaux of S and A are closed for ==> [aor any
formula set 8 By proposition }, may valid formuia A is a
¥F of ==>, 8¢ => in nat GIPP.

Correaponding to the preferential implications, we
oust distinguish the npodes that determine the
preferentinl models.

Let BA(8)={P | ~P,PC 8} for any literal set §.

Suppose P8={8,, -, S8.},8, is a literal set for mny i€
{1, ~a},8, 1o ealled minimum contradictery in PS if
thete is no 8; (J€ {1, **, n}) satisfying BA(S,} CBA(S,}.

Suppose 8 is a set of formulas, PS is the set of the
terminal nodes of Thl (S}, the minimam contradictory
element in PS are called the minimum contradictory
terminal nodes of Thil(S}.

Definition 10, Suppose 8 is o set of formelas, A is
¢ formula; the mipimum contradictory terminal nodes of
Tbl {8) are 8;, -, 8a; the terminal nodes of Thl{{~A})
ate 8, ", An Il for any i€ {1, '"ln}rjE {t, 'y m},
there exints some complementary literal pair in 8,Ua,
and the complementary literais belong to 8, and a,
respectively or both belong to a,, then we s3ay that
the dual tableanxz of S and A sre closed for ==>p

Lesnma 2. Buppose 8 is a formuls set, (D any
preferential model M of S satisfies at lgast one of
the minimum contradietory terminal nodes of Th1(S) ;
@any pioimum cootradictory terminal node of ThI(B) ia
satisfied by some preferentisl model of 8.

Proaof:Let the terminal nodes of ThJ(8) be 8,, -, 8a.;
S 81 s Boa be the conjunctions of the formulas ia 8
8y, ", Ba respectively, by lemma 1, 8¢=8,qV " VB8,a.

(D8uppose M, is a preferentinl model of 8, by lemma 1,
M, satiafies a terminal node 8, (i€ {1, -, n}} of TbI(S).
If M, satiafies no minimum contradictory terminal node
of Tbl (S}, there must exint 8; (j€ {1, ', n}} satisfying
BA(S;) C BA(S,), thus there exists Q € Atomset (5
satisfiying Q€ BA(S,)) and QZ BA(S,).

We can conatruct the following interpretation My of 8.
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For any P€ Atomset (8):

if P€ 8, ~P€ S, then let Tus (P) =0.5;

if PE By, ~P¢B,, then let Ty, (P) =];

if PZS,, ~P€8;, then let Tup (P} =0;

if PZS), ~P¥8,. then let Ty {P) =0,
Obvlously, My satiefies 8;, by lemma 1, My satisfies S
For any P € Atomset (8), Tua (P) =0.5 means Pc BA(S));
because BA(S,) CRA(S,), this means PC BA(S,); nince M,
is a model of B, Tw, P) =0.5. Q7 BA(S;) means Tus @
#0.5; since M, watisfies 5, Q€ BA{S) mesos T Q
=05 thus My [>M,. This result contradicts the
assampbion that M, is a preferential model of 8.

Thus we have shown, any preferential model M of 8
satiafies at leant one of the minimem coatradictory
terminal nodes of Thl(S).

@BSappose 5, (J€ {1, -, n}) is a minimum contradictory
terminal node of Thl(S), we can construct the following
interpretation M, of 5. For any PC Atomset (S):

if Pe Sp ~PEe Sj| then lot Toex @) =0. 5;

if PE 8y, ~PZ5;, then let Tu, (P) =1;

if P8y ~P€ Sy, then let Toy P) =0;

if PZ8,, ~Pg'8,, then let Tw, (P) =0.
Obvieusly M, satisfies S;, by lemma 1, M, saticfien 8§
If M, is not a preferential model of 8, there must
exist a preferential model My of S satisfying MJd>|M,,
by property 7 of section 3, Ma! C M,!.The trutk valaes
of the atoms under M, can only be 0,0 5 1 and no trauth
valdes can be more exnct than 0 or 1,80 Mal C M,!. Ry
leema 1, M, must sutisfien some terminal node S, (i€
{1, =, ab) of ThI(S). BA{S,) CMs! CM,! =BA(S,). This
contradicts the assumption that S; s a ninimun
contradictory terminal node of Thi(S). Thus we can see,
any minimum contradictory terminal node of ThI(8) i
satinfied by some preferential model of 8. (@QE.D.)

By lemma 2, we ean prove the following theorem:

Theorem 8. Let § be o formula set, A be a formula,

S ==>p A iff the doal tableaux of 8§ and A are closed
for -,

Similarly, we can solve the decluion problem of j=».
Definition 11.Supposs S iz 2 formula set, A s &
formula; the minimum contradictory terminal nodes of
Thl (8) are 8;, =+, S, the terminal nodes of Thl({~A})
are A&,, ', B If for any i€ {1, ,n}, J€ {1, ", m}, there
exints some complementary literal pair in B,Ua, sad

the complemsntary literals befong to 5. and &y
reapectively or both belong to a, and  the
complementary fiterals belong to Lit(8) or B, is closed
and &, is closed, then we say that the dus) sableatx of
S and A are closed for |=,r,

Lemma 3.Suppose § is n set of formulas; the miniwum
contradictory terminal nodes of ThI(S) are 8,, -, 8,;8a
8ia0 '+ Bac are the conjunctions of the formulas in 8
8y ', 8a respectively; then under any prefersntial model
I of 8T (Ba} =Ty BiaV " VBud.

Proof':Scppose PS is the terminal nade set of Thil(S).
If PB={8,, -, 8.}, by lemma 1, T: (8g) =T: (B1aV " VBud) .
Otherwise, we can derive the conclusion as follows:



Firstly, the truth valuee of the atome occurring in §
under a preferential model I of S can only be 0,0.5 1.

Secondly by lemma 2, any preferential mode]l ] of S
satiafies at least one minimum contradictory terminal
node 8y of Tb1(8) (i€ {1, ~.n}}, i e. T.8.a >0.5 and
for apy SL€ PS-{8, , ", 8.}, 8. contains some
complementary literal pairs, so T, (S.s) <0.6. By
lemma 1, T; (Sq) =max{T; (8.0 | SLE PS) =max{T; Sia) |
Le {1, -, o} }=T: Bsa V' V8ad. QED)

By lezma 3, we can prove the following thoerem:

Theorean 4.Let 8 be o formule set, A be a formula,
S |=reA iff the dual tablesux of S and A are closed
for |=rp-

Similar to the decision procedures given by theotem
3, 8 or 4, we have the following decision methods for
|=¢ and =>' respectively:

[=cA iff for any terminal nede S, of Tb1(S) and
any terminal node @, of Thl{{~A}), there existe some
complementary literal pair in S8,l) a&; and the
complementary literals belong to §, end a,
respectively or 8, is closed and &, is closed

S=>'A iff f{for any terminal sode 5; of Thi(S) and
any terminal node a; of Thl ({~A}), there exints aome
coxplementary literal pair in S U a; and the
complementary literels belong to 8, and a,
respectively or both belong te S..

As space ig limited, the proofs will be omitted here.

By the different conditions required in thecrem 2, 3
or 4,we can see that the above fuzzy implications have
different paredoxes.

5 Applications and Conclusions

The dual tableaux method presented in this paper is
important in the research of the model semantics of the
generie implications. It ie ensy to adapt it for other

logic systems, such as{Liu, 1990; Shoham, 1987; Priest, 1979].

Our treatment of inconsistency gives & robast
semantice for logic programs and the decision tableaux
for |=cr can be used as a framework for the
nonmonotonic, pataconaistent fuzzy Prolog [ISHIZUKA and
KANAT, 1985], The dual tablesux method, as compared with
resolution deduction, bas more potential parallelism to
exploit, While querying a given large database 5 many
times, the minimun contradictory terminal nodes of
Tb1{8) can be atored beforehand; for any simple query A
the decision problem whether S |= pA holds true can be
solved gquickly.

|= e is nommonotonic, paraconsistent and GIPY, so is
more teasonable, It is capable of reasoning by the

inconsistent, incomplete or imprecise knowledge without
taking away any piece of knowledge[Benferhat etal, 1993].
Thus it applies to the design of adaptive expert
systems or very large knowledge bases where
inconsistent information is often present.
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