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ABSTRACT 

The a u t h o r ' s s ta te -space l e a r n i n g 
system has e f f e c t i v e l y op t im ized the 
c o e f f i c i e n t s o f l i n e a r e v a l u a t i o n 
f u n c t i o n s . The incrementa l approach uses 
s t a t i s t i c a l performance measures from 
completed s o l u t i o n s to boo t s t r ap the 
h e u r i s t i c , which es t imates p r o b a b i l i t y o f 
task u s e f u l n e s s . These s t a t i s t i c s are 
c l u s t e r e d in f ea tu re space, forming a 
media t ing knowledge s t r u c t u r e ( reg ion se t ) 
between the d i r e c t performance measures 
and the genera l i zed e v a l u a t i o n f u n c t i o n . 
The reg ions are da ta -de te rm ined , 
i n s e n s i t i v e to n o i s e , and a l l ow management 
o f i n t e r a c t i n g f ea tu res through n a t u r a l 
p iecewise l i n e a r i t y . Ear ly exper iment 
w i t h n o n l i n e a r i t y i n d i c a t e s s t a b i l i t y , 
f l e x i b i l i t y and improved task per formance. 

1. INTRODUCTION 

The e v a l u a t i o n f u n c t i o n has f r e q u e n t ­
ly been used as a h e u r i s t i c in what is 
c a l l e d b e s t - f i r s t search [ 1 , 2 , 4 , 9 3 . A 
standard technique is to combine severa l 
more e lementary f u n c t i o n s or f e a t u r e s . As 
argued in [ 3 ] , forming a h e u r i s t i c f unc -
t i o n from a set o f f ea tu res i s t h e o r e t i ­
c a l l y as power fu l as any other d e s i g n . 
The problem though is to merge f ea tu res 
u s e f u l l y . Often the l i n e a r combinat ion H 
= b.f is imposed, where b is the coe f ­
f i c i e n t vec to r f o r the f e a t u r e vec tor f , 
though t h i s i s g e n e r a l l y i n s u f f i c i e n t 
[ 1 , 9 ] . Even w i t h t h i s r e s t r i c t i v e 
f o r m u l a t i o n , b i s d i f f i c u l t t o o p t i m i z e . 

The o p t i m i z a t i o n should be governed 
by some performance measure (such as num­
ber of s t a t e s generated to reach the goa l ) 
but o f t e n no s o l u t i o n whatever can be 
found w i t h i n resource c o n s t r a i n t s . Despi te 
t h i s impediment, some approaches have been 
very e f f e c t i v e , e . g . [ 9 ] . I n [ 8 ] the 
present author descr ibed a success fu l new 
bas is f o r l e a r n i n g . The system implemen­
ted was ab le not on ly to so lve the f i f t e e n 
p u z z l e , but a lso to op t im ize f e a t u r e 
c o e f f i c i e n t s f o r l i n e a r e v a l u a t i o n func ­
t i o n s , a unique r e s u l t . Since the scheme 
has good conceptua l and exper imenta l 
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suppor t , work i s underway to improve i t . 
One ex tens ion is to increase accuracy [ 7 ] ; 
another i s to accommodate f e a t u r e i n t e r ­
a c t i o n s , to a l low more genera l e v a l u a t i o n . 
The l a t t e r uses a n a t u r a l p iecewise l i n e a r 
method o u t l i n e d in [ 6 ] , and deve loped, 
implemented and tes ted he re . 

2. KNOWLEDGE STRUCTURE 

L ike other recen t approaches [ 1 0 ] , a 
penetrance l e a r n i n g system (PLS) uses 
completed searches o f t r a i n i n g problems. 
Un l ike them, i t computes s t a t i s t i c s mea­
su r ing s o l u t i o n d e n s i t y i n f e a t u r e space 
( F i g . 1 ) . A l though i t i s data d r i v e n , PLS 
i s i n s e n s i t i v e t o no ise s ince i t i s s t o ­
c h a s t i c . The raw s t a t i s t i c s , which depend 
on the problem ins tance set P at tempted 
and h e u r i s t i c H g u i d i n g the search , are 
c a l l e d e lementary penetrances p ( r , H, P) , 
where r is a ( r e c t a n g u l a r ) f e a t u r e space 
volume. From these d a t a , a normal ized 
t rue penetrance es t ima te p ( r ) i s computed. 
Th is va lue i s the es t imated p r o b a b i l i t y o f 
a s t a t e A being in a b read th f i r s t s o l u ­
t i o n of a random problem i n s t a n c e , g iven 
t ha t A maps i n t o r. Der ived from repeated 
observa t ions and inc remen ta l computa t ions , 
the e v o l v i n g e v a l u a t i o n f u n c t i o n H is 
designed to p r e d i c t t r u e penet rance . 

To house the t r u e penetrance es t imate 
p of a f e a t u r e space volume r, a reg ion R 
is de f i ned to be the q u i n t u p l e 
( r , c, P, e, b) . The second element c is 
the c e n t r o i d , a r e p r e s e n t a t i v e of r . The 
f i n a l two elements r e l a t e to p: e is the 
e r r o r , an inve rse measure of the 
r e l i a b i l i t y of p, and b is a c o e f f i c i e n t 
v e c t o r , exp la ined l a t e r . A se t o f these 
r e g i o n s , the cumu la t i ve r e g i o n set C , i s 
both the c o n t r o l s t r u c t u r e used by the 
problem so l ve r and the knowledge s t r u c t u r e 
improved by the l e a r n i n g element ( F i g . 2 ) . 
This se t accumulata tes i n f o r m a t i o n over 
severa l i t e r a t i o n s , as i t s reg ions are 
i n c r e m e n t a l l y r eso l ved i n t o smal ler u n i t s 
j u s t adequate to express known r e l a t i o n ­
s h i p s . The r e s u l t is an e f f e c t i v e 
economy, a re f i nemen t of Samuel's [ 9 ] 
s i gna tu re t a b l e s which d id not a l t e r data 
ca tego r i es a u t o m a t i c a l l y . 



470 L. Rendell 



L Rendell 471 

[ 8 ] . Since these four f e a t u r e s were 
o r i g i n a l l y used i n the s t r i c t l y l i n e a r 
system, they had been d e l i b e r a t e l y 
se lec ted f o r low i n t e r a c t i o n . Hence t h i s 
is a m i l d t e s t o f PLS1a. In the s o l v e r , 
the cost inc rease o f d i s c r e t e p iecewise 
l i n e a r e v a l u a t i o n over the s t r i c t l y l i n e a r 
PLS1 mode is n e g l i g i b l e , but edge e f f e c t s 
( d i s c o n t i n u i t i e s ) v i t i a t e the scheme; 
performance is very poor . On the o ther 
hand, smooth p iecewise l i n e a r i t y seems 
p romis ing ; i t s cost i s a lso low. Resu l ts 
are shown in F i g . 3, where the ex ten t of 
n o n l i n e a r i t y i s va r i ed by cho ice o f the 
l o c a l i z a t i o n power L. In t h i s curve the 
optimum is a t t r i b u t e d to two c o n f l i c t i n g 
f a c t o r s : As L is increased some advantage 
occurs because the r e l a t i o n s h i p s are 
i n h e r e n t l y n o n l i n e a r , and nearby reg ions 
now play a j u s t i f i a b l y b igger pa r t in the 
de te rm ina t i on o f each l o c a l h e u r i s t i c . 
However, d i s t a n t r e g i o n s , which f o rme r l y 
had a s t a b i l i z i n g r o l e , now have a 
d imin ished i n f l u e n c e , so the re is a 
genera l l oss of suppo r t . The inaccuracy 
and g r a i n i n e s s o f i n d i v i d u a l reg ions 
g r a d u a l l y overpower the b e n e f i t o f 
l o c a l i z a t i o n . 

An impor tan t p rope r t y of PLS1a is i t s 
s t a b i l i t y . When PLS1 was used w i t h h igher 
order models i ns tead of p iecewise 
l i n e a r i t y , performance was degraded. Also 
in c o n t r a s t , PLS1a a l l ows easy obse rva t i on 
o f the r e l a t i v e importance o f f e a t u r e s i n 
any area of the space, s ince s imple 
f ea tu re we igh t i ng i s used. Fur thermore , 
r e l a t i o n s h i p s e x e m p l i f i e d by F i g . 3 are 
u s e f u l . The magnitude of the op t ima l 
l o c a l i z a t i o n power is a measure of r e g i o n 
accuracy, and i n d i r e c t l y , o f the u t i l i t y 
o f the e n t i r e l e a r n i n g system. 

F i g . 3 * V a r i a t i o n o f performance w i t h degree o f 
n o n l l n e a r i t y . Shown is average number of nodes 
developed D be fo re s o l u t i o n In a random sample of 
1000 p u z z l e s , v s . l o c a l i z a t i o n power L. 95% 
oonf ldenoe i n t e r v a l s are i n d i c a t e d . 

4. PIECEWISE LINEARITY 

Th is method takes advantage of the 
n a t u r a l p a r t i t i o n i n g o f the f e a t u r e space 
i n t o reg ions ( c . f . [ 1 , p . 4 3 0 ] , [ 5 , p .317] ) 
and a l lows i n c reas i ng depar tu re from 
l i n e a r i t y as the re f inement improves in 
l a t e r i t e r a t i o n s (as the number o f reg ions 
i n c r e a s e s ) . In t h i s ex tens ion o f PLS1, 
the c l u s t e r e r remains unchanged w h i l e the 
regresser i s a l t e r e d . 

Ins tead of a s i n g l e pene t rance - fea -
t u r e sur face f i t t e d over the whole space, 
the re are now as many of these hyperp lanes 
as reg ions in the cumula t i ve set C. Each 
reg ion R = ( r , c_, p, e, b r ) of C is 
viewed as the p r i n c i p a l one fo r i t s own 
r e g r e s s i o n ; the c o e f f i c i e n t vec to r b r i s 
computed us ing an R-centered we igh t i ng of 
every c o n t r i b u t i n g reg ion Q e C. As 
mentioned in the prev ious s e c t i o n , the 
reg ress ion i s a l ready weighted accord ing 
to penetrance e r r o r e . In t h i s new, 
p iecewise l i n e a r design PLS1a, the former 
weight is m u l t i p l i e d by an a d d i t i o n a l 
f ac to r r e l a t e d to the d i s t ance between R 
and Q, so t h a t Q p lays a g rea te r r o l e if 
i t is near R. In the d e t e r m i n a t i o n of 
t h i s d i s t a n c e , the f e a t u r e space i s 
deformed to capture the r e l a t i v e 
importance o f the va r i ous f e a t u r e s . 
( D e t a i l s o f t h i s and r e l a t e d aspects are 
provided in the append ix . ) 

Since each reg ress i on i s s t i l l 
l i n e a r , the process i s q u i t e s t a b l e . ( I n 
c o n t r a s t , p e r m i t t i n g f e a t u r e i n t e r a c t i o n 
by us ing h igher order models r e q u i r e s many 
more c o e f f i c i e n t s and t h i s 'uses up1 the 
d a t a . ) At the same t ime the p iecewise 
l i n e a r scheme PLS1a is f l e x i b l e , a l l o w i n g 
a c o n t i n u o u s l y v a r i a b l e amount of 
n o n l i n e a r i t y i n order t o s u i t the c u r r e n t 
power o f the e n t i r e l e a r n i n g system. Th is 
v a r i a b i l i t y i s mechanized by i n t r o d u c t i n g 
a system parameter c a l l e d the l o c a l i z a t i o n 
power L > 0 as an exponent f o r the 
d i s tance measure ( a g a i n , r e f e r to the 
append ix ) . 

To t e s t the u t i l i t y o f t h i s more 
s o p h i s t i c a t e d l e a r n i n g e lement , the so lve r 
was a l t e r e d so t h a t two new modes of 
e v a l u a t i o n can be s e l e c t e d . The f i r s t , 
d i s c r e t e p iecewise l i n e a r procedure s imply 
p r e d i c t s the t r u e penetrance of a s t a t e A 
accord ing t o the l o c a l h e u r i s t i c f u n c t i o n 
of the r e g i o n i n t o which A maps. The more 
complex e v a l u a t i o n mode, smooth p iecewise 
l i n e a r , uses a l l r eg ions i n the cumu la t i ve 
set In every e v a l u a t i o n , employing a 
d i s tance we igh t i ng l i k e the one above. 

P r e l i m a r a r y program runs have been 
made to d i scove r c h a r a c t e r i s t i c s o f the 
scheme: i t s u t i l i t y , c o s t , and s t a b i l i t y . 
The cumu la t i ve r e g i o n se t used was a four 
d imens iona l one f o r the f i f t e e n puzz le 
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5. CONCLUSIONS 

The p iecewise l i n e a r scheme PLS1a is 
n a t u r a l , f l e x i b l e and s t a b l e . I t s low cos t 
and performance improvement war ran t f u r ­
ther i n v e s t i g a t i o n . The nex t s tep is to 
at tempt s t ronge r f e a t u r e i n t e r a c t i o n , w i t h 
support from a scheme designed to improve 
the accuracy o f t r u e penetrance es t ima tes 
[ 7 ] . The freedom to vary the l o c a l i z a t i o n 
power L w i l l f a c i l i t a t e e x p e r i m e n t a t i o n in 
de te rm in ing the genera l u t i l i t y o f PLS1a 
as a h e u r i s t i c l e a r n i n g system. 
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APPENDIX - LOCALIZATION AND DISTANCE 

Whi le s e c t i o n 4 gave a genera l 
p i c t u r e o f the p iecewise l i n e a r method, 
t h i s appendix d e t a i l s the l o c a l i z a t i o n . 
Let the p r i n c i p a l r e g i o n from a cumu la t i ve 
set C be R = ( r , c_, p, e, b r ) . Reca l l 
from s e c t i o n 3 t h a t the t r u e penetrance 
es t imate p and the f e a t u r e space c e n t r o i d 
c are used along w i t h o t h e r s from C in a 
r eg ress i on to determine b r f o r the t r u e 
penetrance p r e d i c t o r H r = exp b r . f . Here 
H r i s r e g i o n a l i z e d ; the weight f o r each 
reg ion Q c C c o n t r i b u t i n g to the 
R-centered r e g r e s s i o n is to depend on the 
d i s tance of Q from R. Before c o n s t r u c t i n g 
t h i s d i s t a n c e measure, we need to cons ider 
t h a t f e a t u r e s are not u n i f o r m l y i m p o r t a n t ; 
in f a c t a f e a t u r e can be comp le te l y 
i r r e l e v a n t . Hence the d i s t a n c e , i t s e l f , 
is weighted by b r . Th is of course is 
c i r c u l a r s ince i t i s b r which i s t o b e 
de te rmined . However, the procedure is 
i t e r a t i v e : F i r s t the g l o b a l c o e f f i c i e n t 
vector b is c a l c u l a t e d , w e i g h t i n g each 
reg ion e q u a l l y , then t h i s es t ima te o f b r 
i s used, r e p e a t i n g u n t i l the va lue 
converges. Even t h i s doub ly m u l t i p l e 
r eg ress ion cos t s l i t t l e compared w i t h the 
t ime r e q u i r e d by the s o l v e r . 


