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0. A b s t r a c t and Keywords 

A m o d i f i c a t i o n o f P o h l ' s b i - d i r e c t i o n a l h e u r i s t i c 
search a l g o r i t h m i s d e s r i b e d t o g e t h e r w i t h a 
s i m p l i f i e d i m p l e m e n t a t i o n . Theorems are p roved 
about c o n d i t i o n s y i e l d i n g s h o r t e s t p a t h s . The 
r e s u l t s a re g i v e n o f a wors t case a n a l y s i s o f 
d i f f e r e n t a l g o r i t h m s s u g g e s t i n g a r anko rde r o f 
t h e i r q u a l i t y . Resu l t s t h a t Pohl had o b t a i n e d 
w i t h a u n i - d i r e c t i o n a l h e u r i s t i c search a l g o r i t h m 
on the 1 5 - p u z z l e are compared w i t h the r e s u l t s 
o b t a i n e d by the new - s i m p l i f i e d - a l g o r i t h m . 

keywords: a r t i f i c i a l i n t e l l i g e n c e , b i - d i r e c t i o n a l 
n e u r i s t i c s e a r c h , f r o n t t o f r o n t g u i d i n g , p a t h 
f i n d i n g . 

1 . I n t r o d u c t i o n 

A s i s w e l l known, see e . g . / 1 / , a h e u r i s t i c f u n c ­
t i o n can be used to gu ide u n i - d i r e c t i o n a l s e a r c h . 
The p r o p e r t y o f end ing w i t h a s h o r t e s t p a t h b e ­
tween s t a r t s t a t e and g o a l s t a t e , as can be found 
w i t h b read th f i r s t search w i t h o u t h e u r i s t i c f u n c ­
t i o n , can even b e p rese rved i f t h e h e u r i s t i c 
f u n c t i o n is a l ower bound on t h e r e a l minimum e f ­
f o r t to be made. In /2/ and / 3 / an a l g o r i t h m is 
d e s c r i b e d which g e n e r a l i z e s t o t h e b i - d i r e c t i o n a l 
case . T h i s a l g o r i t h m i n f a c t pe r fo rms two i n d e ­
pendent u n i - d i r e c t i o n a l s e a r c h e s , a f o r w a r d search 
gu ided to the g o a l node, and a backward search 
gu ided t o the s t a r t node. The d isadvan tage o f 
t h i s i s , t h a t i n a search space where more t h a n 
one pa th e x i s t s from t h e s t a r t node to the g o a l 
node , t h e two searches o f t e n proceed a l o n g two 
d i f f e r e n t p a t h s , s o t h a t t h e two se ts o f c l o s e d 
nodes ( f o r the t e r m i n o l o g y o f ' c l o s e d ' , ' n o d e s ' 
and o t h e r t e c h n i c a l j a r g o n see / 1 / ) grow i n t o 
n e a r l y complete u n i - d i r e c t i o n a l t r e e s b e f o r e i n ­
t e r s e c t i n g each o t h e r , i n s t e a d o f mee t ing i n t h e 
' m i d d l e ' o f t h e space. 

In the nex t s e c t i o n we d i scuss ano ther a l g o r i t h m 
t h a t remedies t h i s d e f i c i e n c y and we g i v e a s i m ­
p l i f i c a t i o n o f t h a t a l g o r i t h m which has been i m ­
p lemented in a F o r t r a n program. In s e c t i o n 3 we 
compare our r e s u l t s w i t h t h e r e s u l t s o f P o h l ' s 
u n i - d i r e c t i o n a l h e u r i s t i c search o n t h e 15 -puzz le . 
In s e c t i o n 4 we men t ion some p o s s i b l e improve ­
ments o f t he implemented a l g o r i t h m . 
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Before g o i n g i n t o a p r e c i s e d e s c r i p t i o n o f t h e 
BHFFA, we g i v e an i n t u i t i v e s k e t c h . Suppose we 
have t h e s i t u a t i o n as in f i g . l , where S and T 
are t h e s e t s of c l osed nodes and 3 and T are t h e 
two f r o n t s of open nodes , and we dec ide to e x ­
pand a node f rom S. In P o h l ' s BHPA a l g o r i t h m a 
node was chosen in S wh ich had a minimum va lue 
of t he f u n c t i o n g +h s where g was the c u r r e n t 

s s s 
mimimum to t h e s t a r t node & and h was an e s t i ­
mator o f t h e d i s t a n c e f rom the node to t h e goa l 
node t. The h we use is d i f f e r e n t , h is a m i -

— s s 
nimum of H+g over every node in the o p p o s i t e 
f r o n t T , where g i s l i k e g but w i t h r e s p e c t 
to t h e goa l node t and H is an e s t i m a t o r of t h e 
s h o r t e s t d i s t a n c e between a r b i t r a r y p a i r s o f 
nodes. Immed ia te ly the d isadvan tage o f t h i s a l ­
g o r i t h m w i t h respec t to BHPA must be c l e a r , s i n ­
c e t h e c a l c u l a t i o n o f t he f u n c t i o n h i n our a l -
g o r i t h m i s much more c o m p l i c a t e d t han the c a l ­
c u l a t i o n o f t h e d i s t a n c e to t in BHPA. On t h e 
o t h e r hand t h e r e are g a i n s , bu t we d e f e r d i s ­
c u s s i n g them t o t h e next s e c t i o n . 

I n 
a ) 

b ) 

c ) 

d ) 

e ) 

t h i s paper we l i m i t o u r s e l v e s to those problems 
wh ich are r e p r e s e n t a b l e i n t h e s t a t e . - o p e r a t o r -
state,- , pa rad igm; 
where the g o a l can be e x p l i c i t l y r e p r e s e n t e d 
as a s t a t e in a se t o f s t a t e s ; 
whose p rob lem space can be d e s c r i b e d as a 
l a b e l l e d g r a p h ; 
where i t i s e q u a l l y p o s s i b l e t o work f rom t h e 
s t a r t s t a t e t o the goa l s t a t e as t h e o t h e r way 
r o u n d ; 
where t h e r e i s a h e u r i s t i c f u n c t i o n a v a i l a b l e 
wh ich can be used to gu ide t h e search p r o c e s s . 
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I n s t e p 2 n o t h i n g i s s a i d about t h e d e c i s i o n t o 
go f o rwa rd or backward, As i n v e s t i g a t e d by P o h l , 
t he most p r o m i s i n g p rocedure i s t o count t h e 
number of nodes in S and T and to s e l e c t t h e 
f r o n t wh ich has t h e fewest (bu t a t l e a s t o n e ) . 
Benidea the f - v a l u o the g - va l ue needs to be 
s tored at each node, as the g - va l ue might be 
updated in s tep 7 and 6 of BHFFA. 

2 .1 Some theorems about BHFFA 

We g i v e some theorems and p r o o f s about BHFFA 
which p a r a l l e l t h e theorems and p r o o f s about t h e 
u n i d i r e c t i o n a l A * a l g o r i t h m s o f / 1 / . 
I n t h i s s e c t i o n w e a l s o f o r m u l a t e ano the r b i ­
d i r e c t i o n a l a l g o r i t h m BHFFA2 wh ich i s i n t e r e s t i n g 
f rom a t h e o r e t i c a l v i e w p o i n t and wh ich we com­
pare w i t h BHFFA in s e c t i o n 2 . 2 . 

Acco rd ing to lemma 2 t h e r e e x i s t s a lways an open 
node n in SuT on P w i t h f (n ) or f ( n ) < H ( s , t ) . 
T h e r e f o r e the nodes expanded must nave an f - v a l u e 
l e s s o r equa l t o H ( s , t ) . Consequent ly t h e i r g -
va lues are l e s s o r equa l to H ( s , t ) . Thus BHFFA 
o n l y expands nodes at most H ( s , t ) / 6 s teps away 
f rom s o r t , and t h i s i s a f i n i t e number. Le t 
M and M t be t h e se ts of a l l nodes which are 

s 
eve r genera ted f rom s and t r e s p e c t i v e l y . As 
eve ry node has o n l y a f i n i t e number of successors 
and as t h e maximum number of s teps any node is 
away f rom s or t is f i n i t e , b o t h Ms and M t can 
o n l y c o n t a i n a f i n i t e nuaber o f nodes , ana so 
M = M s U M t i s o f f i n i t e s i z e . Le t the number o f 

s t 
nodes in M be v . Let p be t h e ( n e c e s s a r i l y f i ­
n i t e ) number o f d i f f e r e n t pa ths f rom s t o m i f 
mcMs , and f rom t to m if mcMt , and l e t p be t h e 
maximum over a l l p . Then p is t h e maximum num­
b e r of d i f f e r e n t t imes a node can be reopened . 
A f t e r p . v i t e r a t i o n s o f BHFFA a l l nodes o f M are 
pe rmanen t l y c l o s e d . So SUT=# and BHFFA h a l t s , 
which produces a c o n t r a d i c t i o n . 
Case 2: We have j u s t p r o v e d t h a t BHFFA e v e n t u a l ­
l y h a l t s , and i t can o n l y d o s o f o r two r e a s o n s : 
I t has found a s o l u t i o n p a t h , o r SuT i s empty . 
I f t he l a t t e r i s t h e c a s e , t h e n the l a s t node 
expanded had n o successors a t a l l , ( o t h e r w i s e 
t h e y would have been p l a c e d in 5 o r T ) . But t h i s 
means t h a t t h e r e i s no pa th f rom s t o t , c o n t r a ­
d i c t o r y to assumpt ion . So BHFFA h a l t s because i t 
has found a s o l u t i o n p a t h . 
Case 3: Jus t b e f o r e end ing w i t h a node m, t h e r e 
w o u l d , by lemma 2, be a node n i n S w i t h f {n)< 
H ( s , t ) < f (m)=gs (m j+g-dn) and thus n w o u l l be 
chosen f o r expans ion i n s t e a d of m. . 

q . e . d . l 



The nex t theorem proved i n / 1 / i s the o p t i r a a l i t y 
t heo rem, which s t a t e s t h a t i f two h e u r i s t i c s , H 
and H* , are r e l a t e d by H * ( n , t ) < H ( n , t ) * H ( n , t ) f o r 
a l l n , and i f f o r bo th h e u r i s t i c s the c o n s i s t e n c y 
p r o p e r t y h o l d s , (meaning t h a t H ( n , t ) + H { n , x ) < 
H ( x , t ) ) t hen every node expanded by H w i l l a l s o 
be expanded by I I . T h i s theorem d o e s n ' t h o l d f o r 
BHFFA. The reason f o r t h a t i s , t h a t , u n l i k e i n 
t h e u n i - d i r e c t i o n a l and i n P o h l ' s b i - d i r e c t i o n a l 
a l g o r i t h m , the f - v a l u e o f an open node i s not 
s t a t i c i n BHFFA, and t h e way i n wh ich i t changes 
depends on bo th t h e exac t fo rm o f the h e u r i s t i c 
and t h e r e a l d i s t a n c e s between the nodes in the 
o p p o s i t e f r o n t ; and w i t h o u t assuming some de­
t a i l e d i n f o r m a t i o n about t h o s e , t h e exac t b e ­
h a v i o u r o f any h e u r i s t i c w i t h BHFFA i s ha rd t o 
p r e d i c t . We h a v e n ' t succeeded in f i n d i n g a g e ­
n e r a l p r o o f t h a t , i f one h e u r i s t i c i s b e t t e r 
( i n t h e above sense) than a n o t h e r , i t w i l l a l ­
ways f i n i s h in l e s s i t e r a t i o n s . We d o n ' t con ­
s i d e r t h i s a g r e a t l o s s , because in most cases 
i t w i l l n e v e r t h e l e s s b e t r u e . {Someth ing , f o r 
example , wh ich can b e p roved i s , t h a t i f t h e r e 
are two h e u r i s t i c s , and 

then H w i l l f i n i s h i n l ess i t e r a t i o n s ) . 

Now we d e s c r i b e ano the r b i - d i r e c t i o n a l a l g o r i t h m , 
BHFFA2, because i t can be e a s i l y implemented and 
seems to be e l e g a n t . The wors t case e r r o r ana­
l y s i s , the r e s u l t s o f wh ich are d e s c r i b e d i n t h e 
nex t s e c t i o n , however, suggests t h a t the number 
o f nodes expanded exp lodes f a s t e r . The n o t a t i o n 
o f BHFFA2 f o l l o w s more c l o s e l y t h e t e r m i n o l o g y 
o f / 1 / . 

Theorem 3 
The lemmas and theorems p roved i n / 1 / f o r the 
u n i - d i r e c t i o n a l A * a l g o r i t h m , i n c l u d i n g t h e o p -
t i m a l i t y t h e o r e m , a l s o h o l d f o r BHFFA2. 
P roo f 3 : BHFFA2 i s i n f a c t t h e u n i - d i r e c t i o n a l 
A a l g o r i t h m in the p r o d u c t space o f the nodes 
w i t h i t s e l f . q . e . d . 3 . 

2.2 Worst case ana lys is 

A f i r s t order comparison of these a lgor i thms may 
be done by i n v e s t i g a t i n g how they behave in worst 
case s i t u a t i o n s . We have der ived formulas f o r 
the u n i - d i r e c t i o n a l , Poh l 's b i - d i r e c t i o n a l , BHFFA 
and BHFFA2 a lgo r i t hms , assuming tha t the h e u r i s t ­
ic f unc t i on used gives a maximum e r r o r between 
r e l a t i v e bounds. We w i l l summarize the r e s u l t s 
here, an expanded vers ion of t h i s paper c o n t a i n ­
ing t h e i r de r i va t i ons w i l l be sent on request 
to readers i n te res ted in them. Let the search 
space be a countable c o l l e c t i o n of nodes, w i t h 
two nodes, the s t a r t and the goal node, having 
m edges (m> l ) , whi le from a l l the other nodes 
emanate m+1 edges; and there are no cyc les . Let 
a l l the edge-lengths be equal to 1, and l e t there 
be a path of length K between s t a r t node and goal 
node. From a u n i - d i r e c t i o n a l v iewpoint t h i s space 
is a t ree w i th branch ing- ra te m, since the a l go ­
r i thm w i l l not look beyond the goal node. In t h i s 
space the f o l l ow ing r e s u l t s are ob ta ined: 
1. Let R be the r e a l distance from some node on 

the so lu t i on path to the goal node in the u n i ­
d i r e c t i o n a l case, to the s t a r t or goal node in 
Poh l 's b i - d i r e c t i o n a l case, and to the other 
f r o n t in the BHFFA cases. If f o r each node on 
the s o l u t i o n path nodes o f f the s o l u t i o n path 
are expanded u n t i l some depth j , and i f t h i s 
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j is a m o n o t o n i c a l l y d e c r e a s i n g f u n c t i o n of R, 
t h e n , n o m a t t e r what t h e h e u r i s t i c e x a c t l y 
l ooks l i k e , 

i o n a l Pohl ; 

where denotes the number of nodes expand­
ed by a l g o r i t h m A. 

That t h i s indeed must be the case can be under ­
s tood i n t u i t i v e l y by l o o k i n g a t t h e f i g u r e s 2 , 3 
and 4, where the l e n g t h of a bar r e p r e s e n t s the 
depth t o wh ich nodes o f f the s o l u t i o n pa th are 
expanded. The t o t a l l e n g t h o f a l l t he ba rs i n ­
creases f rom f i g u r e 2 to f i g u r e 4 . 
? . Suppose t h a t f o r two nodes b o t h l y i n g on the 

s o l u t i o n p a t h h o l d s t h a t 
fo rsome and e l s e ( a t l e a s t one o f the two 
l y i n g o f f t he p a t h ) Then 

i s a r e l a t i v e e r r o r bound and t h i s i s the 
w o r s t p o s s i b l e case . Now f o r the BHFFA, the 
u n i - d i r e c t i o n a l a l g o r i t h m and P o h l ' s b i - d i -
r e c , t i o n a l a l g o r i t h m nodes o f f t h e s o l u t i o n 
pa th w i l l be expanded u n t i l a depth j = 6 . R + 

So here t h e monotone c o n d i t i o n h o l d s w i t h t h e 
r e s u l t s t a t e d above. Fur thermore we g i v e 
exac t fo rmu las f o r the number o f nodes ex ­
panded b y t h e d i f f e r e n t a l g o r i t h m s i n t h i s 
wors t case: 

3.1 The program 
A m o d i f i e d BHFFA a l g o r i t h m is implemented as a 
Fo r t r an p rogram, geared toward s o l v i n g t h e 15-
p u z z l e . I n t h i s search-space a l l edge leng ths are 
taken as u n i t y . The most impo r t an t r e s t r i c t i o n 
made i s t h a t i f , a f t e r h a v i n g expanded 1000 
nodes, the program s t i l l has not found a s o l u t i o n 
p a t h , i t g i v e s up . Another i m p o r t a n t m o d i f i c a t i o n 
i s t h a t t h e number o f open nodes in a f r o n t can ­
not exceed some maximum m, which is g i ven to t h e 
program as an i npu t parameter bu t must be l ess 

100. Whenever an (m+1) - t h node shou ld be added to 
a f r o n t , f i r s t t h e open node w i t h the c u r r e n t 
w o r s t f—value i s d e l e t e d f rom i t - u n l e s s the node 
i t s e l f has an f - v a l u e even worse , in wh ich case 
i t won ' t be i n s e r t e d . We c a l l t h i n o p e r a t i o n 
" p r u n i n g " , a te rm a l so used i n / 1 / . Th in s tep 
is ma in l y necessary to save t i m e , as the number 
of comparisons needed to c a l c u l a t e h (x ) f o r a 
node x in S, is equa l to the number of nodes in 
T and v i c e v e r s a . But t h i s a l s o means t h a t the 
a l g o r i t h m i s n o t admissable anymore, (an a l g o ­
r i t h m s a t i s f y i n g theorem 1 i s c a l l e d a d m i s s i b l e ) , 
because i t i s p o s s i b l e t h a t some node on the o p ­
t i m a l pa th w i l l be th rown away because i t l ooked 
ve ry bad at some i t e r a t i o n . In a search space 
where o n l y one pa th e x i s t s f rom s ta r t , t o g o a l 
node, some b a c k t r a c k i n g mechanism would be r e ­
q u i r e d t o a s c e r t a i n t h a t t h i s pa th i s f ound . 
I n the case o f the 1 5 - p u z z l e , t h e a c t u a l i n f l u e n ­
ce d i d n ' t appear to be very l a r g e i f m was se t a t 
50 ( o r l a r g e r ) , as w i l l be seen in sec t i on 3-2-
Step 8 of BHFF'A, where occur rence of a new node 
i n the co l l e c t i o n o f c l o s e d nodes o f i t ' s own 
f r o n t i s checked was e l i m i n a t e d . We d i d t h i s b e ­
cause we though t the t ime ga ined in p o s s i b l y e x -
pandi ng a few nodes l e s s would not ba lance the 
l o s s caused by s e a r c h i n g t h r o u g h the set o f 
c l o s e d nodes f o r every new open node, whereas t h e 
s o l u t i o n pa th found w i l l most l i k e l y not b e i n ­
f l u e n c e d . Step 9 was done by e s t i m a t i n g a l l 
d i s t a n c e s t o the oppos i t e f r o n t , and i n s e r t i n g 
node x in one of the o r d e r e d f r o n t s of open nodes, 
where t h e o r d e r i n g i s g i ven by the f - v a l u e s o f 
the open nodes. A nas ty s i d e - e f f e c t was t h a t t h e 
i n s e r t i o n of a new node in S cou ld imp ly a r e ­
o r d e r i n g of T and v i c e v e r s a . The o r d e r i n g was 
done u s i n g a square m a t r i x in which a l l comb i ­
n a t i o n s o f t he H ( x , y ) - v a l u e s o f t he f r o n t s were 
s t o r e d . Step 4 { t he t e r m i n a t i n g c o n d i t i o n ) was 
e l i m i n a t e d and r e p l a c e d by a t e s t in s t e p 6: 
' I f x'T'UT t hen h a l t w i t h a s o l u t i o n p a t h ' . The 
t e s t i n g o f x be ing i n i n s t e a d o f j u s t b e i n g 
in T is a necessary consequence of t h e p r u n i n g , 
as i t i s p o s s i b l e t h a t a descendant o f a c l o s e d 
node i s d e l e t e d f rom t h e open f r o n t . 
Three h e u r i s t i c f u n c t i o n s were implemented i n the 
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As t h e r e were ten di f re r e n t 1 5 - p u z z l e s , t h i s 
amounts t o a t o t a l o f 320 p rob lems , o f wh ich our 
program s o l v e d 240 , whereas t h e u n i - d i r e c t i o n a l 
program o f Pohl s o l v e d 203 o f them, i t can be 
seen t h a t i n n e a r l y a l l these cases the h e u r i s t i c 
is no t a lower bound on the r e a l e f f o r t to be 
made. T h i s is the main reason why many of the s o ­
l u t i o n s found a re not o p t i m a l , bo th f o r P o h l ' s 
program and o u r s . 
Tab les 1 and 2 summarize the r e s u l t s , the f u l l 
r e s u l t s on a l l t e n problems may be found in the 
expanded v e r s i o n o f t h i s paper a l r eady ment ioned 
in s e c t i o n P.P. In t a b l e ? , where the per formance 
o f the d i f f e r e n t f u n c t i o n s i s compared, the 
score f o r p a t h l e n g t h was o b t a i n e d as f o l l o w s : 
The program w i t h the s h o r t e s t pa th f o r some p r o ­
blem scored 1 and t h e o t h e r 0, (and any pa th is 

counted s h o r t e r than n o pa th a t a l l ) ; i f t h e same 
p a t h l e n g t h was found by bo th programs they b o t h 
scored 1 ; i f a p rob lem was not so l ved by e i t h e r 
of t he programs they bo th scored 0. The score 
f o r t h e number o f nodes expanded was o b t a i n e d in 
a s i m i l a r way. In so f a r the s o l u t i o n q u a l i t y i s 
conce rned , BHFFA is an improvement over the u n i ­
d i r e c t i o n a l a l g o r i t h m : i t so l ves more p rob lems , 
f i n d s i n gene ra l s h o r t e r p a t h s , and expands l e s s 
nodes on the ave rage , a l t hough the l a s t e f f e c t i s 
l e s s p rominent t han we expec ted . BHFFA per fo rms 
p a r t i c u l a r l y w e l l w i t h a s t r o n g h e u r i s t i c f u n c t i o n ; 
w i t h f4 t h e t o t a l number of nodes expanded by our 
program was 32% l e s s t han t h a t by P o h l ' s program. 
The f r o n t l e n g t h adequate f o r the problems was 
found e m p i r i c a l l y . Expe r imen ta l runs were made 
w i t h f r o n t l e n g t h s 25, 32 and 50. An i n c r e a s i n g 
number of problems was so lved and a h i g h e r s t a ­
b i l i t y was reached. (By s t a b i l i t y we mean the 
chance t h a t a l onge r f r o n t l e n g t h preserves a so­
l u t i o n o b t a i n e d w i t h a s h o r t e r f r o n t l e n g t h ; 
p r u n i n g t r i c k s a re the o b s t r u c t i n g f o r c e h e r e ) . 
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As c o u l d be e x p e c t e d , t h e per formance w i t h r e s ­
pec t t o t h e f r o n t l e n g t h depends on b o t h the s o ­
l u t i o n pa th l e n g t h and the h e u r i s t i c used: The 
b e t t e r t h e e s t i m a t o r , t he s m a l l e r t h e f r o n t l e n g t h 
r e q u i r e d (a l e n g t h o f 1 would s u f f i c e f o r a p e r ­
f e c t h e u r i s t i c ) . A l l problems were run w i t h a 
f r o n t l e n g t h o f 50 , and the l e a s t s a t i s f a c t o r y 
so l ved were run aga in w i t h a f r o n t l e n g t h o f 9 9 , 
in o r d e r to see whether the maximum number o f 
1000 expanded nodes or the p r u n i n g in t h e f r o n t s 
was the b o t t l e n e c k . In g e n e r a l t he f i r s t seems 
to bo the c a s e , s i nce no s i g n i f i c a n t improvement 
was made, w i t h t h e e x c e p t i o n of f1 on A9 where 
s i x i n s t e a d o f one out o f 3even problems was 
s o l v e d . The main d isadvan tage o f P o h l ' s b i - d i ­
r e c t i o n a l a l g o r i t h m , a s ment ioned i n s e c t i o n 1 , 
appeared to be remedied. The f r o n t s now d i d meet 
near t h e m idd le of the s e a r c h - s p a c e , wh ich we 
cou ld see by compar ing g and g t of t h e i n t e r ­
s e c t i o n nodes. 
The l a r g e d isadvan tage o f our a l g o r i t h m i s the 
very t ime-consuming c a l c u l a t i o n o f the d i s t a n c e 
e s t i m a t o r . W i t h a f r o n t l e n g t h o f 5 0 , I wou ld 
expect the BHFFA-program to take in the average 
about 35 t imes l o n g e r to o b t a i n a s o l u t i o n ( f o r 
the same prob lem w i t h t h e same h e u r i s t i c ) than 
a u n i - d i r e c t i o n a l p rog ram, run on t h e same 
machine. I n g e n e r a l , t h e l o s s o f e f f i c i e n c y w i l l 
not be s u f f i c i e n t l y s e t - o f f by the s h o r t e r pa ths 
f o u n d . N e v e r t h e l e s s , i t may pay o f f i n , f o r 
example , an ABSTRIPS-l ike env i ronment (see / 5 / ) , 
where i t i s c r u c i a l t o f i n d a n o p t i m a l p a t h f rom 
among many d i f f e r e n t e x i s t i n g p a t h s , as the num­
ber o f sub-p rob lem searches depends on t h e p a t h -
l e n g t h found i n the d o m i n a t i n g p rob lem-space . 
There are BHFFA or a s i m i l a r a l g o r i t h m ( i n t h e 
nex t s e c t i o n we w i l l suggest ways to make i t 
c h e a p e r ) , w i t h a s t r o n g h e u r i s t i c f u n c t i o n , may 
f i n d an o p t i m a l pa th more e f f i c i e n t l y t han a 
u n i - d i r e c t i o n a l program w i t h a h e u r i s t i c s a t i s ­
f y i n g t h e lower bound c o n d i t i o n , because t h i s 
k i n d o f h e u r i s t i c tends to be r a t h e r weak and 
r e s u l t s i n a f a s t e x p l o s i o n o f t he number o f 
nodes expanded. 

4. Open problems and loose ends. 

BHFFA can be s i m p l i f i e d by not c a l c u l a t i n g t h e 
h e u r i s t i c d i s t a n c e t o every node i n the o p p o s i t e 
f r o n t bu t o n l y t o the bes t h a l f o r even l eas o f 
them. Th i s i d e a i s i n s p i r e d b y the f a c t t h a t , 
in the l i m i t e d number of cases where we checked 
i t , a node r e a l i s e d i t s minimum n e a r l y always t o 
a node wh ich be longed to t h e bes t t e n o f i t s own 
f r o n t . A f u r t h e r s i m p l i f i c a t i o n would be to de­
l e t e the resequenc ing o f t h e oppos i t e f r o n t as 
the consequence of add ing a node to a f r o n t . The 
s e n s i t i v i t y o f the s o l u t i o n q u a l i t y t o t hese 
computa t ion t ime and memory sav ings shou ld be 
t e s t e d . 
BHFFA? needs imp lemen ta t i on to be ab le to com­
pare i t s per formance w i t h t h a t o f BHFFA. 
Looping as a consequence of the p r u n i n g can be 
recogn ized bu t wh ich rescue program shou ld be 
s t a r t e d then i s u n c l e a r . 
The p a r t l y expanded node t e c h n i q u e , as suggested 
i n / 6 / , needs i n v e s t i g a t i n g . 
A l oss t e c h n i c a l q u e s t i o n however concerns t h e 
s e l e c t i o n o f t h e most i n t e r e s t i n g ones among the 
vas t amount o f p o t . c u t i n l mac ro -ope ra to r sequen­

ces tha t appear in a s o l u t i o n . p a t h . 
But the rea l A . I . - q u e s t i o n i s s t i l l : 
How can the program improve i t s h e u r i s t i c funct ion 
beyond simply op t im iz ing some c o e f f i c i e n t s . 
Heavi ly r e l a ted to t h i s is the ques t ion : How to 
f i n d au tomat ica l l y the best representa t ion fo r 
a problem to be t r e a t e d by h e u r i s t i c a lgo r i thms . 
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