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A b s t r a c t 

Recent r e s u l t s i n i n d u c t i o n t h e o r y are rev iewed 
t h a t demons t ra te t h e g e n e r a l adequacy o f t h e i n ­
d u c t i o n system o f So lomoncf f and W i l l i s . S e v e r a l 
problems i n p a t t e r n r e c o g n i t i o n and A . I . a re i n ­
v e s t i g a t e d th rough these methods. The t h e o r y i s 
used t o o b t a i n t h e a p r i o r i p r o b a b i l i t i e s t h a t a re 
necessary i n t h e a p p l i c a t i o n c f s t o c h a s t i c l a n g ­
uages t o p a t t e r n r e c o g n i t i o n . A s i m p l e , q u a n t i ­
t a t i v e s o l u t i o n i s p resen ted f o r p a r t o f W i n s t o n ' s 
p rob lem o f l e a r n i n g s t r u c t u r a l d e s c r i p t i o n s f rom 
examples. I n c o n t r a s t t o work i n n o n - p r o b a b i l i s ­
t i c p r e d i c t i o n , t h e p r e s e n t methods g i v e p roba ­
b i l i t y va lues t h a t can b e used w i t h d e c i s i o n . 
t h e o r y t o make c r i t i c a l d e c i s i o n s . 

I n t r o d u c t i o n 

The k i n d o f i n d u c t i o n t h e o r y t h a t we w i l l 
c o n s i d e r rray be regarded as a Bayes ian method in 
wh ich t h e a p r i o r i p r o b a b i l i t y o f a hypo thes i s i s 
r e l a t e d t o the s h o r t e s t d e s c r i p t i o n s o f t h a t 
hypo thes i s t h a t a re o b t a i n a b l e by programming a 
r e f e r e n c e u n i v e r s a l T u r i n g mach ine. 

The p r o b a b i l i t y va lues ob ta ined are o r d i n a r i l y 
no t e f f e c t i v e l y compu tab le . They car, become 
e f f e c t i v e l y computable i f we make c e r t a i n r e a s o n ­
a b l e r e s t r i c t i o n s o n t h e source c f t h e d a t a , b u t 
i n e i t h e r case they d o n o t appear t o b e p r a c t i c a l ­
l y c a l c u l a b l e . However, v a r i o u s a p p r o x i m a t i o n 
methods r e a d i l y suggest t h e m s e l v e s , and i n d e e d , 
a l l known methods o f o b t a i n i n g p r o b a b i l i t y e s t i ­
mates may be regard&d as app rox ima t i ons to the 
i d e a l i z e d method and t hey ca r be compared and 
c r i t i c i z e d o n t h i s b a s i s . 

Seve ra l problems i n p a t t e r r r e c o g n i t i o n and 
A . I . w i l l b e d iscussed w i t h respect , t o t h i s 
gene ra l f o r m u l a t i o n o f i n d u c t i o n . 

I n d u c t i o n and p a t t e r n r e c o g n i t i o n t h rough 
s t o c h a s t i c grammar c o n s t r u c t i o n i s d i scussed i n a 
g e n e r a l way. The b e s t wcrk i n t h i s area i n v o l v e s 
a Bayes ian a n a l y s i s and t h e p r e s e r t i n d u c t i o n 
t h e o r i e s t e l l how t o o b t a i n t h e necessary a p r i o r i 
p r o b a b i l i t i e s o f v a r i o u s grammars. 

Next we d i scuss in scmo d e t . e i l pa r t of 
W i n s t o n ' s program f o r l e a r n i n g s t r u c t u r a l d e s c r i p ­
t i o n s f rom exampler . A s imp le v e c t o r model o f t he 
prob lem i s desc r i bed and v a r i o u s q u a n t i t a t i v e 
r e s u l t s a re r e a d i l y o b t a i n e d . These agree f o r t h e 
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most pa r t w i t h W i n s t o n ' s q u a l i t a t i v e h e u r i s t i c 
d i s c u s s i o n s o f t h e r e l a t i v e l i k e l i h o o d s o f v a r i o u s 
models o f c o n c e p t s , b u t t h e r e s u l t s a re o b t a i n e d 
v e r y d i r e c t l y and d o n o t i n v o l v e t r e e search o f 
any k i n d . 

I n a d d i t i o n t o r e s o l v i n g many o t h e r w i s e amb i -
quous d e c i s i o n s , t h e q u a n t i t a t i v e p r o b a b i l i t i e s 
ob ta ined enable ue to use d e c i s i o n t h e o r y to make 
c r i t i c a l d e c i s i o n s a s i n t h e mechan i za t i on o f 
med ica l d i a g n o s i s . 

1 . Recent Work i n I n d u c t i o n 

We w i l l p resen t some r e c e n t r e s u l t s i n the 
t h e o r y o f i n d u c t i v e i n f e r e n c e - d i s c u s s i n g what i s 
p o s s i b l e and what i s n o t p o s s i b l e . 

For the purposes o f t h i s d i s c u s s i o n , t h e p r o ­
b lem o f i n d u c t i v e i n f e r e n c e w i l l b e t h e e x t r a ­
p o l a t i o n o f a sequence of symbols e m i t t e d by an 
unknown s t o c h a s t i c s o u r c e . I t i s n o t d i f f i c u l t t o 
show t h a t a lmos t a l l , i f no t a l l problems u s u a l l y 
regarded a s i n d u c t i o n , can b e expressed i n t h i s 
f o r m . D iscove ry o f m u l t i d i m e n s i o n a l p a t t e r n s , 
c u r v e f i t t i n g , t i m e s e r i e s e x t r a p o l a t i o n and 
weather p r e d i c t i o n a re b u t a few o f t h e k i n d s o f 
problems t h a t can b e r e a d i l y d e a l t w i t h . 

A l though i n d u c t i o n has always been the most 
i m p o r t a n t t h i n g g o i n g on in sc ience and has con ­
s t i t u t e d a l a r g e p a r t o f t h e s tudy o f t h e p h i l o ­
sophy o f s c i e n c e , t h e r e has n o t , u n t i l r e c e n t l y , 
beer a r i g o r o u s f o r m u l a t i o n o f t h e process w i t h a 
c l e a r u n d e r s t a n d i n g o f t h e expected errors 
i n v o l v e d . We w i l l d i s c u s s these r e c e n t r e s u l t s 
and what t h e y i m p l y about what i s p o s s i b l e , 
i m p o s s i b l e and a p p r o x i m a t a b l e . 

Recent work i n i n d u c t i o n has cen te red about t h e 
concept o f t h e " d e s c r i p t i o n " o f a s t r i n g o f 
symbo ls . A " d e s c r i p t i o n " c f a s t r i n g w i t h r e s p e c t 
t o a p a r t i c u l a r r e f e r e n c e computer i s a n i n p u t t o 
t h a t computer t h a t g i v e s t h e desc r i bed s t r i n g a s 
o u t p u t . So lomonof f ( 8 ) used t h e l e n g t h s o f s h o r t 
d e s c r i p t i o n s o f a s t r i n g and i t s p o s s i b l e c o n t i n u ­
a t i o n s t o d e f i n e t h e a p r i o r i p r o b a b i l i t y o f t h a t 
s t r i n g . Bayes' Theorem was t hen used to f i n d t h e 
p r c b a b i l i t y o f any p a r t i c u l a r c o n t i n u a t i o n o f t h e 
s t r i n g . He a l s o showed t h a t us i ng a u n i v e r s a l 
T u r i n g machine f o r r e f e r e n c e made t h e a p r i o r i 
p r o b a b i l i t i e s r e l a t i v e l y i n s e n s i t i v e t o cho i ce o f 
r e f e r e n c e computer . 
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o t h e r d e s c r i p t i o n s c a n ' t b e i g n o r e d . 

L a t e r , Kolmogorov ( 1 ) and C h a i t i n (13 ) proposed 
t h a t a random sequence be d e f i n e d to be one whose 
s h o r t e s t d e s c r i p t i o n w i t h r e s p e c t t o a u n i v e r s a l 
T u r i n g mach i re is about t h e same l e n g t h as t h e 
sequence i t s e l f . M a r t i n Lo f ( 2 ) , Loveland (3 ) and 
Schnor r ( 4 ) c o n t i n u e d work on randomness d e f i n i ­
t i o n s . For a r e v i e w of t h i s work as w e l l as 
subsequent r esea rch i n t h e S o v i e t Union, see 
Z v o r M n and L e v i n ( 5 ) . 

More r e c e n t l y , C h a i t i n (6 ) has proposed exp res ­
s i ons f o r e n t r o p i e s o f sequences based on d e s c r i p ­
t i o n s t h a t form a p r e f i x s e t . The e x p r e s s i o n s , 
however, have e r r o r terms t h a t do no t occur i n t h e 
e a r l i e r , more exact f o r m u l a t i o n o f W i l l i s ( 9 ) . 

W i l l i s r e f i n e d So lomono f f ' s model and overcame 
s e v e r a l d i f f i c u l t i e s i n i t . The theorems i n t h e 
p resen t paper u s u a l l y f o l l o w d i r e c t l y f rom h i s 
work . Because o f t h e " h a l t i n g problem',* i t i s o f t e n 
i m p o s s i b l e t o t e l l i f one s t r i n g i s a d e s c r i p t i o n 
o f ano ther w i t h r e s p e c t t o a s p e c i f i c machine. 
W i l l i s d e a l t w i t h t h i s problem b y c o n s i d e r i n g a n 
i n f i n i t e sequence o f mach ines , each more p o w e r f u l 
t han the l a s t , b u t a l l o f them s u f f i c i e n t l y 
l i m i t e d so t h a t they have no " h a l t i n g p r o b l e m . " 
Assoc ia ted w i t h each of these machines is a com­
p u t a b l e p r o b a b i l i t y ass igned t o t h e s t r i n g 1 r 
q u e s t i o n . 

One sequence of such machines is o b t a i n a b l e by 
c o n s i d e r i n g a u n i v e r s a l 3 tape T u r i n g machine w i t h 
u n i d i r e c t i o n i n p u t and ou tpu t tapes and a b i d i r e c ­
t i o n a l w o r k i n g t a p e . The T th machine i n t h e 
sequence i s ob ta ined b y s t o p p i n g t h e u n i v e r s a l 
machine a f t e r T s teps ( i f i t has n o t a l r e a d y 
s t o p p e d ) . I t i s no t d i f f i c u l t t o show t h a t t h e 
sequence o f p r o b a b i l i t i e s ob ta ined by these 
machines approaches a l i m i t as T approaches i n f i n ­
i t y , bt:t t h a t t h e l i m i t i s no t e f f e c t i v e l y com­
p u t a b l e . 

Suppose t h a t A ( m ) is a s t r i n g of l e n g t h m, and 
t h a t we have a s t o c h a s t i c g e n e r a t o r t h a t ass igns 
a p r o b a b i l i t y P ( A ( m ) ) t o A ( m ) . Suppose t h i s 
gene ra to r i s d e s c r i b a b l e b y a f i n i t e s t r i n g b b i t s 
i n l e n g t h . Then f o r s u f f i c i e n t l y p o w e r f u l r e f e r ­
ence mach ines , 

This expression is the r a t i o of the products of 
the c o n d i t i o n a l p r o b a b i l i t i e s f o r the nth symbols. 

If we want to know the mean e r ro r in t h i s 
r a t i o we take the mth r o o t and ob ta in I t i s 
c l e a r t ha t i t must approach u n i t y as m becomes 
very l a r g e . 

Although t h i s is a very powerful r e s u l t and 
gives r e a l assurance t h a t c o n v e r g e s 
very r a p i d l y as m increases, i t lacks a c e r t a i n 
i n t u i t i v e appeal . One asks whether i t could not 
be poss ib le tha t the r a t i o might b e < t l f o r some 
fac to rs and »1 f o r o the rs . While the mean could 
be c lose to un i t y the i n d i v i d u a l dev ia t ions could 
be q v i t e l a r g e . 
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A few o b j e c t i o n s suggest t hemse lves . F i r s t , 
t h i s e r r o r i s un reasonab ly s m a l l e r t han those ob ­
t a i n e d i n o r d i n a r y s t a t i s t i c a l a n a l y s i s . For a 
s imp le B e r n o u l l i seqvence, t h e expected squared 
e r r o r i n the mth symbol i s p r o p o r t i o n a l to i _ and 

The reason f o r t h i s d i s c r e p a n c y i s t h a t we have 
assumed t h a t t h e s t o c h a s t i c sou rce had a f i n i t e 
d e s c r i p t i o n . I f t h e source c o n s i s t e d o f zeros and 
onet w i t h p r o b a b i l i t i e s r e s p e c t i v e l y , w e 

c o u l d , indeed have a f i r l t e d e s c r i p t i o n - perhaps 
o f t h e o r d e r o f 4 c r 5 b i t s . O r d i n a r i l y i n s t a t ­
i s t i c s , however, t he s t o c h a s t i c sources a re d e s -
c r i b a b l e as con t i nuous f u n c t i o n s o f a f i n i t e 
number of pa rame te r s . The parameters themselves 
each have i n f i n i t e l y l o n g d e s c r i p t i o n s . 

For s i t u a t i o n s o f t h i s s o r t , t h e expected t o t a l 
squared e r r o r i s b o u n d e d , b u t i s r o u g h l y p r o ­
p o r t i o n a l t o t h e o f t h e sequence l e n g t h a s i n 
c o n v e n t i o n a l s t a t i s t i c a l a n a l y s i s . The e r r o r 
i t s e l f , however , approaches z e r o . 

I f t h e r e a re k d i f f e r e n t parameters i n t h e 
mode l , the expected t o t a l squared e r r o r w i l l b e 
bounded by 

Here , m i s t h e number o f symbols i n the s t r i n g 
b e i n g d e s c r i b e d , A i s a cons tan t t h a t i s c h a r a c t ­
e r i s t i c o f t h e accuracy o f t h e model and b i s t h e 
number o f b i t s i n -the d e s c r i p t i o n o f t h e exp res ­
s i o n c o n t a i n i n g the k pa ramete rs . 

I f we are compar ing seve ra l d i f f e r e n t models 
and we have much da ta ( i . e . l a r g e m) , t h e n t h e 'V 
terms w i l l be o f l i t t l e s i g n i f i c a n c e and we need 
on ly compare t h e co r respond ing Ak va lues to 
de te rm ine t h e b e s t mode l . 

A t e c h n i q u e v e r y s i m i l a r t o t h i s has been 
s u c c e s s f u l l y used by Aka ike (10) to d e t e r m i n e t h e 
optimum tuimber o f parameters t o use i n l i n e a r 
r e g r e s s i o n a n a l y s i s . The present methods a r e , 
however, usually of most in teres t -when the amount 
o f d i r e c t l y r e l e v a n t d a t a i s r e l a t i v e l y s m a l l . 

Another o b j e c t i o n i s t h a t y i s i n c o m p u t a b l e . 
Th is makes i t i m p o s s i b l e t o c a l c u l a t e i t e x a c t l y . 
Is t h e r e n o t a b e t t e r s o l u t i o n p o s s i b l e ? We can 
o b t a i n p r o g r e s s i v e l y more computable s o l u t i o n s by 
making more and wore r e s t r i c t i o n s on t h e s t o -
r h a s t i c s o u r c e . 

I f t h e r e a re n o r e s t r i c t i o n s a t a l l , t h e r e i s 
n o p r e d i c t i o n a t a l l p o s s i b l e . I f w e r e s t r i c t th« 
s t o c h a s t i c sou rce o n l y t o b e f i n i t e l y d e s c r i b a b l e 
t hen i t i s w e l l known t h a t t h e r e can b e n o e f f e c t ­
i v e l y computab le s o l u t i o n s , though as we have 
seen , t h e r e i s a nc r e f f e c t i v e l y computable 

solution. 

If we restr ict the "computational complexity" 
of the stochastic source, sc that we have an upper 
bcund on how long it takes the source to compute 
the probability of a sequence of length m, then 
the probabilities are, indeed computable, and they 
converge AS rapidly as they do in incomputable 
cases. They are, however, no mere practically 
computable than the incomputable solutions. 

In any case, we must use approximation method;;. 
It is clear that the incomputable method described 
converges very rapidlj - it is l ikely that it has 
less error for a given amount cf data than any 
other probability evaluation method, and so we 
w i l l do well to try to approximate i t . 

In most cases, our approximations consist cf 
finding not the shortest description of the string 
of interest ( this, too, being incomputable), but 
rather the set of the shortest descriptions that 
we can find with the resources available to us. 
Al l of the methods ordinarily used tr estimate 
probability by finding regularities in data can be 
expressed in the form of discoveries of* short 
descriptions cf the data and Mnerefore arp approx­
imations to the ideal method. In this common 
format, various approximations car be compared, so 
we can select the best ones - the ones most l ike ly 
to give good predictions. 

I I . Application to Pattern ReconniiAon 
Stochastic Language 

To i l lustrate the problem, suppose we are given 
a set of strings of symbols, such as aa.abba, 
aabbaa, baaabbaaab etc., and we are told that 
these strings were acceptable sentences in some 
simple formal language. We are required to find a 
grammar that could generate these strings. 

In general, there w i l l be an in f in i te nuitber of 
grammars that can generate the set even if we 
restr ict the grammars, say,to be f in i te state or 
to be context free grammars. Early investigators 
proposed that, some criterion of "simplicity" be 
imposed on the grammar, and various explications 
of this concept were devised, but with no basis 
for preferring one explication over any other. 

By assuming the set of strings was produced by 
some unknown stochastic generator, and using 
some of the previously described methods to give 
an a priori probability distribution over a l l such 
generators, a very general solution to this 
problem is obtained , and the concept of "simplici­
ty" is unnecessary. A stochastic language is an 
assignment of probabilities to a l l strings being 
considered. A stochastic generator or grammar is 
a means for carrying out this assignment. 

One very general form of stochastic grammar 
consists of a Turing machine. One inserts the 
string into the machine and it prints out the 
probability of thet string. Many of the strings 
may have zero probability assigned to therr. 

Another very general form of stochastic grammar 
is a generative grammar. Again we have a Turing 
machine, but we insert a random strive of zeros 
and ones. The output strings of this machine then 
have the probability distribution associated with 
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t h e d e s i r e d s t o c h a s t i c l anguage . 

To -use s t o c h a s t i c languages to s o l v e i n d u c t i o n 
p rob lems , such as t h e one of guess ing t h e grammar 
t h a t produced a g i v e n s e t o f s t r i n g s , we f i r s t 
assume an a p r i o r i d i s t r i b u t i o n on a l l p o s s i b l e 
s t o c h a s t i c l anguages . I f P i i s t h e a p r i o r i 
p r o b a b i l i t y o f t h e i t h s t o c h a s t i c l a n g u a g e , and 
L i j i s t h e p r o b a b i l i t y t h a t t h e i t h language w i l l 
produce the j t h sample s t r i n g ( t h e r e b e i n g m 
sample s t r i n g s ) , t hen the r rost l i k e l y grammar i s 
t h e one f o r which 

i s maximum. 

O f t e n w e a re n o t i n t e r e s t e d i n knowing wh ich 
grammar produced t h e s e t o f s t r i n g s , we o n l y want 
to know the p r o b a b i l i t y t h a t a p a r t i c u l a r new 
s t r i n g i s i n t h e s e t - t h i s new s t r i n g b e i n g t h e 
m + 1 t h . A Bayes ian a n a l y s i s g i v e s us 

f o r t h i s p r o b a b i l i t y , t h e s u i m a t i o n b e i n g t a k e n 
over a l l grammars f o r wh ich P i > 0. 

The a p r i o r i p r a b a b i l i t y o f a language c o r ­
responds r o u g h l y t o t h e e a r l i e r concept o f 
s i m p l i c i t y , b u t i t i s a more c l e a r l y d e f i n e d 
q u a n t i t y . 

To genera te a s t o c h a s t i c grammar f rom a non -
s t o c h a s t i c g e n e r a t i v e grammar i s u s u a l l y v e r y 
easy. I n the g e n e r a t i v e grammar, a t each p o i n t i n 
t h e c o n s t r u c t i o n o f t he f i n a l o b j e c t , t h e r e w i l l 
be cho i ces t o be made. I f we a s s i g n p r o b a b i l i t i e s 
to each of these c h o i c e s , we have a s t o c h a s t i c 
g e n e r a t i v e grammar. The p r o b a b i l i t y o f any 
p a r t i c u l a r d e r i v a t i o n w i l l b e t h e p r o d u c t o f t h e 
p r o b a b i l i t i e s o f t h e cho i ces i n v o l v e d i n t h a t 
d e r i v a t i o n . I f t h e language i s ambiguous, some 
o b j e c t s w i l l b e d e r i v a b l e i n more t han one way, 
and t h e p r o b a b i l i t i e s o f each o f these d e r i v a t i o n s 
must b e added t o o b t a i n t h e t o t a l p r o b a b i l i t y o f 
t h e f i n a l o b j e c t -

Many d i f f e r e n t k i n d s o f grammars have been d e -
v^sod f o r v a r i o u s p rob lem areas ( 1 1 ) . I n p a r t i ­
c u l a r , t hey have been used f o r two d i m e n s i o n a l 
scene a n a l y s i s , r e c o g n i t i o n o f h a n d w r i t t e n 
c h a r a c t e r s , chromosome p a t t e r n r e c o g n i t i o n , 
r e c o g n i t i o n o f spoken w o r d s , e t c . 

The b a s i c model t h a t s t o c h a s t i c grammars 
propose i s a v e r y a t t r a c t i v e one. I t assumes t h a t 
t h e sample se t was c r e a t e d by some s o r t of mech­
anism and t h a t t h e mnrhanism had v a r i o u s p r o b a b i ­
l i s t i c e l emen ts . I t enab les u s t o p u t i n t c t h e 
model any i n f o r m a t i o n t h a t we have about t h e 
p r o b l e m , e i t h e r d e t e r m i n i s t i c o r p r o b a b i l i s t i c . 
For some t i m e , however , t h e ass ignment of a 
p r i o r i p r o b a b i l i t i e s t o t h e d i f f e r e n t p o s s i b l e 
mechanisms was a p rob lem of u n c e r t a i n s o l u t i o n . 

I n d u c t i o n t h e o r y made an i m p o r t a n t b r e a k t h r o u g h 
by p r o v i d i n g a g e r e r a l method to a s s i g n p r o b a b i l i ­
t i e s t c t h e s e mechanisms, whether the. ass ignment 
i s t o b e p u r e l y a p r i c r i o r whether t h e y a re 
dependent i n any way on a v a i l a b l e i n f o r m a t i o n . 

I f t h e p r o b a b i l i t y i s p u r e l y a p r i o r i , one 
method o f p r o b a b i l i t y ass ignment proceeds by 
w r i t i n g o u t a m i n i m a l d e s c r i p t i o n o f t h e non -
s t o c h a s t i c grammar f rom wh ich t h e s t o c h a s t i c 
grammar i s d e r i v e d . The d e t a i l s o f how t h i s i s 
done f o r a k i n d o f f i n i t e s t a t e grammar and f o r a 
g e n e r a l c o n t e x t f r e e grammar a re g i v e n i n R e f . 8 , 
p p . 232-253 . 

I f t h e r e i s some d a t a a v a i l a b l e o n t h e r e l a ­
t i v e f r e q u e n c i e s w i t h wh ich t h e p r i m i t i v e c o n ­
cep t s have been used i n the pas t f o r o t h e r 
i n d u c t i o n p r o b l e m s , t h i s i n f o r m a t i o n can b e used 
t o a s s i g n i n i t i a l " b i t c o s t s " t o t h e s e concep ts 
when c o n s t r u c t i n g new grammars. 

I I I . A p p l i c a t i o n t o A . I . 
L e a r n i n g S t r u c t u r a l D e s c r i p t i o n s 
f r o m Examples 

W i n s t o n ' s program f o r l e a r n i n g v a r i o u s 
s t r u c t u r a l concepts f rom b o t h p o s i t i v e and 
c a r e f u l l y chosen n e g a t i v e examples o f t h o s e 
concepts ( 1 2 ) i s perhaps t h e most competent 
i n d u c t i o n program y e t comp le ted . 

The program does much more t han l e a r n 
c o n c e p t s , b u t w e s h a l l d i s c u s s o n l y t h i s p a r t i ­
c u l a r p a r t o f t h e p rogram. I t beg ins w i t h a l i n e 
d raw ing o f t h r e e d i m e n s i o n a l o b j e c t s . Th i s c o n ­
s i s t s o f one o r more o b j e c t s i n v a r i o u s p o s i t i o n s , 
h a v i n g v a r i o u s r e l a t i o n s w i t h r e s p e c t t o one 
a n o t h e r . There i s a p r e p r o c e s s i n g program t h a t 
t r a n s l a t e s t h i s d r a w i n g i n t o a d e s c r i p t i o n t h a t i s 
i n t h e fo rm o f a n e t . 

The nodes o f t h e n e t a re o b j e c t s i n t h e 
d r a w i n g , p r o p e r t i e s o f o b j e c t s and c l a s s e s o f 
o b j e c t s . There a re ar rows c o n n e c t i n g t h e nodes 
t h a t deno te r e l a t i o n s between them. 

For an example , suppose t h e o r i g i n a l d r a w i n g 
p i c t u r e d a cube on t h e l e f t and a v e r t i c a l b r i c k 
o n t h e r i g h t . A p o s s i b l e net d e s c r i b i n g t h i s 
scene would have f o u r nodes : a b r i c k ; a cube ; t h e 
p r o p e r t y , " s t a n d i n g " and t h e c l a s s o f s o l i d s , 
" p r i s m " . The b r i c k and cube are connected by an 
a r row l a b e l l e d " t o t h e r i g h t o f " . The b r i c k has 
a n a r row l a b e l l e d "has t h e p r o p e r t y o f " c o n n e c t i n g 
i t t o " s t a n d i n g " . Both t h e b r i c k and cube have 
ar rows g o i n g t o p r i s m l a b e l l e d " a - k i n d - o f " , i n d i ­
c a t i n g c l a s s i n c l u s i o n . 

A f t e r b e i n g shown s e v e r a l scenes t h a t a re 
g i v e n as p o s i t i v e , and s e v e r a l as n e g a t i v e exam­
p l e s o f a c e r t a i n c o n c e p t , such as a t a b l e , t h e 
program t r i e s to induce t h e concept by making a 
model o f i t . These models c o n s i s t o f ne tworks 
s i m i l a r t o t hose used t o d e s c r i b e scenes , b u t t h e 
nodes and ar rows o f t h e n e t a re u s u a l l y c l a s s e s o f 
o b j e c t s , c l a s s e s o f p r o p e r t i e s and c l asses o f 
r e l a t i o n s . These c l a s s e s may sometimes be ex ­
pressed a s n e g a t i o n s , e . g . " n o t a b r i c k " , o r " i s 
n o t t o t h e l e f t o f " . 

For purposes o f compar ing scenes to one a n o t h e r 
and scenes to mode ls , we w i l l c o n s i d e r a scene 
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d e s c r i p t i o n to be an ordered sequence o f o b j e c t s 
and r e l a t i o n s - a v e c t o r whose components a re a 
m i x t u r e of o b j e c t s and r e l a t i o n s . A "Mode l " is a 
v e c t o r whose components a re c l a s s e s . * Formal ized 
i n t h i s way, i t i s c l e a r t h a t g i v e n a s e t o f p o s i ­
t i v e and n e g a t i v e examples, t h e r e w i l l o r d i n a r i l y 
be an enormous number of models such t h a t 

1 . I n each o f t h e p o s i t i v e examples, a l l o f 
t h e components a re members o f t h e co r respond ing 
c lasses i n t h e model . 

2 , I n each o f t h e n e g a t i v e examples, a t l e a s t 
one component is no t a member of t h e co r respond ing 
c l a s s i n t h e model . 

Wins ton has dev ised a system f o r o r d e r i n g t h e 
mode ls , s o t h a t a f t e r each example i s g i v e n , i t 
p i cks t h e " b e s t " model t h a t i s c o n s i s t e n t w i t h 
t h e d a t a thus f a r - i . e . h i g h e s t i n t h e o r d e r i n g . 
His o r d e r i n g o f models i s v e r y c l o s e t o t h a t o f a 
p r i o r i p r o b a b i l i t i e s a s c a l c u l a t e d b y i n d u c t i o n 
t h e o r y . 

Tn one case we are g i v e n as a p o s i t i v e example, 
a b r i c k t h a t is s t a n d i n g on one end . The nega­
t i v e example is a b r i c k l y i n g on one s i d e . The 
c lasses t h a t a re cons idered f o r t h e " p r o p e r t y " 
component o f t he v e c t o r o f t h e model a r e : 

1 ) S tand ing 
2 ) Not l y i n g 

Winston notes t h a t s i n c e most concepts a re d e f i n e d 
i n terms o f p r o p e r t i e s r a t h e r t h a n a n t i - p r o p e r ­
t i e s , " s t a n d i n g " i s more l i k e l y . I n t h e language 
o f i n d u c t i o n t h e o r y , p o s i t i v e concepts t h a t have 
names in t h e language are u s u a l l y o f h i g h a 
p r i o r i p r o b a b i l i t y . A n e g a t i v e concept c o n s i s t s 
of a p o s i t i v e concept w i t h a n e g a t i o n symbol -
which i nc reases d e s c r i p t i o n l e n g t h and decreases 
a p r i o r i p r o b a b i l i t y . I f a n e g a t i v e concept i s 
o f much u t i l i t y i n d e s c r i p t i o n , and o f h i g h a 
p r i o r i p r o b a b i l i t y , i t w i l l have been u s e f u l t o 
d e f i n e a s p e c i a l word f o r i t , e . g . " d i r t y " i s t h e 
word f o r " n o t c l e a n . " Reference 8 , pp . 232-240 
t r e a t s t h e problem o f when i t i s w o r t h w h i l e t o 
d e f i n e new symbols. 

Another reason why " s t a n d i n g " is a b e t t e r 
cho i ce than " n o t l y i n g " i s t h a t " s t a n d i n g " 
p robab ly has fewer members. This is b rough t ou t 
more c l e a r l y i n the nex t example. 

Here we have two p o s i t i v e cases ; 1) Apple 
2) Orange. Three c lasses f o r t h e model are 
c o n s i d e r e d . F i r s t , t he B o o l i a n sum c l a s s o f 
app les and oranges. Second, t h e c l a s s " f r u i t " . 
T h i r d , t h e u n i v e r s a l c l a s s . Though t h i s i s n o t 
t h e example Wins ton g i v e s , the c h o i c e he would 
make would be " f r u i t " . He regards t h i s as a s o r t 
o f m i d d l e - o f - t h e - r o a d stand i n a d i f f i c u l t i n ­
d u c t i o n prob lem. 

I n d u c t i o n theo ry g i ves a q u a n t i t a t i v e d i s c u s ­
s i o n . To make t h i s p a r t i c u l a r problem non-
t r i v i a l , we assume t h a t the p o s i t i v e examples 
g i v e n are i n some sense " t y p i c a l " . I f t hey a re 
no t c o n s t r a i n e d i n t h i s way, t hen t h e U n i v e r s a l 
c l a s s is t h e b e s t response. L e t P i and N i . be t h e 

* Th is d i f f e r s s l i g h t l y f rom Wins ton ' s d e f i n i ­
t i o n o f " m o d e l " , bu t should cause no g r e a t 
d i f f i cu l t y . 

r e s p e c t i v e a p r i o r i p r o b a b i l i t y o f a c l a s s and t h e 
number o f members i n t h a t c l a s s . Then i f t h e 
p o s i t i v e examples a re " t y p i c a l " o r , more n a r r o w l y , 
i f a l l p o s i t i v e cases o f t h e concept have equa l 
l i k e l i h o o d o f b e i n g g i v e n as examples, t h e n by 
Bayes, t h e most l i k e l y c l a s s i s t h e one f o r wh ich 

is maximum, n b e i n g t h e number of p o s i t i v e 
cases - two in the p resen t s i t u a t i o n . 

The u n i v e r s a l c l a s s i s o f h i g h a p r i o r i p r o ­
b a b i l i t y , b u t i t has v e r y many members. The 
B o o l i a n sum c l a s s has o n l y two members, b u t i t s 
a p r i o r i l i k e l i h o o d tends t o b e l ow . Th is i s 
because t h e symbol f o r B o o l i a n sum is " e x p e n s i v e " 
- i . e . concepts formed us i ng i t , tend t o b e r a t h e r 
ad-hoc and not very u s e f u l i n p r e d i c t i o n . I f t h e 
c l a s s " f r u i t " i s , i n d e e d , o f f a i r a p r i o r i 
p r o b a b i l i t y and t h e r e a r e n ' t t o o many k inds o f 
f r u i t , i t may w e l l be t h e b e s t c h o i c e . We m igh t 
a l s o c o n s i d e r " e a t a b l e f r u i t " o r " p l a n t s " 
depending on t h e s i zes and a p r i o r i p r o b a b i l i t i e s 
o f these c l a s s e s . 

From these and s i m i l a r h e u r i s t i c a rguments , 
Wins ton i s ab le t o o rde r t h e p o s s i b l e models w i t h 
r e s p e c t t o l i k e l i h o o d . The r e s u l t i s a remarkab ly 
capab le program in the prob lem area he has 
s e l e c t e d . However, even i n t h i s l i m i t e d area i t 
i s easy t o ge t i n t o c o m p l e x i t i e s t h a t a re w e l l 
beyond t h e c a p a c i t y o f t h e program. Wins ton d e a l s 
w i t h these b y a r b i t r a r i l y c u t t i n g o f f t h e c o n s i d ­
e r a t i o n o f c e r t a i n p o s s i b i l i t y b ranches . 

W i t h expans ion o f t he language to d e a l w i t h a 
l a r g e r u n i v e r s e o f problems - e . g . t h e i n c l u s i o n 
o f f a c i l i t i e s f o r making r e c u r s i v e d e f i n i t i o n s -
t h e necessary c o m p l e x i t y would r a p i d l y g e t beyond 
t h e c a p a b i l i t i e s o f t h e h e u r i s t i c d i s c u s s i o n s o f 
l i k e l i h o o d t h a t Wins ton uses . 

We w i l l d e s c r i b e a system of l e a r n i n g concepts 
t h a t i s s i m i l a r t o W i n s t o n ' s , b u t o b t a i n s q u a n t i ­
t a t i v e p r o b a b i l i t i e s and appears t o b e f a r s i m p l e r 
t o implement . I t i s hoped t h a t t h i s s i m p l i f i c a ­
t i o n w i l l make i t p o s s i b l e t o extend W i n s t o n ' s 
methods to much r i c h e r w o r l d s o f p rob lems. 

The system c o n s i s t s of a proceedure f o r ob­
t a i n i n g a n i n i t i a l model and f o r m o d i f y i n g t h e 
model as each new p o s i t i v e or nega t i ve example is 
g i v e n . A t each p o i n t i n t i m e s e v e r a l o f t h e b e s t 
models a re s t o red and these can be used to g i v e 
t h e p r o b a b i l i t y o f any p a r t i c u l a r o b j e c t b e i n g a n 
example o f t h e concept b e i n g l e a r n e d . 

We s t a r t ou t w i t h a p o s i t i v e example of t h e 
concep t . 

Our f i r s t model has f o r i t s components, t hose 
c l asses o f which t h e c o r r e s p o n d i n g components o f 
t h e example are members, and f o r which P i / N j i s 
maximum, i b e i n g t h e component c o n s i d e r e d . O f t e n 
these c lasses w i l l have b u t one component and 
Wins ton uses c l asses o f t h i s k i n d f o r h i s i n i t i a l 
mode l . 

Subsequent ly , t h e r e a re f o u r p o s s i b l e example 
s i t u a t i o n s w i t h r e s p e c t t o t h e mode l . A p o s i t i v e 
example can be e i t h e r accepted o r r e j e c t e d by t h e 
model or a n e g a t i v e example can be accepted or 
r e j e c t e d by the mode l . We w i l l t r e a t these one by 
one. 
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I f a negat ive example is re jec ted by the model, 
we leave the model i n v a r i a n t . Our c r i t e r i o n of 
choice o f c lass i s m a x i m u m S i n c e n i s the 
number of p o s i t i v e examples f a r , the new 
negative example does not modify t h i s q u a n t i t y in 
any way f o r any c l a s s , so a c lass t h a t was opt imal 
before the example must be opt imal a f t e r the 
example. No change need be made in the model-

On the other hand, i f a p o s i t i v e example is 
g iven and t h i s is accepted by the model, the model 
may or may not need to be changed- Each of the 
components must be examined i n d i v i d u a l l y . The 
c lass w i t h m a x i m u m o r may not b e the 
c lass w i t h maximum The m o d i f i c a t i o n of 
the model is r e l a t i v e l y simple because the compo­
nents are optimized independently of one another* 

A s i m i l a r s i t u a t i o n ar ises i f we are g iven a 
p o s i t i v e example t h a t is re jec ted by the model. 
Each of the component classes in the model t h a t 
r e j ec t s the corresponding example component must 
be expanded to inc lude the example component. 
There w i l l usua l l y be many ways to expand and in 
each case we chose the c lass f o r which P i /N is 
maximum, n+1 being the number of p o s i t i v e examples 
thus f a r . 

s t r u e t i o n tha t can sometimes be more appropr ia te . 

One p o s s i b i l i t y is to assume t h a t the p o s i t i v e 
examples are not necessar i l y t y p i c a l . The pro­
blem is then merely to f i n d the model of h ighest 
a p r i o r i p r o b a b i l i t y t h a t accepts a l l known 
p o s i t i v e and r e j e c t s a l l known negative examples. 
Instead o f , the q u a n t i t y t ha t w e want t o 
maximize is This is mathemat ical ly equiva­
l e n t to having a l l of the N i constant - the same 
f o r a l l c lasses. The discussions of what to do 
when a p o s i t i v e case f i t s the model or when a 
negat ive case doesn ' t are s i m i l a r to those used 
be fo re , but i f a p o s i t i v e case f i t s the model, 
the model i s always l e f t i n v a r i a n t . 

The other a l t e r n a t i v e is to use the more 
general model of i nduc t i on g iven by s tochast ic 
languages. Here, the classes usua l l y do not have 
sharp edges. The d e s c r i p t i o n of a s tochast ic 
language (which we w i l l i d e n t i f y w i t h a component 
c lass in our model) at once gives the a p r i o r i 
p r o b a b i l i t y of t h a t c lass as w e l l as the proba­
b i l i t y of any p a r t i c u l a r element being chosen. 
The l a t t e r corresponds to the 1/Ni t h a t was used 
e a r l i e r . 

I f Pi is as before and a i j is the p r o b a b i l i t y 
t h a t the i t h c lass assigns to the j t h p o s i t i v e 
example, then we want a class t ha t assigns zero 
p r o b a b i l i t y to a l l negat ive examples such t h a t 

is maximum. This c r i t e r i o n 

corresponds to the e a r l i e r approximation 

The three methods of c lass d e f i n i t i o n des­
cr ibed above are not mutual ly exc lus ive . I t i s 
poss ib le to descr ibe some vector components by 
means of the model, others by means of the 
P. model and s t i l l others by means of the stochas­
t i c language model. 

In the foregoing a n a l y s i s , we have assumed t h a t 
the vector components are s t a t i s t i c a l l y indepen­
den t , and the conclusions obtained f o l l o w 
r i go rous l y from t h i s . I f there i s reason t o 
be l i eve t h a t several components are s t a t i s t i c a l l y 
dependent, a su i t ab le j o i n t a p r i o r i p r o b a b i l i t y 
d i s t r i b u t i o n f o r them can be obta ined. This 
dependent set would be t reated as a s ing le vec to r 
component, but the r e s t of the analys is would be 
the same. 

I f we have t r a i n i n g sequences w i t h only p o s i ­
t i v e examples, ne i the r Winston's system nor the 
p i system can operate, bu t both the P i /N i

 n system 
and the stochast ic language system have no par­
t i c u l a r d i f f i c u l t y . 

Arother important advantage of the analys is 
techniques described is the use of q u a n t i t a t i v e 
p r o b a b i l i t i e s fo r the vector classes cf the model. 
From them i t i s poss ib le to ca l cu la te r e a d i l y the 
p r o b a b i l i t y tha t any u n i d e n t i f i e d new example is 
or is not an example of the concept being learned. 

To compute t h i s , take the t o t a l p r o b a b i l i t i e s 
of a l l models of the concept t h a t are consis tent 
w i t h the data thus f a r ( i . e . they accept a l l 
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The treatment of these four cases appears to be 
simpler and more prec ise than Winston's h e u r i s t i c 
d iscussions on the r e l a t i v e l i ke l i hoods of several 
poss ib le models. No t r ee exp lo ra t ion is necessary. 

The P j values are r e a d i l y approximated by 
count ing the r e l a t i v e frequencies of var ious 
c lasses. I f the samples are s m a l l , the accuracy 
can be improved by cons ider ing how the classes 
were cons t ruc ted . 

The N i are obta inable by count ing the number of 
d i f f e r e n t members of each c lass t h a t have occurred 
up t o now. 

There are two other methods of c lass con-



p o s i t i v e and r e j e c t all negat ive examples) t h a t 
accept the new example. D iv ide t h i s by the t o t a l 
p r o b a b i l i t i e s o f a l l models o f the concept t ha t 
are cons is ten t w i t h the data thus f a r , whether or 
not they accept the new example. 

Quant i ta t i ve p r o b a b i l i t y estimates are neces­
sary to make c r i t i c a l dec is ions through dec i s ion 
theory- The mechanization of medical d iagnosis is 
one important area. Decisions in economics, 
ecology and a g r i c u l t u r e are but a few other areas 
where p r o b a b i l i t i e s of t h i s kind are of paramount 
importance. 
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