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The so c a l l e d frame axioms problem or 
frame problem is we l l -known to anybody 
who is i n t e r e s t e d in automat ic problem 
solv ing.Some i n f o r m a t i o n concerning t h i s 
problem can be found in (1) or ( 2 ) . I n 
(2) the author proposes to e l i m i n a t e the 
frame axioms in such a way t ha t they are 
rep laced by a new deduc t ion r u l e denoted 
as UNLESS-operator. In f a c t , t h i s opera to r 
is a r u l e enab l ing to de r i ve t h a t some­
t h i n g concern ing the environment i s v a ­
l i d a t the present s i t u a t i o n supposing 
i t was v a l i d i n a past s i t u a t i o n and i t 
is not provable t h a t a change concern ing 
the v a l i d i t y o f t h i s statement has occur-
ed.For our reasona on ly the f o r m a l l y l o ­
g i c a l aspect o f t h i s s o l u t i o n i s i n t e r e ­
s t i n g es i t lea is immediate ly to a new 
and very i n t e r e s t i n g m o d i f i c a t i o n of the 
n o t i o n o f f o rma l i zed t heo ry . 

The aspect j u s t mentioned cons i s t s in 
i n the f a c t t ha t i n (2) the author f o r ­
ma l izes h i s UNL_.SS-operator i n the f o l ­
l ow ing form o f a deduc t ion r u l e : I f a 
fo rmula A is deduc ib le and a formula B 
is not d e d u c i b l e ; t h e n a fo rmu la C is de­
d u c i b l e . W r i t t e n i n symbols 

( 1 ) 

where,of course."not" and " " are sym­
bols of an appropriate metatheory,not 
the investigated theory i tse l f . 

The use of a deduction rule of this 
type may involve some doubts whether we 
are justif ied to do so.The f i r s t objecti­
on arises from the fact that any deducti­
on rule,including those of the type (1), 
is an integral part of the definition of 
the notion "deducible formula",ao this 
notion itself.neither in i ts negative 
form "not l- B",is not allowed to occur 
in a deduction rule.I t is a matter of 
fact that in "usual" formalized theories 
the deduction rules are also written in 
the form using the symbol ,e.g. 

( 2 ) 

i f the modus ponens r u l e i s cons ide red . 
However , i t i s a we l l -known f a c t t h a t i n 
t h i s case the symbol can be e l i m i n a ­
ted so t h a t the d e f i n i t i o n o f the n o t i o n 
"p rovab le f o rmu la " should be correct. l t 
i s the g08 l o f t h i s paper t o i n v e s t i g a t e 
the deduc t ion r u l e s o f the type (1) i n 
order to see,wheher a set of deduct ion 
r u l e s , c o n t a i n i n g a t l e a s t one r u l e o f 

the type (1) and considered toge ther 
w i t h a r e c u r s i v e set of axioms de f i nes 
unambiguously and c o r r e c t l y e set of de­
d u c i b l e formulas.The second o b j e c t i o n 
concern ing the deduc t ion r u l e s o f the 
type (1) a r i s e s f rom the f a c t t h a t when 
a proof is cons t ruc ted we have at our 
d i s p o s a l i n every s tep on ly a f i n i t e 
number of fo rmu las proved a l ready to be 
theorems,so we are never j u s t i f i e d to 
apply a r u l e of the type Cl) . F i r s t of 
a l l , w e s h a l l i n v e s t i g a t e the f i r s t o b j e ­
c t i o n l e a v i n g the o ther one t i l l the end 
o f t h i s paper. 

Consider a fo rma l i zed language L based 
on the f i r s t - o r d e r p red i ca te calcuTus 
(FOPC).Let Ax be a set of ax ioms.Th is se t 
i s supposed to be r e c u r s i v e and ,w i thou t 
any l oss of g e n e r a l i t y , i t may be a l so 
supposed to be f i n i t e and i t s elements 
to be c losed fo rmulas ( i . e . n o t c o n t a i n ­
i n g f r e e i n d e t e r m i n s t e s ) • 

Moreover ,cons ider a f i n i t e set o f d e ­
d u c t i o n r u l es .Deduc t i on r u l e ( g e n e r a l i z ­
ed 'o r purposes of t h i s paper) is a me­
talanguage schema 

( 3 ) 

where B is a formula and every A. is 
e i the r A- or not A- .A-cL.Clear ly , 
(3) includes (1) and (z) as specia l 
cases.Let us d iv ide the deduction ru les 
i n to two sets,R and S. 

R, contains the deduction ru les in 
whi~h every A. is of the form A - f i . e . 

the "usual" deduction rules.Suppose, in 
the rest of t h i s paper, that R contains 
a l l the deduction ru les usual in the 
f i r s t - o r d e r theor ies (and-maybe,some 
other deduction ru les derived from them). 

S contains the deduction ru les in 
which at leas t one A- is of the form 

Let us suppose,for a moment,that the 
set S is empty.In such a case the previous 
descr ip t ion coincides w i th the usual d e f i ­
n i t i o n of formal ized theor ies based on 
the FOPC.The set of provable formulas 
(theorems) is then defined as the smal­
l e s t set of formulas contain ing the set 
Ax and closed w i th respect to the dedu­
c t i o n ru les.To make t h i s formulat ion 
precise the fo l l ow ing pat tern must be 
used. 
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t o have a r e l a t i o n t o t h e r e a l w o r l d , r e ­
p r e s e n t e d by a m o d e l . I n o t h e r case t h e 
f o r m a l i z e d t h e o r y becomes j u s t a pure 
p l a y w i t h f o r m u l a s . l t i s why w e t r y t o 
g e n e r a l i z e t h i s n o t i o n a l s o f o r t he d e ­
d u c t i o n r u l e s o f a more g e n e r a l t y p e , n a ­
mely ( 3 ) . 

A ru le of the type (3) possesses the 
t r u t h - v a l u e - t r a n s l a t i n g property i f f o r 
every n- tup le A 1 A 2 , • • • ,An of formulas 
to which t h i s ru le is appl icable the 
f o l l ow ing is v a l i d : Supposing M is any 
model such tha t i f A i is A i t h e n A i 

i s t rue in M and i f A . i s pot A i , 
then A is not t rue in M, them B is t rue 
i n M. 

Theorem 1, Let L,Ax,R,S,P,p, and 
Cn (Ax/R) have the same meaning as above 
and l e t a l l deduct ion ru les from R. U S 
possess the t r u t h - v a l u e - t r a n s l a t i n g p ro ­
p e r t y . I f the set Cn(Ax/R) is closed w i t h 
respect to every deductTon ru le from S, 
then 

otherwise 

Proof. C lea r l y , L e P and if X e P, 
then Cn(Ax/R) c X.Denote by A the con­
j unc t i on of a l l formulas from Ax -Con­
s ider a formula ycL such tha t 

where stands f o r the negat ion of y. 

The fac t tha t 
means that A is not a theorem 
of the FOPC. A well-known theorem of ma­
themat ica l l og i c s ta tes tha t t h i s ca l cu ­
lus i s semant ical ly complete.This y i e l d s 
that a formula is a theorem of the FOPC 
i f and only i f i t i s t rue i n a l l models. 
Hence,there ex i s t s a model in which 
A ;> y is not t rue ,so in t h i s model, 
denote it M(y) , the formula (A -\ y) 
i s true.The" set 2r (M(y) ) o f a l l the f o r ­
mulas from L which a"re t rue in the model 
M(y) is clo'sed w i th respect to the usual 
deduct ion ru les of the p ropos i t i ona l and 
f i r s t - o r d e r ca lcu l i .The equivalence 

5<* 

In usual l o g i c a l theories,where only 
the ru les of the type (4) o c c u r , a l l the 
deduction ru les possess a property which 
is usual ly ce l led the t ru th -p reserv ing 
proper ty .Th is property consists in the 
f o l l o w i n g f a c t : i f a ru le of the type (4) 
is appl icable to formulas A-j,A2, . . . A 
and if these formulas are t rue in a model 
then also B is t rue in t h i s model.In o t ­
her words the t ru th -p reserv ing deduction 
ru l es do not lead outside the set of t rue 
formulas.This property seems to be qu i te 
natural and necessary f o r any deduction 
r u l e i f the formalized theory is expected 



deduction rules in FOPC preserve the 
t ru th, i .e . if the premises are true in a 
model the same holds for the conclusions. 
However,the truth-velue-translating pro­
perty assures that Tr(M(y)) is closed a l ­
so with respect to (Induction rules from 
S.This fact should be immediately clear 
from the definit ion,let us prove it for 
the rule (1). 

Let the rule (1) be applicable to 
formulas A, B c L, let A e Tr(M(y)), let 
B e L - Tr(M(y)T. Then,according to the 
truth-vaTue~preserving property,C is also 
true in the model M(y;,so C e Tr(M(y)), 
The way of generalizing this resuTt to 
any rule from S is quite clear. 

Hence,the set Tr(M(y)) c L;contains 
a l l the axioms from Ax (since""at contains 
A ),contains y,does not contain and 
is closed with respect to a l l the deducti 
on rules from R u S.This gives that 

and,immediately,we obtain 

where 

The set Cn (Ax/R) _ B belongs to P 
if and only if it is closecf with respect 
to the rules from R U S.This is possible 
only if B is empty, i .e. only if 

If this set is closed also with respect 
to the rules from S,then it belongs to P, 
in a l l other cases tehe set (\ P does not 
belong to P.The theorem is proved. 

The result of this theorem is fo l lo ­
wing: the quadruple <lL,Ax,R,S> defines 
a formalized theory if and onTy if this 
theory is equivalent to that defined by 
the tr ip le <L,Ax,R> . In other words, 
the deduction rules""from S,i.e.the rules 
with negrtive premises,are" either useless 
or meaningless.This result agrees with 
our intuizive feeling that the rules of 
the type (1) are useless as we ere never 
allowed to say that a formula is not de­
rivable having at our disposal only a f i ­
nite number of formulas derived unt i l now 
and not having at our disposal any meta-
theoretical assertions concerning the in ­
vestigated theory as these assertions 
cannot be formalized end deduced before 
defining the notion of provability. 

In order not to l imi t ourselves just 
to a crit icism of the model suggested in 
(2) let us propose another way how to de­
fine a formalized theory using the dedu-

ctive rules with negative premises.Re­
member that in usual formalized theories 
it is possible to define,f irst of al l , the 
notion of formalized proof and then def i ­
ne a formula to be theorem if and only if 
there exists a formalized proof proving 
this formula.Let us follow this pattern 
and define the set D of formalized proofs 
as follows,here x,y7A,B,etc.belong to L. 

Now,the set T of theorems can be de­
fined as followsT 

Theorem 2. The definition of the set 
of theorems is logically correct.The set 
I) of formalized proofs is recursive, the 
set T of theorems is recursively enumera­
b le . " 

Proof. Consider the intersection of 
a l l sets of f in i te sequences of formulas 
satisfying a),b) and c).This intersection 
also satisfies a),b) and c),ao D is just 
this intersection and the definition of D 
is correct.For any f in i te sequence < x1, , 
x2 , . . * ,xm> of formulas we are able 
to decide,in an effective way,whether it 
is a formalized proof or not,so the set 
I) is recursive.The fact that the set T 
of theorems is recursively enumerable 
follows immediately from i ts definit ion 
and from the Kleene's Representation 
Theorem (see,e.g.,(3)).The theorem is 
proved. 

It can be easily seen that this defi­
nit ion of deducibility does not capture 
the intention explained in (2),namely, 
there may be formulas in T which should 
not be provable in the framework of the 
model developed in (2).However,the inte­
ntions explained in (2) are not correct­
ly formalizable and we believe that cer­
tain difference between the author s 
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suggestion in (2) and our d e f i n i t i o n of 
the set T is a penalty the necessi ty of 
which foTlows from Theorem 1 .Cer ta in l y , 
i t would be i n t e r e s t i n g to ask,whether 
Theorem 1 w i l l be v a l i d supposing the 
t ru th -ve lue -p reserv ing property is om-
mited or to ask f o r some more proper t ies 
of the set T def ined above.However,both 
those uestTons would be beyond the sco­
pe of the main problem to which t h i s 
paper hns been devoted. 
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